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Fur meine Eltern und meinen Bruder

From the side, a whole range; from the end, a single peak;
far, near, high, low, no two parts alike.

Why can’t I tell the true shape of Lu-shan?

Because I myself am in the mountain.

Su Tung-p’o, 1084 A.D.,
transl. B. Watson
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Chapter 1
Introduction

A fundamental property of nucleons (protons or neutrons) is that they carry spin % and
obey the appropriate Fermi-Dirac statistics, i.e., they are spin—% fermions. As is indicated
by their name, nucleons are the building blocks of atomic nuclei, and their spin plays a
crucial role in determining the properties of these nuclei. For example, we can compare
3H made up of one proton and two neutrons with *He made up of two protons and
one neutron. In the dominant state of zero orbital angular momentum (S-wave) of the
nucleons, the Pauli exclusion principle requires the two neutrons and the two protons,
respectively, to be anti-aligned in spin. Thus we can expect that the nuclear spin effects
mirror those of the unpaired nucleon. This can be seen in spin dependent quantities, like
the magnetic moments: psy = 2.9790 ~ 2.7928 = p,, and pag, = —2.1276 ~ —1.9130 = p,
[1, 2]. An even closer agreement is obtained when we compare

1 1
5 (1 + pran) = 0.4257 = 0.4399 = o (s + ) (1.1)

since then the difference in the interactions of protons and neutrons averages out. The re-
maining deviation can be attributed to higher orbital angular momentum states. Though
spin certainly is an important property of the nucleon, as our little example has shown,
the explanation of its origin is still fraught with uncertainties.

Since the advent of the QCD improved parton model, we know that the nucleon is
not an elementary particle itself, but rather a bound state of more elementary particles
(quarks, antiquarks and gluons) possessing rich internal structure. Hence high energy
studies of the nucleon spin have always been challenging experimentally and theoretically.
Determining the polarized gluon density Ag(x,u?) is currently a hot topic in this field.
In order to better understand how the gluon polarization became a major issue, we will
briefly sketch the historical development, starting with quark models which do not contain
gluons at all. Several reviews of spin physics have been written, which offer a very complete
account of the past and present status, see for example [3, 4]. In these references one can
find the details we are omitting here. Take a simple valence quark model in which the
entire nucleon spin is generated by two u,-quarks plus one d,-quark for the proton and
by two d,-quarks plus one u,-quark for the neutron. We assume that there is no orbital
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angular momentum of the quarks and that the sea quarks carry no net spin. Since the
quarks are spin—% particles, the Pauli exclusion principle would require again that the
spins of the two quarks with same flavor have to be anti-aligned, so that the nucleon spin
would mirror the spin of the unpaired quark, in complete analogy to the *H and *He case.
However, this simple picture cannot be true: the 2~ baryon has spin % and consists of
three strange quarks in an S-wave. Thus it has three spin aligned quarks of the same
flavor in spite of the Pauli exclusion principle! The solution is of course the new quantum
number “color” of SU(3)coior- If the three s-quarks of the Q~ all carry different color,
then they can occupy the same spin state. But the direct relation of the nucleon spin to
the spin of the unpaired quark is now lost, since there is no reason why color should not
play a similar role in this case as well.

So let us just generally assume that color guarantees the absence of completely identical
fermions in the wave function. Then we have to consider contributions of both valence
quark flavors to the nucleon spin. The total polarization of quarks with flavor ¢ will be
denoted by Aq and similarly for the antiquarks. The total valence quark polarizations

are then given by Au, = Au — A and Ad, = Ad — Ad. Hence we expect'

1 r1 _ 1
5 lbroton = 5 Y (Ag+Ag) = gAZ (1.2)
q
r1
L2 (B + Ady) (1.3)

In (1.2) we have assumed that the quarks carry the spin and in (1.3) that the sea quarks
have no net polarization. The same relation holds also for the neutron, but we have to
exchange u- and d-quarks due to isospin symmetry. So we can write for the magnetic
moments

tp = Aty + pgAd, tin = paAuy + p,Ad, (1.4)

where we always use the polarizations for a proton. In a SU(6) model compatible? with
(1.3), which is constructed from SU(3)gayor ® SU(2)spin, We find for the SU(6)-symmetric
wave function Au, = % and Ad, = —%, see for example [5]. Using the simple assumption
fu = —2p14, because of the difference in charge e, = —2e,, one finally predicts with (1.4)

Hn
Hp

exp.
~Y J—

2
=5 = —0.685, (1.5)

in fairly good agreement with experiment.

But this naive model soon runs into difficulties when being compared to other exper-

imental results. For example it predicts for the $-decay constants F' = % and D =1, in

! The model is flawed, since it makes no distinction between constituent and current quarks.
20ne obtains At = Ad = As = A5 = 0 for SU(6) symmetry.
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conflict with the experimental® measurements [1, 6]

neutron 5 —decay: F'+ D = 1.2670 £ 0.0035 ,

1.6
hyperon g —decay: 3F — D = 0.579 +0.025 . (1.6)
One can try to fix the problem by rewriting (1.2) as
1 1
§|pr0t0n == §AE + Lg 3 (17)

where we now introduce the orbital angular momentum of the quarks L? as a relativistic
effect [7, 8]. For vanishing strange sea polarization As = A5 = 0, we have AX =3F — D
and hence we can accommodate the experimental result by assigning L? = (0.2105, which
indicates a sizeable contribution of quark orbital angular momentum to the proton spin!

In order to understand the impact of the next experimental result, we need to take
strange quarks into account explicitly

FaD 4, = Aut Ai—Ad— Ad,
isospin

3F — D 2 Ag = Au+ A+ Ad + Ad — 2(As + As) (1.8)

flavor

Ap=AT =) (Ag+Ag) = Ag + 3(As + As) .

q

The first moment of the structure function g; measured in lepton-nucleon scattering, for
details see for example [4], can be written in this form

0.186 4 0.004
—0.025 £ 0.004

1/ 1 1 2
[Pm =2 (£ Ay+ —Ag+ 2 Ap | =
! 2( TR °>

+last a5, (1)
by simply inserting the values of (1.6). In the QCD improved parton model discussed
below, (1.8) and (1.9) remain valid in LO for the first moments of the parton densities.
We can now derive the (Gourdin-)Ellis-Jaffe sum rule [9] T z; =~ 0.186 by assuming
As = A5 =0in (1.9). However, in the Bjgrken sum rule [10] for the difference I’} —T'} =
%(F+ D) ~ 0.2112, the dependence on the strange quarks and on Ag cancels, so that this
result relies only on isospin symmetry. The combined experimental result of the EMC
and SLAC collaborations?, see [11] and references therein, disagrees with the Ellis-Jaffe
prediction

" =0.1264+0.018 ~ As+A5~—-018 ~ AL =0.04. (1.10)

3The hyperon (-decay fit of [6] was performed using F + D = 1.257 and fitting F/D. With the new
experimental value F'+ D = 1.2670 and their old value 3F — D = 0.579, we obtain F//D = 0.573 instead
of their old fitted F//D = 0.575 £+ 0.016. Thus a re-fit is not needed for our purposes here.

4We ignore the (Q?) = 10.7 GeV? (EMC), 4 GeV? (SLAC) dependence for the moment and add
statistical and systematic errors in quadrature.
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So experiment suggests that a large negative strange sea polarization drives the contribu-
tion of the quarks to the proton spin to basically zero: AY ~ 0! Later experiments agree
within errors with this result, see for example [4].

This counter-intuitive result triggered the famous “spin crisis”, though it should have
been more appropriately named “spin surprise” and “intuition crisis”, because there is
a priori nothing wrong with the solution we have obtained in (1.10). But we certainly
have come a long way from the naive assumption AY. = 1 we started with in (1.2). By
inspecting the equations (1.8) and (1.9), we find that one still can achieve a As = A5 =0
solution, if the SU(3)favor Symmetry assumption Ag = 3F — D is discarded. But we must
leave the quark model level of studies anyway, since we note that the Bjgrken sum rule also
seems to be in trouble. The SLAC E143 experiment [12] finds T — T = 0.163 £ 0.017 at
Q? = 3 GeV?, to be compared with the value I'/ — ' ~ (0.2112 obtained above. However,
the CERN SMC measurement at Q? = 10 GeV? [13] gives [/ — '} = 0.195 + 0.029 and
thus agrees much better with our quark model prediction. Since the Bjgrken sum rule
is based only on isospin invariance, it is not as easily cast aside as the Ellis-Jaffe sum
rule. A better agreement with growing Q? immediately suggests that perturbative QCD
corrections may help. Indeed one finds that the perturbative QCD corrections up to
O(a?) [14] are all negative

f-I7= é(F +D) |1 - Q%) 3.5833 (M)Q 902153 (as(Q2)>3] |

™ ™ ™

(1.11)

and reasonable agreement with the experiments can be achieved when a running coupling
a,s(Q?) is used, see [4] and references therein. But it should be clear that perturbative
QCD corrections come with a price, namely scale dependence of the partons and the
introduction of gluons. Also the situation with respect to the Ellis-Jaffe sum rule does
not significantly change due to the introduction of QCD corrections, see our discussion of
a QCD fit below.

In conclusion, we see that additional experimental results forced us to adopt more
sophisticated theoretical approaches, until we finally made use of perturbative QCD cor-
rections to the Bjorken sum rule. So we should now consider the complete QCD improved
parton model for consistency, which in hindsight would have been a good starting point
anyway. For the spin of the proton one must then write instead of (1.7)

1 1
Slproton = 5 AT (17) + Agaa () + LL(1g) + LL (1) (1.12)
AS(z, p15) = Y [Aq(a, puf) + Aq(z, 47)] | (1.13)

q
1
an E/ dx 2" 'a(x) , (1.14)
0

which introduces polarized parton densities, Aq(x, u%), Aq(r, u%) and Ag(x, u%), depend-
ing on Bjogrken x and the factorization scale u}. Their definition will be examined more
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7 [GeV?] || AX—y | 2A5,-1 | Agp—1 | L.

0.34 0.183 —0.132 | 0.507 | —0.099
1 0.173 —0.136 | 0.961 | —0.548
4 0.168 —0.136 | 1.443 | —1.027
10 0.166 —0.138 | 1.737 | —1.320

Table 1.1: First moments of GRSV standard densities taken from Tab. 1 in [15]. For these
densities As,—; + A5,—; = 2As,_;. The total partonic angular momentum L, = LI+ L% is
calculated using (1.12).

closely in the next chapter. The first moment, n = 1 in (1.14), of these densities has
the interpretation we have been using in our quark models, i.e., corresponds to the total
polarization carried by the partons of this type. Note that the first moment of the po-
larized gluon density Ag(z, /L}) was introduced explicitly in the spin sum rule, as was a
possible angular momentum contribution of the gluons LY. Extracting the values to be
inserted in (1.12) from experiment is a challenging task. Currently no direct experimental
information on the total partonic angular momentum L, = LY 4 L? is available, it can
only be derived indirectly from the fitted values for AY,,_; and Ag,—; via (1.12).

For illustration we show in Tab. 1.1 for a particular next-to-leading order (NLO) MS
set of parton distributions, the GRSV standard® densities [15], the scale dependence of the
first moments of the parton distributions and of the inferred parton angular momentum.
The polarization of the strange sea As,—; + AS,—;, which here is equal to 2As,—, is
shown separately. Since this particular fit assumes SU(3)gavor Symmetry, as expected a
large negative strange sea polarization is needed to keep AY,,_; fairly small. We see that
the quark sector has only a weak scale dependence. In contrast, the gluon polarization
evolves rapidly and in response the angular momentum changes quickly as well. We
would like to point out a particularly satisfying feature of this fit: at the low starting
scale 0.34 GeV? one finds almost zero angular momentum. This suggests an intuitive
picture, in which the gluon polarization and partonic angular momentum are built up at
the same time by increasing gluon radiation for rising u}. Note however that the results
are scheme dependent, i.e., are only directly valid for NLO MS.

The good news is that the QCD improved parton model describes the data well, see for
example [15]. The bad news are hidden in the uncertainties of the fit. Though the quark
sector is fairly well determined, the gluon density can be varied freely without influencing
the quality of the fit significantly. We will not try to describe the plethora of NLO QCD
fits that have been published recently. There are several fits which are a bit more up-to-

5This fit uses the old value F + D = 1.2573. The authors also present a “valence” fit which does not
assume SU(3)aavor symmetry and starts with zero strange sea polarization, see [15] for details.
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date concerning the used data than the densities we will employ, see for example [16] for
two recent ones. From a practical point of view, we note that only the older fits [15, 17, 18]
used by us provide (z, ,u?c)—grids of their evolved parton distributions. The interpolation
routine that constructs the parton distributions at arbitrary (z, ;i7)-points from the grids
is very fast. The newer fits by other groups just state the x-shape of the parton densities
at a starting scale ufco, i.e., one has to evolve them to other ufc values. Since the Monte
Carlo integrations for the hadronic cross sections require million-fold access to the parton
distributions at varying x and u}, employing parton evolution every time would be far too
time-consuming. Furthermore, the crucial problem of the basically undetermined gluon
density is not resolved in the newer fits and so the uncertainties would remain basically
unchanged if we used the newer densities.

:\ TTTTT I T TTTTT I I \\\Ht T \\HH‘ I T TTTTT I T 111771
E 4 0.3 - . —
- — . LTS
— Ve Vo Ve V4 —
— — o Ve Ve Ve Y,
0.3 - 2 c e ssassssoy ]
= 22 7 - ALALTLZLATAN =
> O 0 O 0 0 OIS, _
- /<X . - A ERLATRRLLTLIN B
0.2 = N - R e s 2 N
) B 7 - A T A IR -
F P V. Ll T T A LA T LA LSS —
— K — e O 7 V06 Ve Ve Vo 0.
= Vi Vo 01 i 0 -
— \— e CLALLRTAT
. C A . .-'~"” i
= y = c 5 -
- S N\ e -
O = — N L _
-0.1 &= —— WWWWWWWWWWWHWW%\i
-0.2 = = B A 7
_04 C 1 \\HH‘ | | \\HH‘ | L LT :\ \\HH‘ | | \\HH‘ | | \HH;

Figure 1.1: AY and Ag uncertainties as obtained in the SMC fit [19]. Shown are the best
fits (solid line) and the statistical (crossed hatch band), experimental systematic (vertically
hatched), and theoretical (horizontally hatched) uncertainties as a function of x at the evolu-
tion starting scale M?o = 1GeV?2. Note that the densities are obtained in the AB scheme [20],
but Ag(z, u}) remains unchanged by a scheme transformation to MS. The figure shown here
is part of Fig. 5 in [19].

The extensive experimental and theoretical error analysis of the SMC fit [19] of po-
larized parton densities allows a particularly good estimate of these uncertainties. Part
of the results are shown in Fig. 1.1, which has been extracted from their paper. Note
that the densities shown there are in the AB scheme [20], not in MS. But the situation
is basically the same for MS and actually a scheme transformation from AB to MS will
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leave the gluon untouched®. We see that the polarized quark singlet distribution AY is
already constrained appreciably by the data. However, the gluon distribution is only very
badly constrained, in particular if we take the systematic and theoretical uncertainties
into account. We can compare this to the unpolarized gluon density in the left part of
Fig. 1.2. This figure has been extracted from [21] and shows a not yet published fit to F5
scaling violations of the H1 Collaboration, for details see [21]. Note that the uncertainties
shown are probably an overestimate, since only a subset of the available unpolarized data
has been used. Even taking into account that the uncertainties would be somewhat larger
if the unpolarized gluon density was shown at the same low scale used in Fig. 1.1, in
particular at small z, we can clearly see the big lead in precision of the unpolarized fit.

H1 9697 H1 96-97
IS e
2’ 225 - Q 225
é 5/ : 2. 2
: S | Q=206ev
20 a = H1prel. 20 C =25 Gev? — Hlprd.
[ Q%=20 GeVv? exp Othy r exp Othy
175 | 175 3 e D* (DIS)
r e D* ()
s Q%=200 Gev? e
125 | 125
10 -
75
5
25 |
0 3 2 . e 0 4
10 10 10 10
x 10 X

Figure 1.2: Uncertainty of the unpolarized gluon density g(x,u} = ?) from the H1 fit to
scaling violations [21] (left) and comparison of this fit to the gluon unfolded from charm
structure function DIS and photoproduction data for D* [22] (right). The inner dark band
of the gluon density shows experimental, the outer light band theoretical uncertainties. The
figure shown here is Fig. 14 of [21].

The quality of the determination of g(x, %) from measurements of the structure func-
tion F; in deep inelastic scattering (DIS) may be surprising, since it is hampered by the
absence of direct couplings of the gluons to the electroweak probes (v*, Z, W¥). How-
ever, Fig. 1.2 demonstrates, that the increasingly precise F, data from HERA still serve

SHowever, their separately fitted MS gluon density does not exactly match their AB gluon density
transformed to MS. No picture of the MS uncertainties is presented in [19].
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to constrain the small-z behavior of g(z, u?) indirectly in the region 107* < z < 1072 with
satisfying accuracy from the observed scaling violations 0F»(x, ufc) / 8;@. To determine
g(x, u?) over the entire x region, i.e., also at larger values of z, studies of exclusive re-
actions like direct photon or di-jet production, where the gluon already enters in leading
order (LO), are often used in global fits. Such measurements are often experimentally
much more involved and less precise than inclusive DIS. Nevertheless, our knowledge of
the unpolarized gluon density has greatly improved in the past few years, except in the
region x 2 0.1, where the situation is still far from being satisfactory. Here the relative
uncertainty in g(z, u%) grows to about 100% [23, 24], which is not easily seen in Fig. 1.2,
due to the small size of the gluon density.

The long list of spin-dependent DIS experiments [25] and the recently completed NLO
framework for the evolution of the polarized parton densities [26, 27] may lead to the
expectation that the polarized gluon distribution Ag(x, u?) should be known with almost
similar accuracy as g(z, s?) by now. This is not the case, as we see clearly comparing
Fig. 1.1 and Fig. 1.2. Consequently Ag,—;(¢?) can be estimated at best with an error of
100% for the time being. There are three main reasons why at present it is difficult to
pin down Ag(x, u}):

e The measurements of the nucleon spin structure function g, the polarized observable
analogous to the unpolarized structure function F}, are still in a “pre-HERA” phase.
The lever arm in p7 = Q? of the fixed target experiments [25] is by far not sufficient
to constrain Ag(z, yi7) from scaling violations g (x, u%)/0u?.

e As already mentioned, the unpolarized gluon density is also constrained by several
exclusive reactions, but corresponding measurements in the polarized case are still
missing.

e There is no energy-momentum sum rule for spin-dependent parton densities! In the

unpolarized case this constraint on the second moments ,—o(11%) + gn=2(117) =1is
very important for the determination of the gluon density, since it relates the gluon
densities to the directly probed, and hence more precisely known, quark densities.
In addition, the spin-dependent parton densities are not required to be positive
definite.

We cannot hope to use (1.12) similarly to the energy-momentum sum rule in the unpolar-
ized case, until independent experimental information on the parton angular momentum
is available. The small-z region of g; could be explored at HERA, if the option to longi-
tudinally polarize also the proton beam [28] will be realized in the future. However, first
measurements of Ag in exclusive reactions’ will be provided by the COMPASS fixed target
experiment at CERN [31] and the BNL RHIC polarized pp-collider [32], which both soon
will start taking data. Thus corresponding theoretical calculations are urgently needed.

"The HERMES experiment has published such a measurement already [29]. But there are strong
doubts concerning the applicability of perturbative QCD in this case [30].



Chapter 1. Introduction 9

We will now briefly describe the reactions investigated in our work, which are relevant
for these experiments. For the determination of the gluon distribution, heavy quark
(@ = ¢, b) photoproduction

7§ — QQ (1.15)

is an obvious choice (an arrow denotes a longitudinally polarized particle from now on).
The reconstruction of an open heavy quark state is experimentally feasible, and in LO only
the photon-gluon fusion (PGF) process contributes®, as will be shown in the next chapter.
This leads to the hope that an unambiguous determination of Ag can be performed. Thus
polarized open charm photoproduction will be used by the upcoming COMPASS exper-
iment [31] to measure Ag. In the publications [34, 35], we have provided the first NLO
QCD predictions for this process. The partonic results and phenomenological predictions
of [34] and the presentation of the calculational methods and the stability investigations
of [35] already provide the information needed for the experiments in a compact form.
In this thesis we will provide much more technical detail and also extend all the phe-
nomenological investigations. We hope that the methods collected here will provide a
convenient reference for future NLO calculations. Also the problems related to choosing
inconsistent schemes in [34, 35] for the phenomenological predictions have been corrected
here’ according to [37]. Note that the right part of Fig. 1.2 suggests that photoproduc-
tion of charm is indeed a good process for determining the gluon distribution (here the
unpolarized one). The agreement of the gluon density unfolded from the photoproduction
measurement, with the one obtained from the scaling violations is, within errors, perfect!
Similarly, gluon-gluon fusion producing heavy (anti)quarks

gq — QQ (1.16)

is a promising candidate for extracting the gluon density in pp-collisions. Of course here
we also have the competing process of quark-antiquark annihilation ¢ — QQ already at
LO, which plays a role at high py. But the gluon induced reaction will dominate at small
to medium pr, except if Ag is very small, and the high statistics and smaller = that can
be reached due to the higher center of mass energy of a pp-collider make this reaction a
promising candidate for the extraction of Ag. A progress report on the corresponding
NLO calculation has been given in [38] and we extend our discussion of it considerably
here. Note that all theoretical studies of the polarized reactions (1.15) and (1.16) have
been performed in LO only so far [39, 40, 41, 33, 31]. However, LO estimates usually
suffer from a strong dependence on the a priori unknown factorization and renormalization
scales. Also there are new NLO subprocesses induced by a light quark replacing a gluon

8The on-shell photons in (1.15) cannot only interact directly, but also via their partonic structure.
However, LO estimates of this unknown “resolved” contribution are small for COMPASS energies [33].

°The partonic cross sections of [34, 35] were not calculated in the MS scheme, as it was wrongly
assumed there, but rather in the M—Sp scheme, see for example [36], and then convoluted with MS parton
densities. The numerical consequences of this inconsistency are small. The partonic results shown and
used here are in the MS scheme.
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in the initial state. Here the question arises if there are kinematical regions in which
this new subprocess can yield significant contributions and thus complicate a precise
determination of Ag. NLO corrections are often more important for polarized differential
cross sections, since they can oscillate. Small changes to the position of a zero crossing
may then have large effects. Finally, the NLO corrections have been shown to be sizable
near threshold and for high energies in the unpolarized case [42, 43, 44, 45, 46]. Clearly,
a NLO calculation also for the spin-dependent case is warranted in order to provide a
meaningful interpretation of the forthcoming experimental results.

In the next chapter we will introduce the notation and some basic methods used in our
calculation of polarized processes. We will also derive the LO cross sections and the 2 — 2
phase space in n = 4+¢ dimensions, which is needed for treating the spurious singularities
in the NLO corrections by dimensional regularization. In Chap. 3 the methods used for
the calculation of virtual loops are explained. Formulae for the integration of basic scalar
loop integrals are provided and for demonstration we show the calculation of a box graph
step by step. Next we explain how tensor loop integrals can be reduced to a small
set of these basic scalar loop integrals by using the Passarino-Veltman decomposition
technique [47]. The ultraviolet divergencies that occur in these loop integrals are cured
by renormalization, so this is the topic of Chap. 4. We show how to derive renormalization
counterterms from the QCD Lagrangian, calculate them explicitly, and finally discuss their
application. In doing so we explain our scheme choice, a somewhat modified MS scheme,
and briefly touch the subject of the running strong coupling a.

The following chapter is concerned with the methods used for calculating the other
type of NLO corrections, the real 2 — 3 contributions. We show how collinear and
soft singularities arise in these contributions. Partial fractioning of angular phase space
integrations is a major technical issue here, which we consider in detail. Finally we
calculate the minimal number of basic angular integrals needed and introduce the method
of phase space slicing to analytically cancel the infrared virtual against the soft real
singularities. The only divergencies left after the cancellation are collinear ones and in
Chap. 6 their removal by mass factorization is discussed. To this end we analyze the
process 7¢ — QQq, in which the only occurring singularities are collinear. It is shown
how one can absorb these divergencies in a re-definition of the parton densities and the
subtraction terms for all relevant subprocesses are derived. The “evolution” of parton
densities also emerges naturally from our discussion. In Chap. 7 we present our partonic
results for photoproduction and hadroproduction in full detail. Formulae for the soft real,
for the pole part of the hard real, and for the virtual plus soft contributions are provided.
So-called “scaling functions” related to the total partonic cross section are used to present
the results graphically!®. All the NLO results for photoproduction are presented. The
same is true for hadroproduction, except for the virtual gluon contribution, which is
almost finished and will be presented in a later publication. For the missing piece all
necessary ingredients have been obtained already by the methods described in this thesis,

_ '"Due to the scheme problems of [34, 35], which are discussed in [37], these curves show the correct
MS,,, scheme results for the first time.
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i.e., the matrix elements and tensor loop integrals have been calculated. Obtaining the
final result is just a matter of putting all the parts together, but this is in practice a very
time consuming job.

Thus in Chap. 8 we can present phenomenological studies only for NLO photoproduc-
tion. The dependence on the factorization and renormalization scales and on the heavy
quark mass is investigated and the improved stability of the NLO calculation against
variations of these scales becomes obvious. Next the possibility to enhance measured
asymmetries by applying pr-cuts is demonstrated, and this is used to provide improved
predictions for the charm asymmetry at COMPASS [31] and for the bottom asymmetry at
a possible future polarized HERA [28]. y- and zp-differential distributions are also shown.
Finally we briefly discuss indications from unpolarized experiments, that the heavy quark
sector is not as well understood theoretically as we would like it to be for an extraction
of Ag using heavy quark processes. However, we conclude that if the experiments can
determine the polarized and unpolarized cross sections separately, instead of only their
ratio (the spin asymmetry), then it should be possible to keep the uncertainties under
control. We finish the main part with a short summary in Chap. 9. The first appendix
collects the remaining results for the virtual loops. Several important technical issues are
discussed in App. B: series expansion of hypergeometric functions, (di)logarithmic branch
cuts, SU(N) color-factors, and two Slavnov-Taylor identities. The last appendix contains
the lengthy virtual plus soft formulae.



Chapter 2

Preliminaries

2.1 Techniques for Polarized Calculations

As has been explained in the introduction, our main goal is the determination of the
polarized gluon density Ag. To elucidate the definition of this object, let us examine the
general expression for the polarized differential cross section of a process with a longitu-
dinally polarized (point-like) photon and a longitudinally polarized nucleon in the initial
state:

1
Aoy = 5 [doty +doy —doly —do ] . (2.1)

[

Here a “+” or as first index means that the spin of the photon is aligned or anti-aligned
to its momentum (the photon has positive or negative helicity), respectively. Similarly the
second index denotes the helicity of the nucleon. Note that the factor 1/4 is a convention.
If we had added all the cross sections in (2.1) indiscriminately, instead of subtracting those
with mixed helicities, we would have obtained the unpolarized cross section do.,n. The
factor 1/4 is required in the unpolarized case for the averaging over the helicities of the
initial states. Experimentalists prefer measuring asymmetries defined by counting rates
N as follows

N 4N -NT N
Nt++ N-— 4+ Nt— 4+ N+ —
1 dAO',yN

A

(2.2)
dO',yN

where we assume a common luminosity N¥ = Ldo%. In the ratio some experimental
uncertainties are expected to cancel, in particular it is not necessary to know the absolute
normalization. However, for example acceptance corrections do usually not cancel and
are often quite important. If we now wish to match the experimental definition with
the simple theoretical form displayed in the second line of (2.2), we obviously have to
introduce the factor 1/4 in the polarized cross section as well.
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Each of the do™ can be written in the following factorized form in QCD

1
doy = : do [d6™ (zK) f(x) + d6%; (xK) 7 ()] = d6%h o f1 +dbi 0 f7
f=9.4q

(2.3)

with i, 7 = +, — and the functional dependence on other quantities than = (in particular
on the factorization scale 1if) is not shown for brevity. dé is the partonic cross section
calculable in perturbative QCD. It depends on x through k£ = x K, where k is the momen-
tum of the parton and K is the momentum of the nucleon. Its second polarization index
now corresponds to the parton f involved. The upper polarization index of the parton f
corresponds to the nucleon and the lower one to the parton itself, e.g., ¢© would be the
density of quarks with negative helicity in a nucleon with positive helicity. So we get

1
dAo N==[dol ) o ff +dotr o fF +doT o fr+doT o f2

4
—dolf o fr —dol; o fZ —dol o ff —doj; o f7]
L dA6,; o Af (2.4)
Af=fi-fr=r-r, (2.5)
. [ A
dAG, s = 3 [daﬁ' —do; |- (2.6)

The important result used here is that parity P conservation of QCD guarantees for the
partons and cross sections that

ff=r=r and  fr=f=f,
do; =dol;s and do = dol; .
Of course these simplifications would not occur when treating parity breaking processes
for example of the electroweak sector. Note that due to parity we can introduce a single
polarization index for the partons f in (2.5) and (2.7), where now “+” or “-” mean the
spin of the parton is aligned or anti-aligned with the spin of the nucleon, respectively.
We could of course repeat the same derivation for the unpolarized case by replacing
all minus signs by plus signs. Furthermore it is obvious that the same conventions can be
applied to the matrix elements, since the phase-space integration leading to the partonic
cross sections can be factored out. Thus to collect our definitions that will be employed
at the parton level, we have for a parton f with f = ¢,q,q

unpolarized:  f(x, pu7) = fy(z, pu}) + f-(z, 13) (2.8)
polarized: Af(z, pu}) = fi(x, 15) — f-(z, 17) . (2.9)

where f, and f_ are the densities with the parton spin aligned and anti-aligned to the
spin of the nucleon, respectively. And for the matrix elements we get from (2.6)

(2.7)

2

unpolarized: [M| = = [[M|* (++) + |M|* (+-)] , (2.10)

DN |



14 Chapter 2. Preliminaries

1
polarized: A |M|” = 3 [[M? (++) — | M)? (+-)] , (2.11)

where the polarization indices here denote the helicities of the incoming particles. The
corresponding partonic differential cross sections do and dAd are obtained by phase-space

integration over MQ and A |M |2, respectively. There is one more somewhat sophisticated
complication. As we have noted above, the unpolarized cross section is averaged over the
helicities, i.e., for both the incoming photon and nucleon we have divided by a factor 2
for both possible helicities. But we will regularize the spurious singularities occurring in
the higher order corrections by calculating in n = 4 + ¢ dimensions and only take the
limit ¢ — 0 when all singularities have canceled. A massless boson in n dimensions has
n—2 = 2(1+¢/2), and not 2, spin degrees of freedom'. So we should divide by n — 2
and not by 2 when calculating in n = 4 4+ ¢ dimensions. We treat this issue by defining

1/(1 4 £) unpolarized
E. = /(L+5) unp : (2.12)

1 polarized

and adding the rule that the matrix elements have to be multiplied by a factor E. for each
incoming boson. Note that E. = 1 for the polarized case, since the factor 1/4 occurring in
(2.1) just conveniently keeps experimental and theoretical definitions on par in the “real
world” of four dimensions.

As is obvious from (2.10) and (2.11), it would be of great practical advantage if
one could obtain matrix elements for specified helicities. By calculating |M|* (++) and
|M|? (+-) separately, we would gain both the polarized and unpolarized matrix elements
stmultaneously. Since the unpolarized processes under consideration in this work have
already been calculated, we could then use the re-calculation of the unpolarized results
as a check of our new polarized results! The needed helicity projection operators are well
known, see e.g. [48], so for the incoming (anti)quarks with momentum p, mass m and
definite helicity A = +1, —1 we use

u(p, B)u(p, h) = 58+ m)(1— o)

; (2.13)
o, B0 (p, ) = 5 = m) (1 + hs)

Note that we recover the usual unpolarized completeness relations when summing over h.
For outgoing (anti)quarks, where we have to sum over the unspecified helicities, we use
the usual ), uvu=p +m and >, vvo =p —m.

For a (real) incoming photon or gluon with momentum & and definite helicity A, we
have

. 1 : kPn”
Eu(k, )\) Ey(k, )\) = 5 _gl“/ + + Z)\Gl“,pg—k—.n s (214)

LA polarization vector has n components and satisfies two conditions: Lorentz k - ¢ = 0 and gauge

freedom €, — €, = €, + ak,,.

kunu + kunu
k-n
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where 7 is an arbitrary light-like (n?> = 0) four-vector with k-1 # 0. Upon summing
over the helicities A we obtain the well-known physical polarization tensor P,,. Thus
when we sum over the unspecified helicities of outgoing photons or gluons, we employ
Yor€uts = P = —guw + k“"”kw as the e-tensor term drops out. However, (2.14)
introduces a lot of terms depending on the arbitrary vector 7 into the calculation. It is
of course a nice internal check of the calculation to see this dependence cancel out in the
end, but since the intermediate terms are very lengthy, we have chosen to minimize the
number of occurring terms.

PMV = o = G —® 4+ UL + Fuutly

n-k n-k
(03N _ [oom)

B PN %

Figure 2.1: Graphical “rule” illustrating the replacement of the physical polarization sum P,,
(o) by —g,, (e) and appropriate ghost contributions (dashed lines). The minus signs in the
lower half of the figure are due to the cut ghost loop.

.//jt%?;\\ .//jtg?;\\
- v ] | \ 7 1

We will simply ignore the (k#n” + kYn*)/(k - n) term, which will of course introduce
unphysical polarizations. But they only contribute in graphs containing a triple-gluon
vertex with two external gluons and we can eliminate these contributions by subtracting
similar diagrams with two external ghosts, see Fig. 2.1 for illustration. Of course there
is a trade-off: we got rid of all the “unpolarized” n-terms, but we need to calculate more
diagrams. However, the number of triple-gluon graphs with two external gluons is small
(one in the case of photoproduction), the ghost diagrams are easy to calculate and the
cancellation of all the n-terms is implicit in the procedure. The graphical derivation shown
in Fig. 2.1 is explained in more detail in [49, 50, 51]. Basically it exploits a Slavnov-Taylor
identity derived in [52, 53], see also Sec. B.4. A further reduction of terms is achieved
by setting the remaining 7 in the e-tensor part of the polarization vector of an incoming
particle to the momentum of the other incoming particle. Since we calculate with incoming
partons, which are assumed to be on-shell and massless, the parton momenta k; and ko
are light-like k7 = k2 = 0 and the scalar product ki - ky = s/2 # 0, with s being the
non-zero center-of-mass energy squared. So the momenta can be used as choices for 7.
Since then all scalar products in matrix elements are written in terms of the process
momenta only, cancellations occur in each of the matrix elements instead of just in the
sum. So effectively we will use for a (real) incoming photon or gluon with momentum k;
and definite helicity \;

kiks

Eﬂ(kl,)\l) Gi(kla)\l) = ﬁ ; (215)
1 h2

1 .
5 —Guv + Z)\leuupo'
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where the other incoming particle has momentum k,. For the outgoing photons or gluons
we just use the metric ), €,65 = —gu.

Note that parity conservation implies that the terms with and without dependence on
the helicity do not mix. That is for helicities \; and A,: |M|2 (M, d) = A+ B+ XC+
MM D, with |M|* (+4) = |MJ> (==) and |M|* (+—) = |M|* (—+) implies B = C' = 0.
Thus (2.10) and (2.11) directly yield

—2
IM2 (A, A9) = [M]™ + M AA M. (2.16)

So if we do not specify the two helicities of the incoming particles, be it boson or fermion,
we can directly read off the polarized matrix element as the coefficient of the product of
the helicities and the unpolarized matrix element as the rest. In practice we have used
this to obtain both matrix elements directly.

Only one problem remains: The quantities €,,,, and 75 introduced by (2.15) and
(2.13), respectively, are of purely four-dimensional nature and there exists no straightfor-
ward continuation to n # 4 dimensions. We treat them by applying the HVBM prescrip-
tion [54], which provides an internally consistent extension of €,,,, and s to arbitrary
dimensions. In this scheme the e-tensor continues to be a genuinely four-dimensional ob-
ject and 5 is defined as in four dimensions, implying {v*,vs} = 0 for p =0, 1, 2, 3, but
[7", 5] = 0 otherwise. This effectively splits the n-dimensional space into two subspaces,
each one equipped with its own metric: one containing the four space-time dimensions
and one containing the remaining n — 4 dimensions, denoted “hat-space” henceforth. In
the matrix elements we then encounter not only conventional n-dimensional scalar prod-
ucts of two momenta, like k - p = g, k*p”, which can be expressed in terms of the usual

Mandelstam variables, but also similar scalar products in hat-space k/\p = L(}Wl%“ﬁ”.

It would seem that this complicates the polarized calculation considerably, as we have
additional hat space terms which require separate treatment in the phase-space inte-
gration. However, we are going to calculate one-particle-inclusive (1PI) cross sections.
That is, we observe one of the outgoing particles, a heavy (anti)quark, while integrating
over the rest of the outgoing particles. Any external observed momentum is inherently
four-dimensional and thus has no hat space components. We of course also observe the
incoming particles, so three momenta are directly set four-dimensional. Furthermore
energy-momentum conservation implies that the sum of the other momenta is also four-
dimensional. Incoming partons will carry a fraction of the momentum of their parents,
thus the same applies for the partonic sub-processes. So in 1PI 2 — 2 processes all mo-
menta will be four-dimensional! Thus no hat contributions exist there. On the other hand
in 1PI 2 — 3 processes, where we cannot eliminate all hat components, we can obviously
chose to work in the center-of-mass system of the two momenta that can have non-zero
hat components. Then their hat components are opposite and equal p = —l%, and only
one scalar hat product k2 occurs in the matrix elements and has to be taken care of in
the phase-space integration. For this reason we just forget about hat space completely in
this and the next chapter, which only treat 2 — 2 processes. In Chap. 5 we will introduce
the Gottfried-Jackson frame [55, 56|, which introduces center-of-mass hat components, to



2.2. Born Cross Sections in n = 4 + ¢ Dimensions 17

treat the 2 — 3 processes. There it is also shown, that almost all hat contributions are of
O(e) and hence drop out when the limit & — 0 is taken in the end. A final complication of
the HVBM scheme [54] is the violation of the helicity conservation at the ggg-vertex, see
[27] for a thorough discussion. However, this problem is easily treated by a finite scheme
transformation during mass factorization, as is accordingly discussed in Chap. 6.

2.2 Born Cross Sections in n = 4 + ¢ Dimensions

by A"~ —— P )y b
— 7 — / (4
A
ko > b2 ko > b2
2 600 —e— 2 P ’

() (b)

Figure 2.2: Feynman diagrams for the LO photon-gluon fusion process vg — QQ.

In this section we will re-calculate the well-known LO results for the unpolarized
and polarized photo- and hadroproduction of heavy flavors. In our NLO calculations
we will later encounter 1/ and 1/ poles, see Chap. 3 and Chap. 5, which will always
multiply the corresponding Born results in some form. Naturally then the calculation
of all finite parts, also in the removal of the infinities by renormalization (Chap. 4) and
mass factorization (Chap. 6), requires the extension of the LO calculations up to O(g?)
in n = 4 + ¢ dimensions. In the following we derive the 2 — 2 phase-space integration
and the squared matrix elements in n dimensions, in order to obtain the n-dimensional
Born cross section. Of course we can also take the n — 4 limit of the results to extract
the LO predictions themselves.

We start by calculating LO photoproduction, which just has the photon-gluon-fusion
(PGF) diagrams depicted in Fig. 2.2. We use the following external momentum and color
assignment (color is discussed in App. B.3)

F(k1) + G (k) = Qi(p1) + Q;(p2) , (2.17)

and the corresponding Mandelstam variables are given by

s = (ky + ky)? = 2k - by

tr=t—m?= (ks —p2)> —m* = —2ky - o, (2.18)
up =u—m? = (ky —p2)®> —m? = =2k - s,

ki + ko = p1 +po ~ s+t +u =0. (2.19)
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All the external lines are on-shell: k¥ = k2 = 0 (real photon) and p? = p3 = m?, with
m denoting the heavy quark mass. All trace calculations in n = 4 4+ ¢ dimensions are
performed using the Mathematica [57] package Tracer [58].

In order to present the unpolarized and polarized results simultaneously in the most
compact form, we will use henceforth |M|?> to denote both the unpolarized Mz and
polarized A|M|* color-averaged squared matrix elements calculated according to (2.10)
and (2.11), respectively. Similarly, in (2.20) below, BQED denotes either the unpolarized
Bqgp or the polarized ABqggp and we will use this kind of tilde notation for all occurring
unpolarized and polarized pairs. The LO result for PGF can then be expressed as

|M|iOfyg = Ea2 92626223QED ) (220)

t1 Uy 2m?s
AB =|—+— -1
QD <U1 N t1> ( tiug ’

t U 4m?s m2s 52 52
Bgep = — + — + (1——>+6<——1>+62

(2.21)

U1 tl t1u1 t1u1 4t1’LL1 ’

where g and e are the strong and electromagnetic coupling constants, respectively, and e
is the electromagnetic charge of the heavy quark in units of e, e.g., eq = e, = 2/3 for charm
quarks. Notice that the polarized ABqgp retains its four-dimensional form and receives no
O(e) contributions, in contrast to the unpolarized Bqrp. Furthermore the color-averaged
color-factor? for the squared matrix elements simply gives Tr (T°T?) /(NZ — 1) = 1/2,
with the number of colors N = 3, so compared to the §;; = N¢ of the vy — QQ process
we find a characteristic factor 1/(2N¢). The name BQED is hence motivated by the fact
that we find the same function even in the pure QED process. We will see that it still
appears when the remaining photon is also replaced by a gluon.

To obtain the n-dimensional cross section, we also need to perform the 2 — 2 phase-
space integration in n dimensions. Choosing the center-of-mass system (CMS) with k; =
\/5/7(1,0, 0,1,0) and py = (B3, 0, |F2] sin &, [P cos €, 0), with all hat components zero as
discussed in the previous section, we find

dr dr
dPS; = / p1,1 p:‘s(p% —m?)O(E1)d(p; — m2)@(E2)(27T)n5(n)(k1 + ko — p1 — p2)
(2m)n=t (2m)"

1
- W(S(s +t +w) / d"p2d(ps — m?)O(Ey)
27l S(s+t +uy)

- (271')"_2 P(% _ 1) /dEQ(Eg - m2)2@(E2)/0 d§ sin”*3§. (2.22)

By transforming to invariant variables (Es, &) — (¢, u1), we immediately get the standard
2 — 2 phase-space in n = 4 4 ¢ dimensions

2 £ -1 — 2 %
dPS, = ?”5(3 )+ ug) [(4ﬂ)2+ar(1 + %)] (M) dt du; . (2.23)

?See App. B.3 for details on the calculation of SU(n) color-factors. In (2.20) the color-factor 1/2 is
already included, i.e., the colorless matrix elements give 2E2 g*e*e?, Bqep.-
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Figure 2.3: Feynman diagrams for (a) the LO triple-gluon vertex contribution and (b) the
corresponding ghost graphs according to Fig. 2.1 for the gluon-gluon fusion process gg — QQ).

Now one can write the n-dimensional 2 — 2 cross section as

d25’2—>2 )
=F.6 t M|? 2.24
dtldul (S tht ’LL1)| | ’ ( )
=" (47)2*50(1 + f)] 1 (tuy —m?s 2 (2.25)
T 82 2 12s ’ '

where F. collects all phase-space factors given in (2.23), the flux factor 1/2s, and the
mass parameter g is introduced to keep the gauge couplings ¢ and e dimensionless in n
dimensions. & denotes the unpolarized and polarized cross section o and Ao, respectively.
d&!(,?y) can now be obtained from (2.24) by inserting the squared matrix elements of (2.20).
If one is only interested in the Born result itself, one can of course perform the ¢ — 0 limit
in (2.20) and simply use F._o = 1/(167s%). Our four-dimensional LO photoproduction
results for o4 and Acly) agree with those in [59, 46] and those derivable from [41, 60],
respectively.

Next we will calculate the gluon-gluon cross section for LO hadroproduction. We
replace in Fig. 2.2 the photon by a gluon and use the external momentum and color
assignment

G (k1) + G° (ko) = Qi(p1) +Q;(p2) - (2.26)

Of course we now have to add the triple-gluon contribution of Fig. 2.3, which has the
same external momenta and color and an internal gluon with the color index ¢. To ob-
tain incoming physical gluons, we subtract the incoming ghost contributions, shown in
Fig. 2.3 (b), according to Fig. 2.1. Concerning the color-factors we now get two distinct
contributions. After replacing the photon by a gluon in Fig. 2.2, the squared matrix ele-
ment of graph (a) with (a) and (b) with (b) both have a (color-averaged) color-factor X =
T (T°T°TT) /(Ng — 1)? = 2Cp/[4(NE — 1)] = 1/(4Nc), with Cp = (NZ — 1)/(2N¢).
However, the interference of these two graphs gives similarly Tr (T°T*TeT?) /(Ng —1)* =
X —Y, with Y = C4/[4(Ng — 1)] and C4 = N¢. The same color-factor Y multiplied
with a (complex) number also appears on its own for the square of, and interference
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with, the triple-gluon vertex diagram of Fig. 2.3 (and of course also for the ghost con-
tributions), e.g., for the interference of Fig. 2.2 (a), v — ¢, with Fig. 2.3 (a) we obtain
Tr (T°T*T¢) fob¢/(NE — 1)* = iY. We see that for the color-factor X we add the same
“colorless” squared matrix elements with the same weight as in the photoproduction
case, whereas for the color-factor Y we collect the new non-abelian matrix elements and
an abelian interference contribution. The result

- 2t1u
2 _ 2 4 1%1
|M|LOgg - Ea g m 52

[QCF —Cy ] Baep , (2.27)

to be used with (2.21) and (2.24), then displays in the color-factor X part the photo-
production result of (2.20) with strong couplings only and with the characteristic factor
1/(2N¢) for changing a photon to a gluon. On the other hand, the color-factor Y part has
different dynamics, as is evident by the additional factor 2¢;u;/s?. This pattern of recov-
ering “abelian” parts as coefficients for certain color-factors will repeat itself throughout
the calculations. Our result (2.27) can be compared to [41, 44], see also [61, 49] for earlier
work on the unpolarized hadroproduction of heavy quarks in LO.

kl b
J k
k2 P2
i [

Figure 2.4: The LO quark-antiquark annihilation process 7 — QQ.

Finally, we will calculate the LO quark-antiquark annihilation process depicted in
Fig. 2.4. The external momentum and color assignment is

qj (k1) + @;(k2) = Qi(p1) + Qy(p2) - (2.28)

Here the color-factor is simply Tr (T°T") Tr (T°T") /NZ = Cr/(2N¢), where a and b are
the color indices of the internal gluon in amplitude and complex conjugate amplitude,
respectively. Then we get

. Cr -
|M|iOq§ = N—CQ4AQED ) (2.29)
2 4+u? 2m? e
AAqep = — R + 2
2 +u? 2m? ¢ (2:30)
Agep = "+ + =
QED 52 S 2

There is no O(g?) contribution. If we had calculated the same process with an internal
photon, we would have obtained the same result except for the changed color-factor
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Figure 2.5: Total LO charm spin asymmetry at RHIC [32] for v/'S = 200, 500 GeV (thick, thin
lines) for different polarized parton sets [15, 18] and the unpolarized GRV'94 densities [62],
plotted as function of z¥". This means varying the pp-cut pr > p", where 2" = pmin /pmax,
For illustration the two p?i" values corresponding to x?i" = 0.02 and v/S = 200 and 500 GeV,
respectively, are inserted. An estimate of £0 A7 according to (2.31) is also shown.

5@5%/1\% = 1 and the electromagnetic instead of the strong coupling, hence the name
Aqrp. The unpolarized n-dimensional result agrees with the one in [46].
Note that helicity conservation at a (massless) quark-antiquark vertex requires that

|M|? (++) = 0. Thus according to (2.10) and (2.11) we must have A |[M|* = —WQ. But

we find from (2.30) that A |M]* + Wg ~ ¢ # 0! This is due to the commuting 75 in
the e-dimensional hat-space of the HVBM scheme [54]. However, this violation of helicity
conservation only becomes relevant when leED appears in front of NLO poles 1/=. For
the pure LO process the limit ¢ — 0 can be taken and helicity conservation is restored.
In NLO, we have to subtract AAgrp of (2.30) in the mass factorization procedure of
Chap. 6, if the NLO subprocesses are calculated in the HVBM scheme as well, as they are
here. This corresponds to a finite scheme transformation and will help restoring helicity
conservation. Only similar helicity violations due to AP,, remain to be removed then, see
Chap. 6 for details. It is for this reason that we quote the “unphysical” HVBM result for
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the O(g) of AAqgp, instead of using AAgep = —Aqep. This completes our derivation
of the LO matrix elements and cross sections for photoproduction and hadroproduction.
The corresponding QED process with two gammas in the initial state can also be derived
from the results shown here.

In the next chapters we will show how NLO corrections to these processes can be
obtained. The theoretical motivation for doing so already has been given in the introduc-
tion. So we will here simply include a plot, Fig. 2.5, showing a LO prediction for the total
charm hadroproduction asymmetry A5 = Aoy /o7, at RHIC [32] for two different center-

of-mass energies (\/§ = 200 GeV with £ = 240 pb_1 as thick and v/S = 500 GeV with
L = 800 pb ! as thin lines). A cut on minimal transverse momentum P2t has been in-
troduced, so the dependence on xp = p=i"/pia* | with the maximal kinematically allowed
transverse momentum pP®* = /S/4 —m?2 is shown. For details on deriving hadronic
cross sections see Chap. 8. A rough statistical error estimate using the formula

11
SAS ~ — (2.31)

pp P /eLos,

with a detection efficiency of ¢, = 0.001 is also displayed. The distance between the lines
for £0A;, is a crude estimate of the expected statistical error bars. By inspecting this
plot, it is obvious that in LO this process, which will be measured soon at an experimental
facility, allows a very good separation of different Ag on the market [15, 18]. Hence the
calculation of NLO corrections is needed also from a phenomenological point of view.
Similar conclusions concerning (LO) photoproduction have already been drawn earlier,
see for example [63].
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Virtual Contributions

3.1 Dimensional Regularization

Virtual contributions are characterized by the additional internal exchange of particles,
so in NLO there is the same number of incoming and outgoing particles as in the Born
diagrams. For the reactions considered here the virtual parts are 2 — 2 processes with the
same simple kinematics (2.18) and phase-space (2.23) as the tree level diagrams. Since
an internal line has to couple at its two endpoints, each of them yielding an additional
factor g, only one additional internal line is allowed in NLO QCD, where we compute
corrections of the order ay ~ g%. Thus only three different topologies can arise as part of
the amplitude, which are shown in Fig. 3.1.

O

(a) (b) (c)

Figure 3.1: The topologies that can occur in the NLO virtual contributions: (a) self-energy,
(b) vertex correction, and (c) box diagram. Note that the straight lines here can symbolize
photons, gluons, ghosts, or quarks, as is appropriate.

The first type of diagram, Fig. 3.1 (a), is called self-energy, because the “same” particle
appears at both (truncated) legs. It will also be denoted as bubble graph because of its
shape and as 2-point function (2PF) graph, because it has two vertices. The second
topology, Fig. 3.1 (b), is called vertex correction, because it results from an interaction
between the legs of a vertex. It will also be named triangle or 3-point function (3PF)
graph. Finally, Fig. 3.1 (c), is identified by its shape as box diagram or 4-point function
(4PF) graph. Since the virtual diagrams contain the same number of external (observed)
particles as the Born diagrams, the new matrix elements have to be added coherently. But
since a single virtual amplitude already supplies the additional a; of NLO, one only has to
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consider the interference of the virtual with the tree level amplitudes when squaring the
matrix elements. The products of the virtual diagrams with themselves can be discarded
as being beyond NLO. Thus virtual contributions in general have simpler kinematics,
phase-space and combinatorics than the real contributions, which will be considered in
Chap. 5. However, in practice the virtual contributions can become quite numerous
and are at least as difficult to compute as the real ones, because the additional particle
exchange itself complicates the calculation considerably. In the following we will show
step by step how to deal with the problems one encounters.

Since this additional particle is virtual and since energy-momentum conservation does
not provide any constraint on it, its four-momentum can take on any value whatsoever and
one has to integrate over all the possibilities. To illustrate the ensuing difficulties, we will
consider a simplified integral first [64]. A massless virtual particle with four-momentum
q will introduce a ¢? in the denominator, so let us consider the integral

4
/ﬂ with w=12,... (3.1)
(—=¢*)”
By inspecting the dimensions, we see that the integral is infrared (IR) divergent for 4 < 2w
and ultraviolet (UV) divergent for 4 > 2w. Thus it is divergent for all w. We regularize
the integral by shifting the dimension of ¢ to n = 44¢. Obviously then ;g > 2(w—2) and
eyy < 2(w — 2) to obtain finite results. By performing a Wick rotation to the Euclidean
momentum Q* = ¢2 +q? + ¢3 + ¢, integrating out the angles in a polar coordinate system'
and splitting the integral we obtain

L) [P gy s [ iy

7Tn/2 _q2)w 0 A2 (3 2)
2A51R72(w72) 2A5UV*2(W*2) )

SIR—2(W—2)_8UV—2(W—2) .

For w = 2 one explicitly sees both the UV and IR pole. For other w values we find as
expected, that the first (IR regulated) term diverges in the UV limit A — oo and the
second (UV regulated) term diverges in the IR limit A — 0.

Now we can on one hand chose to treat the UV and IR singularities separately, see
for example [65]. Typically one would then first calculate the UV divergencies with
eyy while keeping the external legs off-shell. The latter provides the cutoff for the IR
singularities which we introduced by hand in (3.2). Then one would remove the UV poles
by renormalization, continue analytically eyy — g and put the external legs back on
shell, exposing the IR poles which are later canceled against real contributions. This
method has the advantage of clearly exhibiting the source of the poles, but leads to a
rather tedious procedure. We can on the other hand decide to do without this distinction
and immediately use analytical continuation to unify eyy = ;g = ¢ with ¢ > 0. Then

IFor more details on the used calculation techniques see App. A.1.
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(3.2) appears in the simplest possible form

dq

and one can take here the n — 4 limit immediately, since the integral now vanishes and
thus no dependence on ¢ remains on the r.h.s. Note that our choice of setting eyy = er
is well motivated by the fact, that in (3.2) the Lh.s. of the equation does not depend
on a mass scale, whereas the r.h.s has two parts which do. Hence we should chose the
continuation procedure in such a way, that the dependence on A cancels. All this does
not mean that the divergencies have somehow magically disappeared in four dimensions.
Rather we have made a special choice of evaluating the per se undetermined integral
(3.1). This only makes sense if the end result of the complete calculation is finite and
thus independent of the treatment of spurious divergencies in the intermediate steps, as it
has to be for a physical process. We have chosen to use the unified € approach throughout
the calculations for simplicity.

3.2 Basic Scalar n-Point Functions

After having chosen our general method for dealing with the virtual corrections in the
last section, we can now proceed to deal with the loop integrals that will actually appear
in the calculation. The QCD propagators that can appear in the loops of Fig. 3.1 are
shown in Fig. 3.2.

p IU’ k 1% k
— TTTOOT> o -
Vig,ptm ) AP & 5o b

ij p2—m?2 104b ;2 ¢ ab;2

(a) (b) (c)

Figure 3.2: Feynman Rules for the QCD propagators of (a) quark, (b) gluon and (c) ghost in
the Feynman gauge. The ¢ shift in the denominators is omitted for brevity.

Obviously in the denominator of the loop integrals, terms of the general form L; =
I? — m? + ie will be appearing, where I; is the four-momentum of the i-th propagating
particle, m; is its mass and the ie-prescription is used to ensure causality?. With respect
to the loops in Fig. 3.1 one arbitrary propagator can be set to carry the loop momentum ¢
only: [; = g. Counting all external particles as incoming, at the next vertex the incoming
four-momentum ¢; will be added into the loop and the next propagator has [, = ¢ + ¢;

2This causal € has nothing to do with the ¢ of dimensional regularization.



26 Chapter 3. Virtual Contributions

and so forth. Thus we can define the following basic scalar integrals:

[ dq 1
1PF: A“"“)E*‘,/Ziﬁzfz’
. [ d'q 1
2PF: Bo(qr, 1, m2) = o / (27:)]” LyLy’
[ dq 1 &0
3PF: Colar, g2, m1,ma, m3) = p (2m)" L Lo Ly’
. [ dYqg 1
4PF: Do(qu, g2, g3, M1, Mo, Mg, my) = pu (27m)" LyLoLsLy

We have added a 1-point function (1PF) A, for completeness. Furthermore the p~° with
an arbitrary mass scale p in front guarantees for n = 4 + ¢ that the integral has an
integer mass dimension?, i.e., [17¢][d"¢q] = mass* "mass” = mass*’. Note that the virtual
processes considered here are 2 — 2, i.e., there are only four external momenta. Thus the
4PF diagrams must couple directly to those external momenta at NLO. We have defined
the ¢; to be incoming, so the momenta of the outgoing particles will enter with a negative
sign. Thus energy-momentum conservation implies that Iy = ¢+ ¢ + ¢ +q¢3 = ¢ — q4
here.

In App. A.1 it is shown that the integrals (3.4) can be brought into the general form

Aolj=1, Bolj=2, Colj=3, Dolj=s = iC. P.(j) (m*)* 7 7; K> 7*3 , (3.5)

with ;7 being the number of propagators, e.g., 7 = 3 for the 3PF Cj. In our processes
the masses m; in (3.4) are either zero (for light quarks, gluons or ghosts) or equal to the
heavy quark mass m, so this single mass scale has been factored out. We have introduced

_ 1 S (yg—lndr m2 : — - 1
CE _= 1671.262(7 ) <_> y Sl(n) = Z E 5
, =1 (3.6)
1=5S1(—D+5[C2)+ 57— 1) = S(j — D]+ O(e?)

j=2-30-1-3) ’
and furthermore used Riemann ((2) = 72/6, Euler vz = 0.5772... and S;(0) = 0. J; is a

suitable Feynman parameter integration which is used to bring the denominator into the
form (¢ — K)?, e.g.,

1 1 1
jlzl,jQZ/dx,j3:2/ dmdy:z:,j4:6/ dz dy dz z°y . (3.7)
0 0 0

For j = 1,2 the power of K is 2 —j + 5 > 0, so the integration is finite and P, is only
needed to O(1). For j > 2 the power of K becomes negative and thus the integration can

3This scale can also be viewed as keeping the regularized coupling dimensionless, see Chap. 4.
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yield poles in €. Examining Tab. 3.1, which collects the parametrization formulae, we see
that poles can appear when there are terms of the type 2~'+%/2 or (1 —z)~'+%/2. This can
happen for none, one or two parameters, so that we get finite, 1/ or 1/22 contributions,
respectively. Note that the integration over z is always finite for the 4PF: if K has a
zero in z, it will be of the form 272+%/2 or (1 — 2)=2*%/2 which can be integrated without
leading to a pole. Thus even for the box integrals we get at most 1/¢2, which is of course
expected, since the real contributions canceling the poles can not provide higher powers
of 1/ in NLO: simultaneous collinear and infrared limits in the emission of one gluon
yields only 1/£2.

Note also that the causal e—prescription is important for determining the correct
analytical continuation of the (di-)logarithms appearing in the calculation. Fortunately
here we can drop all imaginary parts of the J; integrals, which simplifies the continuation
procedure. The reason is that they will be included in the virtual corrections, for which
only the interference term with the Born amplitudes contributes at NLO, see the discussion
in Sec. 3.1. That interference term can be written as 2Re [ My M., so the imaginary
parts of the virtual matrix element do not contribute, since the Born matrix element is
real. For virtual NLO graphs one always has five extra ¢ from the Feynman rules as
compared to the tree graphs. This together with the multiplication of i... in (3.5) gives
a real prefactor multiplying the J; Feynman parameter integrations. So we will need only
the real parts of the Feynman parameter integrals, like for (3.11) and (3.14) below, which
leads to a purely imaginary integral (3.15) below by multiplication with ¢ and then to a
real contribution with the five ¢’s coming from the Feynman rules. For a discussion of
some possible simplifications under these circumstances see App. B.2. Basically we can
drop the causal € by treating logarithms with arguments on the branch cut appropriately,
if we are only interested in the real parts.

kl —p— D1

f

k2 —— 2

-

Figure 3.3: The hadroproduction box graph leading to the basic scalar integral (3.15).

The needed set of basic scalar integrals has been collected in [44] and will be re-
calculated in App. A.2. Here we will show how to perform the integration of the box
integral Do(—Fk1,p1,p2,0,0,m,0) in some detail, to demonstrate the practical difficulties.
It arises in the hadroproduction graph displayed in Fig. 3.3. By inserting the momenta
in the expression of Tab. 3.1, we can write K = act — bd3 + ¢® with t = —t;/m? and
5§ = s/m?, where we have used the fact that a + b+ ¢+ d = 1. Next we pick the pa-
rameters so that K is linear in z, in order to facilitate the first integration. The choice
{a,b,c,d} = {zy(1 — 2),vyz, (1 — y),1 — x} satisfies this and upon integrating K —2+°/2
over z and multiplying with x?y — see (3.7), the factor 6 cancels against the 1/6 of P.(4)
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J | Pe(5) m?(K + ie) {a,b,c,...}

1| —2+1+0() am? {1}

2| =2+ 0() —abg? + am? + bm3 {z,1 —x}

3 —3 (1 + %<(2)> —abg} — ac (q1 + ¢2)” — beg} {zy,z(1 —y),
+ O(e%) + am? + bm3 + cm3 11—z}

4 é <1 -5+ %C(@) —abg; — ac (g1 + 612)2 —ad (¢ + ¢ + 613)2 {zyz, zy(1 - 2),
+0(%) — begs — bd(gz + g3)* — cdg; z(l—y),1 -}

+ am? + bm3 + cm? + dm?

Table 3.1: The factor P. and the Feynman parametrized kernels of the basic j-point functions
(3.4) used with (3.5) and (3.7). P. is given up to the relevant order in . Note that a + b +
¢+ ... =1 and that the assignment of the shown sets can be in any order, i.e., there are j!
possibilities.

— we get the sum of two parts I, + I'1,,:
20714 (1 — )" 5 (L4 (F— Dy)~ 5 225 {—Sy+a[(1—y)2+35y]} T2
(—2+2)B(1—2) +tx(l—y)  (=2+e)((1 —2) +iz(1 —y))
I I1,,

(3.8)

(. J

Beginning with part I,, we can perform the z-Integration, which leads to the hyper-
geometric function oF(1,e,1+¢,[§— (1 —1y)]/5), of which we take the series expansion,
see (B.5) in App. B.1, to get:

L 21— y) (1 + (P — l)y)1+%(_[1212;< (1- y)) — e2Li, (g_i(gl_y)ﬂ  39)

HEN

with the dilogarithmic function Lis(z). The remaining y integration diverges for y — 1
and is too complicated to be tackled directly. We define a counterterm which corresponds
to the y — 1 limit:

21 — y) I+ [1 —cln (
(=2 +¢e)es

I

= (l—y)> —52%2] |

(3.10)

So I, — I is finite with respect to the y integration, which means that we can expand it
in £ to O(1) before integrating! The resulting integral can be done. Furthermore I is
simple enough to be integrated, keeping the ¢ dependence, and expanding in € only after
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the integration. It is important that (3.10) mirrors the complete y — 1 structure, e.g.,
the 2 part cannot be dropped since it will contribute at O(1), but will not occur in the
integration of the O(1) expansion of I, — I7. The sum of both gives the result:

16 3+2In§+2Int 3 72

I=—=|5+ . +§—§+lnt(1—lnf)+lns(1+21nﬂ . (3.11)

Turning to I1,,, we note that the integral only diverges when z — 1. But /% =
1+ SInz + % In>x + ..., i.e., that term gives contributions other than unity only when
multiplied by a pole in . However, since the poles occur only for x = 1 where In(z =
1) = 0, we can simply set 2°/> — 1 prior to integration. Then we can perform the
integration. The resulting hypergeometric functions are best transformed linearly, see for
example [66], in order to exhibit the y-structure clearly. One gets:

(1—y) 51+ (E—1)y)" "
—24¢

o N—l4e c . (3-t0-y)(-y)
4(1 y) 2F1 (1; 29 1 + 29 §(1+(f—1)y)
(=2 4¢e)es (1+ (t—1)y)
L _E ~ —14E . c v))y
(=g +3y) 2 (1+(E-1y) 2 2F <§, 51+35, 7((1—1,)2%2, )
. (3.12)

(—2+¢)e

[MIILY

dirs 2 (5 —1(1—y))~

I, =—

A1 —y) (1) Y

The series expansion of the new hypergeometric function can also be found in App. B.1.
Again we find a divergence in y and define an appropriate counterterm for the y — 1
limit:

—24(1 —y) 7"+ (1 —y) 712 [—24iem + (—1)2 (24 4 27%)] £2

I = — 3.13
v 6(—2+¢)est (3-13)
Proceeding like for I,,, we can complete the integration
1[2 1+2lnt 1—7>+2(1+Int)nt
= L2 Lr2t 1o+ 214t int) (3.14)
5t |e? € 2

We have dropped any imaginary parts that occur in our final integrated results as
mentioned above. Summing I + I and multiplying by iC. -7 <1 -+ %C(2)), we then
get the final answer

DO(_kl,pl,p%O,U,m,O) = — 4+

sty g2

iCe {8 ;(2lnt~+ln§)+21n§lnf—4C(2)] , (3.15)

in accordance with Eqn. (A4) of [44].
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3.3 Passarino-Veltman Decomposition

The fermion propagators of the virtual contributions Fig. 3.1 have the form id;;(p +
m)/(p* — m?) and thus they introduce the loop momentum also in the numerator. We
can generalize the basic definitions of (3.4) to take the more complicated numerator into
account, e.g.,

d*q {1, qu, 49, 4, }
271')” L1L2L3L4 ’

Do,y wywpy (@15 @2, @3, M1, Mo, M3, My) = /Lg/ ( (3.16)
It is generally more difficult to calculate this type of tensor integral than the scalar
integrals we have encountered up to this point. Note that for the processes we will be
calculating tensors integrals of rank three or less have to be considered. A box diagram
with four fermion propagators is of course possible, but it would require two outgoing
photons or gluons, respectively, whereas we need here two outgoing heavy quarks. For
this reason we do not have to examine integrals of the type D, ;.

We know that the Lorentz covariant structure of the tensor loop integrals can only
depend on the momenta of the attached legs and on the metric g,,. This immediately
suggests decomposing the integrals accordingly, a technique called Passarino-Veltman
decomposition [47], which is also conveniently summarized in Ref. [67]. One can easily
write down the possible Lorentz covariant combinations:

BM — qul )
B" = ¢{'q/ By + g" Bsy

C" = ¢/Ci + q5Cha
C" = ¢iq{Co + q595C2 + {q1q2}" Cos + " Cay.
C" = {7 q{Cs1 + ¢54595Cs2 + {1192} Css + {14242} C4
+ {019} Cs5 + {q29}""Css (3.17)
D' = ¢¢Dy1 + ¢4 D12 + ¢5 D13
D" = ¢'q] Da1 + q505 D22 + q5q5 Dos + {q1q2}"" Doy + {q1g3}"" Das
+ {0293 }" Das + 9" Dar
D" = ¢i'q{q7 D31 + ¢4 4595 D32 + 54595 D33 + {10142} D3sa + {q1q1g3 1" D35
+{0102¢2}""" D36 + {01433 }""" D37 4 {q2G2q3 }""" D3g 4 {q2q3q3}""" D39
+{010243}""" D310 + {q19}""? D311 + {q2g}""? D312 + {39} D13 .

The scalar coefficient integrals on the r.h.s. can depend on all the possible scalar invariants
of the leg momenta and on the masses m;. The arguments of the tensor and scalar integrals
have been omitted for brevity. The brackets {...}* are a shorthand denoting the sum
of all possible different Lorentz index permutations, for example {q1q1q2}** = ¢t'¢"qb +
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gy + ¢lqlqy and {qig}*? = ¢ g"? + ¢/ g"" + ¢ ¢g"’. All Lorentz index permutations
must have the same scalar integral as coefficient, since the tensor integrals like (3.16)
stay invariant under these permutations. This property will later be shown to result
in stringent consistency checks on the decomposition, since the same coefficient will be
obtained no matter how the projection is ordered.

The decomposition, a 13 x 13 matrix problem in case of D**?  looks forbidding, but
it is possible to reduce it to at most a 3 x 3 matrix problem by taking into account the
fact that leg momenta are added one by one into the loop. As already mentioned above,
in the propagators L; = [? — m? + ie the momentum /; has then the simple progression
lh=q, ls=q4+q, l3=q+q¢ +q and [ = ¢+ q1 + ¢2 + ¢3. Thus we can rewrite the
scalar product of the leg momenta and the loop momentum in the following way

q1-q=(Ly— L1+ f1)/2 with flzmg—mf—q%,
@ q= (L3 — Lo+ fo)/2 with fo=mi—mi— (g +@)+¢, (3.18)
@-q=(La— L3+ f3)/2 with fs=mi—mi— (@ +q@+a@)+(Q+ae).

Since the L; terms introduced by rewriting the scalar product will cancel against the
propagators in the denominator and since the f; do not contain the loop momentum,
we can effectively remove ¢ from the numerator this way! The price to be paid is the
introduction of new scalar integrals of the form occurring for loops with one propagator
less. To make this clear, consider as an example

4D :M—a/ d"q G2+ q :/(L3—L2+f2)/2
2 (27)" L1 LyLy Ly Ly LoLsLy

1 1
— D
/ LiLyLy / L1L3L44+f2 ’

. .

Co(1,2,4)  Co(1,3,4)

(3.19)

1
2

where the integration sign is a shorthand for 4~ [ d"q/(27)" here and below.

Apart from the expected scalar integral D corresponding to the tensor integral D,,, one
has two new scalar integrals Cy(1, 2,4) and Cy(1, 3,4) having three propagator terms in the
denominator, which however differ from those of the generic Cy = Cy(1, 2, 3) introduced
directly by the vertex corrections. But now all we have to do is to project onto these
scalar products of loop and leg momenta, which at worst for the boxes is a 3 x 3 matrix
problem, and calculate the (new) scalar integrals. To this end one defines a projective
momentum

Pl”qm = 51’[ s (320)

where the indices ¢,/ = 1,2,...,d run over the number of independent leg momenta d,
that is the number of propagators in the loop minus one. For self-energies B we have only
one independent leg momentum and thus

P!'=Xz'¢! with Xp=¢’. (3.21)
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For vertex corrections C' there are two independent leg momenta and so

ph n 2 )
loxo [T with o xe= T TR (3.22)
Py iy qi - g2 CI;

Finally for box integrals there are three

Plu Qf CI% q1-492 q1-G3
Pl = XBI a4 with Xp=|¢q ¢ CI% q2-q3 | - (3.23)
P @ Qg Qg 4

Only when the inverse of the matrices X exists can this simplification be used.
Using these definitions we can already treat all the vector integrals occurring in the
nPF graphs. As an example C* = ¢{'C}; + ¢4 C12 will be worked out explicitly here:

C P! e R
= o= x5! Rl xa (3.24)
Cha Py 2 Ch Ry
with
1 1
R, = §[B0(173) _80(273)+f100] ) Ry = §[B0(172) _BU(1’3)+f200] ) (325)

and the inverse of X is easily calculated to be

1 R TR

6t — (0 @) —q1 ¢ a

X! (3.26)

Note that for the calculation of By(2,3), we can shift the integration ¢ + ¢; — ¢

) 1
Bol2,3) = / (a+a) =m] [(a+a+a) —mi] / (4> = m3) [(g+ @) - 7"”23] | )
3.27

bringing it into the standard form for B,. Similarly one proceeds for Cy(2, 3, 4).
Next we need to construct a projective tensor which singles out the metric g"”, using
the projective momentum P/,

: (3.28)

d

4 1 4 14

pP¥ En—d[gu —szu%
=1
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where d again is the number of independent leg momenta and n = 4 + ¢ is the spacetime
dimension. This leads to the desired properties

P*"q, = P"q,, =0, Pg,, =1. (3.29)

As an example, the 3PF coefficient of the metric is obtained using this projective tensor:

1 Qul
Cy = P*(C, = ——[¢" — P'q" — Pl'q 1
24 % n—9 [9 141 2q2]/L71L2L3
1 1 ) 1
= — R;— R
n—2 {/ LyLs +m1/L1L2L3 ’ 6]
1 1
T —2 {m?CO ) (f1C11 + foC12 — Bo(2, 3))] ) (3.30)

1 q q q
R. = _Plt ®o [ 2
=3 1/{L1L3 PR A

1
= QPIM {Bu(lﬂg) - [B#(Qa 3) - QIuBO(Qag)] + flcu}
1
= 5 [Bl(]-a 3) + BO(27 3) + floll] ) (331)
" Qo _ _u 9 _ 1
R¢ = 2P2 / {L1L2 7.1 +f2L1L2L3 = 2[ Bl(l,?)) —|—f2012] . (3.32)

In the first step ¢> = L; +m? and (3.18) were used. Note the shift ¢ — ¢ + ¢; in the
second integration in the first step of calculating Rs, so that B,(2,3) = ¢2,B1(2, 3), which
gives no contribution when contracted with P{*. Tt is of great advantage that this type of
projection properties can be used on the tensors with reduced rank? in the intermediate
steps.

Turning to the C,, coefficients depending on the leg momenta, we can use the projec-
tive momentum twice

Cyy _ P1“ Py C’W _ Xal Ry — Cy ,

Cas Py Ry
(3.33)

C P\ - R

2| _ pr 1 G = XEI 5
Ca Py R — C
1
R4 Eplqucl“/: §[B1(1,2)—Bl(1,3)+f2011] )

(3.34)

1
Rs = PyqCh = 2 [Bi(1,3) — Bi(2,3) + fiC12] ,

*For P*” By, one needs P{ [ q,/L1 = 0, easily proven in the rest frame of ¢, because then g1 -¢ = ¢?qo
yields an integral odd in the energy component ¢o.
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where é;w = C,, — g Caq has the metric contribution subtracted. Since there are two
ways of projecting out Cy3, depending on whether P, or P, is used first, this coefficient
is obtained twice. This kind of redundancy occurs for all possible permutations of the
projection order and allows one to perform internal consistency checks for all the multiply
obtained coefficients!

For C,,,,, we already know how to project out the terms with the metric, e.g.,
C P’ R
Plope o, =x20 ) (3.35)
Cse Py Ry

1
Rig= P"q{Cpp = 3 [Ba2(1,3) — B22(2,3) + fiCa] ,
2 (3.36)
Ry = P"¢iChp = 3 [B22(1,2) — Bas(1,3) + f2Cud] .

It is convenient to construct a complementary tensor to P*”, which projects onto specific
combinations of two leg momenta:
Pl = PP — (Py- )P, (3.37)
with the properties
Py Gintiv = 0irbji s Pl 9w =0. (3.38)

Then we can for example write

C AN Ris — 2C
=p | Cu,=x T T (3.39)
C’33 P2p R13

y 1
Ry = Piq{Cpp = 3 [B21(1,3) — Bo(2,3) + f1Ca] ,

y 1
Ri3 = Pl ¢5C, = 3 [B21(1,2) — By (1,3) + foCn]

(3.40)

where CN’Wp = Cup — {019} 0pC35 has the metric part contributing here subtracted.

This completes the necessary collection of projection operators. We have already
performed part of the necessary decompositions for the vertex corrections in the examples
given above, and the self-energy and box integrations can be treated likewise. A collection
of further results can be found in App. A.3. Though this procedure is straightforward, its
actual implementation requires a computer algebra system like Mathematica [57]. The
general decomposition for arbitrary momenta and masses of the 4PF alone results in
Mathematica output of more than three MByte length before simplification. Managing
this lengthy result was facilitated by defining a space in the possible basic functions By, Cj
and Dy, so that the coefficient relations become vector equations in that space. Simplifying
the formulae for specific momenta and inserting the basic functions will usually reduce
the length of the 4PF formulae by two orders of magnitude.
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3.4 Some Final Remarks

Upon calculating the actual virtual processes using the formalism of Sec. 3.3 and App. A.3,
one will need numerous scalar integrals which do not seem to be included in the basic set
of App. A.2. But those integrals can always be brought into a form where they are either
seen to be directly equal to one of the basic integrals or derivable by simple manipulations.
There are several “physical” ways to arrive at such transformations. Many of them can
be obtained by simple crossing. For example the integral Bg(p; — ks, 0, m) obviously is
obtained from the known integral By(p; —k1, 0, m) by crossing k; <> ky. To this end we can
simply replace ¢,¢; — u,u; in the known result (A.20). Also one often obtains integrals
which just correspond to assigning the loop momentum in a different way, see Fig. 3.4 for
the simple case of 2PFs. Similarly we can derive for 3PFs that Cy(p1, pa, m1, ma, m3) =
Co(=p1, —p2, m1, ma, m3) = Co(p1 +p2, —p2, m1, mg, mg) = Co(—p1, p1+Dp2, M2, M1, m3) =
Co(p2, p1, m3, ma, my) by reassigning the loop momentum and of course we can also treat
the 4PF Dy’s this way.

q-+m
b1 y41 b1 y41 b1 y41

q+m q—D1 q

Figure 3.4: By assigning the loop momentum differently in one graph, it is shown that
By(p1,m1,m2) = Bo(—p1,m1,m2) = Bo(pi, ma, my).

One can also simply shift the loop momentum, which does not change the value of the
integral. For example setting ¢ — ¢ + po in Cy(p1, —k1 — k2,0, m, m) yields the integral
Co(p2, p1, m,0,m), proving their equality. But in practice it is much simpler to just insert
the momenta in the kernels K of Tab. 3.1 and compare to those of the standard set. For
instance in the example above, Co(p1, —k1—kz, 0, m,m) gives K = —bc=5+(1—a)®. But we
know that the basic integral Cy(ps, p1,m, 0,m), see (A.24), leads to K = —ac25+(1—b)?,
so since the assignment of the parameters a, b, c¢ is arbitrary, both integrals are equal.
Also equalities due to the reassignment of the loop momentum are immediately obvious.
Taking the case covered in Fig. 3.4, one always obtains K = —ab + am? + bm3, switching
a <> bifneeded. Furthermore changes of the kinematic variables due to crossing are trivial,
e.g., By(p1 — k2,0,m) leads to K = —ab-% +b and By(p; — ki1, 0,m) gives K = —ab—L; +b.
Also equalities like Cy(p1 — k1, —ka, 0, m, m) = Co(p1, —k1,0, m, m), which need some work
to be proven otherwise, are obtained by just writing down the kernels. With this method
it is an easy exercise to obtain the needed relations between integrals, about 40 were
needed in our calculation.

A special simplification can be used when working on the QED-like box integrals.
Since we calculate 2 — 2 processes, there are only three independent momenta, the fourth
can be calculated using energy-momentum conservation —qqs = q; + ¢2 + ¢3, counting all
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momenta as incoming. Taking a look at the propagators in Dy in (3.4), we can write

)

q® —mi +ie W ¢> — mi + ie

+q1)2 —m2 +ie — Qs — @3 — 2)° — M3 + i€

(¢+a) 5 [ (¢— 1 — @3 — ) 5 ‘ (3.41)
(q+ q1 + q2)* — mi +ic (¢ — g1 —q3)® —m3 +ie
(q+q1+q2+q3)2—mi+i6J \ (¢ — qu)? — m3 + ie

Simply by replacing ¢ — —¢ in the integration® we then obtain the relation

bbr. —
Do(q1, G2, g3, M1, ma, m3, my) = Do(qs, g3, G2, M1, ma, m3, mg) =25 Do =Dy . (3.42)

We can also show this by inserting the momenta into the kernel K given in Tab. 3.1.
Dy leads to the same kernel as D, upon switching the assignment b <+ d. In the tensor
integrals the ¢ — —q shift adds a minus for every loop momentum, so using the same
abbreviation as in (3.42), we can write

pt=-p"  pw=D",6 Dpwr=_D". (3.43)
Now we can insert this in the tensor decomposition (3.17), for example

D = qi'Dyy + g5 D1s + g5 D13
=-D"=- (QZBII + ¢4 Dy + qé‘ﬁlg)
= ¢ D11 + ¢4(D11 — Dh3) + g5 (D11 — Dis)
= Dy =Dy, Dis =Dy — Dy3, Di3 =Dy — Dyy . (3.44)

Similar relations can be derived for the other tensor coefficients.

I{Jl — D1
(&
o
A o ¢
o
(o
kg < D2

Figure 3.5: For this QED-like box graph a simplified tensor decomposition (3.47) is possible.

By itself this is not very helpful, except as a further method for checking the decom-
position. But in the QED-like box Fig. 3.5, we get for D — D(py, —k1, —k2,0, m, m, m)
and D — D(py, —kg, —k1,0,m, m,m) exactly the same projection coefficients. This can
be easily checked by noting that the matrix X of the projective momenta in (3.23) and

SFor every of the n components the minus in the measure is compensated by the minus in the inte-
gration limits, effectively only the kernel changes.
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the f; collected in (3.18) are the same in both cases. The new scalar integrals obtained
by the projection will also be the same, since the second and fourth propagator, L, and
L4, which are interchanged in D <+ D, have on one hand the same mass and on the other
hand the same square of the sum of external ¢;. As an explicit example compare Cy(1, 3, 4)
with 50(1,3,4). Both have the same masses m; and inserting ¢ = p; — k1, ¢ = —ko
and ¢ = py — ko, ¢ = —kq, respectively, in the K found in Tab. 3.1 will yield the
same kernel. A different way of coming to this conclusion is noting that (A.3) introduces
Feynman parameters to a numerator with loop four momenta ¢#q” ..., so that for the
tensor integrals the assignment of a, b, ¢, d changes the result obtained for the projection
coefficients. But in the QED-like integral here the switch b <+ d mentioned below (3.42)
is not necessary: the propagators already lead to the same K, because of the similarity
between L, and L. So the projection coefficients will be equal. At any rate, we can
set D;; = D;; here! Then of course the relations like in (3.44) can be used to eliminate
dependent scalar coefficients. One finds eight relations:

Dy = Dyp + D3, Dy = (Dyy + Dyy — Do3) /2,
Days = (Day — Doy + Dy3) /2, D3y = —2D39 — 2D33 + 3D36 + 3D37 (3.45)
D3y = —D39 — D33 + 2D36 + D37, D35 = —D3y — D33 + D3 + 2D37
D319 = (=Dsy — D3z + Dsg + D37 + Dag + Dsg) /2, D311 = D313 + D33 -

We can now write the Lorentz structure of D(py, —ky, —k2,0,m, m, m) in a neat way,
using the following further redefinitions:

- 1 ~ 1
D21 = —§(D21 — DQQ — D23) y D36 == §(D32 - D36) )

. 1 . 1 . 1 (3.46)
Dy = =(D33 — D37), Dss=—=Dss, D3g=—Dsyg
2 2 2
The final simplified result is then
D*# :tuDlg + UuDlg R
D" ={p1py}" Doy + t"t” Dyy 4 ulu” Dyg 4 {k1ky }** Dog + g* Doy (3.47)

DMP =ttt Dy + u"u”u’” D33 + {tp1p2}uup[)36 + {up1p2}uup[)37
+ {tk1k2}wjﬂb38 + {Uk1k2}’wpb39 + {tg}""? D312 + {ug}** D33 ,

where we have used the abbreviations t* = (p; — k1) and u* = (p; — ko)*. This compares
favorably with (3.17). The other occurring boxes cannot be simplified like that, since
the b <> d interchange has to be performed. There we can only check relations like
Diy — D1y = Dy3 — Dy3, which always have to be fulfilled.

Finally, as has been mentioned already when introducing the projective momenta
in (3.21) to (3.23), the Passarino-Veltman decomposition breaks down when the inverse
of the matrix X does not exist. In our calculations this occurs only in simple bubble
diagrams of the type depicted in Fig. 3.6, inserted in the incoming on-shell gluons. They



38 Chapter 3. Virtual Contributions

q+k

Figure 3.6: This bubble graph with k> = 0 and m # 0 cannot be decomposed with the
Passarino-Veltman technique.

lead to integrals B(k,m,m) with k? = 0 but m # 0. But here Xp = k%, so obviously it
cannot be inverted. The integral occurring in this situation is

o A Te (WM (g +m)y (g + F+m))
T=i™ [ G nes b
. d”q 20"q" + (k"q" + ¢"k¥) + (m* =k - q — ¢*) g™
= du / / (% + 22k - ¢ — m? + k2z]?

(3.48)

1
—8(kME" — g“”kQ)/fa/ de (1 — )y,

0

where we have used Equations (A.18)-(A.20) of [68], see also Appendix C of [69]. The
basic integral I is given to O(1) by

i

I, =
0 1672

{2 +vg — In(47) + In(k*z(1 — x) — mZ)] : (3.49)

with the Euler vg. If m = 0 = k2, then I, = 0 and thus I = 0. Otherwise we get
I= (k“k” — gk F 112 + v — In(47)
27r2 6 e

+ /01 dr z(1 — z) In(k*z(1 — 2) — m2)} . (3.50)

This formula is valid in general, it is for example easy to obtain Equation (II1.29) of [69]
for k2, m # 0 from it. But here we are interested in the case of k2 = 0 with m # 0, and
then using C. defined in (3.6) to O(¢), we can write the integral to O(1) as

8

I =iC. (k'K — k*g")—

3.01
=, (351)

where we have kept k2 in the Lorentz structure, since there will be a 1/k* dependence
due to a gluon propagator when attaching Fig. 3.6 to the rest of the Feynman diagram.
The limit &2 — 0 is possible in the Lorentz structure only after contracting the Lorentz
indices in the matrix element.



Chapter 4

Renormalization

4.1 The QCD Lagrangian and its Renormalization

The last chapter has shown that we encounter singularities when we calculate higher order
corrections using the Feynman rules derived from the bare QCD Lagrangian. The infrared
singularities cancel in the sum with the real contributions which will be introduced in the
next chapter. This is guaranteed by the Bloch-Nordsieck and Kinoshita-Lee-Nauenberg
theorems [70], respectively. The real contributions also have a new type of singularities
called collinear or mass singularities, which will be dealt with by the mass factorization
procedure of Chap. 6. Basically this amounts to a redefinition of the parton densities of
the hadrons (and photons). This leaves us with the ultraviolet divergencies. We will see
in this chapter how a redefinition of the fields and parameters of the bare Lagrangian
can be used to eliminate the UV singularities. We note that details about our particular
scheme for the renormalization of QCD, which uses the MS scheme for light quarks and an
on-shell scheme with explicit decoupling for the heavy quarks, cannot easily be found in
the literature. In the corresponding unpolarized calculations, which also use this scheme,
an effective procedure using only mass and strong coupling renormalization is used, see for
example Eqns. (2.9)-(2.11) in [46]. However, no derivations of the formulae are given, so
we will supply them here. Furthermore, the only calculation of the needed renormalization
constants Z; known to us is [71], which however does not provide much technical detail on
their derivation. Actually this reference was pointed out to us only after we had already
(re-)calculated the Z;. Since the available information on this scheme seems to be scarce,
we will provide sufficient detail of our independent calculation.
Let us start by writing down the bare QCD Lagrangian®. It can be split into parts

L =%c+%er+Lrp+ Lr =5+, (4.1)
where the parts are
1 14 : a a a aobce c
gauge: Lo = —ZF;VF“" with F, = 9,A% — 0,A% + gf*"* AP AS | (4.2)

!The following derivation of the counterterm Feynman rules is standard and follows closely [64].
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1
gauge fixing: Lor = —— (8"A“)2 with o =1 in Feynman gauge , (4.3)
Faddeev-Popov: Zpp = (8“{“*) Dabﬁb with Dab 69, — fabcAft , (4.4)
fermion: Lp = V; (ips; —mbi;) ¥; with DI = 6;0" —igTA™ (4.5)
where T® and £ are the generators and structure constants of SU(3)clor, Tespectively,
and the “gluon” color indices can take the values a,b,c,... = 1,...,8 and the “quark”
ones can have i,7,... = 1,2,3. See App. B.3 for more details about the SU(N) groups.

Also the £* and £ ghost fields should be viewed as independent, i.e., one could write
£ = (€0 4+ i€8)//2 with two independent real ghost fields £ and £. Furthermore we
have only written the fermion field for one quark flavor in (4.5) for simplicity. Splitting
into a free part %, and an interaction part .Z7 then gives

Ly = (a AL — 9, AL) (9" AW — 57 A™) — % (0" A2)7 + (€™ (9,6%)
Z — _ gfabc (auAg o auAZ) AbuAcz/ o fabefcdeAaAbAcuAdu o gfabc (auga*) gbAZ

+ g Ty T A% (4.7)

1
4
+ U,

Now the bare Lagrangian (4.1) will be renormalized by introducing renormalization
constants Z;

fields =\ Z3A8, £ =/ Z3,680) | U =/2,0, , (4.8)
(4.9)

parameters g= Zggr , a = Z30, , m = Z,m, .

Note that the gauge fixing parameter « is renormalized with the same constant as the
gluon field. The reason can be seen by examining the Lorentz structure of the gluon
propagator g’ — (1 — a)k*k” /k*. A Slavnov-Taylor identity ik“k”[)%’,(k)/a = 0% for the
full gluon propagator Dz,”, can be derived, see [52, 53, 72] and App. B.4. It implies for the
gluon self-energy 1% (k) that k*kT1% (k) = 0, since D% = D, + Dg TI° Db+

001/

with the free gluon propagator Dgz,, = —ibap|gw — (1 — a)kuk,,/k2]/k2 Thus I1%) (k) =
6% (k,k, — k%g,,)T1(k*) and we see that only the transversal part of the gluon propagator
will receive higher order corrections. Then only one multiplicative renormalization con-
stant Z3 is enough for the full gluon propagator, and from the Lorentz structure of the
propagator one gets « = Z300.

Now we can insert (4.8) and (4.9) into (4.1) and obtain a renormalized Lagrangian

L =L+ L+ 2o (4.10)

The first two terms are simply obtained from the free (4.6) and interaction (4.7) parts of
the bare Lagrangian by adding a subscript “r” to every field and parameter, i.e., writing
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down the bare Lagrangian structure with renormalized quantities. Obviously then £
collects the Z; terms and we find

Lo = (T~ NI AL, (0~ 040°) AL, — (Zy, — 1)5"E0TE)
+ (25 — 1)6Zj\11m(z@)\lfm + (Z9Zm, )%\Ifm( my )W,
—(Zi - 1)%fabc (9,A7, — 31/14%) A (7, — l)gr fabefcdeAa AL Ak A
— (Zin = 1)gr f (")) AL + (Z1y = Vg UL Uy AL, (4.11)

T

with
7, = ZZ3, Iiw = ZyZs\/ 23y Zhf = ZyZonN/Zs, Zy= ZQZ??, (4.12)

and the first two terms of (4.11) are rewritten using the fact that a total divergence does
not change the equations of motion.

For practical calculation one should now derive the Feynman rules from the La-
grangian. This derivation is lengthy but straightforward and can be found for example
in [64], it will not be demonstrated here. But it is important to note the following point:
%o and .Z,; are identical to .%, and %7, respectively, in structure. The only difference
is that every quantity has been replaced by the corresponding renormalized quantity. So
we can simply use the bare QCD Feynman rules for them and set the coupling ¢ — g,
and the mass m — m, to the renormalized values! The new part of the renormalized
Lagrangian .Z of course leads to additional Feynman rules. Note that we have written
them in the form of new “interaction vertices”, which is possible since .Z¢ is suppressed
by powers of g2. We will return to this point at the end of the next section. The last four
terms of .Z are identical in structure to the terms in %}, so we can simply multiply the
corresponding bare QCD vertex rules with the appropriate (Z; — 1) term. The first three
terms are written in a form that allows us to (heuristically) read off the corresponding
“vertex” rules by assuming the terms act on the e % or e 7 of a four-dimensional
Fourier-transformation to momentum space, dropping the fields?> and multiplying by a
factor 7. The set of new vertex rules we have found in this way are commonly called
counterterms and we collect them in Tab. 4.1. Note that we have included a photon-
quark counterterm, which is obtained in a completely similar manner as the gluon-quark
counterterm from the QED Lagrangian®. To avoid confusion with the QCD Z;;, we have
used the Ward identity 7% QD — 7, [73] for writing down the rule.

It is far from trivial to prove that the renormalizations introduced in (4.8) and (4.9)
are sufficient in all orders to remove the UV singularities. For a thorough discussion one
should turn to the appropriate literature, for example to [74]. On the other hand for a
one-loop calculation such as ours this is easy to see. Basically for every type of diverging

2The two gluon fields contribute a factor 2 for exchanging identical bosons.
3But only QCD corrections are considered.
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k
a__ = b i(Zs — 1) (kR — kg™
11 TEORTTD (Zs = 1)o% )
k : ab 1.2
U= - ®_ ) Z(Zgh — 1)(5 k
p .
c.p
fhs
) /j1/ \kz ) —(Zy = 1) gr f*[g" (k1 — ko)P + g*P (kg — k3)* + g7* (ks — k1)"]
W v
a d
W o
—i(Zs = )G f (9" 9" — g"79"")
+ facefbde(g;wgpa o guagup)
b c + fadefcbe(gupgua o gpwgpa)]
v p
C a
| )
v Y
. — (Zn = DgefRr
/A’ %b y/ b
a 1 c” o
J J
— —i(Z1f - 1)91"77%7“
a i(Zy — 1)eqgedijy*  —
1 1 0 1

Table 4.1: The Feynman rules for the renormalization counterterms derived from %% in (4.11).
For convenience both directions of the ghost-gluon counterterm are shown. Also the photon-
quark counterterm obtained similarly from the QED Lagrangian is included, where ¢, is the
fractional quark charge and we do not consider QED corrections: o = e?/(4m) ~ 1/137.
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loop we will also have one particular counterterm contribution, so that we can adjust the
Z; to cancel the singularities. This will become clear in the next section, where the Z;
will be worked out. One important point remains: We see from (4.12) that

A AV AT

Zg Z3_73_Z—%_72_Z. (4.13)
This is the Slavnov-Taylor identity [52, 53, 72| for the renormalization constants. It
appears to result trivially from our renormalization procedure, but this is only the case
because we have assumed the universality of the renormalized coupling g, and hence
that there is only one Z,: g = Z,g,. In principle we could determine each of the Z; in
Tab. 4.1 separately by calculating the corresponding loop diagram(s) and canceling their
divergencies. Then we could chose to regularize and subtract in such a way that (4.13) is
violated. As one may intuitively guess from the involvement of the gauge coupling, this
would amount to breaking the local gauge symmetry* of the renormalized Lagrangian. A
detailed discussion of these points is beyond the scope of this work and can be found for
example in [74].

Important for our practical calculation is that we should chose a regularization proce-
dure and a renormalization scheme which respects (4.13) and thus local gauge symmetry.
Our choice of using dimensional regularization and the (modified) MS renormalization
scheme fulfills this condition. By comparing Tab. 4.1 with (4.13), we realize that then we
only need to calculate the 2PF Z; and one 3PF Z; of our choice. Each 3PF Z; is related
to a corresponding 2PF Z; in exactly the same way as the gluon 4PF Z, is to the gluon
3PF Z;. In the following section the renormalization constants Zs,, 25, Z3, Zs, and Z,,
will be calculated at one-loop. The remaining 7, Z, and Z,; are then obtained by using
(4.13). In this way local gauge symmetry allows us to obtain results that would require
quite complicated calculations for free!

4.2 Renormalization Constants and Scheme Choice

Our scheme choice will be the following [43, 42, 46]: we wish to have n;; light flavors
active in the running of «; and in the parton evolution in addition to one produced heavy
flavor, i.e., the total number of flavors is ny = n;y + 1. To this end we renormalize
the light flavors using the standard MS prescription. The heavy (anti)quark is however
renormalized on-shell and furthermore we remove the heavy quark loop contribution to
the gluon self-energy, see the calculation of Z3 below, which explicitly decouples the heavy
(anti)quark at low energies. This modified MS fixed flavor scheme, which singles out the
heavy (anti)quark according to its pole mass scale m, will be called MS,, henceforth. We
will use the Feynman gauge® and n = 4 + ¢ in all our calculations. This is a variant of

4More precisely, due to the terms Zgr and Zrp, the Lagrangian is Becchi-Rouet-Stora, (BRS) sym-
metric [75], see also App. B.4. So it is BRS symmetry that would be violated.
5This implies that the renormalized gauge parameter o, = 1.
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the Collins, Wilczek and Zee scheme [76, 71], whose factorization properties have been
worked out explicitly in [77].

(a) (b)

Figure 4.1: The loop contributions needed for the calculation of (a) Z3;, (ghost self-energy)
and (b) Zy,, (ghost vertex).

It is convenient to fix the gauge sector first. The ghost graphs are particularly simple
and so we begin by calculating Z3, and Zjj,, which are needed to cancel the divergent
expressions of the loop graphs displayed in Fig. 4.1. The ghost self-energy loop has a color
factor focd fbd — —(',§% and the ghost vertex loop contributions both have a color factor
fodf frebfede — %f‘”’c. Thus as expected the color structure corresponds to a color-factor
times 0% and f¢, respectively. We start by writing down the self-energy, equating® —iIl
to the (truncated) loop diagram:

_ , B d"q k*>+k-q
I k2 = —iC 5ab 2 5/
( ) g gr/’l’ (27’(’)” qQ(k + q)2

- g (<2) T2 (CE) vt
AT € (167r2)1JFZ u? 0 ( )

2 2
o ab gr 2 2 k

Here and in the following we have made frequent use of standard Feynman integral re-
lations for “simple” cases. One can find them for example in Appendix A of [68] and
Appendix C of [69]. We have defined the typical pole related terms

2 2 2 2 2
— = —+vg — In(4n) and — =~-—In M_2 : (4.15)
£ ¢ Em € m?

where El

m

will occur later on. It is just this % combination of pole and finite terms which

is subtracted in MS. The counterterm comes with a factor 4, see Tab. 4.1, and so we set
9 2

32m2e

6The convention of having a factor —i comes from considering this correction as a term in a geometric
sum, see the discussion at (4.52) below.

Zsp —1=—Cy

(4.16)
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Next we add both ghost vertex contributions

al CA abc 3 —a dnq (b) — (C)
rew =it [ o 2+ qP(k+a)?

®) = [k (k+q)(k+ )]
() = [q”(kQ—2k-l-c+k-q)—|—k“(—q2—k-q+l-c-q)+/§“k-q

B0 Z.Qfabc 3 / d"q [k-q(k+q)"] = [(¢"k — k"q) - (k + q)]
2 (2m)" q4(k +q)?

with

1-9) ! . B
- C abc Sku <__> ( —_ - 2/ <__> dx x1+§ 1—1)2
- _C fabcku 9 2 241 _k_2 (4.17)
Adr 39n? | 2 )l '

where we have used the non-trivial fact that &* can be set zero without influencing the
singularity structure [69], to shorten our presentation. We can immediately read off the
MS renormalization constant

g9 2
Zn-1=Cotnt (4.18)
Thus we can determine to O(g?)
Zin gy 2
I\ Z3=——=1+Cy—=— 4.19
IV = g T T g (4.19)

44

which confirms the naive expectation that pure gauge loops get a “non-abelian” C'4 con-

tribution only.
q Y

(b) (c)

Figure 4.2: The loop contributions needed for the calculation of Z5: (a)+(b) gauge loops,
(c) vanishing gluon tadpole, and (d) massless and massive quark loop.

The obvious next step is to calculate Z3. The needed loop diagrams are shown in
Fig. 4.2 and we equate —iII*” to them. It is not difficult to calculate these contributions
directly, however for brevity we here use the fact, mentioned already in the last section,
that we know their Lorentz structure due to the Slavnov Taylor identity (B.31):

1

Hab _ sab 1.2 I 2 abH 2y - -
uz/(k) 0 (k#k’/ k gl“/) (k ) Y 0 (k ) (3 +5)I{?2g

WIS, (4.20)
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Thus we will only calculate the TI(k?). Next we see immediately that the tadpole con-
tribution Fig. 4.2 (c) vanishes, since it leads to an integral of the type (3.3). We must
treat the gluon and ghost loops together, since only their sum will conform to (4.20).
Their color factor is of course the same as for the ghost self-energy. Note that we have
to multiply the loops with two identical particles by 1/2! and —1 due to the boson and
fermion statistics, respectively. After the Lorentz contraction and dropping terms of the
type (3.3), we obtain the simple integral

@ 2 d"q (8+3e)k-q— k?
I(k2) @O o Irk /
(k) A B+e)k? ) (2m)™  ¢*(q+ k)?

2 e 2\ 5§ o1
g 2\ L(1-35) ( k 2/ : :
:C r —_— € - d 8 3 ]' 1_
A3+s< 6) (1672)' "1\ w2) o elE A =
2 2
¢ 52 K2\ 31
SN T L T L A 4.21
Caiom3 L”L n( ;ﬂ) 15] (4.21)

The quark loop contribution Fig. 4.2 (d) has to be calculated both for massive and
massless quarks. For one quark flavor we have

D@ G [ A Te (P m) (K m,)
”%)"G%@+fma/@mn (@ —m2)[(q + ) —m2]

92 12 1
- 4’"2u { +/ drz(l—z)ln [—ka(l—x)ﬂme]}
™ 0

5
_g [ Eem(k) -3 for -y =0

= - 4 ) , (4.22)
Ar*6 %—5—4&—(1+2%) bpIn(—s¢)  for m, #0
with by = /1 —4m2/k? and s¢, = (1 — by)/(1 + b). Here we see the basic problem of
a pure MS treatment when quark masses come into play. The gauge (4.21) and massless
quark parts have a In(—k?/p?) term, Whereas the heavy quark part has a In(y?/m?) term
from the 2. But for low energies k* < m?, this means that no matter what the arbitrary
mass scale 1 is, we will keep at least one large logarithm after subtracting only the poles.
So here we deviate from the pure MS treatment and do not ignore the (finite) logarithm
depending on the heavy quark mass.
Then the total sum of (4.21), of n;; light flavors, and of one heavy flavor is

-
g 2 22 22
(k%) = -2 ——C’ -
(k) 16 |3 A= —|—nlf3 Tzt
2
g 22
=2t (20, — z , 4.23
1672 ( A 50) 3 + ] ( )

9 o a2 2 (p?
_1677'2 _(20,4 BO)é 3ln<m%>+],
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with fy = (11C4 —2nyy)/3 and By = (11C4 —2ny)/3 and the dots stand for the remaining
finite terms. It becomes obvious from the last line in (4.23) that our choice

9;

1672

2 9r 2 2 [y
3z :| = 672 {(20,4 — 5({)g — gln (W (4.24)

r

2
Zg—].: (2CA_5O)E+

does not only subtract the usual MS term (2C,4 — Bg)%, but in addition the In(u*/m?)
term. Note that if we had calculated (4.22) with m? = k? = 0, it would have given zero’.

But with £ = 0 and m? # 0 the integral gives —4952 7 This term is exactly eliminated
by our subtraction, whereas the normal MS prescription would leave the In(u?/m?2) term.
Thus we see that in the limit of small energies k* — 0 flowing into the heavy quark loop
(and actually for all light-like momenta, as encountered in external partonic legs), the
heavy quarks explicitly decouple with the prescription used here.

From (4.24) and (4.19) we directly obtain

Z,—1= 0 [603—22] . (4.25)

At this point a short digression concerning the renormalization group equation (RGE) is
helpful, in order to derive the effect of our choice on the running coupling. First note
that the action [ d"z.% should be dimensionless, which means that the dimension of
the Lagrangian density [.Z] = mass™. By inspecting (4.1), we can directly determine
the dimensions of the parameters and fields. In particular we find [g] = mass(*~™/2 and
similarly from (4.10) [g,] = mass®*~™/2, So let us define a mass scale for the bare and
renormalized coupling

£
2

o

9=9(m)p,”> and g, = g (p)p~ (4.26)

Here ¢ and g, are dimensionless quantities. Also g and ¢, do not depend on the scales
iy and p. However, if we take a look at our treatment of the loop integrals until now,
e.g., the self-energy (4.22), we see that we have treated ¢, as being dimensionless and
introduced an arbitrary mass scale u to keep the correct dimensionality of the occurring
integrals. It is obvious from (4.26) that we should have more precisely written

gr = Gr(0)  ~ Zg(gro 1) = ZglGr (1), 1] (4.27)

in the results obtained so far. Note that g, depends explicitly on the scale p. Performing
the replacements in g = Z,g, and inserting (4.26) gives

v [ 2 g(m)
s00= () 7 (429)

"The expansion to the logarithmic integral is not valid then, the integral is of the same type as (3.3).
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By simple differentiation we obtain

dgr(p e dZy(gr, 1) -
p=p B _ (2 LA g
du 2 Z, du
£ 0 Jr, My o) gr, ~
) (E_ZLQ Zgr’gi 1) _ZLgdd_u Z(%Siru)) r(M)
- gr(“) 829(?”7#)
1 + Zg(graﬂ) 0gr
g?(ﬂ) ~5
— 5 L 0,9 - (4.20)

1672

In the last step we have used the fact that the dm,/du term only contributes at O(g°).
Note that this result means that in the running coupling only the n;s light flavors con-
tribute due to our choices for Z,;! The contribution of the heavy quark flavor cancels due
to the subtraction of the massive loop logarithm, i.e., because of the explicit decoupling
of the heavy quark at small energies. Without this subtraction, we would have found 5({
with ny = n;r + 1 flavors instead.
With a; = §2/(47) we can immediately obtain from (4.29) the RGE of the running
coupling constant at L.O
dos(1?) _@ 2

dln(p?)  4x s

(1*) + O(ar) (4.30)

The solution is easily obtained as

2
. 4
as () = : (2/‘06)0 2 7T;ﬂ ’ (4.31)
1+ as(/l’o)ﬂ In M_g 50 In A%TO
4T
s 0

In (4.31) we have integrated from a scale at which we renormalize the coupling, 2, to
a large scale, u2, at which we chose to evaluate ay, i.e., we use a,(u? = p?) in our final
results. We see here the property of asymptotic freedom, i.e., for u? — oo (and fixed small
pd) the coupling constant ay — 0, which of course is the reason why the expansion in
o, we have been using is justified for a large scale p?! Due to g = pu,, we find in our
cross sections logarithms In(u,/m) depending on a typical scale m of the process. To
prevent these terms from becoming large, we must set u, approximately equal to this
typical scale. So we need a large scale m, provided in our cases by the heavy quark
mass. In (4.32) we have introduced the QCD scale parameter in LO Ay, which brings
our result for the running coupling in a convenient form. It is, apart from the quark
masses, the only free parameter of QCD and has to be determined by experiment. Note
that we require «; to be continuous when changing the number of (light) flavors, which
is still possible at NLO. We will follow the usual prescription of doing so at the quark
mass scales. This means A? has to be adjusted at these thresholds accordingly and we
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will have to quote the number of (light) flavors when stating the value used for it. We
see that the dimensionless coupling constant at the renormalization point a,(u3) and the
renormalization point scale p itself are hidden in (4.31) by the introduction of the mass
scale A? in (4.32). This is an example of “dimensional transmutation” [78]. Thus only
i will appear in our results and so it, and not g, is usually called the renormalization
scale. As a final point we note that taking two loop corrections into account, we would
find for (4.29) and (4.30)

dg.(n) _ 3 (p) g7 (1) -7
= p——"= — : 4.
5= un = el — B et + 0l (4.3
dovs (1%) Bo 2/ 2 Br 3 9 4
= — 4.34
o = —el) = ad) + Ol (4.34)
Where we have the new coefficient® 3, = 102 — 2,4 [79]. Thus the two-loop correction to

the running coupling is of relative order §? ~ . If we now use the running coupling in the
LO part of our calculation, this two-loop correction to the coupling leads to a contribution
of the same order as the NLO part! Thus it should be used when we calculate in NLO.
In practice we will follow the usual prescription of using (4.31) when calculating in LO,
and the solution of (4.33) when calculating in NLO?. To obtain a solution of (4.34), we
must integrate

MO as(pd) fﬁ a? @ 61)2 CVS

oo [s(H) d
In “’“ 2L p/ s (4.35)
(

and obtain after again absorbing a(uZ) for convenience

I BrInfg ey + 3]
b=t A2NLo B Bgas(u?) 50 , (4.56)

9 _ 2 . 47T 47T 51 ) 83
Axro = g exp [ 50%(#3)] <50as(ﬂg) 50 . (4:37)

We can now solve (4.36) numerically, given a value for Axro, for ay(p?) at any p?. Alter-
natively an approximate solution of (4.36) can be obtained by iteration and expansion in
1/L. The first iteration at O(1/L?) then yields

In (ln I )
4 2
(i) = — o [1 - D Taa )| (4.38)
Bo b By lnAQ;;O

__ BSubtracting the heavy quark loop contributions at k” = 0 in MS,, naturally leads to the well-known
MS results, but with ny = njy =ny — 1.
9The error of using the two loop correction to as with the NLO part is next-to-NLO (NNLO).
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and this formula will be used in our calculations for the NLO running coupling, since a
typical scale p, in our processes is of the order of the heavy quark mass and then the
deviation between a numerical solution of (4.36) and (4.38) is below 1% even for the
charm mass with n;; = 3. In the remainder of the chapter we will again use our old
notation with g, instead of g,(u) for brevity, but the identification (4.27) and the scale of
evaluation y = p, are implied.

Back to the calculation of the renormalization constants: Z3 together with (4.13) also
allows us to easily derive

2

2 27 2 2 9
Zi 1= 2102 (2 4.39
! 167r23[“‘é <nlfé+ém ’ (4:39)

2

2 1.2 2 9
Zi—1=-"2 2102 w2 m2 4.40
: 167r23[“é+ (nlfé+ém ’ (4.40)

which completes the gauge sector counterterms. The only missing piece is the quark sector
and it is sufficient to calculate the quark self-energy displayed in Fig. 4.3 to determine
it. Before we start, let us motivate our scheme choices. For the light quarks we will
use the usual MS scheme throughout. But the heavy quark will be treated differently.
We use the on-shell prescription to fix the renormalized mass at the pole mass. The
pole mass is the only mass parameter of perturbative QQCD which is independent of the
renormalization scale, renormalization scheme, and gauge parameter and is IR insensitive
[80], thus it is certainly a “good” mass scale to use. Furthermore, we note that the Slavnov-
Taylor identity we need for being allowed to eliminate the unphysical gluon polarizations
with external ghosts!®, is only valid if additional external lines are on-shell! Since the
renormalization procedure keeps massless particles massless, gluons and light quarks are
on-shell anyway. But we need to renormalize the heavy quark mass on-shell as well, if we
wish to use the “ghost trick” in our calculations.

Figure 4.3: The quark self-energy loop contribution needed for the calculation of 7, and Z,.

The general expression for the quark self-energy can be read off the loop diagram
Fig. 4.3. We set —iX equal to the (truncated) loop and obtain

) _ d*q 1 1
) y) = —i0;;Cpgip* —t
) Wi~ E I /(27r)”q27 ¢+d—mr%

10Fxternal ghosts appear in our unpolarized calculation since we use the metric instead of the physical
polarization tensor, see (2.15).
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—i0;;Cpgipu” / d:z:/ (2= n){d = 2)p + nam, 5

— (xm?2 — z(1 — x)p?)]

2 —€ (1 2 _2
= 6;jCrgypt (167r2)1+4 ( 6) I (4.41)

We have already performed the sum over loop colors: THT;; = Cpd;;. Note that the
divergence already is manifest, thus the integral .# must be finite and can be expanded
in €, due to the pole 1/¢ in (4.41), we must calculate it to O(e):

1

7= / dx[(2 + ) (1 = 2)p + m, (4 + &)][em] — x(1 — x)p’]?
0

£ m2  m? [(m? ) 4m

2
r

5]

= m;my, 2 m, 2 _ 2 2
—|—(¢—mr){—1—|—§ [1+F—p—41nm,+ <p—4—1> In(m; —p )]}+(’)(5 ).
(4.42)
Inserting this back into (4.41) and expanding in £, we get the final result
S me) = [Amr +B(115 mr)] (4.43)

2 2 2
gr 2 /‘L mr m. —p

r

We see from Tab. 4.1 that the counterterm contribution, obtained similarly to (4.41) by
equating —X¢ to the counterterm insertion, is

O(as)

Yo = =04((Z = Vp = (Z2Zm — )my] =7 04 [(Zn = mr = (Zo = (B —my)]

(4.44)

where we have used the general structure Z; = 1 + a,z; + O(a?) of the renormalization
constants to separate the contributions. Thus the sum of (4.43) and (4.44) is

Y+Yc=6;{[A+Zn—1Dm, +[B—(Z2— D] —m)} , (4.45)

and has to be (UV) finite.
The MS prescription used for m, = 0 requires the subtraction of only the 2/ pole,
see (4.15). So from (4.45) we directly see

2

g 6 92 2

= I .2 d Z-1="2 ¢
1672 an 2 1672 Fz

/\ .

my =0: Zm — 1 (4.46)
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In practical calculations we do not need Z,, for the massless quarks, since then the Z,,
counterterm part vanishes, see (4.44). For the heavy quarks we will renormalize the mass
on-shell as discussed above. This means the inverse propagator (the proper two-point
function), which is given by I'®(p, m,) = —i[p — m, — (X + £¢)], is supposed to become
zero at p = m,, so the condition we use is

Me#0:  (CHS) ey =0 = Zpp—1=—Alyep, - (4.47)

We now have to chose a way to also determine Z,. Since we are going to determine 7
from (4.13), any choice will respect the Slavnov-Taylor identities by construction. We
chose here the simplest possible extension'' of the MS choice, which subtracts the mass
logarithm In(u2/m?) as well

2 /6 2 9
my # 0 : Zm—1:oFgr< —4) and  Zo—1=Cp-L_ . (4.48)

1672 \ &,, 1672 ¢,

Now we can immediately derive the last missing renormalization constant, the quark-gluon
vertex correction, from (4.13) to be

g 2
1672 ¢
where for massless quarks at the vertex one inserts Z, from (4.46) and for massive ones
from (4.48).

After completing the derivation of the renormalization constants, we should come
back to their application. First let us reconsider why we were allowed to write down
“Interaction vertices” even for those three first terms of . (4.11) which should have

by analogy yielded propagator rules. To this end consider the simpler example of the
well-known Klein-Gordon Lagrangian for a free massive field

Zip=Zy+ 0y

(4.49)

2 = 2(00)(@"0) - 31 (4.50)

and interpret it as the Lagrangian of a massless field with an interaction given by the
second term. Then we have the Feynman rules

. " e = —im?, (4.51)

and the massive propagator appears as an infinite sum of interactions

> — X L X |
_i 7 N 1 N N
= +2¥(—zm )2? +2¥(—zm )?(—zm )? +... (4.52)
B 1
_p2—m2'

'With this choice the derivative of the inverse propagator OT() (), m,.)/d remains finite for y — 0,
compare also [76, 71].
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Similarly, in our case we could have derived “counter-propagator” rules, and they would
have corresponded to an infinite sum of counter-interactions. However, each of the
counter-interactions is suppressed by «a,. Hence for our one loop calculation it is suf-
ficient to stop the series after only the first two-point interaction counterterm, all other
terms would be of higher order. For this reason we have interpreted the first three rules
in Tab. 4.1 as “vertices”. Note that the first interaction of a counterterm will always
contribute negatively, since it is defined ~ 7 instead of the —im? above. For example take
the ghost counterterm put on a propagator line. Then instead of just one propagator, we
have the propagator, then the counterterm and then again the same propagator:

1

{i&“i} i(Zsp — 1)6%k> [i&d” E

2 } = —(Zan — 1) {W”i} : (4.53)

k2

compared to the one propagator i9%°/k? we had before, just a factor — (73, — 1) appears.
It is also clear, that counterterm contributions only come from inserting elements from
Tab. 4.1 into graphs of at least one order in a, below the highest order being calculated,
since the elements are of order «a; themselves. This means for our NLO calculation, that
we will just insert them in the LO graphs. Let us assume that mass renormalization
with Z,, has already been performed on-shell, as discussed above, then (4.44) will give
similarly a factor —(Z; — 1) when inserted at a quark propagator. For the gluon two
point counterterm inserted at a gluon propagator, we get a factor —(Z3 — 1) for the same
reason'?. On the other hand the lower four counterterms in Tab. 4.1 have exactly the
same structure as the bare Feynman rules. So for example replacing the quark-gluon
vertex by the quark-gluon three-point counterterm will just yield a factor (Z;; — 1) and
SO on.

Thus we conclude, that upon inserting the renormalization counterterms in the LO
graphs, we will simply get the LO amplitudes times a sum of appropriate factors —(7Z; —1)
for each propagator and appropriate factors Z; — 1 for each vertex. What about external
lines? We can insert two-point counterterms there as well, getting contributions with a
factor —(Z; —1). But we must remember that according to (4.8), for example an outgoing
electron will now appear in the amplitudes as u = \/Z5u,. Since we have always the same
external legs in coherently added amplitudes, we can factor out these terms, and use only
the renormalized fields, like u,., in the amplitudes. However, since Z; = 1+« z;, the factor
obtained from k external (anti)quarks, [ external gluons and m external ghosts (keeping
our “external ghost trick” in mind), will give

558 kel pm 2
Z2 Z3 Z3h =1+ Qg 522 + 533 + 523h + O(as)
k [ m 9
=1+ 5(22 -1)+ 5(23 -1)+ E(Zgh — 1)+ 0(ej) .
12The gauge term ~ k*k” does not contribute in the gauge invariant final result. There will be a finite
correction ~ k? to  the gluon propagator, for the photon called Uehling term, important for the Lamb
shift. However, in MS we do not subtract finite terms, except for the artifacts of regularization.

(4.54)
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This factor multiplied with the NLO and counterterm amplitudes gives no new contri-
butions at NLO, as it is 1 + O(«s). But multiplied with the LO amplitudes we get the
O(as) part of (4.54) as new contribution. The end result of all this is, that for each
external line we get into the sum a factor —(Z; — 1) from the two-point counterterm and
a factor (Z; — 1)/2 from the redefinition of the fields, which gives a total of —(Z; —1)/2.
This is exactly 1/2 of what we got for inserting counterterms at a propagator! But then
a propagator has two ends, so if we associate 1/2 of the counterterm contribution with
each end, we have the following simple effective rule: for each LO vertex, we take the
factor Z; — 1 of the corresponding counterterm vertex and add factors —(Z; —1)/2 of the
corresponding counterterm two-point interactions for each of the (three or four) attached
legs. Then we sum the results for all LO vertices and get a factor, which times the sum
of the LO amplitudes is equal to the total sum of counterterm amplitudes, including the
effect of external field renormalization. Perhaps it is easier to describe this in a pictorial
fashion, as in Fig. 4.4 for a quark-gluon vertex. Note that previous removal of the mass
divergencies with the Z,, counterterms is always implied.

Figure 4.4: Effective counterterm contributions to be summed for the renormalization of the
quark-gluon vertex. An example configuration is shown, where both quark lines are external
and the gluon internal. The (crossed) circles indicate the contributions from Tab. 4.1, and the
empty circle means mass renormalization with 7, has been done previously. The gray ovals
indicate the wave functions and the dotted line splits the internal contribution.

We can go even one step further, by now simply calculating what contribution we get
at each vertex!'3:

Zy—1 Z3—1
quark-gluon: 2(— 22 >— 32 + 2y —-1=7Z,-1,

Zy—1
2

13Remember that we do not consider QED corrections, hence the quark-photon QED vertex is not
being renormalized.

quark-photon: 2 ( > +7Z,—1=0,
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Zyp, — 1 Zy—1
ghost-gluon: 2 <— 3h2 ) - 32 +Zy,—1=2,—-1 (4.55)
Zy—1
3-gluon: 3<— 32 >+Z1—1:Zg—1,
Zy—1
4-gluon: 4 <— 32 ) +7Zy—1=2(Z,—-1).

But actually this means, that we can get the sum of the LO amplitudes and the countert-
erm amplitudes, by just setting ¢ — Z,¢, in the sum of bare LO amplitudes! To O(a)
we have g¥ — [1+ (7, — D)]*gF = [1 + k(Z, — 1) + O(a?)]gF, so we get the LO part from
the one and for every vertex a factor Z, — 1. As is appropriate, a 4-gluon vertex with
g, counts as 2(Z, — 1). A quark-photon vertex, which has no power of g, does not add
a factor. Finally, since the contribution to the cross section of the counterterms comes
from the interference of the LO amplitudes with counterterm amplitudes, we derive the
following effective formula for renormalizing the NLO cross section:

doM = do" + 2k(Z, — 1)de® (4.56)

r

where k is the power of the strong coupling constant in the LO cross section d5(®) ~ af ~

g%* and mass renormalization has to be performed first.

Basically we have proven painstakingly this way, that we only need to renormalize the
coupling and the masses of the cross section. Then (4.56) just follows from the fact, that
a change in the coupling g — Z,g, has to be compensated at the order we are considering,
since the cross section is a renormalization group invariant. So for the cross sections all
our detailed scheme choices are superfluous, except for the Z,, in (4.46) and (4.48), the
Z, in (4.25) and the statement that we respect the Slavnov-Taylor identities (4.13) with
our scheme. But of course knowing all the renormalization constants allows checks on
the amplitude level, so we can test whether the singularities coming from a particular
loop are cured by the appropriate counterterm. In addition, the explicit derivation of Z,
and Z,, showed in detail the physical content of our choices. Nevertheless, (4.56) is a
convenient master formula for renormalization, in particular if we want to change to a
different scheme. Finally, it should be mentioned that we have not derived a RGE for the
mass as we did for the coupling (4.30). The simple reason is, that of course the heavy
quark mass does not run, as we have renormalized it on-shell. Tt is easy to check this by
explicit calculation. On the other hand, the light quark masses do “run” in principle, but
as they start with zero mass at p, they stay at zero mass. So effectively, all the masses
have constant values independent of the renormalization scale.



Chapter 5

Real Contributions

5.1 2 — 3 Phase-Space and Singularities

kl P1 I{Jl kl D12
kg D2 kg kg D2
LO NLO virtual NLO real

Figure 5.1: The structure of LO and NLO contributions and the way in which the amplitudes
are added is shown symbolically. Incoming particles could also be photons or light (anti)quarks
and in the real case the outgoing gluon could instead be a light (anti)quark.

The processes under consideration here are one-particle-inclusive, which means that
only one outgoing particle, an open heavy (anti)quark state, is observed. Thus we lose
all information about the other particles involved in the hard subprocess, except for what
we can conclude from the conservation laws. In particular we do not know the number of
other particles involved and the four momentum of each. Since we are only considering
NLO here, i.e., only one additional power of ay, it is obvious that compared to the tree
graphs we can at most produce one additional particle. Thus at NLO we need to consider
2 — 3 graphs, which mutually interfere, but of course will be added incoherently to the
2 — 2 LO and NLO virtual contributions of Chap. 2 and Chap. 3, respectively. See
Fig. 5.1 for a graphical representation of the structure of the contributions including the
general naming scheme for the momenta. The 2 — 3 “real contributions”, so-called
because they involve the production of a (quasi-)real particle, have to be integrated over
the appropriate 2 — 3 phase-space. In particular the unknown four momentum of the
additional particle has to be integrated out. It is in this integration that singularities will
arise when the additional particle sets the denominator of an internal propagator to zero.
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In order to see this more clearly, let us calculate two simple sub-diagrams occurring in the
calculation, displayed in Fig. 5.2.

ks+pi p ko — ks p1

k2 A\ k2 & ks
(b)

Figure 5.2: Two examples of 1 — 2 sub-diagrams occurring in the real NLO graphs. The full
2 — 3 process is decomposed in a 2 — 2 process followed by a 1 — 2 decay, examples of the
latter are shown here.

We will formally treat the 2 — 3 process as a 2 — 2 process, with one of the three
outgoing particles and a pseudo-particle as products, followed by a 1 — 2 decay of the
pseudo-particle to the other two outgoing particles. We only observe one outgoing particle
and we will stay in the c.m.s. of those two outgoing particles which are not observed,
i.e., whose momenta have to be integrated over'. We chose the two outgoing particles of
Fig. 5.2 with the momenta k3 and p; as unobserved decay products of the pseudo-particle.
Thus the 1 — 2 decay proceeds in the “laboratory” frame, the c.m.s. of the unobserved
decay products, and we keep the momentum of the pseudo-particle p unspecified for now.
It will be integrated out later. To simplify the phase-space integration further, we can
chose to align the z-axis with one of the other three momenta k;, ks and py, which will
result in three distinct parametrizations. Here we will align the z-axis with the incoming
momentum of the sub-diagram examples in Fig. 5.2, ko, a choice called “set one” below.
The parametrization used for the n-dimensional vectors occurring in Fig. 5.2 is then

p1 = (Ey,pf, —wssin b, cos Oy, —wz cos Oy, pr1)
k3 = ((,U3, _pglv, w3 sin 91 COS 92, w3 COS 91, —]51) y (51)
kg = ((.UQ, 0, 0,(.(}2, 0) .

Here the “hat” momenta symbolize the n — 4 additional components introduced in di-
mensional regularization. So we get for the 1 — 2 decays of Fig. 5.2 with pseudo-particle
momentum p = k3 + p; = (p,0,0,0,0)

1—=2= /dnk?, d"py 8(k3)O(w3)(p; — m*)O(E1)6™ (p — ks — p1)

= /dnpl 5(]02 — 2pE) + mz)@(p - El)é(p% - mZ)@(El)

52
Plmax n—=6

n—4 9 s Lo\ 2=6
T2 Ws .2, 9 (P1) ?
A df; dbs sin” @, sin 0 d
r(nT—4)2p// v A 2/ pl\/m
0 1

2, . ~
) = sin? 0, sin® 0y — p?

In the following the Gottfried-Jackson frame [55] is introduced. Similar phase-space calculations
appear in [56, 44], but the hat momenta are only treated here. Our notation follows Appendix B of [44].
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4

R VYt
- e /dQn_4I. (5.2)

In the third step we have integrated over the x-components. This implies that the
matrix elements to be integrated do not depend on these components. Thus we must
later chose the momentum of the observed particle, py, to lie in the y — 2 plane, which is
always possible. Furthermore we have used

n—4
IR T 2 o\ =6
d" 4p1 = T (n_—4 (p?) ? dp% )
2 ’ 2\2 (5.3)
P = p ;2”) sin? 0, sin2 6 |
4

and defined

S (55)
=571 oy T, _
B(3.%%) o Vi-x

Vi _ 4(sq +m*)p?
ﬁ%max Si Sin2 91 Sin2 92 ’

(5.6)

xr =
where sy = (k3 + p1)? — m? = p> — m? and B(v,w) is the Euler Beta function. Note
that the integral-operator Z is normalized in the sense that for those parts of the matrix
element independent of hat momenta we have Z -1 = 1! We will postpone the discussion
of the hat momenta and continue here by setting that integration to one, i.e., by not
considering hat momenta.

Now p? = 2w3(E; + w3) + m? > m?, as is evident from k2 = 0 and p? = m?. So the
variable s, introduced below (5.6) is positive s4 > 0, and s4 — 0 when the additional
massless particle emission becomes infrared, i.e., w3 — 0. In (5.2), we find a term (p® —
m?)1+¢ = s;7 with n = 4 + . On the other hand the gluon emission in Fig. 5.2 (a)
leads to a massive fermion propagator with momentum k3 + p;, so upon integrating over
the momentum of the pseudo-particle later in the 2 — 3 phase space, the square of that
particular amplitude will led to terms of the following form

1 2
14e _ —1+4e w3—0
/ds4 Sy [(ks, T mQ] = /ds4 ;T T 00 (5.7)

This means we have found an IR singularity! It is regularized by our shift to 4 + ¢
dimensions. We can make this explicit by introducing a A-distribution? corresponding to

If v = 1+t /s and w = —uy/s + t; are introduced, then s, — 0 poles show up for w — 1, i.e.,
1/s4 = 1/(1 — w). The singular w — 1 behavior can then be treated with the usual +-distribution

1/(1 = w)y [56].
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cutting off the sy—divergence:

/0 dsa f(54)]g(s4)]a E/O dsa [f(s4) = f(O)]g(s4) , (5.8)

where g(s4) is singular and f(s4) is finite for s, — 0. Then we can write the following
identity

AE
= ?5(84) + [s7]a (5.9)

For this reason, those squared matrix elements that have a 1/s7 dependence will lead to
infrared 1/e poles. These poles will cancel the 1/ IR poles of the virtual contributions
in accordance with the Bloch-Nordsieck and Kinoshita-Lee-Nauenberg theorems [70].

In Fig. 5.2 (b) we encounter a propagator with the denominator t' = (ko — k3)? =
—2wows(1 — cosfy). We immediately see the potential for an infrared divergence when
w3 — 0. But for the moment let us assume that the phase-space integration is infrared
finite, i.e., we are looking at a term in the squared matrix element which does not introduce
a second ws in the denominator. What about the angular dependence? We see in (5.1)
that for #; — 0 the momenta ky and k3 can become collinear, both pointing along the
z-axis®. The propagator with #' will lead to following terms in the phase-space integration

. n—2(1+7)
1 1 2(2-7) [ —— T(n —
/ A1 = ~ / dQ, 4 ( - T ( 2 ) (n—3) (5.10)

l—cosf) n—4 T (&%) Th-(2+7))

Obviously, for j = 1 and n = 4+¢ one again gets a 1/ pole, a collinear one. If we had given
ks a mass, then the integral in (5.10) would become finite for j = 1. A singularity would
occur in the limit of this mass going to zero. For this reason the collinear singularities
are also often called mass singularities. They are absorbed by a redefinition of the parton
densities in the so-called mass factorization procedure, as will be shown in Chap. 6. As
a final point we note that it is of course possible that a second wjs is introduced into the
denominator with j = 1, for example from the the interference of sub-diagrams (a) and
(b) of Fig. 5.2. Then we will get an infrared and collinear pole at the same time, leading
to 1/&? poles. These will also be canceled against virtual double poles according to the
theorems [70] mentioned above.

Now we will calculate the full 2 — 3 phase-space. First to complete the kinematical
parametrization, we will place p, in the y — z plane, as discussed below (5.2), and k; then
follows from momentum conservation k; + ky = P+ pa + ];3

P2 = (EQ, 0, |ﬁ2| sin \Ij, |ﬁ2| COS \I’, 6) s

. . (5.11)
k= (wl, 0, |72] sin W, |75 | cos ¥ — ws, 0) .

3The z- and hat-space components are integrated over in the phase space, so they can become zero.
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Remembering the definitions of the 2 — 2 variables (2.18), which with this choice do not
contain the 0y, #; angles, and adding the c.m.s. momenta variable s4, we have

s = (ki + ko)? = (w1 + w2)® — [P2]*,
t1 = (ko —102)2 —m® = 2ws ([P cos ¥ — E») |
2 2 2 2 2 (5.12)
up = (b —p2)” —m” = —wy —m” + (w1 — Ey)”,
Sq4 = (kg —|—p1)2 — m2 = 2(,03(E1 +w3) = S—|—t1 + u .

By using the non-trivial squared momenta® and energy-momentum conservation, we find

k%éO:W%_(|ﬁ2|2—2|ﬁ2|w2008‘1’+w§) , P%émQZE%_Wga (5.13)
p%ém2:E§—|ﬁ2|2, Wi 4wy = By + By +ws . .
Then we can solve towards three arbitrary independent variables, e.g.,
s+t . \/(tl + uq)? — 4dm?s
e T s -

t154 — s(uy + 2m?)

(S + tl)\/(tl + ’LL1)2 — 4m?s .

cosU =

The remaining variables wy, w3, Fi, Es immediately follow from (5.13). So together with
01,6, we find five independent variables, as it should be for three independent four-vectors
with three mass and four energy-momentum constraints.

We can now write down the the 2 — 3 phase-space dPS3

_ d"ks  d'p1 d"p 2Y0 (1w 2 _ 2 2 _ 02
[ a78s = [ G G ()0 ()d (5 — O ()0 — m)6 ()

: (27T)n5(n)(k1 + ko — ks — p1 — pa2)

1
:W/d”p d"ps 5(293 - mz)@(E2)5(n)(k1 +ky—p—p2)- (1 —2)

e TE-1) 1
4 T(n-3) 2m)™

n—3
n 2 2 Sy
= /d P2 6(py —m )@(Ez)m/dﬁn_41
(5.15)

where we have split the 2 — 3 process into a 2 — 2 process with a pseudo-particle of
four-momentum p, which subsequently decays in a 1 — 2 process. That way we are able
to use (5.2). After the integration over p in (5.15) any frame can be used for the remaining
2 — 2 integration with the pseudo-particle. The c.m.s. is advantageous and we chose

S A~ N . N ~
k1,2=§(1,0,0,i1,0), po = (E», 0, |fa] sin&, |ps| cos &,0) . (5.16)

4From k2 = 0 we know that (p?)? + p? = w2 sin® 6 sin® fs.
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Then (5.15) becomes

2 1 2 2%
/ P8y = s / AE (B2 — m?)" 7 6(E,)

T n—3
/ Sinni3 fﬁ/dﬁn_zlf (517)
0 2

S4 + m?

Using vV FEy — m2siné = v/tyuy — m?s//s and dEydé = dt;duy/(2v/sv/tiug — m?s), we

arrive at the final result

1 tiu; —m2s\ % i3 /
dPS; = dt d — [ dQ,_4 T . 1
5 L (4m)"T'(n — 3)s < s > ( : ! (5.18)

For the double differential real cross section, the flux factor 1/(2s) is introduced. Also
an auxiliary mass parameter p(*="/2 for every power of the gauge coupling has to be
multiplied, so that the gauge coupling stays dimensionless in n dimensions. The final
result to be used for the NLO real 2 — 3 cross sections is then with n =4 + ¢:

6,55 _ F.G /dQ T |Mpg)? (5.19)
dtldul — Lelae € R| > .
—€ r(1+¢ 1+e
G.=—b (1+3) s — (5.20)
2m(4m)2ts T'(1+¢) (s4+m?2)tts

where F} is given in (2.25) and G, parametrizes the difference to the LO cross section, as
compared to (2.24).

5.2 Partial Fractioning of Angular Integrals

Now we should complete the set of kinematical invariants occurring in the matrix elements
by writing down those depending on the angles 6;, 0. We define in addition to (5.12)

s3= (ks +p2)>—m*, ss=(p1+p2)’=—us, t'=(ko—ks)?,
r_ 2 _ 2 2 _ 2 2 (5.21)

u'= (ki —k3)®, ug=(kz—p1)°—m", ur=(kr—p1)°—m".
Since they represent only the two angular degrees of freedom, we can find four independent
relations between them, e.g.,

W =—5—u —uy, = —s5s—t; —ug,
1 7 1 6 (5.22)
us =11 +uy + 3, 83 =S5+ us +ur .

Furthermore we see that, for example, u; would be identical to ¢; in 2 — 2 kinematics
with ki + ko = py 4+ p2. Thus in the infrared limit, w3 — 0, or equivalently s, — 0, we
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set aor A bor B C | coll.

s3 || I g T3 5

sz || II T withty < w1

t | Ty -7 v
o || II |1 witht; <> u; 1 v
u || T |t & u) T4 —r5 | V
t | II T withty w71 v
us |1 ry T3 5

us || 11 T withty < w1

ug || I T2 Ty

Uy II T with 1 <> uyq T

U7 1 o (tl g ul) —Ty Ts

ug || 11 T withty < w1

Table 5.1: The 6y, f,-coefficients according to (5.25) for the angular Mandelstam variables
(5.21). For brevity, (5.23), (5.24) and (5.26) have been employed. Results for “set one” and
“set two" with k5 and &y aligned with the z-axis, respectively, are shown. It is indicated which
variables can develop a collinear divergence, see Sec. 5.3. 1 ... 1 symbols mean inserting the
columns of the row above changed as indicated.

find u; — t;. On the other hand s3 will simply vanish in that limit. For the invariants of
(5.21) we can write

Sy =8485, t =st', u=s, (5.23)
Us = —S + S4Us , Ug = Uy + S4lg , Uy =ty + S4U7 , (5.24)
where the underlined quantities are dimensionless and become finite functions of the 2 — 2

Mandelstam variables (5.12) and m? in the s, — 0 limit.
The angular variables (5.21) all have one of the following two structures

[ab] ~> a+bcos®; or [ABC]~> A+ Bcost + Csinb; cosby , (5.25)

and we will symbolize the angle independent variables of (5.12) as [-]. Whether an an-
gular variable is of [ab] or [ABC] type depends on the chosen parametrization. In our
calculation we really only need the “set one” parametrization given above. A “set two”
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parametrization can be helpful at times, however. Compared to (5.1) and (5.11), we align
ki with the z-axis and adjust k,, so that all other momenta stay untouched. Then in
(5.14) in the cos U we get a t; <> u; crossing and no other changes. The third possibility
of putting p, on the z-axis is not employed by us. In Tab. 5.1 we have collected the
angular coefficients in terms of the [-] variables for both sets of parametrizations. We
have used the following abbreviations

s+t Sy + uy + 2m? 2m?s — sqt; + Suy

MH=—-————, Inn=—————— | 3= ,

P s Am?) 2(s4 + m?) P 2(s + 1) (54 + m?)

i s(sa+m?) +ms — iy o V/s(84 4+ m2) (tiuy — m2s) (5.26)

! 20s+t1)(ss +m2)  ° (s+t1)(ss + m2) ‘

t +uyp + 2m? S+ 84
re = — ) rr = :
2(s4 +m?) 2(s4 +m?)

The variables in Tab. 5.1 have been grouped so that one can easily see the effects of
switching between the sets: on one hand there is ¢; <+ u; crossing, on the other hand the
pairs ', u' and wug, uy exchange their role as [ab] and [ABC| variables.

Let us quickly return to the question of hat momenta. We noted already concerning
(5.5) that Z-1 = 1. Squares of hat momenta occur always linearly in the squared matrix
elements, so we need to look at

T = 52 sin® 0, sin” B 1 /1 s r3 2
! A(sa+m?) B(3,%5%) o V1i-= (5.27)
n — 4 52 sin” 0, sin? 0, 5% sin? 0, sin” 0, L) .
= = £ £ .
n—3 4(sy +m?) 4(s4 + m?)

In the squared matrix elements at worst a 1/s7 can appear, since in the amplitudes
emitting one real particle can result in only one infrared divergent propagator. From
(5.27) and (5.19) we get for a 1/s? hat term a factor of s;7¢/(s4 + m?)?*%/2, which is
obviously infrared s, — 0 safe. Thus we will not get infrared divergencies from the hat
terms, no 1/£2 poles are possible and the expansion to O(g) in (5.27) is justified. Note that
for m — 0 we would get an infrared divergence, i.e., the mass acts as an infrared regulator
here. Concerning collinear divergencies stemming from terms like (5.10), we note again
that only one propagator can become collinearly divergent by the emission of one real
particle in the amplitude, so that j = 1 or j = 2. The sines of (5.27) when inserted into
(5.10), basically shift n — n + 2. Then for j = 1 we will obtain no divergence. But j = 2
in (5.10) gives 27 /(n — 6) which yields a 1/ pole for this shift. In this case the ¢ factor of
(5.27) will be canceled and a finite contribution at O(1) exists. This means, that in our
calculation the only hat terms we have to keep are those having a double collinear form,
i.e., with 1/#'? or 1/u'?, the others can be dropped.

As we have seen, the variables (5.21) have either the [ab] or the [ABC] form of (5.25).
In the matrix elements, various complicated combinations of those variables can occur. It
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is impossible to directly perform the angular integrations over them, in particular not in
n dimensions. But it turns out to be possible to reduce all of the integrals to the following
standard form

D — / dQ.(a+bcosh) *(A + Bcosf + Csinb cosfy) ", (5.28)
i.e., an angular integration with (5.4) and an [ab] variable to the power k£ and an [ABC]|
variable to the power [ in the denominator. We also set n = 4+¢ here and in the remainder
of the chapter. How can one obtain such a form from expressions like (tju')/(s4t'ur)
occurring in the squared matrix elements? The trick is to use Mandelstam relations like
(5.22) for partial fractioning. These expressions are of the type

e[ABC] = f[] + glab] + h[ABC] . (5.29)

Since [-] variables can be factored out of the angular expressions, we only have to worry
about terms with e, g, and h. Also expressions with only powers of e and g or g and A in
the denominator already comply with the (5.28) form. So the only terms we have to look
at are combinations of all three e, g, and h or of only e and h, i.e., those cases that have
two [ABC] variables.

Starting with the combinations of all three variables, we have

Qo _1(1 1 AN e 1 1. f g 1 1 [
egh  f\gh ey eh)’ gh g h gh’ eh h e eh’
h 1 1 2 h 2
L - L (5.30)
eg g e eg h h h e e e
h h  h?
%:h+%+?, egh = fgh + g°h + gh? .

In order to rewrite the combinations of two variables, we use the fact that [-]+[ab] — [ab].
So with

grlabl = f[-] + glab] = €e[ABC] = gs[ab] + h[ABC], (5.31)

terms with only powers of e, g; or gf, h in the denominator also comply with the (5.28)
form. Then

1 1 1 e gr h gy 9
- €149 DY h=gh+h?.  (5.32
eh  grh gre’ h + h '’ e e’ eh=grh+ (5:32)
Equations of the form [ab], [ABC] = [] + [-] + [ab], [ABC] can also be treated by (5.32).
Powers of the variables can be treated by repeated application of these rules, for example
gh*> _gh  fgh g¢*h _  2fg 2¢> 2fg* f9 ¢
e2 e 2 e? e e + 2 + e2 + e’ (5:33)
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So we can find, e.g., the appropriate expressions for ugu2/s2, complying with (5.28), by
setting {e, f,g,h} — {s3,5,ug,ur} in (5.33). If we have for example 1/(s3uz), then the
first relation of (5.32) tells us that we need to introduce the auxiliary variable ugs = s+ ug
to write the result in the desired form.

Our goal is to eliminate all occurrences of two [ABC] variables. As we see from the
example (5.33), repeated application of the appropriate rules (5.30) and (5.32) will achieve
this aim. In order to automate this procedure in a Mathematica [57] program, one has to
chose a complete set of relations like (5.22) in order to eliminate all such terms:

! !/ !
U =—8—U — U7, Us=u —t +u;, S3=—11—1+us,

! !
U:—S4—t—83, u5:t1—|—u1+83, (534)
W =—s—t —us, = —s5s—t —ug .

Though using this completely computerized method of obtaining standard form integrals
has the advantage of producing error free results quickly, it has the disadvantage of often
yielding unnecessarily complicated expressions. For example

1 set one 2 1 1 2
—

5.35
(53u’)2 automatic U5(t1 + U6)3 + Ug(tl + U6)2 + UIZ(tl + U6)2 + U’(tl + U6)3 ’ ( )

whereas the original expression 1/(szu’)? is already in the standard form (5.28) if we use
“set two” instead. In general we have used the automatic partial fractioning using “set
one” for the long expressions, where also often cancellations occur upon fractioning, and
proceeded term by term using both sets for short expressions, like in the soft s, — 0
limits.

5.3 Calculation of Basic Angular Integrals

After performing the extensive partial fractioning of the squared matrix elements de-
scribed in the last section and collecting the terms, what remains to be done is the
calculation of the integrals brought to the standard form (5.28):

™

in't g sin® f
o = / / df df——— : . 5.36
‘ "2 (a4 beos0,)F (A + Beos By + Csin y cos 0,)! (5:36)

0

The first important point to notice is that there are four classes of integrals, depending
on the collinear structure. The [ab] and [ABC/ variable can both be either “collinear” or
not, which yields four combinations. In the case of the [ab] variable, collinearly divergent
behavior is possible for a®> = b?, so that (a+bcosf;) — a(1+cos6;). Then the zero occurs
at the edge of the #; integration region and is not integrable. For the [ABC'| variable the
same comments apply for 6, when A? = B? + C?. This is more difficult to see due to
the more complicated structure including a #; dependence. In principle integration over
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6, will give terms with a 42 — B2 — C?cos? f, dependence, which explicitly shows the
appropriate “collinear” behavior. But in practice it is more convenient to integrate out
0y first, which means that the divergence will be shifted to the ; integration. Note that
the D.-rotation introduced below demonstrates the similarity of the collinear behavior
in ¢, and #,. Perhaps simple integration examples show the possible collinear poles most
clearly: setting k = 2,1 =0 and € = 0 in (5.36), we get 27 /(a® — b?), whereas k = 0, [ = 2
and ¢ = 0 gives 27 /(A% — B> — C?). It has already been pointed out in Tab. 5.1 that the
only “collinear” variables in our calculation are ¢ and u'.

We shall use the following notation for angular integrals Ig(k’l)

> #0° and A’#£B*+C* = I,
a? =0 and A2#B*+C%* = WD
a>#b° and A*=B*+C* = ]Elk’l) :
a>=10> and A2=B>+C> = "D,

(5.37)

Iy integrals are finite and so for them we could set ¢ = 0. The others require regularization.
Note for the I,, integrals that when one angular integral is diverging the other is not, as
is obvious from A+ B cosf; +C'sinf; costy — A+ B # 0 at 6; =0, 7, see Tab. 5.1. This
means concerning regularization that no double poles 1/e - 1/e appear, when performing
the angular integrations. Double poles only appear when there is in addition an infrared
pole for s4 — 0. In principle, if one could calculate all integrals keeping the full ¢
dependence, i.e., calculate ng’l) without approximation, one could obtain all results by
inserting the conditions (5.37) afterwards. In practice, most of the time it is necessary to
split up the integrations according to (5.37) first, so that one calculate the integrals by
exploiting the divergence structure.

We wish to calculate the minimal number of integrals necessary. As a first step we
will show, that all I, integrals can be transformed to I, ones. With the unit vector

&7 =

sin 6, cos 6y, sin 0y sin 6y, cos ;) , € =1, (5.38)
where T signifies transposition, we can write the scalars

A+ Bceosf; + Csinfcosty = A+ (C,0,B) - €,

5.39
a+bcosh =a+(0,0,b)-¢. (539)

So the parameter vector of the [ab] variable points along the z-axis. Now we use a rotation
that puts the parameter vector of the [ABC] variable on the z-axis [81]:

T 0 Yo
Dy = 0 1 0 ,  Di'=DI. (5.40)
C B
tmre U Eome
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Obviously a rotation will simply transform a unit vector to a new one and we have
¢'"T = (Dy-&)" = (sinf cos b, sin @ sin b, cos ) , e?=1, (5.41)

(C,0,B)-DL =1(0,0,£vVB2+ C?), (0,0,b) - DL = (£bC, 0, +bB) .

1
VB O?

Now we can rewrite the scalars by inserting a one, which gives

(C,0,B)-&=(C,0,B)-D.'-Dy-&=(0,0,£VB2+C?)-¢',
1 (5.42)

W(ibo, 0, :l:bB) * é’l .

The integration ranges 0 < 0y, 0 < 7 in (5.38) cover the complete half-space of positive
y-components of €. Since the rotation (5.40) leaves the y-components intact, this remains
unchanged by the transformation, i.e., we must have 0 < ¢, 0, < 7, so that the same is
true for €'. Then we can rewrite (5.36) as

(0,0,b) - €= (0,0,b) - D' - Dy &=

D

€

bB O i bC
(5.43)

™

B // 50 do! sin'*¢ 0} sin® 6},
B PTP(A+ VBT C2cos b)) (a+ —2E cos 0 + L5 sin ) cos O)k

0 VB C? VB 1 C?

We see clearly, that an Tﬁlk’l) integral will directly transform to an 180 integral, and
vice versa. So in our collection of integral results no Tﬁlk’l) integrals will appear, since they
can be directly obtained from the corresponding Lgl’k) results, which are easier to calculate,

using the substitutions displayed in (5.43). Note that there is an ambiguity inherent in
our definitions of I,, I, and I,4 concerning the sign of the “collinear” solutions for the
variables in (5.37). This ambiguity is of course present when (5.43) is used to relate I
to I,, since we must chose whether VB2 + C? is +A or —A. Since in “set one” ¢ and
in “set two” u' have b = —a, i.e., the collinear divergence appears for forward emission,
we calculate our integrals for b = —a. In particular we will relate I4 to I, in such a way,
that a becomes —b after transformation. If we are not deriving general formulae, but
already inserting specific variables, we can still get relations from D.. From (5.26) we

have ry = —y/r% + r2, and so Tab. 5.1 shows

D-}- . Ig(kJ)(tla ul) = (l’k)(tl’ ul)‘tﬁ—)ul ’
D - I(k,z)(UG,W) — 7k (u6,u7

£

(5.44)
(5.45)

)‘tu—ml :

To further reduce the number of integrals that have to be calculated, we can use the
technique of differentiating with respect to a parameter. The obvious targets are the
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parameters a, A, which do not multiply an angular dependence, and we find

k—1 AQk-—1
o k2t DT T g N

T (kh—Dldak 1"
1 (=1t 9t k1 . 2 2 2
= (1—1)!314171]6( ) with A®#B*+C?,

5.46
k1) m<k<0 (—k)! o™ (5:46)

e IMDwith  a® # b7,
m)! da®—™
!

[—m
(_Tln)' ailm I+ ™with  A® £ B* 4+ C*

(_
(_

Note that for the parameter differentiation to work properly, we need to assume that the
parameters are independent. Hence the collinear cases are excluded.

At this point we can state which basic integrals we need to calculate in order to obtain
all other required integrals with the methods explained above. Firstly, those integrals
where [ = 0 and £ < 0 can be performed keeping the complete £ dependence, so that
the Iy and I, (and I4 using D) cases can be easily derived from I. by taking the ¢ — 0
and b> — a? limits. We need ¥ = —2,—1,0. For the non-divergent Iék’l), the (k,1)
combinations (—1,—1), (1, —3) and (1, 1) are needed. For the single collinear 1+, (and
thus Iﬁ‘k’l)), the combinations (1,—2), (1,0), (1,1), (2,—2), (2,0) and (2, 1) are necessary.
Finally for the double collinear T éi’l) we only need (1,1). So by calculating only 13 integrals
we can reproduce the 29 integrals of [44] which are needed for the processes®. Let us start
with the [ = 0, k£ < 0 cases. They are simple enough to be directly computed with the
help of Mathematica [57] or integral tables like [82], yielding

1
100 = 2T (5.47)
I = 27 :‘L = (5.48)
2a? + b? b?
1720 = — 5.49
¢ 1Ty 3+¢ (5.49)
Next concerning the non-divergent Iék’l), we find for those with negative [

1 20A +bB bB
Y = - . 5.50
0 "|T1re 3% (5.50)

™

(1’73) —
Iy 6b

{4bB(9A2b2 — 9aAbB + (3a* + b*) B?) + 6b(3aAb — 3a*B

°In [44] there are two additional integrals, I é;l’l) and I 522’1), not appearing in our decomposition
procedure. They can be obtained directly using (5.61) below and App. B.1. Some integrals not found in
[44], that do appear in our decomposition, follow from the 13 integrals listed here.
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+ 2 B)C? 4 3(Ab— aB)(2(Ab — aB)? — 3(a® — 2)C?) In *- z
a _—
+ f—Q {417(—43(27/421;2 — 27aAbB + (9a® + 4b*) B?) + 3(—27aAb

a+b

+27a’B — 160°B)C?) + (Ab — aB)(91n b(6(a2 — b?)C?

+ (2(Ab — aB)? — 3(a* — b*)C?) In Q—H;) +36(2(Ab — aB)?
0

_ 3(a? = B)C?) Liy (—a2—_l’b>)] } + O (5.51)

To obtain these results we have done the 5 integration part by part as is demonstrated in
(5.55) below. In the case of Iél’_?’) the 6, integration gives hypergeometric functions that
were expanded using (B.7) and (B.8) and linear transformations. The last finite integral
is to O(1) given by

1(171) . ™ In aA — bB + \/Y
0 VX \ad-bB-VX ]’
X = (aA - bB)*> — (A — B> - C*)(a® - b*) ,

(5.52)

which is obtained by straightforward integration with ¢ = 0.
In the single collinear case, we begin with those integrals having [ = 0. It is easy to
perform them directly, and we obtain

o T2 (5.53)
a a 8 )
2
@0 = T . 5.54
a a2 2 — ¢ ( )

We note the curious fact, that 129 s finite for ¢ — 0, whereas the integral diverges
when we set ¢ = 0 before integrating. Actually we used this integral above as a simple
divergent example! The situation is exactly like for (3.3). We can transform the integral
using ¢ = (1 — cosf;)/2 and then introduce a cutoff A with 0 < A < 1. We find
hypergeometric functions and the integration [A, 1] has to be analytically continued from
Re ¢’ > 2 exactly in such a fashion, that its A-dependence cancels against that of the
[0, A] integration, which is unproblematic with Re ¢ > —2. Using linear transformations
of the hypergeometric functions, we find that this is the case for ¢’ — . A finite rest
remains which gives (5.54) after the f,-integration. Next we treat the I, integrals with
[ = —2. Here we can expand the [ABC] term and then the fy-integration of the parts is
easy, resulting in

/ dfy sin® Oy(A + B cosf; + Csin f; cos fy)?
0
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2

V()

T(+2)
The integration over #; of the parts again delivers only gamma functions and so the full
¢ dependence can be obtained

|:A2+B2—|—2ABCOS€1+< ¢
2+¢

—B2> sin291] . (5.55)

2 2 2 2
151,72):21 (A+B)* B°+24B-C* C , (5.56)
a € 1+e¢ 24¢
2 A+ B)? 2_92B(A+ B B? — (C?
fe-n 2 [(A+ B C (A+B) B -] (5.57)
a —2+¢ € 1+¢

Next let us treat the two remaining cases which have an [ABC] term in the denom-
inator. For ¢’ we have a« = —b and so the divergence appears with 1 — cos#; in the
denominator. We subtract the cos; — 1 limit of 1/(A+ B cos 6, + C'sin 6, cos 6,), multi-
plied by the rest of the kernel, as a counterterm. Then the remaining integral is finite, can
be expanded in ¢ prior to integration and is thus easily performed. Adding the integrated
counterterm, which is expanded in £ only after integration, yields the complete answer.
The needed limits are

JIE 1 (2.1) . 1 n B(A + B) + C?cos? 0, a
¢ A+B’ ¢ A+ B (A+ B)3
where a term ~ cosf, has been dropped in the latter since it does not contribute. The
results are

—cosb) , (5.58)

(L1) 2 A+B) el. o [A—VB?2+C?
> —+ln — | In
a4 A +B)|e A2 _B2_ (2 2 A+ B
A+ B2—|—C2 49T, _B—f—\/BQ—f—C'2
A VBT VB
B? + (C?
—2L )
12( B ) }+(’)( 2) (5.59)
o0 _ B*+ AB + C? | (A+ B)?
¢ a (A+B) (A+ B)? € A? C?
207
-1 O(e) . 5.60
e } +O(E) (5.60)
The double collinear case occurs in our calculation for ' and «'. ¢ has a = —b and o’
has A = —v/B? + (C? with 0 < — , g 1. Then by setting cosk = —% in the results
(A4) and (A11) of [83], we obtain
<-%< 2 ['(1+¢) £ £ e A-B
JEDOSTES 2T ooy U g 1 S ) LF (k1 .
“ g<Boy akAl r(1+:2) <+2 R )21 R T Y

(5.61)
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which, using a linear transformation of the third result in (B.6), immediately gives

(1,1 2w 2 A—|—B _E . _A—B 9
1t = AT D [6+ln< o Sl ([~ 5 ) [+ 96 (5.62)

This finishes the derivation of basic angular integrals. We will give one quick example
of how they are used in practice. In our decomposition procedure we may find a term
~ ug/u', with no other angular variables. In set one, v’ is an [ABC| variable and can
diverge collinearly, whereas ug is an [ab] variable and cannot diverge collinearly, compare
Tab. 5.1. So we need the integral 151_1’1). We can relate this integral to &y by D.

So first we use I."7" = %%151,—2), compare (5.46) and (5.56), then apply D, with

vV B? + (C? = —A. We could of course also use D_ with v/ B2 + C? = A to derive the same
general formula, but the former corresponds to v’ — t' directly. We get

(5.63)

1(71’1) . 7T(CI/A — bB) 2 I 2bB(1 + 6)
A A? e (aA—bB)

Now we plug in the values from Tab. 5.1 and finally find

. 27r(m2 + S4)t1U1
84(34 - t1)2
. {2 (1+&)s4[(2m? + s4) (54 — t1) — (2m? + 54 + t1)u4]

‘4 } . (5.64)

e (m2 + S4)t1U1

Most of the integrals presented here were already derived in [44] and we agree on the
common results. Note however that we have extended almost all integrals to O(g). We
need O(¢) when the integrals also have a soft divergence, i.e., when they are ~ 1/s%,
which will result in an extra 1/, see next section. Of course those O(e) parts needed in
our processes were already presented in [44], but our extended results may become useful
for other processes.

5.4 Phase-Space Slicing

Now that we have completed the necessary angular integrations and identified the collinear
singularities, let us briefly return to the infrared singularities. Remember that (5.9) allows
us to isolate the infrared singularities by introducing a cut A on an integration diverging
for s4 — 0. Take the ss;-integration of a function H(s,) with a soft pole s;'**S(s4) and
a finite F(s4) part, i.e., both § and F are well behaved for s, — 0 when ¢ = 0 and
S(0) # 0. Then

max

/0 U s H(se) = /0 N sy [s75S (s0) + Fls)]

max
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max
54

_ /0 ® s, [%5(34)5(34)”3(34) —3(0)}34—1+f+f(s4)] + / dsiH(54)

A

~ /0 s, [%5(34)5(34) +O(ss — A)’H(s@} (5.65)

In the last step we have assumed that A is chosen small enough to be negligible with
respect to the 2 — 2 Mandelstam variables (5.12) and m?. Then S(s4) — S(0) =~ 0 in
the range 0 < s, < A and the integral of F(s4) from 0 to A gives approximately zero as
well. In practice one has to chose A so small that the integral over s, does not change
anymore, A = 107°...107"m? guarantees that the approximation is valid for our cross
sections.

As we can see the integral has been split into two parts. The part with the soft pole
S(s4) is now evaluated in 2 — 2 kinematics due to the §(s4). This means that it can be
considerably simplified! How can we extract this part from the total result H(s4)? If we
remember that the s, — 0 dependence of G, in (5.20) is s;7 and the only infrared poles
come from s; "¢ terms as shown above, then obviously we have to isolate all the ~ 1/s?
parts of the matrix elements. By rewriting the results with the underlined variables of
(5.23), we make the hidden ss-poles due to s3 = s4s3, t' = s4t’ and v’ = s,u’ appear
explicitly. Then we can directly collect all contributing terms and drop the rest. We can
also use the s4 — 0 limit of (5.24) to simplify the algebraic structure further: us — —s,
ug — uy and u; — t1. Thus it is easy to extract and simplify the part §(s4)S(s4) in (5.65).
It will be given in terms of the 2 — 2 Mandelstam variables s, t; and u; and the reduced
2 — 3 Mandelstam variables s3, t' and /.

Let us examine what we get including the G. factor. Say we have collected all pole
terms in s;°S(s4), then

—€ T (1 4 g) g 1te
Gg 728 _ 1% _ 2 4 58
50800 = S P T 5 e) (sg 1 ma)rio Y
pe I'(1+ %) 2 —1—%&
1+¢) (m”) € S(0)

=C. (1 — 24(2 52> ( = ) 1 5(0) + O(e%) . (5.66)

m2 ) 2wm?

Note that we can rewrite GG, which parametrizes the difference of the 2 — 3 and 2 — 2
phase-spaces, see (5.19), using the integration factor C. that occurs in all the virtual loop
integrals, see (3.5) and (3.6). This is of course expected, since the soft limit has effectively
2 — 2 kinematics and its infrared poles cancel those of the virtual contributions. The
1/e infrared pole is clearly exhibited in (5.66) and can in combination with a potential
collinear pole in §(0) give rise to 1/£2 poles.

It is easy to calculate S(0) algebraically and thus the cancellation of the infrared
poles can be performed explicitly. The remaining “hard” real piece is infrared safe due
to the A cutoff. This method which singles out the part of the phase-space which is
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infrared divergent is called “phase-space slicing” and has also been used in the unpolarized
calculations, see e.g., [44]. In principle the splitting in a hard and soft part in (5.65) is
already sufficient for a numerical evaluation after the poles have been canceled. However,
note the term (-5)" in (5.66). In combination with 1/ or 1/2, logarithms of A/m? after
expansion and cancellation of the poles will be left over®. Though these logarithms are
finite they of course grow large for A — 0. In the integral (5.65) they cancel in the sum
with the ©(sy — A)H(s4) part.

It is thus advisable to shift the logarithmic A terms to the, in this way redefined,
hard part in order to achieve a numerically directly stable result independent of A. For
any numerical calculation of physically relevant hadronic cross sections, it is also useful
to directly add the complete soft plus virtual piece to the hard part. In both cases this
can be achieved by rewriting the soft plus virtual piece, expanded in powers of In* A /m?
(k =0, 1, 2), as follows [45]

2
A
6(54) Z A In* m — O(s4 — A)Agag |s,=0 (5.67)
k=0

with coefficients ay which are finite for s, = 0. Proper care is taken in (5.67) concern-
ing the different distributions 0(s4) and ©(sy — A) multiplying the soft and hard parts,
respectively, see (5.65). As indicated in (5.67), the oy have to be always evaluated using
the “elastic” 2 — 2 kinematics, i.e., s4, = 0, even when added to the 2 — 3 hard cross
section. The coefficients A are given by

1 _In(sP™/m?) 1 _ In?(sp™/m?)  2In(sy/m?)

Ay = ———+ Ay Ao

spax — A’ smax — A Sq’ smax — A S4

(5.68)

as can be easily verified by integrating the r.h.s. of (5.67) with f;ﬁﬂax ds4, which recovers

the In® A/m? terms. As a final note we mention that G, of course has to be expanded
only to O(e) for the hard part, since at worst we still find collinear 1/ poles there.

6Terms of the form log (%) /e are eliminated by mass factorization, see Chap. 6.



Chapter 6

Mass Factorization

Using the work of the last three chapters, we find that the infrared singularities cancel
in the sum of virtual and real contributions, as guaranteed by the Bloch-Nordsieck and
Kinoshita-Lee-Nauenberg theorems [70], respectively. This includes collinear (mass) sin-
gularities, if they are accompanied by an infrared singularity, i.e., 1/e? = 1/¢|ir - 1/¢|u
terms. However, there still can be singularities 1/¢ left over, which are purely collinear
in nature. We wish to show now how these singularities can be “absorbed” in a redef-
inition of the parton densities, which are convoluted with the partonic cross sections to
obtain the experimentally measurable hadronic cross sections. A complete proof of mass
factorization is of course not the aim here. However, it is useful to see in detail how the
method works for one particular subprocess, since one can then by analogy easily write
down the formulae for all the other kinds of subprocesses occurring here. The proof that
this procedure can indeed be generalized and that the redefinition of the parton densities
is universal, i.e., the same in all QCD processes, can be found in the literature. An ex-
tension of the methods used here is for example employed in [84] for the general proof.
Note that we will have to deal with initial collinear singularities only in our subprocesses.

It is fortunate that one of the 2 — 3 subprocesses of our calculation is ideal for the
demonstration. In NLO photoproduction one encounters a new type of subprocess with
a light (anti)quark in the initial state, for which we will use the external momentum and
color assignment

Y(k1) + Gj(k2) = Qu(pr) + Qu(p2) + ai(ks) - (6.1)

The squared matrix element calculated from the graphs shown in Fig. 6.1 can be decom-
posed according to whether the photon couples to the heavy quark with charge eg (in
units of e) in the “Bethe-Heitler” graphs (a) and (b), or to the light quark with charge
ey, as for the “Compton” graphs (c) and (d):

~ —_ N C ~ ~ ~
|M7q|2 = My M3, = Esg4€27F €2QA1 + 62142 +eqeqds] (6.2)

where A; denotes the contribution of the interference of both types of subprocesses. Notice
that since we now have only one boson in the initial state, the photon, only one factor
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(a) (b)

a

b

(c) (d)

Figure 6.1: Feynman diagrams for the NLO light quark initiated subprocess v¢ — QQq:
“Bethe-Heitler” graphs (a) and (b), “Compton” graphs (c) and (d).

E. appears in (6.2), see the discussion of (2.12). Since this production mechanism occurs
for the first time in NLO and there are no gluons in the final state, we do not encounter
IR singularities in the calculation. All (single) poles can be solely attributed to collinear
configurations, hence our choice of this subprocess to show the treatment of collinear
singularities.

The 2 — 3 phase space integration including the partial fractioning proceeds just as
was explained in Chap. 5, and so we can immediately quote the results here

Y9Aq F H 2 2 pole
— 04 PP p GHE 020622 AP 1 O(1)
dtldul 2 € o Qe st + ( )
1 l'2t1 Uy 2m2($25)
AAP® = — (2 — —~1
! ul( -'L'Q) < (5} + .Z'Qtl) |: (thl)ul ’
Apole — _i 1 + (1 B 1'2)2 {thl + Uy + 4m2(l'28) |:1 - m2($28):| } (63)
! U1 9 U1 .ngtl (l‘Qtl)U,l (.ngtl)Ul ’
1 2 2 om?
AAgOle = e —1) |- T+ (x1ug) _2m ,
t (x15)? 18
1 t2 + (1'1U1)2 2m2
Apole - 2 1 — 2 1
2 t [xl + (1 =) ] (115)? x18 |’

where only the (collinear) pole contributions are given and ¢; denotes 3, e,
for s =1, 2, and 3, respectively. The interference contribution Aj is not shown, because

it is completely finite. A3 together with the other finite parts is available upon request,

and ege,
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the lengthy expressions will not be given here. Two new variables have been introduced:

tl 241
d = — . 6.4
o =50 (6.4)

T = —
! S+ uq
Note that we have not minimized the occurrence of these new variables in (6.3) to keep
the combination of these variables with s, ¢1, and u; in the results obvious. As no double
poles can exist due to the absence of IR singularities, one needs G. in (5.19) only to O(¢)
when writing down the partonic cross section (6.3):

2

G. =167 {1 + % (*yE — In(47) + In mﬂ +0(e%)
(6.5)

2(47)%(s4 +m?)

GH =

where we have also absorbed some additional factors into G for convenience.
We see that AP corresponds to the O(1) of Bqgp found in the LO photon-gluon
subprocess (2.21), but with the replacement (s,t1,u;) — (28, 22t1, u1). Noting that

1 U1 i) Uy
) =——=4 6.6
s+t <x2+s+t1> u <x2+s+t1>’ (6.6)

we find that the d-function of the 2 — 2 phase space (2.24) sets x5 to just the right value
(6.4) with the same replacement. Thus collecting all the factors, we find that we can write
the AP_part of (6.3) in the following form

8[(x28) + (xatq) + uy] =

1

N . 9 ~ d25'(0) S — ToS
o |, T2 Pyq(22) L + Egq (1 )} 2 [dhdm <t1 — Zaly (00

Here qu collects finite terms and depends not only on the usual kinematic variables, but
also on the mass scale p introduced to keep the coupling dimensionless. The functions
P,, can be directly read off

1+ (1—x)?
T

Pyg(x) = Pyg(x) = Cp [ ] ; APyy(x) = APyg(x) = Cp(2 —2) . (6.8)
We find that this is exactly the LO (anti)quark to gluon splitting function of [85]!

This splitting function corresponds to the probability that a quark with momentum
k sends out a collinear gluon with momentum zk and thus moves on with momentum
(1—2)k. In our AP case we then obviously must have the momentum of the exchanged
gluon in Fig. 6.1 (a) and (b) set to xaks, i.e., the gluon is emitted collinearly to the light
quark with a fraction z5 of its momentum. This explains the appearance of the splitting
function depending on x,. The outgoing light quark has then the momentum k3 =
(1 — 2)ks. The propagator of the gluon is found to be ~ 1/t = 1/(x2ks)* =*1/0”, which
is readily identified as the source of the collinear poles, see (5.10). Finally, the exchanged
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gluon with momentum xzsks couples to the heavy quark line. But then this upper part of
the diagram is just like the Born amplitude for v¢ — Q@ with the replacement ko — zoko.
So the appearance of the LO cross section with (s,t1,u1) — (%28, xaty, uy) is a natural
consequence of the incoming light-like momentum ks, e.g., t1 = —2ky-py — —2x2ky-po =
Taty, and x4 is fixed by (6.6). Our results so far are depicted by Fig. 6.2 (a) and (b).

To kQ// To kQ// VN \\% k1

ki

kg k2

() (b) (d)

Figure 6.2: Factorized Feynman diagrams for obtaining the collinear contributions of Fig. 6.1.
There is no factorized diagram corresponding to Fig. 6.1 (c).

Why did no similar collinear singularity occur for setting the heavy quark propagator
on-shell in Fig. 6.1 (a) and (b)? The heavy quark propagator momentum in Fig. 6.1 (a)

is k1 — p1. So let us assume for the three-momenta collinear emission El — Py L :1:/;1 with!
x > 0. Then the denominator of the propagator becomes

Uy = —2k; - pp = —2 [|/;’1|\/(1 —2)2k2 4+ m2 — (1 —2)k?| . (6.9)

We see, that this can only become zero for m = 0 and x < 1! Then for m = 0 we recover
four-momentum collinearity k& — p; = xk; with 0 < x < 1. Note that there is no soft
limit k£ — 0 possible here to set the propagator on-shell, since the center-of-mass energy
s = 2k; - ky > 4m?. The next possibility, with a propagating gluon decaying to a heavy
quark and antiquark pair, is realized in Fig. 6.1 (¢) and (d) and can be treated similarly:
The propagator momentum is p; + pz, so we assume a collinear decay py = z(p, + pa)
with? x > 0. So this time the denominator of the propagator is

11—z Zﬁz ) 1l—z_,

s5 = (D1 +p2)” = 2m* + 2 512+m2\/< -

which again can only become zero for m = 0 and x < 1. We once more find for m = 0
the four-momentum collinearity p; = z(p; + p2) with 0 < z <1 and that no soft limit is

Lz > 0 is necessary for energy conservation.
2The special case z = 0 leads to the same conclusions, we assume x # 0 in the following.
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possible. The final possibility in QCD involving massive particles, emitting an external
gluon from a heavy quark line Q@ — Qg, will become relevant for v¢ — QQg and can
be analyzed in exactly the same fashion as ¢ — Q@ with almost the same result. The
only difference is that now for soft collinear emission (k3 = 0), we can obtain an on-shell
propagator in spite of the masses. However, these soft plus collinear singularities cancel
against virtual contributions and thus do not have to be factorized. So we find that for
non-zero mass propagators, we do not have any (surviving) collinear singularities. Hence
we could have regularized the collinear singularities by giving the massless particles a
small mass A\. Then the expressions would have diverged for A — 0. This explains the
alternative name “mass singularities” and the label “mass (singularity) factorization”.

Turning now to the “Compton” graphs of Fig. 6.1 (c) and (d), we see that (c) can
not have a collinear part, since the light quark propagator is attached to two incoming
particles. If it became on-shell, then indeed the center-of-mass energy would be zero, so
this is kinematically forbidden. We do not have to worry about the gluon propagator
either, since it is attached to heavy particles. On the other hand in Fig. 6.1 (d) the
light quark propagator is attached only to one incoming particle, the photon, and thus
we expect the collinear case depicted in Fig. 6.2 (d). So the antiquark propagator now
has momentum x1k; and correspondingly we find for the outgoing light quark k3 = (1 —
z1)ki. The collinear propagator diverges ~ 1/u’ = (zk;)? =“1/0” and the attached LO
subprocess is the quark-antiquark annihilation® (2.29) with the replacement (s, ty,u;) —
($1f,t1,$1u1) due to the incoming antiquark momentum z:k;. So we expect for the
Ab°-part

1

Qg ~ 2~ dZ&ég) s — T1S
2— . dl‘lpq,y(l'l) g —f—quy(/,L ) T dtldul s (6].].)

™ Uy —> T1Uq

which is readily confirmed by comparing with (6.3). We can also read off the photon-
(anti)quark splitting functions

Py =Py =¢€Ne [2*+(1—2)’] , APy =AP, =€ Nc(2z—1), (6.12)

and they indeed have exactly the form derivable from [85].

At this point we should try to give more physical meaning to our results. We have
found that the singularities occur when the propagator of an internal (massless) particle
goes on-shell. But the propagator basically corresponds to the time the virtual particle can
propagate according to the uncertainty principle*! So as the propagator denominator goes
to zero, the propagation time becomes infinite. In other words, the internal particle then
becomes (quasi-)real and can be treated on the same footing as external particles. This can
occur whenever an internal momentum happens to become parallel to the momentum of an

3The momenta are reassigned (ki) + ¢(k2) = Q(p1) + Q(p2), which leaves (2.29) unchanged.

4This is most evident in non-relativistic perturbation theory, where the “propagator” is simply the
inverse of the energy difference between the virtual and real state and At ~ 1/AE. That the relativistic
propagator is the corresponding generalization is easily shown, see for example [86].
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external (massless) particle. But that this happens by chance for two unrelated (internal
and external, respectively) particles, both obeying their local momentum constraints, is
unlikely and hence suppressed by phase space. The only probable subprocesses leading
to a contribution will be those, in which either an incoming particle decays collinearly to
an internal particle or an internal particle decays collinearly into an external particle. We
will only consider the first case in the following, because it is relevant for our calculation,
but the second case can be analyzed analogously. Obviously this reaction happens in two
steps with very different associated time scales. First one has the collinear decay into a
quasi-real particle followed by a long (“infinite”) propagation of the produced particle.
Then on a very short time scale (large propagator virtuality) a hard scattering subprocess
occurs. It is obvious that we can describe this by the probability of the external particle
decaying into the (quasi-)real particle (the splitting function) times the cross-section of
the hard scattering with the (quasi-)real particle (for NLO cross sections this will be a LO
cross section, as one interaction is used up for the collinear splitting) times the regularized
infinity of the on-shell propagator and then integrated over the possible collinear momenta.
This is exactly the form of our results encountered in (6.7) and (6.11).

We can now draw some additional conclusions: Firstly, we immediately understand
why the interference of Fig. 6.1 (a) and (b) with (c) and (d) gives A%®® = 0. The LO
amplitudes left over after separating off the long time scale subprocess (splitting and
propagating) belong to different subprocesses and hence cannot interfere. Secondly, it is
clear that we need to add Fig. 6.2 (a) and (b) amplitudes coherently to obtain A**, since
both short time scale LO amplitudes are needed, see Fig. 2.2. Thirdly, we can simply
square Fig. 6.2 (d) on its own to obtain A", since Fig. 6.1 (c) cannot have the same
long time scale subprocess and indeed one short time scale LO amplitude is enough, see
Fig. 2.4. However, the last statement concerns contributions within a gauge invariant
part, and is strictly only true when we use a physical gauge, for example an axial one’.
When using our polarization sum (2.15), one obtains singularities from the interference
of Fig. 6.1 (¢) with (d). But the final (gauge invariant) result (6.11) has of course the
structure we expect from the third argument. However, the first two conclusions are
directly valid in any gauge, since they concern gauge invariant parts. The final step
leading to the mass factorization procedure now becomes conceptionally simple: as the
on-shell propagating internal particles are (quasi-)real, we should be able to pass them off
as “partons”. We can then try to absorb the singularities in a redefinition of the “bare”
parton distributions used in calculating hadronic cross sections. Since these distributions
parametrize our ignorance about processes at large time scales and distances anyway,
we can safely declare these redefined densities as the “measurable” ones. Of course as
mentioned above, we skip here the all important but difficult proof, that this redefinition
is universal, e.g., the same in all (factorizable) QCD processes, see for example [84]. The
final procedure is remarkably similar to the redefinition of the “bare” fields and couplings

®One then finds, that the divergence of the interference term between Fig. 6.1 (c) and (d) is ~
Nul(sa — u1)ky — s4ki']/(n - k1), i.e., vanishes identically in the collinear limit k3 = (1 — z1)k;. Of course
in the end all terms proportional to n*, which fixes the gluon field A* via - A = 0, vanish.
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in the renormalization procedure. But here we will be forced to leave the purely partonic
level in order to obtain the final finite results. This reflects the fact that partons are not
directly observable.

2 (1
First let us define a finite reduced cross section d&gq) by

2 (1) - ~(1)
d?*c 325 d*G
g 2 74 2 Myg, 2 2
= — 6.13
dtldUl (luf dtldUl (IU’ dtldUl (H’f) 2 ) ) ( )
425} ! 250 [ s> as
90,2 .2 2 2 qq 1
= d Gy
dtldUl (lufﬂlu ) /0 T1 T Q'Y(:Cl?:u’fﬂlu ) _dtldUl_ <U1 N .fUlUl)
1 [ 72~(0) ]
d?o S — x9S
+ | dry 223G (29, 112, 12 J( ) 6.14
[ e nstteniion) || (220 ) e
2
as(p ~ 2 -
Gt i) = SN | Py (a0) o+ w9 (6.15)

Comparing this to (6.7) and (6.11), we see that dé(vlq) becomes finite as long as the Fj;
are finite. What we use for the Fij is then another choice of scheme, which is in principle
independent of our choice in the renormalization procedure. Also the factorization scale
should in principle be independent of the regularization scale u, which we had set equal to
the renormalization scale . We see that due to the GI' of (6.5) this scale is introduced
in a logarithm proportional to the splitting function in the finite Fj;(1?) of (6.7) and
(6.11). To eliminate this logarithmic dependence on the renormalization scale explicitly
in the reduced cross section, we will subtract In(u7/u?) proportional to the splitting

function in the Fj; of (6.15). Then the reduced cross section will only depend on the
new factorization scale fi;. Furthermore a glance at (6.5) suggests, that the pole again
comes with the usual finite artifacts of dimensional regularization. So we will use the MS
prescription and additionally only eliminate these artifacts. The general MS factorization
choice then amounts to

2

Fyj(x, pu}, 1) = Py(x) <7E —In(47) + In %) : (6.16)
and we will use it throughout our calculation. Finally there is a hidden choice of finite
terms implied in (6.14). To what order in £ are we going to use the LO cross sections?
Our choice is to use them to O(g), not O(1), which leads to finite terms in conjuction
with the 1/ pole. This is consistent with the conventional definition of MS factorization,
which uses n-dimensional cross sections! If we considered our processes at next-to-NLO
(NNLO) using MS factorization, then O(g?) parts of the n-dimensional LO cross sections
would have to be included, since they yield finite contributions with the double collinear
emission 1/ poles. In principle one could chose to never subtract this type of finite terms
by adjusting the order in ¢ appropriately, but in our case the conventional MS choice is
mandatory! As has been mentioned in the discussion of (2.30), helicity conservation is
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broken by the commuting [v5,v,] = 0 of the HVBM scheme [54] in the non-physical
n — 4 = ¢ dimensions. The effect is thus naturally of O(¢) and can contribute only when
the LO cross section is multiplied by a pole 1/¢. But such finite terms will be generated
from the collinear pole contributions in (6.11). In order to restore helicity conservation,
we have to subtract them via (6.14) again, which is simply possible by inserting the LO
cross sections to O(g).

In order to finally factorize the singularities, we use the result, that to all orders in ay
and lowest order in «, we can write the collinear-singular partonic cross section as

1 1
A& (1%, by, k) = Z/ d21/ dzy Uii(21, 17, 1°)Crmj (22, 17, 17) Ao (15, 21 K1, 22K2)
l 0
(6.17)

with 4, j,[,m = ¢,q, 7,y and to first order in a; we have

Lii(z, u?c, p?) = 6;0(1 — 2) + Gij(z, /L?c, 12 . (6.18)

In writing the dependence on the scales p and py in (6.17) and (6.18), we refer here
only to the additional In(p7/4i%), see (6.16). We continue using o, (p*) and F.(p?), see
(2.25), throughout, and this dependence on p is always implied. It is a simple exercise to
convince ourselves that (6.17) together with (6.18) reproduces exactly our result (6.14),
when we drop all higher order terms and those suppressed by «/as. The only remaining
structures are then 'y Tgd6.,, [golgqd0 g, and Ty Lyudd.,, and in O(ay) only the GZ]

terms found in (6.14) appear. Note that the extra z; and z; cancel against ; m = xll o
1.d

and (IQ T ms i respectively. The general factorization prediction for a hadronic cross

section with two initial hadrons ¢ and b can be written as

1 1
5™ (K, K>) :Z/ dyl/ dyy [y, 1) £} (ya, 17) doj (117, 91 Ky, 92 Ks) - (6.19)

where fo(y, 1) denotes the “bare” density of partons of type ¢ in hadron a with longitu-
dinal momentum fraction y. Their dependence on the regularization scale y is dictated
by the fact®, that the all orders physical cross section d&® cannot depend on an arbitrary
scale. K; and K, are the external hadronic momenta of the hadrons a and b, respectively.
If we now define “dressed” parton densities

1 1

fza(fl?l,/l?) = Z/o d?h/o dz16(z1 — y1Z1)fia(y1,MZ)Pzz‘(Zl,M?«,MQ) )

) o ) (6.20)

fT(;L("I’.% M?‘) = Z/() dy?/(; dZQ(S(‘TQ - yZZZ)f;(y% /1’2)ij(227 M?‘a /1’2) y
J

6The regularization dependence is often not shown and depends on the regularization method used.



82 Chapter 6. Mass Factorization

we can rearrange the sums and integrations that occur after inserting (6.17) in (6.19) to
an outer sum in [ and m over the “dressed” parton densities, where outer integrations
over x1 and x5 with the appropriate d-functions have been added. So our final result has
a form very similar to (6.19)

1 1
A5 (1, K) = Y / da, / Ay Fo(wn, 12) T (2, 12) doum (2, 21K 22K) (621
0

where we now however have a sum over the finite reduced déy,! The singularities have
disappeared in our definition of “dressed” partons (6.20). Since the physical cross section
d5® and the reduced cross sections are finite, we now assume the dressed partons to be
finite by construction. Thus (6.21) finally allows us to obtain physical predictions after
we have computed the relevant (reduced) cross sections, like in (6.13). Note that in other
subprocesses there are LO contributions, i.e., generally one has do = do® +de). We see
from (6.17) and (6.18), that we can generally extract the needed reduced cross sections
to O(ay) from

d‘(.‘?) — dg(‘?) ,
doy) (13) = do)) (n?) — doS; (uf, 1)

: (6.22)
A3y = Z/O dm/o dzo Gril2n, 115, 187) G (22, 185, 12V dirfo) (211, 22k)
I,m

The dependence of the “dressed” partons (6.20) on only the factorization scale p is
again motivated by the fact, that the physical cross section in (6.21) is independent of the
arbitrary scale py. Technically, the “dressed” partons in (6.20) depend on the scale ji;
through the logarithm in the T';; functions according to (6.18), (6.15) and (6.16). Thus
we can by simple differentiation obtain the LO RGE of the form

de(ZU :U’f o CVs
dln(,uf B Z/ _f] b1 (5)
aucyi ) uf Z/ Y £y, 12 P (g) . (6.23)

In the second line of (6.23), we have assumed that p; is of the order p, which means
that both ay(u}) and a(p?) are sufficiently small to serve as expansion parameter. Also
then the logarithm of the ratio of these two scales cannot become large and spoil the
expansion. So we can employ o (p?) =~ a,(p7) + Olod(u7), oZ(p7) In(p?/ 7)), compare
(4.31), and fz(x,uff) = filz, 1) + Olo(1?), oy (1 ) In(p%/p?)], see (6.20) and (6.18). But
we have also changed the nature of the differential equation by writing the second line!
This is however justified upon closer physical examination: We can now construct parton
distributions at a low scale zi%,, where we first trust factorization to be valid. So this is our
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initial scale, setting a lower limit for “hard” scales whose occurrence allows to separate
off a “hard” subprocess calculable with perturbative methods. Then we use (6.23) to
“evolve” these partons to a higher scale” py ~ pu ~ m close to the typical hard scale
m of the process, so that the reduced cross sections do not contain large logarithms of
the type In(p;/m). We see that we are summing logarithms along the way from iz to
ftr, when iteratively solving (6.23). Indeed it can be shown, that our mathematical sin
of writing the second line in (6.23) corresponds to the physical good work of resumming
the leading logarithmic (LL) corrections to all orders. These appear in axial gauges as
strongly ordered ladder graphs pf, < kfp < ... < ki < pf, with the ki being the
transverse momenta along the rungs of the ladders. Summation over all ladders will lead
0 (6.23). A detailed derivation can be found in [87], see also [88]. In the first line of
(6.23), we have basically derived the result for only one rung. We can now use the LO
RGE for determining the scale dependence of the parton distributions to LL accuracy. A
corresponding NLO RGE, which additionally resums logarithms accompanied by an extra
power of ay, next-to-leading logarithms (NLL), can be obtained similarly.

Since however the partons in (6.21) are convoluted with both the LO and NLO (re-
duced) cross sections, one should use the O(a?) NLO RGE [26, 27, 89] and thus the
summation of NLL. To see this, we will write down the solution of (6.23) for LO and
NLO in the hypothetical case® when there is only one parton f and one f — f split-
ting function P. The LO and NLO cases correspond to inserting P = P(®) + O(as) and
p=p0O 4 O‘SP )+ O(a?) in (6.23), respectively. The appropriate LO and NLO °
ning” of a; also has to be used, see (4.30) and (4.34), respectively. We exploit the fact
that for Mellin moments a,, = fol drz" 'a(z) the convolution becomes a simple product

[ 01 d—yya(y)b (%)]n = apb,. Then we get from (6.23) the simple NLO differential equation

and its solution in Mellin moment space

M — po) o (17) 1 31
o) =~ a0 {0+ S (A= g r0) s outu} . (o20
2\ __ 2 as(ﬂ}) BQOP(O)
fn(/l'f) - fn(ﬂfo) [O{S(/'L%O)]
as(u}) — as(ufo) 1 b 20,2 2

and the LO differential equation and solution correspond to taking O(1) in the curled
brackets. We see that fNX© — fLO ~ o, The inversion of the Mellin transformation®
a(z) = 3= [, dnz"a, applied to fn(17), keeps this a-structure intact. Thus a LO cross

"To not confuse names, one can think of (6.23) written with u' instead of py as “evolution” variable.
We then “evolve” from pzo to py.

8This is in practice realized for the evolution of flavor non-singlet combinations of quark distributions.

9The simplest integration contour C runs from ¢ — ico to ¢ + ioo with real ¢, which lies to one side of
all singularities of a,, in the complex n-plane, see for example [90].
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sections times the oy part of the NLO partons has the same order as a NLO reduced cross
section times the O(1) LO partons, and the error of multiplying a NLO reduced cross
sections with the o, part of the NLO partons is NNLO. So we have to use the NLO RGE
evolved partons in our NLO calculations (and the LO ones for LO calculations) to achieve
consistent orders of ag. A final point is that collinear singularities occur only for massless
particles, so we should stay consistent with our renormalization choice and always evolve
only the n;; light flavors as partons and not the heavy one.

It is important to realize that (6.20) mixes different contributions. In particular in our
example we have to introduce the bare parton distribution f; (i, #?), and thus of course
also its “dressed” counterpart, to absorb I'z,(z1, ,ufc, ©?). So for a factorization scheme
independent result we need to consider “resolved” photons with their own parton content.
The photon can act like a hadron, by fluctuating into a virtual state with the appropriate
quantum numbers, and thus it should not surprise us to see that this possibility has to
be included. Obviously we will then also get resolved contributions to the cross section,
in which the physical photon interacts via its partonic content. In the hadronic cross
section (6.21), setting a = 7 denotes a physical photon and [ =+ an elementary photon.
So for the “direct” part of (6.21), we use the (zeroth order in «) probability distribution
for finding an elementary photon in the physical photon fJ (w1, u%) = §(1 — z1) with the
reduced partonic cross sections for photoproduction. On the other hand for the resolved
part of (6.21), we use the probability distributions for finding a parton [ = g, ¢, 7 in the
physical photon f,(z, ,ufc) with the reduced partonic cross sections for hadroproduction.
Note that since photonic densities are of O(«a/ay), LO resolved contributions effectively
have the same order in the coupling constants as LO direct contributions. Similarly, NLO
direct and NLO resolved contributions belong together. So we use for photoproduction
at O(«)

1
daﬁb(KviQ) = Z/ dl‘? fgz(l.?a/l’?‘) da—’ym(ﬂ?‘aKlal‘2K2) )
m 70

1 1
+Z/ dxl/ dxy f) (@, 17) [ (@2, 17) dowm(pF, 21K, 2:K5) ,  (6.26)
' Jo 0

with [ now restricted to ¢,q,q. A further complication arises here, because the parton
content of longitudinally, i.e., circularly, polarized photons is experimentally completely
unknown for the time being, and one has to rely on realistic models [91] when estimating
the size of the resolved contribution. However, it has been demonstrated in [33] that
even for large spin-dependent photonic densities, the “background” from resolved photon
reactions should be very small for all experimentally relevant total or differential cross
sections in the MS scheme. In particular this is the case at fized target energies, as for
COMPASS with \/STP ~ 10 GeV.

For the polarized total charm production cross section at collider energies, the re-
solved contribution can become as large as about 1/3 of the direct contribution but with
opposite sign [33]. When everything is taken into account, the total charm production
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spin asymmetry appears to be too small to be measurable [33] at the polarized HERA
option [28]. However, it is expected that for bottom production the resolved part is less
important: Though the change in the heavy quark charge e?/e? = (—%)2/ (%)2 =1/4
suppresses the direct part, the minimal x at which the photonic densities in the resolved
part are evaluated becomes mi/m? ~ 9 times larger. For example at \/Tw = 200 GeV
with mp = 4.5 GeV and m, = 1.5 GeV, we find zpin = 2.025-1072 and i, = 2.25-107%,
respectively, see (8.10) in Chap. 8. This strongly suppresses the resolved part. So for
polarized photoproduction in the MS scheme, the resolved part can be neglected in ex-
perimentally relevant circumstances (fixed target energies or bottom at collider energies)
as a first approximation. It should also be remarked that for NLO photonic parton densi-
ties, unpolarized [92] as well as polarized [93] ones, often the so-called DIS,, factorization
scheme [94] rather than the MS prescription is used, since it provides a better perturbative
stability between LO and NLO quark densities. In this case one either has to transform
the densities back to the MS scheme [92, 93], before using them in the calculation of the
NLO resolved contribution or one has to use the appropriate DIS, expression for ﬁ’,h in
(6.14), see the Appendix of [94].

We will finish this chapter by quickly deriving the other needed mass factorization
subtractions leading to the reduced cross sections. From diagram Fig. 6.3 (a) we see that
for the photoproduction real emission we have to subtract

a2} ! 425" § — T8
Y9 2 2 — d G 2 2 79 2 627
drdu, (1ps 17 /0 To T2Glyq (T2, 17, 11°) provd B ORI (6.27)

with Gy, defined according to (6.15) and the LO gluon splitting functions are'®

1
-

P,,(z) =0(1 — - §)2C, (1 + i —2+z(1— x)) + P (z),

AP,,(z) = O(1 — z — 6)2C.5 (1 !

—x
P;g(x) =0(1 —x) (% +2C, ln5> :

— 2z + 1) + P (x), (6.28)

Since we have regularized all soft singularities in our calculation by a small parameter A
as outlined in Sec. 5.4, we have to stick to the same framework here to deal with the soft
x — 1 divergence of ﬁgg and cannot simply use the usual “plus-prescription” 1/(1 — x)
of [85]. In (6.28) we have thus introduced another small auxiliary quantity § [46, 95]. Of
course, A introduced above and § are not independent. Inserting (6.28) in (6.27) one gets
schematically

/1 dro[0(1 — 29) A + O(1 — 29 — 02) B(22)]120 (o (s + t1) + uy)C (228, Toty, uy)

10This form is easy to derive from the conventional one with a -+-distribution, by insuring that
fol dzPyq(x) gives the same total splitting probability upon taking the § — 0 limit.
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— §(54)AC (5,11, 1) + O (54 — 62) [—i < U1 )c(‘“ls ity 1)] (6.29)

’ 7u
U1 s+t s+t s+t

where we define the small parameter d, = A/(s + ¢;) to obtain the appropriate cut-off
O(ss — A) from O(;34- —6). A subtraction with respect to the other incoming leg would
yield a similar expression with z, ; and ¢; <> u;. Thus the contribution from mass
factorization naturally splits into a soft (x; > 1 —¢;) and a hard (z; < 1 — ;) part, which
can be added to the corresponding cross sections. f; in (6.28) again includes only the n;y

light flavors, since we let only these flavors run.

() (b) ¢ (d)

Figure 6.3: Factorized Feynman diagrams for obtaining the collinear contributions for the
remaining photo- and hadroproduction subprocesses.

The gluon-gluon cross section of hadroproduction obviously has graphs like Fig. 6.3 (a)
with the photon replaced by a gluon, but also those with “non-abelian” LO parts, see
Fig. 6.3 (b). Thus we simply get here gluon-gluon fusion (GGF) instead of photon-gluon
fusion (PGF) as the LO subprocess, see Fig. 2.2 and Fig. 2.3, and of course this time the
graphs are symmetric concerning the incoming particles, so we have to subtract

425} ! 250 [ s as
2 9 99 1
9 (M%a/ﬂ) :/0 dx; legg(xlvﬂfaM ) dt1du, <U1 N x1u1>

—d25§g)_ (s—):@s) .

1
+ Ay £9G g (T2, 112, 11
/0 22 gg( 2Hp B ) dtldul_ t1 — Tty

Similarly the addition of diagram Fig. 6.3 (c) will simply replace LO PGF (2.20) by
LO GGF (2.27) for the NLO gluon-quark part of hadroproduction, and thus we need to
subtract

425} ! 250 [ s o as
99(,,2 2\ — d G- 2 2 aq 1
dtldUl (lj’filj’ ) /0 T1 T qg(xlhufﬂlu’ ) dtldUl <U1 —>$1U1>

[ d25§g) 1 /s> x9S
dtldul t1 — Tty ’

(6.31)

1
+/ dxy 3G gq(, 1}, 11°)
0
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and we need the additional LO splitting functions
Py =Py =T [2"+(1—2)’] , APy =AP,=T;2z—1), (6.32)

where Ty = 1/2 and we see compared to (6.12) the usual factor 1/(2N¢). Finally for
NLO quark-antiquark annihilation in hadroproduction we have Fig. 6.3 (d) and similarly
for the other incoming leg, so that we have to subtract

a2\ ! 260 [ s = as
ﬂ( ?fa/ﬁ) :/ dxy $1qu($1,llia/¢2) e ( ' )
0

dtldul dtldul U — T1Uq ( )
- - 6.33
! 2250 S — TS
d G 2 2 qaq 2 ]
+A To T2 QQ(‘/E?) lj’fa 2 ) dtldUl (tl N l‘Qtl
with the appropriately regulated LO splitting function
1+ 22 3
P,=PFP;z;=Cp |0(1—2—9 o(1 — 2Ind + -

Aqu:Aqu:qu_FPq};VBM.

Here we encounter the problem of the HVBM scheme [54], that helicity conservation at
the gqg-vertex is violated due to the commuting 75 in the extra e-dimensions, as was al-
ready mentioned in Chap. 2 and also discussed below (6.16). Thus actually the collinear
singularities in the polarized quark-antiquark annihilation do not appear in conjunction
with AP,, = P4, as they should. If helicity were conserved, then splitting that mixes
helicities would be forbidden and hence the piece with mixed helicities, which is added in
the unpolarized and subtracted in the polarized case, would be zero, leading to identical
splitting functions. The HVBM violating effect is naturally of O(g), but together with
the collinear pole this will give rise to finite contributions. However, since we are elimi-
nating the collinear contributions anyway by a redefinition of the parton densities, we can
remove this unphysical property of the HVBM scheme by simply subtracting this finite
contribution together with the poles. So we simply chose for P)JVPM not the physical
value zero, but rather the value it has in the HVBM scheme, see [27]:

PV = —0(1 — 2 — 0)2Cp(n —4)(1 —2) = —0(1 — 2z — §)2Cpe(1 — ), (6.35)

and thereby restore helicity conservation.
To finish this section, we note that after mass factorization all reduced cross sections
will be finite. Thus for factors depending on € one can then safely perform the ¢ — 0 limit.
Examining the factor (6.5) and our choice for the MS factorization scheme in (6.16), it is
easy to see that the former pure pole parts are converted to finite parts in the reduced

cross sections by
. 1 2 51 1y

FEGf—>—2, E.—1, and — —1In

6.36
s £ m?2(sy +m?) m2’ (6.36)

so one can easily obtain these contributions from the pole parts we will quote.



Chapter 7

Parton Level Results

7.1 Photon-(Anti)Quark Scaling Functions

We will now present our results for the different subprocesses on a parton level, i.e., we
will present the appropriate reduced partonic cross sections. As has been explained in
the last chapter, these will have to be convoluted with the dressed parton distribution to
obtain hadronic cross sections and thus physical predictions. Interesting phenomenological
applications will be examined in the next chapter. However, the convolution with the
parton distribution functions makes it difficult to distinguish characteristic features of
the reduced partonic cross sections themselves, so it is worthwhile to consider them on
their own. In particular we will consider the total reduced partonic cross sections. That
means, we have to integrate our double differential results, see (2.24) and (5.19), over the
possible range of the partonic variables ¢; and u; to obtain “total” results. The reason is
the following: we expect the cross section to depend logarithmically on the renormalization
and factorization scale, due to (4.56) and (6.15). Furthermore the running «; also depends
logarithmically on p,, see (4.38). Let us concentrate on the factors multiplying these
logarithms and az. When we integrate out ¢; and u;, to obtain the total cross section, the
only scales left will be the partonic center-of-mass energy s and the heavy quark mass m.
We find that the total cross section is ~ 1/m?, i.e., we see the expected divergence of the
total cross section for m — 0. If we take this factor out as well, then what is left must
be dimensionless and hence can be rewritten in some scaling variable depending only on
s/m?. We will call these remaining expressions scaling functions and the form we give
for the total cross section (7.2) below makes this scaling explicit. The usefulness of the
scaling functions is simply that we can use them to display our results without specifying
s and m.

In order to obtain the total partonic cross section, we must first consider the kinematic
boundaries of the ¢1, u;-integrations. From the positivity of the energy of the third particle
w3 > 0, we get s4 = s+ t; +u; > 0. In the true 2 — 2 cross sections (2.22), s, is equal
to zero due to energy-momentum conservation. It is sufficient to consider only the 2 — 2
phase space, in the case of 2 — 3 this corresponds to the effective 2 — 2 of (5.16), to find
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the limits of the ¢; and u; integrations. We have

t1 = —Vs(Ey + o] cos€) ,  uy = —/s(Ey — |Ph| cos§) , (7.1)

so we know that ¢; and u; are negative. Thus s > s4 and from p;> > 0 we find the
threshold condition s > 4m?2. Obviously extreme values of ¢; and u; are obtained for
cosé = +1. Using (7.1), we find u; — t; = cos&+/(t; + u1)? — 4m2s, so by squaring we
directly get t;u; > m?s. Now we have two constraints, which we can solve for —u; to get
—m?s/t; < —uy; < s+ t;. This can serve as an inner integration range of u; depending
on ty. For the true 2 — 2 processes —u; is exactly at the upper limit. We next get
the range of the outer integration over t; directly from the intersection of the wu; limits:
—m2s/t; = s+t;. This yields s(1—)/2 < —t; < s(1+3)/2, with 8 = /1 — 4m2/s. The
(reduced) total partonic cross sections can then be expressed in terms of scaling functions
in both the unpolarized and polarized case (I,m = g, ¢, @,7) [43, 46, 34]:

. 5(146) sti1 26 (8,1,
&lm(sam27ll’?‘7uz) :/ d(_tl)/ 9 d(_ul) : ( : 1)

%(1;52 s dtyduy ) (7.2)
a’~ Qg u? r f F .
= U L0+ ama ) | 700 + A m 22
— m
4m? Ul 5 b
e _ _5 7.3
p s v’ T am? 1-p7 i

where k£ = 1 for photo- and £ = 2 for hadroproduction. We have introduced the variable n
in (7.3), since it will be particularly convenient for showing both the approach to threshold
n — 0 and high energy 1 — oo in logarithmic plots of the scaling functions. The scaling
functions ﬂ(:l) and fl(;z)’ fl(:lz stand for the LO and NLO corrections, respectively!.

We have not written a In(u?/m?) piece in (7.2), though it of course exists. But we can
extract the renormalization logarithms from (4.56):

22
3ém

s |p 2 .
) = dg) 4 2 {507 — ] ds® (7.4)
47 €

with d6(® ~ of and By = (1104 — 2ny5)/3. The general form of the UV singularities of
the virtual contributions is ~ C.2, i.e., in (3.5) the integral will give a pole ~ 2/¢ and
there is an overall factor C. in front. For the UV renormalization we do not have to worry

about double poles ~ 1/£2 that can occur in our loop integrals, since they only come from
the infrared plus collinear limit. Note that C.2 ~ 2 4 O(e), with

€

2 2 py 2 T

!Note that we still use the “tilde notation” as a shorthand to denote both the longitudinally polarized
and unpolarized cross sections simultaneously.
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Figure 7.1: The NLO polarized and unpolarized “Bethe-Heitler” scaling functions 6%1,1) and
&) in the MS scheme as function of 7 as defined in (7.12). The unpolarized scaling functions

have been divided by 25.

The counterterm of (7.4) will cancel the 2/e poles, so they must come in the form

a 2 2 2
—k—= — 2= 1ds, 7.6
4rr [ﬁ[’ém 3ém] (7.6)
where we however always have % due to C.. We can ignore all common factors, even
when they depend on ¢ like F, since after the cancellation of these singularities only soft
and collinear ones remain, which will not yield renormalization logarithms. Summing

both contributions, we get

as 2 2 o nr o
E—2B.(2 — dg©® = k=28 1n 2 q5© 77
4750(5 ém) ’ 4750 2t (7.7)

We chose to rewrite the renormalization logarithm as In(p?/m?) — In(py/p7) +1n(p7/m?)

and absorb the In(u%/m?) contribution in fl(,lrz of (7.2). This is convenient in particular
for the cases where the splitting function P, appears in the factorization, since the [
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term in the soft 0(1 — z) part, see (6.28), exactly cancels this contribution. At any rate,
keeping in mind that the k in (7.7) comes from the power of ¢ in the Born cross section,
we can get the renormalization log contribution missing in (7.2) by setting

as(py) = as(p?) (1 + as(ur)fil Zf) , (7.8)

and keeping only NLO terms. So in our case we have

(1) (1) EBo 12

Sim (1) = fin (0) + 167 szm( )lnu—%, (7.9)
where again & = 1 for photo- and £ = 2 for hadroproduction. So we see that the
contribution depending on the ratio of the factorization and renormalization scale does
not require a new scaling function and is furthermore easily derivable. Thus we will not
worry about it any further in this chapter?.

We have already performed the calculation of the photon-light quark contribution,
including its factorization, in the last chapter so we can now immediately obtain the
scaling functions. Part of the finite reduced quark cross section can be obtained by
applying (6.36) to (6.3). Our results fully agree with [46] in the unpolarized case. There is
no LO contribution, and thus fég) = 0. Note that we have only calculated the contribution
for the production of a heavy antiquark. But we can split up the squared matrix elements
of photo- and hadroproduction in parts that are symmetric |M|%(pa, p1) = |M|%(p1, p2)
and antisymmetric |M|%(ps, p1) = —|M[%(p1, p2) with respect to exchanging p; < ps,
respectively. However, applying p; <> ps to the phase space integrations means that
instead of the heavy quark p; one integrates out the heavy antiquark p, (plus a gluon
k3 in both cases in the 2 — 3 processes), i.e., the heavy quark is observed. So we can
directly apply p; <> po to the double differential partonic cross sections for heavy antiquark
production to obtain those for heavy quark production

2o (ty, uy) . . .
W ~ /d y4i [|M|5(p1,p2) + |M|A(p1,p2)]

p1<—>p2 /anQ |:|M|S(p2,p1) + |M|A(p27p1):| (7 10)

~ - d2O'Q(tQ 'LLQ)
= [ 18002 ]~ T
? = (kl —p1)2 —m? and u? = (k2 —p1)2 —m2 :

i.e., the sign of the antisymmetric part changes. But one has to keep in mind that now
t; and wu; are taken with respect to the observed heavy quark p; instead of the heavy

£(1)

lm>

20ne has to keep in mind though, that in the quark-antiquark case we are absorbing £y terms in f
which normally would be absent.
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Figure 7.2: The NLO polarized and unpolarized “Compton” scaling functions J(vlq) and 677(,}) in
the MS scheme as function of 7 as defined in (7.12). The unpolarized scaling functions have
been divided by 2.

antiquark ps, as it was in (5.12). This redefinition is always implied for quark production
in the following, i.e., we will write ¢; and u; also there. For the 2 — 2 processes there is
of course no difference between these definitions. In the case at hand, A; and A, in (6.3)
stay unchanged for p; <> p, whereas A changes sign. Thus if one wants to observe a
heavy quark instead of a heavy antiquark, one can use [eé[ll + 621212 — equﬁg] in (6.2)
with the same expressions for the A; [46].

In addition charge conjugation gives us even more information, since we have a light
quark in the initial and final state

~

25. 2

— d*c
dtldul

~

2~ 2

d%5 d%5
d 7 -
(v¢ > Q) an dirdun (77 — Q) Tt

(va = Q) .
(7.11)

Thus one can use the same A; for the contribution due to an incoming antiquark in (6.1)
as well, taking into account a negative sign for A3 again [46]. Note that the sign change of
Aj also implies that A3 does not contribute to the total cross section (7.2), since the result
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cannot depend on whether the heavy quark or heavy antiquark is integrated first. This is
also expected from Furry’s theorem, which can be applied to the interference term if we
integrate over the complete phase space. So there will be no scaling function ~ ezeq and

the scaling function f%) can be written as the sum of the “Bethe-Heitler” contribution

~£qu) and the “Compton” contribution ngq)

£ () = &) (n) + eqdi) (n) (7.12)

and similarly for the “bar” scaling function f%lq). There is no LO scaling function, of
course. We plot ¢, in Fig. 7.1 and JW in Fig. 7.2. In both cases the solid line represents
the NLO polarized, the dot-dashed line the NLO polarized “bar”, the dashed line the
NLO unpolarized and the dotted line the NLO unpolarized “bar” scaling function. The
unpolarized scaling functions have been divided by a constant factor in order to fit into
the same plot.

We see that the form of the unpolarized and corresponding polarized scaling functions
differs quite strongly. What one cannot see in the plots, because the functions become
small and because the unpolarized ones have been divided by a factor, is that for n — 0
the scaling functions have the behavior Acg,lq) — c%lq), Ad%lq) — —d%’, and similarly for the
“bar” scaling functions. By inspecting

[6(++) +0(+-)], Ae==[6(++) —6(+-)] , (7.13)

1
2
we conclude that for n — 0 in the “Bethe-Heitler” 5%’ part of the partonic cross section
&(+—) — 0, whereas in that limit for the “Compton” d\; part we find &(++) — 0. Or
more precisely - that one helicity combination goes faster to zero than the other. On
the other hand for n — oo, we find cglq) becomes constant whereas Acglq) — 0 and the
same happens for the “bar” functions, implying 6(4++) — 6(+—) for the “Bethe-Heitler”
process. For the “Compton” process we find no obvious high energy limit of the partonic
cross sections numerically. The observed plateau in the unpolarized c%lq) is due to a flavor
excitation process, in which a ¢-channel gluon is exchanged in the subprocess Q*q — Qq,
and the virtual heavy quark is produced in v — Q*Q first, and similarly for the heavy
virtual antiquark, compare Fig. 6.1 (a) and(b).

7.2 Photon-Gluon Scaling Functions
Next we turn to the NLO corrections to the PGF process (2.17)

F(k) + G (k2) — Qi(p1) + Q;(p2) (7.14)

where one-loop virtual and gluon bremsstrahlung contributions have to be taken into
account. We start with the one-loop virtual corrections displayed in Fig. 7.3. They
are calculated by the methods of Chap. 3. Remember that they have the same 2 — 2
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Figure 7.3: The NLO virtual corrections to 7§ — QQ. Reversing the heavy quark lines, except
for the non-planar graph (b), yields the remaining graphs. Massless particle loops similar to
graph (i) vanish, similarly to (3.3).

kinematics as the LO reaction (7.14) and thus can be calculated using (2.18) and (2.24). As
mentioned, at O(aa?) only the interference between the virtual V and Born B amplitudes
of Fig. 7.3 and Fig. 2.2 contributes

|]\Z[|%/B = 2Re (MVME> = Efg4e262Q QC’FVQED + CaVok| (7.15)

where all quantities with a tilde denote as always, both the unpolarized and polarized
expressions, e.g., VQED denotes either Vopp or the spin-dependent AVgrp. The results
have been sorted according to the color-factors 2Cr and C'4. We will not show the
reduced virtual cross sections because of their length, but they can be reconstructed from
the virtual plus soft cross sections discussed later. We note that f/QED, which receives
contributions only from the graphs (a), (¢), (d) and (f)-(h) in Fig. 7.3, corresponds to
the process where the gluon is replaced by a photon in the initial state, i.e., Y7 — QQ.
Complete NLO QCD O(a?ay) calculation of this process have been performed recently
in [60] for both the unpolarized and polarized case. Our NLO results for the QED-part
of ¥§ — QQ agree analytically with the ones presented in [60].
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Each fermion propagator and each triple-gluon vertex in the loop introduces a loop
momentum ¢* in the numerator. A glance at Fig. 7.3 then reveals that the maximal num-
ber of loop momenta we face in the numerator is one less than the number of propagators,
except for graph (i). In particular, one has to deal with tensor four-point integrals of first
(¢*) to third (¢*q"¢") order and with tensor three- and two-point integrals of first (¢#) and
second (¢"q”) order. We use our program, described in Chap. 3, to reduce these tensor
integrals to a set of scalar ones by using an adapted Passarino-Veltman decomposition
method [47]. This accounts properly for all possible n-dimensionally regulated divergen-
cies in QCD. For graph (i) we need (3.51). In the results ultraviolet (UV), infrared (IR)
and collinear/mass (M) singularities show up as 1/ poles. In the non-abelian “OK”-part
also double poles 1/£2 occur when IR and M singularities coincide. The UV divergencies
are removed by the renormalization procedure of Chap. 4. The IR and IR+M singularities
cancel against the soft part of the gluon bremsstrahlung, which we will derive below. A
left over M singularity cancels against the soft 6(1 — x) part of P,,, see (6.28), when we
obtain the reduced bremsstrahlung cross section using (6.27) in the mass factorization

procedure.
AN ANNf——
A_%  §
00000 —e¢— m—ﬁf

(a) (b) (c)

—— — A — — - — —

(f)

(d)

Figure 7.4: Feynman diagrams for the NLO gluon bremsstrahlung process 7§ — QQg. Re-
versing the heavy quark lines yields the remaining graphs. In the unpolarized calculation
the ghost contributions (e) and (f) have to be subtracted to cancel unphysical polarization
contributions, see Fig. 2.1 and App. B.4.

In order to be able to present finite results, we will thus first calculate the corresponding
real gluon emission reactions as well. The corresponding Feynman diagrams are shown in
Fig. 7.4 and the momentum and color assignment is

F(kr) + G (k2) = Qi(p1) + Q;(p2) + ¢*(ks) - (7.16)
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The techniques for handling these graphs, in particular our program for automatic partial
fractioning of the angular integrals, have been explained in detail in Chap. 5. The squared
matrix element, to be inserted in (5.19), can again be split into an abelian and a non-
abelian part like (7.15)

|Mp|> = Mgl = E?g'¢*e? |2CsRaen + CaRox| - (7.17)

We use the phase space slicing of Sec. 5.4 to isolate the hard and soft parts. The collinear
pole part of the hard photon-gluon cross section then becomes

225 " 2 .
(ﬁ) = CuF.G" EfazaeggHg‘;? +0(1), (7.18)

1 1 1
E[pole . —92_ 1—
OK Uy {1 — Ty X9 7 72)

_{x2t1 L u 4w () {1 _ mg(ff?S)]} , (7.19)

U1 .Z'gtl (l‘Qtl)U,l (l‘Qtl)U,l
1 1 t 2m?
AHPSE = ( — 2, + 1) <‘T2 Ly X ) { m(225) _ 1} . (7.20)

U1 1— 9 U1 l'Qtl (xgtl)ul

where only the non-abelian “OK” part is shown, because the hard abelian “QED” part
is completely finite. G is defined in (6.5) and x5 in (6.4). As expected, we find the form
necessary for the mass factorization in (6.27), see the hard ©(1—xz—0) part of (6.28). The
finite contributions are too long to be presented here in an analytical form, but they can
be found in our computer program, which is available upon request. Remember that one
can extract the finite rest of the pole part in (7.18) after mass factorization, by applying
(6.36). Our unpolarized results agree with those of [46].

We now turn to the soft gluon emission. According to the discussion in Sec. 5.4, we
only need to isolate the 1/s% poles of the squared matrix element by applying (5.23) and
(5.24). In this way one can easily derive the soft limit of RQED and Rok in (7.17)

~ 2 1 2m? — s -
SQED = ) [m2 <1 —|— —2) —|— 7( ) BQED y (721)
54 53 53
~ 211 [t (2m2 — 3) ~
Sok == |— | — -—|B 7.22
OK 52 [t_’ (ﬁ—#m) + 5 QED ( )

using the polarized and unpolarized ABggp and Bggep given in (2.21), respectively. We
agree again in the unpolarized case with [46]. The soft cross section is obtained from
(7.21) and (7.22) with the 1/s2 — s;'"¢ replaced by §(s4)A° /e according to (5.65) and
(5.66). Using this replacement and performing the angular integrations dS2. the soft gluon
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cross section is then given by

S
d26.(1) B 2 2 -
<M = 20, F.GS B2 alach =2 {—g + 14+ " (e - S(%)]} 6(s4)

dtldul 85
(7.23)
dZ&(I)OK y BQED 4 2 1 Uy 1 Uy 1
— 1922 ) = C4F.GPE*a’ae? — +ZIn— +Insxln— + - In* = — — In?
(dtldm) A e Lzagoeg 5 62+6nm—i-n%nthLQnt1 2n%
. th . uy 2m? — s
L 1-— ) —L 1—— —S ) 7.24
w1 )~ (1 ) 4+ 220 0(s ()
with BQED defined in (2.21) and
2
S(s) = —=Ins+ Lip (5°) — In* s+ 2In s In(1 — 5°) — ((2) , (7.25)
€
3 AN° L 2(4m)ime
5 _ 3 2 ~

where we have used » = (1 — )/(1 + ), the dilogarithm function Liy as defined in
App. B.2, and the Riemann zeta function ((2) = 72/6. Our unpolarized results for
the soft bremsstrahlung cross section are again identical to those of [46]. In addition
we have checked that the abelian “QED” part of the polarized (and unpolarized) total
bremsstrahlung cross section is in complete analytical agreement with the NLO expres-
sions for vy — QQ presented in [60)].

To complete the calculation of the photon-gluon cross section, we now add the §(1 —
r) — 0(s4) mass factorization contribution from (6.27), see (6.29), to the renormalized
virtual plus soft part V + S. We write the result in three parts using the usual abelian
and non-abelian split and, in addition, separating off the part® proportional to 3,. The
latter piece vanishes if one identifies the renormalization scale with the factorization scale,
pr = pif, as is usually done, and corresponds to the a; redefinition of (7.8):

dtydu, T {2CF (LQED + LQED) +Ca (LOK + LOK) + ZLRF] 3(s4) -

(7.27)

The LA explicitly depend on the auxiliary cutoff A. The polarized AL are presented
in App. C and the unpolarized L are in complete agreement with those obtainable from
App. A of [46] and App. D of [44]. The treatment of the L* terms has been discussed in
Sec. 5.4. Both for numerical stability and in order to be able to present the V' + .S and H

3The factor 1/2 compared with the expression in [35] is compensated by the squares in the logarithm
of (C.11).
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Figure 7.5: The NLO polarized and unpolarized scaling functions 5(719) in the MS scheme as

function of 7 as defined in (7.28). The “bar” scaling functions &) are also shown.

parts separately in the plots, we shift the In* A/m? terms with k = 1,2 from the V + S to
the H part. So written symbolically, the meaning of soft and hard is “soft” = S+ V — A
and “hard” = H + A, respectively. Note that again the presented results have been
calculated for a detected heavy antiquark in the final state, because the heavy quark was
integrated out in the calculations. Due to the p; <> p symmetry of the matrix elements,
the same double differential photon-gluon cross section can be used for a detected heavy
quark as well [46]. Only then ¢; and u; are defined with respect to the observed heavy
quark, see (7.10). On the other hand there is an asymmetry in the non-abelian part of
the photon-gluon cross section with respect to ky <+ ks, since the outgoing gluon with
momentum k3 can only “couple” to the incoming gluon with momentum k5, but not to
the photon with momentum k;. So the photon-gluon cross section is t; <+ u; asymmetric.
The scaling functions for photon-gluon have the form

Fra(n) = etq(n) | (7.28)

which is valid for LO, NLO and for the “bar” scaling functions 5%19) as well. In Fig. 7.5
we display the NLO scaling functions. Again the solid line represents the NLO polarized,
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Figure 7.6: The LO polarized and unpolarized scaling functions 5(709) in the MS scheme as

function of 1 as defined in (7.28). For comparison the effective NLO combinations 6%09) —1—2.76%)
are also shown.

the dot-dashed line the NLO polarized “bar”, the dashed line the NLO unpolarized and
the dotted line the NLO unpolarized “bar” scaling function. In Fig. 7.6 we show the
LO polarized (solid line) and unpolarized (dot-dashed line) scaling functions, as well as
the combination &y + 2.7¢\%) in the polarized (dashed line) and unpolarized case (dotted
line). The reason for showing this particular combination is that 4ra,(m?) ~ 2.7 for
charm production at COMPASS [31], where our photoproduction cross section will be
mainly used. We see from (7.2), that in order to obtain an estimate of the size of the
corrections LO ﬁ(rg) and NLO fl(,(,? + 4dmag fl(;z) should be compared with each other.

The form of the unpolarized and polarized scaling functions again differs quite strongly.
This time we can see directly that the scaling functions have in LO and in NLO the
behavior Ac,y — ¢4y for n — 0, and similarly for the “bar” scaling functions. Thus we
can conclude using (7.13), that as n — 0 the PGF partonic cross section (+—) — 0. In
LO this means that one helicity combination goes faster to zero than the other, but in
NLO actually 6(4++) becomes a non-zero constant in the n — 0 limit. The reason for
this is on one hand the graph Fig. 7.3 (a). Close to threshold the corresponding matrix
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Figure 7.7: The soft (V + S —A), hard (H + A), non-abelian (OK), and abelian (QED) parts
of the NLO polarized scaling function Acglg) in the MS scheme as function of 1. Soft-+hard
and OK+QED will both give Acl}) of Fig. 7.5.

element diverges ~ 1/, which corresponds to a Coulomb singularity for the heavy quark-
antiquark pair produced in close proximity and almost at rest. This becomes suppressed
by phase space integration ~ 3, and one ends up with a non-zero constant at threshold.
The LO matrix element does not diverge close to threshold since there is no interaction
between the produced heavy quark and heavy antiquark, compare Fig. 2.2, and so due
to the phase space the LLO partonic cross section goes to zero. On the other hand soft
gluon emission from the diagrams in Fig. 7.4 actually enhances the “hard” cross section
at threshold, since we have shifted the In*(A/m?) terms. Looking for example at A; in
(5.68), we see that it does cancel a 1/s4 soft s, — 0 divergence when added to the hard
cross section. But it also introduces a finite term, which after integration* over s, results
in a In(s7%/m?). Since s7*/m? ~ 32 for small 3, we get together with the phase space

4smax (¢, uy) occurs for tyu; = m?s, so in practice we transform the —u; integration to an s in-
tegration from A to sP#%(¢;) in (7.2). Then the A; depend on sP¥(t1) = s + t1 + m?s/t;. If we do
not transform, then sP** = s — 2v/m?2s with t; = u; = vVm?s. We cannot go closer to threshold than
spex = AL
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suppression a term ~ 31n 3. So these remaining logarithms give large contributions up
to small values of 5. We can clearly see in Fig. 7.7 both threshold effects: the “soft” part
(solid line), containing the Coulomb singularity goes to a constant and the “hard” part
(dot-dashed line) containing the remainders of soft gluon emission falls very slowly to zero.
Also shown is the separation according to color-factors, the 2Cr “QED” part is displayed
as a dashed line and the Cy “OK” part as a dotted line. We see that there are strong
cancellations between these two close to threshold: Ac%)(n =0) = (2Cr — Cy)m/32.

For n — oo, we find, like for E%lq), that c%lg) becomes constant, whereas Acg,lq) — 0
and the same happens for the “bar” functions. So (7.13) implies 6(++) — 6(+—). The
observed plateau in the unpolarized c%lg) again comes from a flavor excitation process, this
time a ¢-channel gluon is exchanged in the process Q g — Qg, compare Fig. 7.4 (d), and
similarly for the heavy virtual quark in the crossed graph. This appearance of qualitatively
new diagrams for the first time in NLO suggests, that really only NLO can be considered
to be the first relevant order for this process. The large difference between the “effective”
NLO combination and the LO result in Fig. 7.6 is thus no surprise. It is reasonable to
expect, that at NNLO we will not see similar drastic changes again, since corrections to the
Coulomb singularity, to soft gluon emission and to flavor excitation will be suppressed
by as and no qualitatively new diagrams appear in NNLO in comparison to NLO. To
demonstrate clearly the NLO effects, we display in Fig. 7.8 ratios of the partonic cross
sections. To avoid zeroes in the denominator at least in the gluon case, we will use f,,, (++)
and fy,(+—) instead of f;,;, and Af,,. We show as solid (++) and dot-dashed (+—) lines
the ratios of the “effective” NLO to the LO results, e.g., the solid line corresponds to

142.7¢5 (+4) /8% (++). The dashed line represents the absolute value of 2.7[c\ (++) +

0.6d%% (++)]/[E9 (++) + 2.7¢%%) (++)] and the dotted line similarly for (+—). These two
lines are supposed to give a rough idea® of how large the light quark scaling functions are
compared to the gluon ones. To explain the crosses with associated ., values in the
plot, note that when we calculate the hadronic photoproduction process by folding in the
appropriate parton densities, we will use s = x5, where S is the hadronic center-of-mass
energy®. Then

x Am?
—1 with ——
Zmin ’ S

n= = Tmin < <1 (729)

We obviously have Nmax = 1/&min — 1. So the crosses show the maximally probed 7max
for different z,,;,. It is also indicated which n range the COMPASS experiment [31] will
probe with charm photoproduction (m ~ 1.5 GeV and VS ~ 10 GeV for E, =100 GeV).

We see from Fig. 7.8, that the light quark scaling functions only contribute significantly
at high energies. There they can reach up to 35% of the gluon scaling functions. The
large n region is folded with the partons at large x, so the light quark contribution will get

>The factor 0.6 multiplying dglq)(++) is a simple minded average of eg/e% =1/4or =1foreg = 2/3.
%For photoproduction fY(x1,py) = 6(1 — 1), so that in (6.21) only the x = x5 integration remains,
and from k; = 21 K1 = K; and ks = 20 K5 = K5 we find s = 21225 = 2S.
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Figure 7.8: Ratios of NLO to LO gluon photoproduction scaling functions for the helicity
combinations (++) and (+—). Also shown are the absolute values of the ratios of NLO quark
to NLO gluon scaling functions. For details on the ratios, see the text. Nmax = 1/Zmin — 1
is displayed by crosses with corresponding xmin values. The 71 range that will be probed by
COMPASS [31] is indicated by an arrow.

enhanced there relative to the gluon one. But for COMPASS energies, we do not expect
much “contamination” from the quark sector, unless Ag is very small. We also see, that
the high energy NLO enhancements from flavor excitation is irrelevant for COMPASS. We
should not be worried by the massive growth of the NLO to LO ratio: LO goes to zero and
NLO to a plateau, so obviously the ratio becomes infinite for  — co. On the other hand
COMPASS will see the threshold enhancement from the Compton singularity and from
soft, gluon bremsstrahlung, in particular since the gluon scaling functions at the smallest
n will be folded with the gluons at the smallest x. However, for COMPASS “small” x
are still rather large x,,;, ~ 0.1 and the factorization scale ufc ~ m? ~ 2.25 GeV? is
rather low, so the enhancement due to the rising gluon at small x will not be too strong.
Furthermore both helicity combinations are enhanced, so we can expect less changes for
the NLO asymmetry ratios of polarized to unpolarized results. For n — 0 we indeed see
from Fig. 7.6, that at least on the partonic level LO and NLO ratios both become one.



7.3. Gluon-(Anti)Quark and Quark-Antiquark Scaling Functions 103

7.3 Gluon-(Anti)Quark and Quark-Antiquark Scal-
ing Functions

Figure 7.9: The only new Feynman diagram appearing in the §¢ — QQq process. The others
follow from Fig. 6.1 by replacing the photon by a gluon.

We now turn to the scaling functions for hadroproduction. Our first task will be to
compute the scaling functions for the process

G%(k1) + @;(k2) = Qr(p1) + Qi(p2) + ¢i(ks) - (7.30)

This is rather simple, since there is only one additional Feynman diagram. It is shown
in Fig. 7.9. The other contributions come from the diagrams of Fig. 6.1 with the pho-
ton replaced by a gluon, which naturally leads to a more complicated color-structure.
Furthermore, of course we have to compute the complete squared matrix element, which
includes the interference between the “new” graph and the “old” graphs. We can split up
the squared matrix element according to two color-factors:

~ —~— 1 - -
|ng|2 = Mg Mg, = EEQGW 2CrJqep + Cadok| - (7.31)
c

By inspecting the color-factors of the amplitudes and comparing with (6.2), we can im-
mediately conclude that

Joep = Ay + Ay + 245 . (7.32)

Thus we do not have to calculate the “QED” part! We can completely construct it from
the already known A;.

The pole structure of the “QED” cross section can be obtained from (6.3), and we set
eq,eqg — 1 and e — ¢ and divide by 1/(2N¢) to get the factors right. Note that for the
pole part we do not have to worry about the factor two in front of As, since it is finite
and does not appear. Also, as has been mentioned below (7.11), Aj; does not contribute
to the total cross section. So by defining two color-factor sorted scaling functions as

FOm) = Fqun () + Flox () | (7.33)
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Figure 7.10: The NLO polarized and unpolarized scaling functions fg(,}) and fg} in the MS
scheme as function of 7. The unpolarized scaling functions have been divided by 45.

corresponding to the parts of the total partonic cross sections that follow from the jQED
and Jok parts, respectively, we already know that

~(1 1 N -
Foaqen(m) = NG &) +d )| (7.34)

with 6%1,]) and ngq) defined in (7.12). Once more we get the “usual” factor 1/(2N¢) for
replacing a photon by a gluon. Analogous expressions to (7.33) and (7.34) are true for

the “bar” scaling functions fgl).
So we only need to calculate the non-abelian part. Its pole part is given by

~(1
dZUéq),OK _ CA
dtl du1 SNC

2 2(x2t1)u1 ~5ol
F.GIE. P [ ==~ ) A + 01 7.35

€ CYsg ( (.CUQS)Q ) 1 + ( ) ) ( )
with A*”® as in (6.3). G is defined in (6.5) and z, in (6.4). Of course we see that we

obtain exactly the necessary form for the mass factorization (6.31), if we compare the
newly appearing factor with the C'y part of (2.27). Again we do not quote the rather
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lengthy finite parts of both the “QED” and “OK” corrections. Our unpolarized results
are in complete agreement with those in [45].

0-0008 T LR | T L | T LI | T LI | T LI | T L |
0.0006 .
0.0004 .
0.0002 .
0 "'_ [, W \ T
-0.0002 i
- - Afg%) OK
_ Af ) OK
-0.0006 _ f g$C1|) | 45 OK
-0.0008 fg%) / 45 OK .
0. 01 0.1 1 10 100 1000 10000 100000

n=s/(4 m?) -1

Figure 7.11: The non-abelian “OK" parts of Fig. 7.11 associated with the color-factor C'4.
The abelian “QED" parts with color-factor 2C'r can be obtained from (7.34), and thus can
be compared to Figs. 7.1 and 7.2.

In Fig. 7.10 we show the corresponding scaling functions, the solid line shows the
polarized Afg(,}) and the dot-dashed line shows Afg% for the factorization logarithm. The
dashed and dotted lines display the corresponding unpolarized scaling functions, scaled
down by a factor 45 in order to fit in the same plot. We see again the behavior, that
for n — oo there is a plateau in the unpolarized part due to flavor excitation, whereas
the polarized part goes to zero, so we have (++) — 6(4+—) for this process. There is
however no clean numerical limit for 77 — 0, which is not surprising, since we have here
basically a combination of cgq) and dgq , which have different behaviors in that limit. The
role played by the additional f OK( ) and the corresponding “bar” functions is examined
in Fig. 7.11. The lines show the corresponding non-abelian “OK” parts for the color-factor
C4 of the scaling functions plotted in Fig. 7.10. The abelian “QED” part with 2C'r is not
plotted, since it can be constructed from the éé}) and dﬁ,{}, see (7.34). We find that the

fg(;?OK(n) and also the “bar” counterparts share the properties of the 6&) and their “bar”
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functions with respect to the n limits. This is no surprise, since its cross sections are
related in form, see (7.35) and (6.3). We see that in the polarized case, the non-abelian
parts in Fig. 7.11 are of similar size but quite different shapes compared to the totals in
Fig. 7.10, which means that we have strong cancellations with the abelian parts. On the
other hand in the unpolarized parts we observe similar shapes, but opposite signs. So
there are similar cancellations. Finally we would like to mention, that we can obtain the
reduced cross section for the production of a heavy quark instead of a heavy antiquark by
switching py <> ps with ¢; and u; defined with respect to the heavy quark. The behavior of
the abelian “QED” part for p; <> ps is clear from the ~q case, see (7.32) and the discussion
following (7.10). The non-abelian “OK” contribution to heavy antiquark production can
be similarly split into the sum of p; <> ps symmetric and antisymmetric parts. Then the
heavy quark production contribution is obtained by simply subtracting instead of adding
the antisymmetric part. Once more, charge conjugation

4’5 — 4’6 4’5 4’6
q = d qa =
dtldul (gq - Q) dtldul (gq - Q) an dtldul (gq - Q) dtldul

(99 — Q) ,
(7.36)

allows us to directly derive the reduced cross section of an incoming light antiquark [43].
Now we turn to the NLO corrections to the process

(k1) + @i (k) = Qi(p1) + Qu(p2) - (7.37)

The needed Feynman diagrams for the virtual corrections, which have the same external
momentum and color assignment as the LO process (7.37) and are computed with the
2 — 2 phase space (2.24), are shown in Fig. 7.12. We can separate the squared matrix
element of the interference of virtual with Born graphs according to the color factors

~ —_ C ~ ~ ~

(NI} = 2Re (M M) = o [2CrNaep + CaNox + Na | (7.38)
c

where the only diagrams contributing to Ny, are the quark loops of Fig. 7.12 (g). The

reduced partonic cross sections can be constructed for each color-part separately. The

one following from the quark loop Ngq, is finite after renormalization and yields

2(1 Vv -
P54 _ o) (5w 1) Am s fls+2m?) )\ a0
dtldul 3 3 S i % S dtldul

(7.39)

where the LO cross section can be read off (2.24) and (2.29) with ¢ — 0. In the unpolarized
case this is equivalent to Eqn. (2.15) in [45] upon taking the limit m; — 0, where my, is
the mass of the light quarks. We will not show the other reduced virtual cross sections
because of their length, but they can be reconstructed from the virtual plus soft cross
sections discussed later.
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(a) (b) (c)
(d) (e) ()
(8) (h) (i)

Figure 7.12: The NLO virtual corrections to § § — QQ. There are two additional diagrams,
one is obtained from reversing the heavy quark lines of graph (a), the other from replacing the
gluon loop of graph (f) by a ghost loop. The quark loop of graph (g) has to be computed for
massless and massive quarks. Vanishing light quark self-energy loops on the incoming lines,
see (3.3), are not shown.

Next we need to calculate the bremsstrahlung process

35(k1) + @i(k2) = Qr(pr) + Qu(p2) + 9" (ks) - (7.40)

The corresponding Feynman diagrams are shown in Fig. 7.13 and lead to a squared matrix
element

5 S C 3 s
|Mp|* = MpMj, = ¢° = |2CrOqen + CaOox| (7.41)
C

where we have again sorted according to the occurring color factors. We have calculated
these graphs, but in the unpolarized case they can also be obtained from those for the
97 — QQq process, by crossing ks <+ —k; and multiplying with (-1) for crossing a boson
and fermion. By crossing and comparing graph by graph, we have a consistency check of
our unpolarized results. The collinear pole part of the hard bremsstrahlung cross section
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el

(a) (b) (c)

(d) (e)

Figure 7.13: Feynman diagrams for the NLO gluon bremsstrahlung process ¢7 — QQg.

then becomes

H
25V C 9 .
q7,QED _ F H 3 pole
T aaQED ) TF oo p GO o), 7.42
( dtdu, AN, “TFhee Qs HarD +0(1) (742)
11 2 t2 2 2 2
H(SOEI% I e it (x1uq) L 2m
t11—m (x15)? 18
L1 et g 2mT) (7.43)
up 1l —xy (x95)? o8
ole ole
AHRSe — — ROk (7.44)

where only the abelian “QED” part is shown, because the hard non-abelian “OK” part
is completely finite. G is defined in (6.5) and z, 75 in (6.4). As expected, we find the
form necessary for the mass factorization in (6.33), see the hard ©(1 — z — §) part of
(6.34). The lengthy finite contributions can be found in our computer program, which is
available upon request. Our unpolarized results agree with those of [45].

We can quickly derive the soft limits of the OQED and OOK, as we did in the case of
74 in (7.21) and (7.22)

N 8 [ s 2t, 2t 2u; 2wy s—2m? m? o] +
Sy = & 2y — — —m?| Agep, (745
QD g2 L_u sst! Wt ssul 53 557 qep - (7.45)
3. 8 S 21 t1 2w 2uq s —2m?] -
o t st Wt sl s wER

(7.46)
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in agreement with [45] in the unpolarized case. From them we derive the soft cross section,
as for (7.23) and (7.24):

s
225 C . S 4 4. sm® 16, t
q7,QED F S 3 1
= 20pF.G2 a2 A —— 4+ -ln—+4+ —In—+2
( dtduq 4N Flelre X AQED ez ¢ + € t tiuq + € t Uy +

t 2 2 t
—8lnseln L+ Lo (1= ) 48y (1 - 2

Uy tiuy tiug Uy
u 202m? — s
_1>+¥

—8Lip | 1 —
12( »uty Sﬁ

[ln 2c — S(»)] }5(34) : (7.47)

S
25V C _ 4 2 12 ¢ 2 ¢
( 97,0K __r CAFEGESOégAQED __lnﬂ__ln_l_1n2ﬂ+61n%ln—1

dtldul 4NC £ t1u1 £ U1 t1u1 Uy
t 2 t
FIn2 2 Cin?se— 21, <1 . ﬂ) — 6 Li <1 . —1>
Uy t1u1 Uy
Fomi, (1- ) 4 22 =) g Ly (7.48)
i - — —=5(2 s .
2 %tl 86 4) >

where S(5) and G¥ are defined in (7.25) and (7.26), respectively. Aqpp is the LO ex-
pression of (2.30). Our unpolarized results for the soft bremsstrahlung cross section once
more are identical to those of [45].

We now perform mass factorization for the hard H and the renormalized virtual plus
soft V' + S part, keeping in mind to use (6.35) to guarantee helicity conservation. We can
then split the V + S part as

250\ 08 o i . ) L
qq =5 =" |90 <K K ) C <K K )
dtldul 52 4NC |: F QED + QED +Ca oK T Kok

+ RQL —+ 250KRF:| 6(84) y (749)

where we have included the virtual quark loop contribution of (7.39) in the Kq, and ex-
plicitly separated out the part proportional to 5y, which corresponds to (7.8) and vanishes
for pu, = p1y. The coefficients are given in App. C and are exactly equal in the unpolarized
case to those found in App. A of [45]. Actually we show in App. C the unpolarized results,
which then can be directly compared to the results of [45]. We find for our polarized re-
sults that as expected helicity conservation holds and thus the polarized coefficients are
simply (-1) times the unpolarized ones”. We find that helicity conservation holds for the
hard part as well after mass factorization. Thus our unpolarized and polarized H parts

THelicity conservation requires for a quark-antiquark vertex that |M|* (++) = 0 and hence that
2

[M]" = —=A|M]?, see (2.10) and (2.11).
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Figure 7.14: The polarized quark-antiquark scaling functions in LO qu(g), and NLO qu%)

and qu%), in the MS scheme as function of 1. The quark loop contribution is included
with the number of light flavors n;; = 3. For comparison the effective NLO combination

qu(g) + 2.7qu(;) is also shown.

are equal to those of [45], with a sign for the polarized case. It is important to keep
in mind though, that this would not have happened, if we had not corrected the helic-
ity breaking of the HVBM ~; scheme [54] by using (6.35). Furthermore we would also
not have obtained this result without calculating the hat momenta contributions, which
happen to be equal to one half the HVBM corrections.

We can of course again extract scaling functions from our results according to (7.2).
Note that we enforce (7.8), i.e., the only dependence on the renormalization scale apart
from a,(pi2) is due to a logarithm In(z2/p3). So In(u?/m?) terms from Kok and Kqp are

changed to In(u%/m?) and the additional Kgp collects the In(p7 /1) pieces to keep the

sum unchanged. This means f, ,(]2—) multiplying ln(ufc /m?) receives additional contributions
when requiring (7.8). We plot the polarized scaling functions in Fig. 7.14. Apart from
extending the n-range and having a sign due to helicity conservation, this plot does not
exactly reproduce Fig. 5 of [45], though the differences, which occur in the medium 7
range, are small. The reason is that when one includes the quark loop contributions
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Figure 7.15: The non-abelian (OK), abelian (QED), and quark loop (QL) parts of the NLO
polarized scaling function qu(q}) in the MS scheme as function of . The quark loop contri-
bution is shown for three and four light flavors n;¢, and the OK and QED scaling functions

have been divided by six. OK+QED+QL(n;; = 3) will give the AfD of Fig. 7.14.

IN(QL, one has to specify the number of light flavors n;;. We have chosen n;y = 3 with
charm production in mind, whereas the authors of [45] have chosen n;; = 4. Thus there
are slight differences in the soft plus virtual parts, which disappear when we also set
nyr = 4. We have again plotted the “effective” NLO combination for charm production
A fq(g) + 2.7A fq(;), which gives an estimate of the total scaling function at NLO with
4rag(m?) ~ 2.7. We see that the NLO contributions strongly dominate towards threshold
n — 0. Again this comes about on one hand because of a Coulomb singularity yielding
a constant at threshold in the S + V part, see Fig. 7.12 (d), and on the other hand
because of soft gluon emission left-overs in the hard part, see Fig. 7.13. There are no
flavor excitation graphs in this process, so we do not find an enhancement at n — oo.
Note that the NLO part qu(;) changes sign in the n range of approximately 0.7 to 20.
Thus the effective NLO combination (dotted line) is above the LO result (dashed line) in
that region. Concerning hadronic cross sections at RHIC [32] with v/S = 200 GeV and
m, = 1.5 GeV, we find xp;, = 2.25- 1071 So using (7.29) we get for the product z;z,
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which replaces the single x of photoproduction, 3.8 - 107* to 4.5 - 1073 in this 1 range.
Thus we can expect significant contributions from this region.
Finally, in Fig. 7.15 we show A fq%) split according to its color-structure. The sum

of the non-abelian, abelian and quark loop contributions gives back qu%), see (7.41)
and (7.49). To make the small quark loop parts more visible, we have divided the other
contributions by a factor six in the plot. We see once more the strong cancellations
between the “OK” and “QED” parts. But even their sum dominates over the “QL”
contribution for n < 0.4, there the ratio “QL/(OK+QED)” is below 10%. At threshold
we find Af(%) = —EV—Z(QCF — Ca){z- The “QL” part is shown for three and four light
flavors and we see that the changes introduced by adding one light flavor are small, and
will mainly be felt in the medium 7 range. Finally we would like to mention that we can
again obtain the results for the production of a heavy quark instead of a heavy antiquark
by switching p; <> py. In this case it is however easier to use charge conjugation

i g) - &0 i 75 _
q = 7, d ~ — _
dtidu, (97— Q) dt,du, (7¢ = Q) and - Fdu, (¢7 — Q) ddun (g — Q) ,
(7.50)

and additionally ki <> ks or equivalently ¢; <> uy, which crosses the initial states qq <> qq.
So in this case one obtains the corresponding heavy quark production expressions by
interchanging ¢; <> uy, with ¢; and u; now referring to the heavy quark [45]. Naturally
we can also derive the results for a light antiquark instead of a light quark as parton for
one hadron and vice versa for the other hadron by using k; <> ko (1 <> uy) [45].

7.4 Gluon-Gluon Scaling Functions

The final subprocesses we have to calculate for hadroproduction are the NLO corrections
to gluon-gluon fusion

Gek) +3"(k2) — Qi(p) + Q;(p2) - (7.51)

The virtual corrections, with the same external momentum and color assignment as in LO

(7.51), are computed with the 2 — 2 phase space (2.24), and are displayed in Fig. 7.16.

We can again split the squared matrix element according to color factors

(2CF)*Uqep + C3Uoq + Uk + Calqu|
(7.52)

~ 9 o /_\/* B 9 6
|M|VB = 2Re <MVMB> = EE qg m

where the “abelian” Uqgp is connected to Vgep of (7.15) with the usual factor 1/(2N¢)
for replacing a photon by a gluon. ﬁQL only receives contributions from the quark loops.
The other two collect “non-abelian” contributions. Compared to Eq. (3.3) in [44], we have
averaged over color and chosen a slightly different way of splitting the results according
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Figure 7.16: The NLO virtual corrections to §7 — QQ. Additional graphs are obtained by:
replacing the photon by a gluon in Fig. 7.3; reversing the heavy quark lines in (a), (d), and
(e); and setting the loop particle to a (heavy) quark and ghost in (h), a ghost in (j) and a
heavy quark in (k). Massless particle loops similar to graph (e), (n) and (o) vanish, see (3.3).
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to color. Also we already include a factor 1/4 for spin-averaging in the unpolarized and
as a convention in the polarized case. Taking all this into account, for comparisons with
[44] one should use

1 1
Uarn = SV, Uog = (V™ — VBN,
1
2

1 (7.53)
Uk = S (VNS 1 3VBI0S) | Uigy = Tyxs
where the coefficients marked “BKNS” are those of [44]. Note that due to our “ghost
trick”, see Fig. 2.1 and App. B.4, for the diagram structures (a), (f), (g), (h), (j), (1) and
(m) in Fig. 7.16, there are also diagrams with incoming ghosts to be considered, which
are not shown. We postpone further discussion of the virtual results, and examine first
the bremsstrahlung reactions.

(a) (b) (c)
(d) (e) (f)
\x\ P \x\
(h) (

(g)

i)

Figure 7.17: Feynman diagrams for the NLO gluon bremsstrahlung process §§ — QQg.
Replacing the photon by a gluon in Fig. 7.4 and reversing the heavy quark lines of (a) yields
the remaining graphs. Many initial to final or initial to initial ghost contributions, for example
(h) and (i), have to be subtracted in the unpolarized case to cancel unphysical polarization
contributions, compare Fig. 2.1 and App. B.4.
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The bremsstrahlung diagrams are presented in Fig. 7.17 and we assign color and
momentum according to

g (k1) + G (k2) = Qi(pr) + Q;(p2) + g°(ka) - (7.54)

Note that we have this time external ghost graphs both for replacing two initial gluons
and for replacing one initial and one final state gluon. There is a similar color split for
the squared matrix element

| Mg[* = MpMj, = E2 °

and compared to the R; in Eq. (4.4) of [44] analogous relations as in (7.53) apply. The
collinear pole part of the hard gluon-gluon cross section then becomes

d25.!(}1})OQ ! Cfx H 2 32 Trpole ~rpole
Cmon ) Ch o p G2 [(1 - ) H (1~ o) ] + O().

dtldul Ngv - ].)
(7.56)
H
d25.(1) 1 2. B
99,KQ Hp2 3 pole pole
TS R S el e [H i ] o(1) 7.57
< dtldul Q(Ng, . 1) € aasg OK1 + OK2 + ( ) ( )
2t1(x1u1) Q(xgtl)ul
Hiy = ——= Hyy = 7.58
ole 1 1 1
HSKIZ_E 1_1‘1+x—1—2—l‘1(1—l‘1)
ty Tiuy  4m?(x,s) [ mZ(xls)]}
: + + 1-—- , 7.59
{$1’LL1 tl tl (IL’IU1) tl(xlul) ( )

1 1 t zyuy\ [2m?(zy5s)
AHPOE = —— — 22, +1 1
OK1 tl (]_ — T Tt > (xlul + tl > |: tl(xlul) ’

11
Hg‘;g:——[ +——2—x2(1—x2)]
: {Ml L dmi(ees) {1 - L(M)]} , (7.60)

(z2t1)uq
1 1 Tot; 2m?(5)
AHPO® = —— — 2,41 —1
OK?2 U1 (1 — T2 T2t > < U1 + x2t1> |: (l‘Qtl)Ul ,

and the “QED” part is completely finite. GZ is defined in (6.5) and z1, 79 in (6.4). We
have written the results in a form which is easily comparable with the mass factorization
formula (6.30). To this end note that 2CrCy = C% — 1. Our unpolarized results agree®

8The comparison is somewhat protracted, since they do not bring the result in a simple “factorization”
form. Replacing s +t; — —uy/x2 in their expressions helps to disentangle the terms.
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with those of [44]. The finite results are too long to be quoted here, but can be found in
our computer program.
We take the soft limit of the matrix elements in (7.55) and find

~ 2 m?  2m? —s] -
SoEp = —— |m? + — B 7.61
QED 32 {m +§2+ 5 ] QED 5 (7.61)

~ 2 12m?—s 2 +u?  2mPtu 1 t2u 1 1
SOQ:—2[ +L1 11<1+—2>+1—1<—+—>
sy S3 st'u' S S t’

Bagp - (7.63)

fg (L
u_
A\ s

Using relations analogous to (7.53), we find that these limits are indeed equal to those
found in [44] for the unpolarized case.

From these soft matrix elements we can directly derive the soft cross sections as before,
and obtain

S
PGy (20)? B > omos
- F.GSE2a2=ER 0~ Ins— S(0)] b 6(s4) |
( dtydu, O(NZ —1) = =% { St T3 [In > (%)]} (54)
d265(111),0Q ’ Czl F.GSE2 3BQED 2tiuy (2 1)+ (1 2t uy
= eEMe Eas - = —
dtrdu 2(NZg — 1) 2 2 \e 32

8 2 m?s 1 m?s 21 m?s
=4+ Zn— 4+ —(In* — 4+ 1In®> = —In? Lip |1 — —
[62+5 nt1u1 +2(n v +1In " n” s) + Liy vy

2 — u? t 2 t
+ 1 2UI {ln—1<——+ln%> —L12 <1——1> +L12 <l—£>:|
S Uq e U ti1x

2m? — s {%ul e S(%)} }5(34) , (7.65)

(7.64)
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~(1 S -
dQUgg),KQ _ i F.GSE203 Bqep 8 2wy (2 1) = 12 128
dt,du, 2(NZ —1) "¢ 7% 2 g2 52 £ Uy

22m? — s tiu tiu
2 e A ) {_ ;211M+ <1+%> S(%)] }5(54),

s
(7.66)
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where S(3¢) and G2 are defined in (7.25) and(7.26), respectively. Our unpolarized results
agree’ with those of [44]. We see comparing (7.61) and (7.64) with (7.21) and (7.23),
that the “QED” part of the gluon-gluon partonic cross section is indeed just 1/(2N¢)
of the “QED” part of the photon-gluon one. So our choice is “natural” concerning the
color-factor of the “QED” part, since we get the usual factor for replacing a photon by a
gluon.

0.12 LR | LR | LR | LR | LR | LR | LR | L |
—— af ) hard
01 _____ f g(é) hard / 4
L (O) ;_;' ./'/./ i
0.08 | Afgg |
...................... (O
99
0.06 4
0.04 4

0.02

0.1 1 10 100 1000 10000

20,02 Lt
le-05 0.0001 0001 001

n=s/(4 m%) -1

Figure 7.18: The hard (H + A) part of the NLO polarized and unpolarized scaling functions
AFY and £3), respectively, in the MS scheme as function of . For comparison the LO
polarized and unpolarized scaling functions Afég) and fég), respectively, are also shown.

Now we should combine the virtual and soft cross sections. However, though the
matrix elements and tensor integrals have been calculated, we have not yet combined
the virtual results. This will be done in a later publication. For the time being we will
just take the In(A/m?) parts of the soft cross sections (7.64) to (7.66) and add them
to the reduced hard parts after mass factorization. This way we can already present
the “hard” part of the fg(;) coefficient functions in Fig. 7.18. There the solid line shows
the “hard” part of the polarized scaling function A fg(;), and the dot-dashed line displays

Tt is useful to note that their color-factor K Cqrp = 2[(2CF)? — C% + 3]/[2(NZ — 1)].
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the corresponding unpolarized scaling function fg(;). For comparison we also plot the
dashed and dotted curves, displaying the polarized A fg(g) and unpolarized fg(g) LO scaling
functions, respectively. We see that the situation is very similar to the vg case concerning
the threshold and high energy limits. But here the NLO corrections are even larger, in
particular at high energies. The corresponding heavy quark production expressions have
the same form, but with #; and u; referring to the heavy quark, since the squared matrix
elements are p; <> po symmetric [43]. We postpone further discussions of the gg scaling
functions till the time when the virtual plus soft part and hence the complete result is
available.



Chapter 8

Hadron Level Results

8.1 Hadronic Cross Sections

Let us first of all recall the relevant formulae for calculating differential single-inclusive
heavy (anti)quark distributions. We denote the momenta in the heavy (anti)quark pro-
duction cross section of a hadron of type a with a hadron of type b by

H*(Ky) + H'(K3) = Q(p2) [Q(p1)] + X, (8.1)
and use the following hadronic invariants for the observed heavy antiquark
S = (K1 + K2)2 Wlth S = (!L'lKl + IL'QKQ)Q = !L'lfL'QS 5

Tl = (KQ — p2)2 — m2 with tl = (.CUQKQ — p2)2 — m2 = l'QTl s (82)

U= (Kl —p1)2 —m®  with uy = (lel —p1)2 —m’® = z Uy,

where we have introduced the momentum fractions x; in k; = 21 K; and x5 in ky = 25K
to relate the hadronic to the partonic variables in (2.18), thus K? = K27 = 0. For an
observed heavy quark one would set p; — po in (8.2). Thus the hadronic and partonic
Mandelstam variables are always defined with respect to the observed heavy (anti)quark.
How one can obtain the reduced partonic cross sections for heavy quark instead of heavy
antiquark production has been discussed for each subprocess individually in Chap. 7.

We have in the hadronic cross section formula (6.21) the conditions 0 < xy, 25 < 1.
But we know that

Sy =8+ tl +up = 1‘1!1,'25 + 1‘1T1 + IL'QUl Z A N (83)

where A > 0 only for the “hard” parts and zero otherwise. Hence we can derive lower
limits from the process kinematics

de® (K, Ky) ! ! . . Ao i (21 K, 5 K)
D S . VA d d a 2 b 2 m )
AT, dU, lEm /xllnin 1 /xrznin Ty T f) (xlalu’f) x2fm(x2;,uf) dt,duy )

(8.4)
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with

T1 A — T U1
R S and gt =T 8.5

! S + U1 2 $1S + T1 ( )
and A = 0 in (8.5) except for the “hard” parts of the cross section'. Note that the
extra factor zyxy on the r.h.s. in comparison to (6.21) comes from dt;du; = xyxodT1dU;.
2 — 2 partonic cross sections (Born, virtual and soft ones) have a factor §(s +t; + u;) =
d(z129S + 22T) + 21U7), so then (8.4) becomes

2242 .
dalm (l‘lKl,l'rQang)
dtldul ’

(8.6)

do® (K, Ky) /1 dx,

- - ra 2 rnln rb min
dT1dU; gmin T1.5 + T1x1fl (1, 1) 3™ fon (3™ )

I,m

with A = 0 in 2", For the hard 2 — 3 parts it is advantageous to change the inner
integration variable ro — s4, then we have

dO’ Kl,KQ
R z / xls —ra S )
max ~2—3
53 N A6y, (11K, 75 K5)
) d ! b / 2 Im 72 8.7
/A 54 T frn (T3, 117) i du, , (8.7)
with
— U
xIQ — M and Sznax = ZL'IS —|— TI + fL'lUl . (88)

1'15 —+ T1

Note the common factor 1/(z1S + T7) in (8.6) and (8.7). Written this way, it is obvious
that (8.6) is the s4 — 0 limit of (8.7). Also we can easily see how 2 — 2 processes can be
included in the 2 — 3 integration of (8.7) by using (5.67) for the partonic cross sections
and x5, — (A = 0) in x4 f° (=), 117)-

To obtain the integration limits for the total hadronic cross section, we can proceed like
for the derivation of the limits for the partonic cross sections, see the discussion leading
0 (7.2). We just have to replace the s, 1, u; by their hadronic counterparts S, Ty, U; and
so the result is

S (1485) S+T, d25.ab(s T U )
~ab S /2 d(—T, / d(—U » 41, Y1
o ( 7m ) % - 55 ( 1) _%ZS ( 1) dTldUl

: (8.9)
= Z/ dx; /mm dzy fz (xlaﬂf) f (xzauf) Uzm($1$25 m )

min

! The tilde notation refers here, as throughout the text, to both the polarized case, @ — Aa, and the
unpolarized case, a — a.
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/ 4m? Am?
/BS: I_T, l‘min:T:]_—Bg,, (810)

where the &y, are the total partonic cross section of (7.2). The second line of (8.9) follows
from inserting (8.4) and reshuffling the integrations. In the case of “direct” photoproduc-
tion we can insert

fl(@,pw7) =6(1 — ) (8.11)

in the formulae (8.4) to (8.9) we have just derived, see the discussion leading to (6.26),
which immediately yields simpler formulae by collapsing the z;-integration to x; = 1.

The differential heavy (anti)quark cross section (8.4) should be expressed in variables
more suited for experimental measurements:

T\U
transverse momentum/mass : xp = ij;x , m2T =m? 4+ pgp hCMS IS ! ,
pr

. pr nems 1. Uy

rapidity : =artanh == =" —1n — 8.12

pidity :  y Z S (8.12)

Feynman — z : ap = & hMS R )

y * F = prilax 55 S )

where the relations to invariant hadronic Mandelstam variables (8.2) are valid in the
hadronic center of mass system (hCMS). The energy and the longitudinal momentum
of the heavy antiquark are given by E = mprcoshy and p;, = mgsinhy, respectively.
pr = |Pr| is the absolute size of the transverse momentum and

max max \/gﬁ
br =Dp, = TS . (8-13)

y and x5 of the observed @ in (8.12) are defined in the hCMS with the forward direction
(y, zp > 0) along the incoming particle with K (the photon in photoproduction), i.e.,

T, = —V/Smre ¥ = —\/gpfax(x —zF),

(8.14)
U = —\/ngey = —\/gp?aX(X + 37F) )

where x = /2% + (mp/pP®)2. Under a boost in the direction of the unit vector &,
with p;, = p- €, to a frame K* with velocity 8%, pj = pr is of course invariant and
y* = y—artanh $*. Hence also the shape of a rapidity distribution df (y*)/dy* = df (y)/dy
remains unchanged by such a boost.

The Jacobians needed to express (8.4) in the variables (8.12) are

dTydU; = Sdmzdy = gdm%dxls , (8.15)
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ma,x)

and dm?% = 2x7(pP*)2dzr, etc. By integrating the variables in (8.12) over the appropriate

limits

arcosh ‘F 1+B5

S/4 , Teomn?y ,
S/m2 dmi, /_arCOSh 5 dy = S/ s * dy /m2 dmi , (8.16)
S/4 A/ 1= $(1-p%a3)
/ me/BS dx_F — S/ dxF/4 o dmy (8.17)

4mT
S

the total cross section (8.9) is of course recovered.
Finally it should be noted that experiments do not determine the (differential) longitu-
dinally polarized cross section (d)Ao itself, but rather the corresponding spin asymmetry

(d)Ac?®

ab __
AV = (d)o-ab

(8.18)

In (8.18), which is nothing but the counting rate asymmetry for the two possible helicity
alignments of the incoming hadrons (2.2), the experimental normalization uncertainty
and some systematical errors conveniently drop out. However, in the following we will
concentrate on the polarized cross section itself as well, since we are interested in the
influence of the spin-dependent NLO corrections. The calculation of the spin asymme-
try (8.18) introduces additional theoretical uncertainties associated with the unpolarized
(differential) cross section.

8.2 Numerical Studies for Photoproduction

Equipped with the necessary technical framework, we now turn to some numerical appli-
cations. Unless otherwise stated we use here the GRV’94 [62] and GRSV standard [15] set
of unpolarized and longitudinally polarized parton distributions, respectively. However,
it should be mentioned that the detailed choices with respect to the running of a, and
the evolution of the parton distributions used in the MS parton density fits are usually
not exactly the same as in our MS,, scheme. Generally ny instead of n;r is used in Sy 1,

e., the produced heavy quark flavor is not explicitly decoupled at low energies. Fur-
thermore, bottom production in the MS,, scheme requires four light flavors, i.e., charm is
treated as “massless” and should enter the calculation with its own evolving probability
distribution. But for example in the case of GRV/GRSV [62, 15], flavor thresholds are
only introduced in the running of ay, i.e., there is no charm distribution. On the other
hand, the effect of setting n;; — ny on the running of «y is negligible. Also the quark
contribution is small compared to the gluon one, as we will see, but particularly so for
“heavy” (massless) quarks, which are introduced only at high scales and are always sup-
pressed due to the longer evolution length of the light partons. Hence we will simply use
ny instead of n;y in By for the running of o and use only three light flavors even when
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calculating bottom production. So our conventions for calculating hadronic cross sections
match those of the GRV/GRSV parton densities [62, 15], but we nevertheless use our
MS,, results for the reduced partonic cross sections. The errors introduced by this slight
inconsistency are completely swamped by the scale variation uncertainties we will discuss
next and hence are of no practical relevance. Since only the photoproduction result is
complete in NLO, we can only examine this reaction?. Unfortunately we have no data so
far, but in the near future COMPASS [31] is going to measure the total (anti)charm spin
asymmetry AE;) with sufficient accuracy. Therefore we mainly focus on the kinematical
range accessible by COMPASS in our analysis below, i.e., VS = \/Siw, =10 GeV. It is
currently under scrutiny whether it is physically feasible and sensible to run HERA in a
polarized collider mode in the future [28], and therefore we either show or comment on
the corresponding results at HERA collider energies as well. At HERA a sizable portion
of the ep c.m. energy 300 GeV can be transferred to the photon-proton system. We use
V/Syp = 200 GeV in the following as typical®> HERA photoproduction energy.

In order to investigate the theoretical uncertainty of predictions for the total polarized
cross section induced by the dependence on ., p1f and m., we define

Ao, (r, f,c) — Aol (r = f =2.5,¢=1.5)
Aos,(r=f=25,c=15) (8.19)
2 2

Wy =rmg , uff:fmz, m. = c GeV

R(r, f,c) =

which uses the prediction for one particular choice of scales Ao, (u2 = p = 2.5m7, m. =
1.5 GeV) as basic value for computing relative deviations. In the plots of R the LO
and NLO GRSV standard parton densities [15] have been used. We start by keeping
m, = 1.5 GeV fixed and varying only p, and ps. Thus we plot R(r, f,1.5) in Fig. 8.1 for
two center of mass energies v/S = 10 and 200 GeV. R is shown in percent and contour
lines in steps of 5% are drawn on the surface of the plot and as projection on the base.
A small circle marks R(r = 2.5, f = 2.5,¢ = 1.5) = 0, so the contour of zero R runs
through this circle. At the base we also draw a line for the usual choice p, = py to
guide the eye. Note that in plot (d) we have multiplied R with (-1) to to achieve a nice
presentation in the same form, i.e., the change in the low r and high f region is opposite
to the one for the LO plot (¢). As can be inferred from comparing the LO and NLO
results at both center of mass energies in Fig. 8.1 (a) vs. (b) and (c) vs. (d), respectively,
the scale dependence has been drastically reduced in NLO over the entire range of ;15 and
14, which underlines the importance of the NLO results. Moreover, in NLO the choice
ff = |1, is approximately on the contour for R = 0, and R is flattest for large p1; and p,.
This motivates the choice of scales, py = p,, which we will use henceforth. For reasonable
changes of y; and y, in Fig. 8.1, the polarized total charm production cross section (8.9)
varies by about 15% at VS =10 GeV and 25% at v/S = 200 GeV in NLO as compared

2 Also we are forced to ignore the resolved contributions. However, they are not expected to introduce
major changes to the results presented here, see the discussion above (6.27).
3For example the “ETAG33” sample of [22] has (,/S,, ) =194 GeV.
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Figure 8.1: R(r, f,1.5) in percent, see (8.19), for renormalization p?> = rm? and factorization
p% = fm? scale variations with /S = 10 GeV: LO (a) and NLO (b), and v/S = 200 GeV:
LO (c) and NLO, times (-1), (d). The charm mass m. = ¢ GeV is set to ¢ = 1.5. Also shown
are a O symbol at R(2.5,2.5,1.5) = 0, contour steps of 5% and a r = f line at the base.
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to about 45% at V'S = 10 GeV and 50% at v/S = 200 GeV in LO. Contrary to the naive
expectation, the scale dependence becomes slightly stronger for higher energies. But this
effect mainly comes from the corner of low r and high f. For larger r, the dependence on
f is reduced at higher energies in NLO. Note also that at /S = 200 GeV, the LO R = 0
contour has moved closer to the y, = py line. This is in contrast to V'S =10 GeV, where
this line is basically the direction of strongest change. We have not studied whether this
trend persists at even higher energies, since the numerical integrations become very time
consuming and since LO is expected to be inadequate at high energies due to the lack of
flavor excitation subprocesses.

Next we wish to examine the dependence on m,. Fig. 8.2 shows R(r,r,c), i.e., we now
keep jt, = py = p all the time, but still vary ;1 to see whether the m. dependence of the
total polarized cross section is influenced. Again contours show steps in percent, but now
they mean differences of 15% each! So we can immediately conclude that the dependence
on the charm mass is much stronger than the one on the factorization and renormalization
scales, in particular at lower energies. Again a small circle marks R(r = 2.5, f = 2.5,¢ =
1.5) = 0 and we show a line for r = f = 2.25 at the base of the plots. We see that
at low energies NLO is much more stable than LO, we get about 135% variation in LO
compared to about 45% in NLO in Fig. 8.2 (a) and (b), respectively. However, at large
energies LO and NLO both vary by about 45%. So in NLO the dependence on m, stays
roughly constant, whereas it strongly increases in LO at lower energies. It is surprising
that NLO improves the stability of the predictions against variations of m.. But we have
set p7 = p7 = rmg, so we indirectly probe the stability along the y, = j line! Obviously
then the differences between LO and NLO are largely due to their behavior for p, = uy
discussed above. Note that at v/S = 10 GeV the dependence on m, is least in NLO
for small » = f values, in particular there is little variation for low values of m,.. But
concerning the dependence on r and f separately in Fig. 8.1 we would favor larger values
to stay in the “flattest” region. We will use a compromise value of p, = py = 1.5 me,
which means r = f = 2.25, as standard value in the following. This choice is shown by the
line included at the base of the plot in Fig. 8.2. It is lower than the choice p, = p1y = 2m,
used in [34, 35], which optimized the dependence on f, and p;. Here we will basically
only vary m,, since comparing Fig. 8.2 and Fig. 8.1 makes obvious that this will give the
major part of the theoretical uncertainties. Note in particular that the changes induced
by varying m, are more or less independent of the variation of » = f, i.e., the contours
are close to being parallel to the r = f axis. Finally it is perhaps more natural to use
a standard value for f, ¢, which is not at the high edge but rather in the middle of the
usual variation range m. < p, r < 2m,.. We will in the rest of the paper vary m, in the
range from 1.4 to 1.6 GeV, instead of the larger range 1.35 to 1.7 GeV in the R(r,r,c)
plot, to give a rough estimate of the theoretical uncertainty. This basically amounts to
taking the results for the charm mass collected in* [1] at face value instead of using the
conservative range also quoted there.

4Note that their table shows all results converted to the running mass of the MS scheme. The pole
mass we need here is approximately 20% larger.
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2 r=f
(¢)

Figure 8.2: R(r,r,c) in percent, see (8.19), for charm mass m. = ¢ GeV and renormalization
scale ;12 = rm? variations with v/S = 10 GeV: LO (a), NLO (b) and v/S = 200 GeV: LO (c),
NLO (d). The factorization scale ;7 = fm? is set to f = r. Also shown are a O symbol at
R(2.5,2.5,1.5) = 0, contour steps of 15% and a r = f = 2.25 line at the base.
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Figure 8.3: xp-differential polarized anticharm photoproduction cross section dAaf;p/de in

LO and NLO at v/S = 10, 200 GeV with the GRSV standard polarized parton densities [15].
Thick lines have m,. = 1.5 GeV, thin lines with largest positive peak have m, = 1.4 GeV, and
the other thin lines have m, = 1.6 GeV. In NLO the thin lines are connected to form a band.
We have set p2 = p2 = 2.25(m2 + p%). The curves for v/S = 200 GeV are multiplied by 1/7.

We will now take a look at pr, or equivalently zr, see (8.12), differential results.
The reason is that we wish to derive a good value for an acceptance cut on pr in order
to enhance the asymmetry. We expect that the COMPASS experiment [31] will not be
able to accurately measure differential distributions. But they are still useful as a guide
for possible cuts. Fig. 8.3 shows® dAoS,/dxy for VS = 10 GeV and 200 GeV. We use
pZ = py = 2.25(m? + p7) here, since it can be expected that p7. becomes a relevant scale
when it is not integrated out. This choice reduces to the standard choice for the total
cross section fi, = gy = 1.5m, in the limit of small pr. Here and in the following we
always plot as thick line the result for m, = 1.5 GeV and for the thin lines we vary the

®There are changes in the ballpark of 10% in the following differential curves as compared to [35]
due to the scheme inconsistency corrected in [37]. For the total polarized cross section the changes are
smaller.
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Figure 8.4: xp-differential polarized anticharm photoproduction cross section dAaf;p/de

in NLO at /S = 10 GeV with the GRSV standard, DSS set 3, and GS A polarized parton
densities [15, 17, 18]. Thick lines have m,. = 1.5 GeV, thin lines with largest positive peak have
m. = 1.4 GeV, and the other thin lines have m, = 1.6 GeV. The GRSV standard curves are
connected to form a band. We have set 12 =y} = 2.25(m + p7). An analogous unpolarized
curve (NLO GRV'94 parton densities [62], m. = 1.5 GeV) is shown divided by 2.5.

charm mass from m, = 1.4 GeV to m. = 1.6 GeV. By adding p% in our scale definition we
shift towards larger p1, and 1, where the dependence on independent 11, and i variations
becomes less and the dependence on m, slightly larger for the total polarized cross section.
Thus varying m, still is a reasonable estimate for the theoretical uncertainty, at least for
the lower energy v/S = 10 GeV, and with an integrated cross section in mind. The
independent variation of ;7 and p% as a(p; +mZ) with a = 1/4,... ,4 has already been
shown in Fig. 10 of [35]. Note that the range of a chosen there is rather conservative
and yields large uncertainties. The lower and upper limits in this case come from one
scale set to @ = 1/4 and the other set to a = 4. Since (m? + p%)/4 < m? for z7 < 0.54
at VS =10 GeV (for zp < 2.6 -1072 at /S = 200 GeV), the large uncertainties of the
differential distribution shown in Fig. 10 of [35] are mainly due to a scale choice lower than
the lowest one p, ; = m, used for the total cross sections. For V'S = 200 GeV varying
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m. will underestimate the theoretical uncertainty, as p; can become quite large and then
dominates the sum m? + p2. We nevertheless show the m, variation in order to compare
with VS = 10 GeV and because the total polarized cross section uncertainty is dominated
by it, as we just showed. In Fig. 8.3 the NLO curves are connected to form bands and we
have multiplied the curves for v/S = 200 GeV by 1/7 in order to fit them into the same
plot. We see that in NLO the variation with m, is slightly reduced in comparison to LO.
On the other hand going to higher energies suppresses the variations more strongly than
for the total polarized cross section. The reason is that the amplitude of the oscillating
xp-differential polarized cross section is both larger positive and larger negative for lower
me, so that in the integration part of the larger relative variations cancel.

The oscillating behavior in z is explored further in Fig. 8.4 for v/S = 10 GeV only.
We show the result for three different sets of polarized parton densities, GRSV standard
(solid line), DSS set 3 (dot-dashed line), and GS A (dashed line) [15, 17, 18]. The
prediction for the polarized cross section turns negative at approximately the same 7,
no matter which parton distribution is chosen. Also the variation of m. does not strongly
change the position of the zero. We see that by taking a cut zy < 0.25 or equivalently
pr S 1.2 GeV, the negative contributions are cut off and hence the total polarized cross
section is enhanced. On the other hand the unpolarized cross section, which is shown
multiplied with a factor 1/2.5 by the dotted line, does of course not oscillate. Thus the
cut takes out a significant part of the unpolarized cross section. Hence we expect that
the asymmetry A = Ao /o should be strongly enhanced by this cut, since the numerator
grows and at the same time the denominator is diminished. This should take place for all
the polarized parton densities and m, values we are exploring.

We see exactly the expected features in Fig. 8.5, which shows the total NLO anticharm
photoproduction spin asymmetry Afyp with a cut pr < 1.2 GeV. Comparing the bands
for the GRSV standard parton density prediction with cut (solid lines) and without cut
(dotted lines) at NLO, we see that the asymmetry is strongly enhanced, by about 60%
at v/S = 10 GeV! Examining the effect of introducing different parton densities, we see
that there are strong differences in the predicted asymmetry. Certainly these differences
are larger than the theoretical uncertainties of our calculation, estimated here again by
varying m.. Also compared to the expected statistical error for the COMPASS experiment
[31] the situation looks favorable. We use an expected asymmetry error 20% larger than
the estimate 0AS, = 0.051 of [31]. This corresponds to the loss of statistics due to the

cut, i.e., for the unpolarized cross section \/0ne cut/0cuy = 1.2. The appropriately larger
error is shown by the point with error bar placed on the GRSV standard curve. Tt
should be possible to distinguish the different parton densities, even when the theoretical
uncertainties are taken into account.

However, for a small gluon density like in the DSS set 3 fit, an improved experimental
measurement is required in order to unambiguously measure the asymmetry. Smaller v/S
lead to a larger spread of the predictions, but COMPASS will not be able to measure at
lower v/S. Higher energies are obviously not preferred for this measurement. There is a
simple reason why we show no LO predictions. For these values of v/S only large = > 0.1
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Figure 8.5: NLO anticharm photoproduction spin asymmetry Agp with a cut pr < 1.2 GeV
using the GRSV standard, DSS set 3, and GS A polarized parton densities [15, 17, 18]. For
the unpolarized cross section GRV'94 parton densities [62] were used. The thick lines have
m. = 1.5 GeV, the upper thin lines have m. = 1.4 GeV, and the lower ones have m. = 1.6 GeV
(order reverses at /S < 6 GeV for GRSV standard). The GRSV standard curves are connected
to form a band. We have set 7 = p} = 2.25(m? + p7.). GRSV standard curves without
pr-cut and the expected error at COMPASS [31], see text, are also shown.

are probed. In Fig. 8.6 we plot the ratio of the NLO to the LO gluon for several different
polarized gluon densities in this large = region. We see that for GRSV standard and DSS
set 3 [15, 17], the NLO gluon can be up to a factor two larger than the LO gluon. For GS
A [18] the situation is even worse, here the NLO gluon is up to 15 times larger than the
LO gluon. This massive enhancement is completely accidental in the parton density fits,
since the polarized gluon is currently not constrained at these values of x. In comparison
the NLO to LO ratio for the unpolarized GRV’94 [62] gluon stays fairly flat and close to
unity up to very large x. Due to the artificially enhanced gluonic contribution we would
obtain large differences between LO and NLO predictions, see [34]. One could for example
use the NLO parton densities also for the LO curves to avoid this [34, 96]. But as we have
argued in Chap. 7, NLO is here the first order in which all important classes of graphs
are included. So we refrain from showing LO curves, they can be found in [34].
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Figure 8.6: Ratios of NLO to LO polarized gluon distributions in the large x region. Shown
is Ag(NLO)/Ag(LO) for the GRSV standard [15], DSS set 3 [17], and GS A [18] polarized
parton densities. For comparison the ratio NLO to LO for the unpolarized GRV'94 [62] parton
densities is also shown.

Unfortunately, a measurement of Agp at collider energies, where one could access
smaller z, appears to be not feasible, since Afyp is at best of the same size as the expected
statistical error for such a measurement [33]. This also does not improve for py or y
differential charm distributions. Since Afyp already appears to be unmeasurable at HERA,

the prospects for a meaningful measurement of A;‘yp seem to be not very promising at first,
since bottom cross sections are smaller due to the larger b quark mass and the smaller
heavy quark charge (ey/e.)? = 1/4. However, b quarks are experimentally much easier to
detect, e.g., through their longer lifetime (secondary vertex tag), which might compensate
these shortcomings. By looking at the curves for v/S = 200 GeV in Fig. 8.3, which is for
anticharm but qualitatively shows what is to be expected for antibottom as well, we can
guess that introducing a cut in py will also help here. However, experimentally it will not
be possible to measure very small pr at HERA, so we use a cut pr > 1.5 GeV instead, i.e.,
now we are cutting off the positive part of the polarized cross section. Thus in Fig. 8.7
we turn to the longitudinal spin asymmetry Azp of polarized antibottom photoproduction
in NLO at the polarized HERA option [28] for three different sets of polarized parton
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Figure 8.7: NLO antibottom photoproduction spin asymmetry Agp with a cut pr > 1.5 GeV
using the GRSV standard, DSS set 3, and GS A polarized parton densities [15, 17, 18].
For the unpolarized cross section GRV'94 parton densities [62] were used. The thick lines
have m;, = 4.5 GeV, the lower thin lines have m;, = 4.4 GeV, and the upper ones have
my, = 4.6 GeV. We have set 117 = u% = 2.25(mj; +p7). For GRSV standard varying i and p7
independently with a(m? + p%), m, = 4.5 GeV, and a = 1,... , 3.5 yields the outer thin lines.
GRSV standard curves without pr-cut and points with the expected statistical error according
to (8.20) are also shown.

distributions [15, 17, 18|. Again thin lines show the variation with the heavy quark
mass, here from m, = 4.4 GeV to m;, = 4.6 GeV, and the thick line is for the central
value m, = 4.5 GeV. Choosing a more conservative range hardly matters at the higher
\/STP mainly probed by experiment. The results obtained for the different sets of parton
densities are well separated and sensitive to the different Ag, but Agp is extremely small.
The points with error bars in Fig. 8.7 illustrate the expected statistical accuracy for such
a measurement at HERA estimated via

1 1

PePp \/ 8(,£O',I_’yp

JAL ) ~ (8.20)




8.2. Numerical Studies for Photoproduction 133

assuming a polarization P,P, ~ 0.5 of the electron and proton beams, an (optimistic)
integrated luminosity of £ = 500 pb~! [28], and an optimal detection efficiency of &, = 0.05
[97]. Note that we do not bin in \/STp here, i.e., the errors are estimated at the point
where they are drawn. Since HERA is an ep, not 7p, collider, the center of mass energy
of the vp system varies and usually one averages over a large \/Siw bin.
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Figure 8.8: y-differential polarized anticharm photoproduction cross section dAa,Eyp/dy in

LO and NLO at /S = 10 GeV with the GRSV standard densities [15] as measured in the
hCMS. The thick lines have m, = 1.5 GeV, the thin lines with largest positive peak have
m. = 1.4 GeV, and the ones with smallest positive peak have m. = 1.6 GeV. We have
set p, = py = 1.5m.. The initial light quark contributions to the NLO curves are shown
separately, for them the m. = 1.4 GeV curve has the largest negative peak and so on. For
comparison analogous unpolarized curves with NLO GRV'94 densities [62] are shown divided
by 10. They are also mirrored, i.e., we plot do(—y).

For comparison we also display the GRSV standard curves without py-cut as dotted
lines. They show that we succeeded in cutting off the positive part of the polarized cross
section, which otherwise cancels the negative part, i.e., the total asymmetry without pp-
cut is close to zero for these energies. Instead we now see a decent separation of the
predictions for different parton densities, which yield asymmetries distinguishable from
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Figure 8.9:  xp-differential polarized anticharm photoproduction cross section dAcS,/dxp

in LO and NLO at /S = 10 GeV with the GRSV standard densities [15] as measured in the
hCMS. The thick lines have m,. = 1.5 GeV, the thin lines with largest positive peak have
m. = 1.4 GeV, and the ones with smallest positive peak have m., = 1.6 GeV. We have
set i, = py = 1.5m.. The initial light quark contributions to the NLO curves are shown
separately, for them the m, = 1.4 GeV curve has the largest negative peak and so on. For
comparison analogous unpolarized curves with NLO GRV'94 densities [62] are shown divided
by 13. They are also mirrored, i.e., we plot do(—zp).

zero except perhaps for the small DSS set 3 gluon. We see that the dependence on
the bottom mass is quite small, in particular at larger energies. Since we know that
we underestimate the theoretical uncertainty by only varying the bottom mass, we also
vary 7 and 7 independently according to a(mj + p7), where my, = 4.5 GeV and® a =
1,...,3.5. This gives the outer thin lines for the GRSV standard densities. We see
that this is not a much larger uncertainty than for the my variation. The uncertainty
also basically vanishes for larger energies, so we see that from a theoretical point of view
(anti)bottom photoproduction allows very precise predictions. One has to keep in mind

6This is a less conservative choice than the usual a = 1/4,... ,4. We limit the lowest possible scale to
tr,r = my and vary a by £1.25 around the standard value a = 2.25.
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though that we have calculated here only the direct (point-like photon) part of the cross
section as a first approximation, see the discussion above (6.27). Thus the uncertainties
due to the resolved contributions have not been taken into account. Also we will discuss
in the next section that in the unpolarized case theoretical predictions describe bottom
data less well than charm data. This is unexpected, since the larger bottom mass should
provide a better scale for perturbation theory. Without solving this issue the usefulness
of future polarized bottom data will be limited, at least for the extraction of the polarized
gluon density Ag.

Finally, let us turn to further results for differential distributions. Although their
experimental relevance seems to be remote, apart from y and xp acceptance cuts, a
comparison of the LO and NLO distributions is of theoretical interest to understand in
which kinematical regions the corrections are most relevant. In Fig. 8.8 and Fig. 8.9
we show the polarized rapidity y- and xp-differential anticharm photoproduction cross
sections as measured in the hadronic center of mass system (hCMS). We here revert to
VS = 10 GeV and since pr is integrated over the entire kinematical range, we again
choose piy = p, = 1.5m,. The distributions are asymmetric in y and zp and the heavy
quark is dominantly produced “backward” with respect to the incoming photon, i.e., in the
direction of the proton. The NLO results are always larger than the LO ones and deviate
in shape, having a larger backward peak. In both figures the unpolarized distributions,
scaled down to approximately the size of the polarized one, are shown for comparison.
Note that we have mirrored the unpolarized distributions in order to disentangle the lines.
This means, we have plotted the unpolarized distributions as a function of —y and —xp,
respectively. We see that the more complicated shape only emerges in the polarized case
in NLO. The additional contribution with light quarks in the initial state at NLO is
included and also shown separately. It appears to be basically negligible in the entire y
and zp range at this energy. We have also again varied the charm mass, but this does
not change the general appearance of the distributions. However, the induced variations
are quite large and for the NLO polarized case lead to a more pronounced peak structure
for lower charm masses. We see however that the structures we observe in these cases do
not immediately suggest simple cuts in order to enhance the asymmetry, as had been the
case for pr.

8.3 Current State of Experiment vs. Theory

To make a fair assessment of the practical usefulness of our results, we now examine how
well heavy quark production theory and experimental data have matched in the past.
Our conclusion that heavy quark reactions are useful for the determination of the po-
larized gluon density Ag is based on the theoretical predictions of the last section, but
the experience in the unpolarized case raises some serious caveats. However, we will find
that we are in a “win-win” situation, provided the future experiments also measure the
corresponding unpolarized reactions and possibly obtain independent information about
Ag. Then we will either improve our knowledge about Ag or obtain valuable information
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for the solution of the “heavy quark enigma” discussed below. The scope of this section is
limited. First, we will focus exclusively on the (QCD) production of open charm and bot-
tom. In particular we will not discuss heavy quarkonium production, like the production
of the charmonium bound state .J/¢. Concerning heavy quarkonia, we just remark that
the sophisticated nonrelativistic QCD (NRQCD) calculations seems to be in serious trou-
ble due to preliminary experimental data on the transverse polarization of charmonium
states at high pr [98]. It remains to be seen whether this can be cured. Perhaps other
approaches like the color evaporation model (CEM), which has been revived recently [99]
but was proposed over twenty years ago, see for example [61], now become more attrac-
tive. However, at least there are alternatives to the color-singlet model (CSM) available,
which do not utterly fail to describe the direct production cross section of J/v and ¢, as
the CSM does [100].

Second, we can of course only comment on comparisons of unpolarized theoretical cal-
culations and data, as we are still waiting for the first polarized experimental results.
Third, we are relying here mainly on the work of other authors. In principle we could of
course use our unpolarized results and compare them to part of the existing data. How-
ever, we have not yet completed the NLO hadroproduction calculation, so thus far we
have concentrated on deriving the missing reduced partonic cross sections. The hadron
level results shown in the last section are thus first rough predictions. For in-depth phe-
nomenological studies of photoproduction at lepton-nucleon colliders, we should include
the convolution of the photoproduction cross section with the photon distribution in the
electron according to the Weizsicker-Williams approximation (WWA) [101, 102, 103].
Then we could compare directly to lepton-nucleon data without depending on any ap-
proximate “WWA flux factor” treatment. Also the “resolved” photoproduction processes
should be taken into account. Finally, experiments do not really detect heavy quarks, but
rather (the decay products of) hadrons. Thus we should include fragmentation functions
like the one suggested by Peterson et al. [104] to model hadronization. These improve-
ments will be implemented in future versions of our program’. Note that we can expect
the numerical evaluation to become much slower then, since more convolutions are needed.
So for the time being we will turn to the comparisons available in the literature.

We begin by examining fixed-target production of open charm, using the results of
[106]. A convenient compilation of experimental results with references is provided there,
so we refer the reader to [106] concerning the experiments mentioned in the following.
The total cross sections both for hadroproduction (experimental collaborations for charm
in pion-nucleon — E653, E769, NA27, NA32, E769; charm in proton-nucleon — E653, E769,
E743, NA27, NA32; bottom in pion-nucleon — E653, E672, E706, NA10, WAT78, WA92;
bottom in proton-nucleon — E605, E771) and photoproduction (experimental collabora-
tions for charm in photon-nucleon — E687, E691, NA14/2) are well described by the NLO
unpolarized calculations within the conservatively estimated theoretical uncertainty. The
covered center of mass energies are about 20 to 40 GeV in hadroproduction and 10 to
20 GeV in photoproduction. The major theoretical uncertainty is due to the variation

TA version including the WWA exists, but has not been thoroughly tested yet.
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Figure 8.10: Unpolarized total charm-pair photoproduction cross section 0% =~ of, compared
with experimental data [105]. Predictions for the charm masses 1.4 GeV (dot-dashed lines),
1.5 GeV (solid lines), and 1.6 GeV (dashed lines) are shown, where the thick lines have
p2 = /@ = 2.25m; and the thin lines are obtained by independent variations of s ; by

+1.25m2. The GRV'94 unpolarized parton densities [62] were used.

of the heavy quark mass in the case of charm, as expected from our results of the last
section. In the case of bottom this uncertainty is also sizable®, but variations of y, ; still
dominate the uncertainty there. Compared to the predictions of [106], the data for the
hadroproduction of charm prefer the value m. = 1.5 GeV we have been using, but values
down to m, = 1.2 GeV are possible. High values like m. = 1.8 GeV are disfavored. In
photoproduction m,. = 1.5 GeV again gives the best description. Here both high and
low values of m, give worse agreement. However, this always just means that the overall
agreement with the broad band of theoretical uncertainties obtained for the conservative
range m./2 < p, < 2m, with uy = 2m, is better in one case than the other. Experi-
mental data tend to scatter within the uncertainty band and sometimes are inconsistent,
e.g., E687 vs. E691 in photoproduction. The variations tried in [106] for the bottom mass
from 4.5 to 5 GeV all are in accord with the data in the same sense. Here both scales

8Note that the uncertainty due to m; variations increases for lower c.m. energies in Fig. 8.7.
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have been varied in the conservative range m;/2 < p, r < 2my,. Furthermore, the authors
of [106] have also varied Axro. Apart from correlations with the parton densities, this is
equivalent to an even larger range of u, being probed, up to the point where in the case
of charm the variations “induce values of a,(m,) too large to be used in a perturbative
expansion” [106].

Since we can calculate the direct part of the total photoproduction cross section with
our results and have assumed that the resolved contribution is small at these energies,
we can check their conclusions for this case. We will adopt here the opposite approach
to [106]: since they have already explored the possible theoretical uncertainty up to the
inapplicability of perturbation theory itself, we wish to see if “optimistic” scale variations
are still compatible with data. So in Fig. 8.10 we present curves for’ a?ﬁv with three
choices for the charm mass m, = 1.4, 1.5, and 1.6 GeV as dot-dashed, solid, and dashed
lines, respectively. The thick lines are obtained for our standard choice p? = p3 =
2.25m?, whereas the thin lines are obtained for independent variations of y? and wy by
+1.25m?. We use the GRV’94 parton densities [62] and keep Axpo = 200 MeV fixed.
Thus our Fig. 8.10 corresponds to Fig. 3 in [106]. We see that even with our “optimistic”
choices, the overall theoretical uncertainty forms a band broad enough to still “agree”
with the available data [105]. Note that the dependence on the mass scales is worse in
the unpolarized case than in the polarized case. It is also evident that the experiments
do not match well with each other in the region where they overlap and also there seem
to be differences in the energy dependence. With our “optimistic” scale variations one
cannot say that one choice of m, fits best, rather one could claim that m. = 1.5 GeV
is a compromise value which fits all three experiments to some extent. We draw the
conclusion for the future COMPASS [31] measurement that in order to be able to extract
Ag from the total charm spin asymmetry one should measure the unpolarized total cross
section as well. Though a rough agreement with the NLO QCD prediction is found, the
“optimistic” theoretical uncertainty we have explored here, which were basically also used
for the predictions of the last section, is the minimum required to “fit” current unpolarized
experiments, mainly because the experiments disagree with each other. An unpolarized
COMPASS measurement could be very helpful in that respect.

As a final point concerning the unpolarized fixed target experiments we note that in
the differential distributions usually the introduction of intrinsic transverse momentum
of the partons (a kr “kick”) is required to match the theoretical description with the
data. Strangely enough the NLO QCD predictions for pure heavy quarks, i.e., without
hadronization, fit the hadroproduction data of the WA92 and E769 experiments on pr-
and xp-distributions well. However, the introduction of fragmentation functions [104]
softens the pr-distribution and then a rather large kr-kick (k%) =1 — 2 GeV? is needed
to agree with that data. The xzp-distributions of most other hadroproduction experi-
ments are harder than the predictions for pure heavy quarks, in particular in the case of
“leading particles”, see [106] for details. Here the introduction of other non-perturbative

*We use the approximation 055 = (05 + 05 x)/2 ~ 05, which is valid since charge asymmetry and

quark contributions are small. The data have been read off the plots in [105].
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QCD phenomena like beam-drag effects [107] may be necessary, we will briefly comment
on this below. However, we are mainly interested in the pr-distributions here, since we
want to introduce pr-cuts. In Fig. 8.11 we show Fig. 6 of [106], which compares the NLO
QCD prediction for the unpolarized p% distribution with data from the E687 and E691
collaborations. We see that the introduction of fragmentation functions (they used the
form of [104] with the parameter ¢, = 0.06) is required to describe the data. But the
good news is that the kr kick does not significantly change the prediction for variations
(k%) = 0.5 — 2 GeV? and a fair description of the data is achieved. Thus we should be
able to estimate the non-perturbative effects with good accuracy when using a py-cut to
enlarge the asymmetry in the polarized measurement. However, it would be preferable
if the COMPASS collaboration [31] would scan over different ppr-cut values and publish
the corresponding integrated unpolarized cross sections. That would allow us to test
our understanding of this issue. All in all we think that the prospects for a meaning-
ful measurement of the polarized gluon density Ag at COMPASS are still good after
these considerations, provided the unpolarized cross section can be determined. Also one
can check this determination of Ag against an independent measurement of the gluon
polarization at COMPASS, which uses correlated high pr hadron pairs [108].
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Figure 8.11: p2-differential distribution for unpolarized charm production in 7N collisions vs.
experimental data. The solid line shows the “pure” NLO QCD prediction for m, = 1.5 GeV,
the other lines include fragmentation (according to [104] with ¢, = 0.06) and different amounts
of intrinsic kr assumed for the incoming partons. See [106] for details, this is their Fig. 6.

Next we turn briefly to the HERA ep collider. First we remark that the description of
charm production in deep inelastic scattering (DIS) has been very successful so far. The
data for the charm tagged content of the inclusive proton structure function Fj, called
F%, are well described by theoretical predictions, see for example [24]. Data on differential
distributions are also in accordance with theory as is conveniently summarized in [109].
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However, for the distributions depending on the longitudinal momentum, like xr, one
has to include non-perturbative effects like beam-drag to obtain satisfactory agreement.
The idea is basically that the produced charm quark is usually color-connected to the
beam remnant of the incoming particle [107, 110]. Thus it can be “dragged” along in
the direction of the outgoing remnant and gain energy and momentum. The net effect
is that more than expected charmed hadrons are produced “forward” (in the direction of
the remnant), and less are produced “backward”. This mechanism was first proposed for
the fixed target data, but also works well here. It is encouraging that charm production
in DIS is described so well by NLO QCD calculations. But of course the large virtuality
of the photon in DIS may very well be responsible for that success. So we will now turn
to photoproduction. Photons of (almost) zero virtuality, where the electron is scattered
by a small angle, are dominant in the heavy flavor production at HERA. In particular
comparisons with (preliminary) ZEUS results from the large statistics sample collected
in the 1996 and 1997 runs with an integrated luminosity of 37 pb™! are interesting. For
charm production once more increased forward production is observed. For the data taken
with photon-gluon c.m. energies between 130 and 280 GeV [111], beam-drag effects once
more may cure the observed discrepancies for differential distributions between theory and
data [112]. But this seems to work less well for events in the low photon-gluon c.m. energy
range between 80 and 120 GeV [113]. We note that the successful gluon extraction from
photoproduction [22] is based on two older data sets from 1994-96, with an integrated
luminosity of (10.7 +10.2) pb™'. The results of this analysis were already shown in the
right half of Fig. 1.2. Here the problems in the differential distributions with forward
production seem to be less severe and occur only at high py. Furthermore, the total cc
pair photoproduction cross section is compatible with theory within errors [106]. Thus
it is in line with the fixed target measurements, in spite of being measured at energies
one order of magnitude larger. We find that at the higher energy of HERA the picture of
charm production has become less clear. However, we still conclude that charm production
at HERA is or will be describable with currently available theoretical methods, if non-
perturbative effects like beam-drag are taken into account for the differential distributions.
But we have already mentioned in Chap. 6 that charm spin asymmetries at HERA will
probably be unmeasurable anyway [33].

So we will now turn to bottom production. A general statement can be made about
bottom production at colliders, both for photo- (electro-) and hadroproduction: the the-
oretical predictions are about a factor two (or more) off! HI1 measures a visible cross
section o(ep — bbX — puX') of about 176 pb, compared to a NLO QCD prediction of
104 pb [116]. Their estimate of the experimental error towards smaller values is about
23 pb (statistical and systematical error added in quadrature), whereas they estimate
the theoretical uncertainty to be 17 pb. However, it would be interesting to examine
the role of the AROMA Monte Carlo event generator [117] used in the extraction of their
data more closely, since after all the prediction of the same AROMA program for the visible
cross section is!® 38 nb. A second method of measuring the production of bb pairs at

10The LO QCD prediction is 69 nb, so the AROMA prediction is even lower than LO.
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Figure 8.12: Bottom quark production data from CDF and D() compared with the NLO QCD
prediction. The theoretical uncertainty displayed by the band is associated with 4., r, and

min

my, variations. The dependence of the integrated cross section on a cut pp > p7'™" is shown.
This is Fig. 11 of [114].

H1 gives similar large discrepancies between the experimental measurement and the LO
AROMA prediction [118]. Finally preliminary experimental results from ZEUS on bb pro-
duction also show a factor 4 disagreement of data with the predictions from a different LO
Monte Carlo [119, 112]. Even if the evidence from HERA is not as clear yet as one may
wish, the results for hadroproduction, mainly from the TEVATRON at FERMILAB, have
stood the test of time. Two recent articles [114, 120] conveniently summarize the com-
plex situation for bottom hadroproduction, details and references can be found therein.
Fig. 8.12, which is Fig. 11 of [114], shows what is typically found at the TEVATRON by
the CDF and D@ collaborations: While the shape of the NLO QCD prediction is fine,
the normalization is wrong. Displayed in Fig. 8.12 is the integrated pr-distribution for
bottom quark production depending on a pp-cut, i.e., a similar plot as our Fig. 2.5 but
with bottom, at a c.m. energy of 1.8 TeV and compared to NLO QCD calculations. We
find a ratio “data/theory~ 2.5” in this plot. The data displayed there have been taken
in the central rapidity region, for forward production the shape still agrees, but then
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Figure 8.13: Ratio of bottom quark production data taken by CDF and Df) at /S = 630 GeV
and 1.8 TeV compared with the NLO QCD prediction. The theoretical uncertainty displayed
by the band is associated with p,, 11y and m;, variations. The dependence of the ratio of the

integrated cross section on a cut pr > p" is shown. The figure is taken from [115].

“data/theory~ 4” [120]. A considerable amount of effort has been spent on improving
the theoretical description of these data, which have been consolidated over the years,
basically without avail'!! This is very puzzling, since we can describe charm production
to a considerable extent, as we have just seen. Thus we are in the strange situation that
NLO QCD seems to be working better at the “dangerously low” scale m? ~ 2.25 GeV?,
whereas it fails drastically at the “safe” scale m? ~ 20.25 GeV?. This deserves to be called
the “heavy quark enigma”. But the fact that NLO QCD at least describes the shape of
the data offers some hope. Furthermore, Fig. 8.13, taken from [115], shows that NLO
QCD also has the right energy dependence! In this plot the ratio of the pr-integrated
bottom production cross section measured at two different energies 630 GeV and 1.8 TeV
is displayed and obviously within the rather large experimental errors the NLO QCD
prediction fits perfectly. The D{) errors are expected to become smaller after correlations
have been taken into account. Only CDF and D{) data have been used in order to reduce
common systematic errors, but older UA1 data at v/S = 630 GeV are compatible [106].

YTf g is mazimized by an extreme choice of scales, then theory can fit the data [106].
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What does all this mean for our plan of extracting the polarized gluon distribution
Ag from bottom production? Obviously it is seriously compromised, since we cannot be
sure that our theoretical treatment is correct. But it looks as if a common trend of all
bottom measurements in photoproduction (electroproduction) and in hadroproduction is
that basically only the normalization is off by a factor. Let us assume that a polarized
collider is able to measure the unpolarized cross section separately and can perform at
least one independent measurement of Ag using a different process. In this case we should
be in a “win-win” situation: Fither the normalization of the polarized measurement is
wrong by the same factor we have determined in the unpolarized case, i.e., the effect is
not spin-dependent. In this case of course the spin asymmetry dAoc/do is not affected
and we would find it to be compatible with a prediction that also fits the independent Ag
determination. So then we can go ahead and measure Ag by determining the asymmetry,
in spite of the fact that dAo is off. Or the normalization of the polarized measurement is
not the same, i.e., a Ag that fits the independent polarized measurement does not yield the
experimental bottom spin asymmetry, when the theoretical prediction is multiplied with
the factor determined by unpolarized bottom production. The information that a spin-
dependence is observed could then possibly provide a tool for solving the “heavy quark
enigma”! In practice of course the question will be, whether the experimental accuracy is
good enough to distinguish the two cases. But here the rather large normalization factors
involved may be of advantage.

Polarized HERA and RHIC fulfill the conditions mentioned above, the corresponding
unpolarized measurement has or will be done and several independent measurements of
Ag are planned [28, 32]. Furthermore we note that RHIC will perform a first measurement
of hadroproduction of open charm at collider energies, in addition to open bottom pro-
duction. Thus they will be able to compare with open charm production at fixed target
experiments and at HERA, with bottom production at HERA and at FERMILAB, and
internally the results for both flavors. Their planned c.m. energies of 200 and 500 GeV
are perfect for bridging the energy gap between HERA and FERMILAB. We conclude
that in spite of the “heavy quark enigma”, measurements of polarized bottom production
still make sense. Polarized hadroproduction of charm at RHIC is still expected to be a
good candidate for measuring Ag, if we can assume that the situation will not be worse
than what has been found at HERA for photoproduction of charm. However, the HERA
results suggest, that we may have to consider non-perturbative effects like intrinsic kp
to achieve consistency with differential charm data. It may be possible to test some of
these non-perturbative model assumptions using other observables, for example azimuth
correlations of the bottom pair were measured at the TEVATRON and disfavor large in-
trinsic kr in their bottom production reactions [114]. To sum up, we conclude for all the
mentioned experiments that polarized heavy quark production can be used to determine
Ag, but that the corresponding unpolarized measurement is required in order to check the
validity of the theoretical methods. Furthermore, independent measurements of Ag using
other processes at the same experiment should be used as a cross check.



Chapter 9

Summary

In this thesis we have presented the first complete NLO QCD calculation of the spin-
dependent production of heavy quarks in collisions of (point-like) photons and hadrons.
Furthermore, we have included our work on the spin-dependent hadroproduction of heavy
quarks. In order to obtain the full NLO QCD corrections for the latter reaction, we still
have to sum and simplify the already calculated gluon-gluon virtual loop contributions.
All other partonic cross sections of these two processes have been completed and are
documented here. We have tried to provide a sort of mini-review of the methods applied
in our calculation: On one hand, we explain how they are derived from the basic framework
of (perturbative) QCD. On the other hand, we demonstrate how they are used efficiently
in practice. To the best of our knowledge, some of the techniques have not been explained
before either in detail, like the automatic partial fractioning of angular variables, or at
all, like the systematic expansion of hypergeometric functions. We hope that it will prove
advantageous for future perturbative QCD calculations that all the needed methods now
have been collected in one reference.

Our main goal has been to provide the theoretical basis for an experimental determi-
nation of the polarized gluon distribution Ag in open heavy quark production. For this
reason we have presented predictions for spin asymmetries at experiments that will either
take data soon (COMPASS [31] and RHIC [32]) or have a chance to be realized in the near
future (polarized HERA [28]). We have improved our previous hadron level predictions
[34, 35] by investigating the theoretical uncertainties due to the not precisely known heavy
quark (pole) mass and by using cuts on the transverse momentum to enhance the spin
asymmetries. One should keep in mind that our NLO calculations are indispensable for
a meaningful interpretation of future experimental data: First, our NLO predictions are
much more stable against variations of the renormalization and factorization scales than
the LO ones. Second, in the reactions considered here several Feynman graph topologies
occur for the first time in NLO, which yield large contributions both close to the produc-
tion threshold and at high energies. Thus LO calculations may be misleading and should
ultimately be replaced by NLO ones. Finally, we have discussed in this paper the current
state of comparisons between theory and experimental data in the analogous unpolarized
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case. From this discussion we conclude that a measurement of only the ratio of polarized
and unpolarized cross sections will not be sufficient. The unpolarized cross section itself
has to be measured, if our goal to determine Ag is to remain realistic.

After this general overview, we now give a brief description of the salient features of
our work chapter by chapter. In the introduction we have emphasized that the full QCD
improved parton model is required to describe experimental data on the spin of the nucleon
and that the polarized gluon distribution Ag represents the major remaining uncertainty
of this model. Polarized exclusive reactions can be used to determine Ag better and open
heavy quark production is our suggestion. Chap. 2 shows how one can obtain polarized
and unpolarized cross sections simultaneously by projecting onto helicities, which makes
checks against previous unpolarized calculations possible. Also the LO cross sections and
the 2 — 2 phase space have been derived there in n = 4 + ¢ dimensions for later use with
the dimensionally regulated NLO pieces.

The treatment of the virtual loops occurring in NLO has been elucidated in the next
chapter. The Passarino-Veltman decomposition [47] of the occurring tensor integrals has
been derived there. This decomposition is simple in principle, but the results are very
lengthy. Take for illustration a 4PF tensor integral of third rank, it has thirteen different
Lorentz covariant structures, so one has to calculate thirteen parts for just one matrix
element. Each of these parts is multiplied by a scalar coefficient, which is in general a
complicated function of basic scalar integrals, invariants, and in particular also of the
heavy quark mass. We have constructed a program that computes these coefficients, have
checked the lengthy general expressions, and have simplified them for each specific case.
Second, the re-calculation of all the needed basic scalar integrals [44], which we have
included here, was non-trivial in the case of vertex and box integrals. The main problems
are the calculation in non-integer 4 4+ ¢ dimensions, the branch cuts of the occurring
functions, and the increased complexity of the integral kernels due to the non-vanishing
heavy quark mass.

In Chap. 4 we have spent some time on the renormalization procedure, since the MS,,
scheme we employ is widely used, but not well documented in the literature. We have
demonstrated how subtracting the heavy quark loop part of the gluon self-energy changes
the running of the strong coupling constant «g, so that only light flavors contribute.
Furthermore, we have explicitly shown how the commonly used effective renormalization
formula for the coupling constant sums up all the counterterms, except for the one con-
nected to mass renormalization. So mass renormalization has to be performed separately.
Our treatment of the real contributions has been expounded in the next chapter. Since
we have used the HVBM scheme [54] for extending 75 and €,,,, to n-dimensions, we first
had to generalize the n-dimensional 2 — 3 phase space integration by deriving an integral
operator for the ensuing e-dimensional “hat-space” terms.

In addition, we have created a program which automatically rewrites the phase space
integration over the six different angular Mandelstam variables as a sum of basic angular
integrals. Extensive partial fractioning is needed for this and we have explained the
procedure in detail. We have also recalculated the needed basic angular integrals [44]
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here, explaining how “tricks” can be used to reduce their number considerably. Most of
the integrals have been extended to O(e), which may prove useful for future calculations.
Finally, we have demonstrated in this chapter how phase space slicing isolates the soft
real singularities, so that they can be canceled analytically against the infrared virtual
ones.

Mass factorization is another topic which is seldomly explored in detail. So in Chap. 6
we have bridged the gap between the general formulae and the practical prescriptions by
exhibiting the factorization of collinear singularities for one of our subprocesses. This also
enables us to derive the LO renormalization group equations. Naturally we have compiled
the other needed factorization formulae as well. In the next chapter we have calculated the
other subprocesses. In each case we have shown the needed set of Feynman diagrams and
the final parton level results. In order to facilitate comparisons with our calculation, we
have displayed the total partonic cross sections for each of the subprocesses. Furthermore
we have analyzed the properties of these partonic cross sections, in particular their spin
dependence and size at threshold and at high energies.

We have checked our unpolarized results either analytically (for the virtual plus “soft”
real part) or numerically (for the “hard” real part) against previous unpolarized calcu-
lations [44, 45, 46]. Also the “abelian” parts of §7 — @ have been compared with the
polarized and unpolarized NLO results for 75 — @ [60]. Finally, we have checked each
subprocess separately against the almost completely independent calculation of Dr. M.
Stratmann: First, the matrix elements have been compared analytically. Second, the
agreement after integration (loop and phase space, respectively), has been tested. Third,
the programs for the partonic cross sections (and later for the hadron level predictions)
give the same results. The Fortran source code of our photoproduction program, which
includes a simple script based user interface for future use by other people, is about
100 KByte long. Considerable time has been spent on testing the program, for example
by re-inserting all the programmed Fortran partonic cross sections into Mathematica and
comparing them with the original results'.

The final chapter then considers the hadron level and the main points already have
been discussed above. In the appendices we have collected some technical material. In
particular App. B contains additional topics of general interest, for example the automatic
calculation of color factors. To sum up, we have presented NLO QCD calculations that
will be used to interpret experimental results very soon. It is probable that our knowledge
about the polarized gluon distribution Ag, and thus of the spin of the nucleon, will be
improved considerably by the experimental measurements and their theoretical analysis
in NLO QCD.

Very recently a second calculation of the complete NLO QCD corrections to polarized photoproduc-
tion has been finished [121]. Their virtual, soft, and collinear contributions are in full agreement [121].
However, in numerical comparisons at the hadron level differences of a few percent are seen [121]. In
order to pin down the origin of these minor discrepancies, we hope that the authors of [121] will publish
details about their parton level results and about comparisons of their unpolarized results to previous
unpolarized calculations.



Appendix A

Additional Material Concerning
Virtual Corrections

A.1 General Formula for Virtual Integrals

The integrals of the type (3.4) can be brought into the form

. d"q 1
: / @m)" (2 — KY (A1)

by introducing Feynman parameter integrals (3.7), i.e., (A.1) would have to be integrated
with J;. For example in the case of Dy in the denominator one obtains with three Feynman
parameters x, y, z running from 0 to 1

a(q® —mi +ie) +b [(q+q)* —mj +ie] + ¢ [(g+ a1 +g2)* — mj + ie]
+d[(qg+ ¢+ a2 +a)° —mi+ie] , (A2)

where the parameters {a,b,c,d} are arbitrarily assigned to functions of the Feynman
parameters: {1 —z,z(1 —y),zy(1 — 2),zyz}. Substituting

q—=q+by +clg+q)+dlg +q¢+q), (A.3)

will bring (A.2) in the form ¢ — K with K as given in Tab. 3.1. Next we perform a Wick
rotation on (A.1), rotating the energy component

qo = 1T1, (12, n—1 > T23.. ., (A.4)

to get an Euclidean integration. So the integral kernel is now (—1)7/(r? + K)7 with

rP=atai 4.+ 22, (A.5)

n
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and the integral measure is ¢d"x. Then we switch to n-dimensional spherical coordinates,
by setting

n—1

Tp =T H sinf; cos Oy,_1 ,
= (A.6)

1 :rHsinﬁi , Tp=rcosb, 1,

with £ =1,...,n. The integration ranges are
0<r<oo, 0<60;, <27 and 0<6p; <m. (A.7)

From the Jacobian we then get the integration measure r"~'drd(,_;, with

n—1
d, 1 = [ sin'" 0;d6; . (A.8)

=1

So finally we have for (A.1)

den:( 1\ , rnl dQ,_1
(1) /d (T2+K)j/ o (A.9)

Using

™ 7T (mtl
/ do sin™ = fig) , (A.10)
0 I (72
/ r ) and the first integration corre-
3)

we obtain for the angular integration 2(167%)™" (%
— /2. So the grand total is

sponds to a beta function giving K"/?/B (j — 2,
U omirorepl G —2-3)
Myt VT 2T 5) A1l
(167r2)1+5/4( ) I'(7) (A1)

where n = 4 + ¢ has been put in. Now we note that

r ELT—V%) <4w2> o . <1 v %g(z)) +0(e%),

FG-2-35) _ ! F(—-3)
FGr(L=3) (-2-35)0~-1-5TGr-3) (A.12)
15T 8 |(S) + 8| o)

which directly leads to (3.5).
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A.2 Calculation of Basic Scalar Integrals

In the following we will always use the formulae (3.5) to (3.7) and Tab. 3.1. The end
results will be given up to O(1) and imaginary parts from the Feynman parameter in-
tegrals will be dropped, as explained in Sec. 3.2. The integrations are, if not mention
otherwise, straightforward using standard integration tables like [82, 122] or programs
like Mathematica [57]. The results are often only obtained after a fair amount of sim-
plification using relations of higher transcendental functions, tabulated for example in
(66, 122, 123]. Starting with the 1PF, we have j = 1, which directly gives the result

2
Ag(m) = iC.m? (—— + 1) , (A.13)
€
with A¢(0) = 0 in accordance with (3.3).
For the 2PF, with j = 2, we notice that the Feynman parameter integration itself

cannot result in a pole. Thus we can use a series expansion in ¢ there, when this simplifies
the integration. However, due to the pole of P.(2), we need to expand up to O(¢):

2\ [t -
Bo(k1,0,0) = iC. (‘g)/ 40 =0, (A.14)
0
. 2\ [t 2
By(ky1,m,m) = iC. — /dmlzle’E - (A.15)
0

By(p1,0,0) = iC. (—§> /0 \dr a1 — 2)]f —iC. (%) (-1
-{1+%/01dx[lnx+ln(1—x)]} — iC. (—3+2> . (A.16)
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g
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0
S \5 ) 2 s
Bo(p1 + p2,0,0) = <W> Bo(p1,0,0) = iC. (—g+2—lnw> , (A.18)

Bo(p1 + p2,m,m) = iC. <_2> /01 e [1 —o(l- x)%]z = iCe <_§>
.{1+% i {1n(1—(1+%)x)+ln (1— 1+%$>”

=iC, <—g+2+ﬁln%> : (A.19)
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—iC. {—g +o— ’%m <—t—1>] , (A.20)

m?2

where = /1 —4m?/s and »c = (1 — 5)/(1 + 5).

For j = 3, we begin with three finite 3PF integrals. The Cy(p1, —k1,0,m, m) kernel
can be written as K =z [z — (1 — z)y-%], which is raised to the power —1 + £/2. With
the additional x in the numerator from (3.7), we get a finite integral, which is evaluated
easily upon setting ¢ — 0:

C()(pl, —]{?1, 0, m, m) = ZCE% |:C(2) — ng (%)} . (A21)

Turning to Cy(—ky, —ks, m, m,m), the integral is obviously finite. With ¢ — 0 and the
W, the integral over y is simple and leads to an

1n[((1—2x)21—_i2)/(1—,82)}. Substituting z = 1 — 2z and integrating over z gives

parameters set so that K =

integration over

Co(=k1, —ky,m,m,m) = 1'051 B In® 5 — 3g(2)} : (A.22)
S

Next Cy(p1, p2,0,m,0) is also obviously finite and after setting ¢ — 0 most easily calcu-
lated by taking K = —z(1 — z)(1 — y)(1 + »)?/5 + 2y, which after integrating x leads

In[—(1420)%(1—y)/(>4*)]
(143e—3ey) (143c—y)

to a term , and the final result is

1 1
Cg(pl,pQ, 0, m, O) = ZCE—B |:2 ng(—%) —+ 5 ln2 7+ C(2):| . (A23)
s
The integral Co(pa, p1,m,0,m) leads to K = —2?y(1—y)-25+2*. We thus get separate
integrations for x and y, with the z integration simply giving a pole 1/¢. The left over

y integration is finite and so we can expand up to O(1), getting a remaining integration
over (2 +1Inr)/r with 7 = (1 — (14 »)y) (1 — 2=y). So in the end

10

S

2 1
Co(p2, p1, m,0,m) = [—— Ins —2InsIn(l — ) — 2 Liy(s) + 5 In? 5¢ — 4((2)] .

) (A.24)

C(—ky, —k2,0,0,0) is a very simple integral, since with K = —zxy(1 — x)-55 one finds

m2
again two separate integrations. The one over y directly gives 2/ and the one over x
corresponds to a beta function B(1 + £, 5), so that the series expansion in ¢ is

1[4 2 1
Co(—k1, —ks,0,0,0) = iC.~ [— e P P S Zg(z)] . (A.25)

slez2 ¢ m?2 2 m?2 2

Finally Cy(—k1, p1,0,0,m) can be directly integrated to a double pole and a hypergeomet-
ric function using K = (1 — z) [:Ey (—%) +1-— :z:] and with the appropriate expansion
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for the hypergeometric function (B.6) the result

conmom= {22 (c5) () o ()]

1 le2 e m2 4

(A.26)

is obtained. This completes the set of needed 3PFs.
Turning to the box integrals, the calculation of

1O {8

DO(_k17p17p270,0,m, 0) = ?

2 - N
: +g(21nt+1n,§)+21n§1nt—4g(2)] . (A.27)
Sty

is shown in Sec. 3.2. The second 4PF needed is Dy(—k1, p1, —k2,0,0,m, m). The kernel
can be chosen as K = ay{z[t — (t — D)y] + [a(1 — x) — tz(1 — y)]z}, with t = —t;/m?
and @ = —u;/m?. We can integrate over x?yK —27/2 with respect to z to get the result
L, + I, with

2r~ Moy TRt — (1 — 1)y 2wry M FR[a(l — o) + oy
— — = + — = . (A.28)

(=24¢)u(l —2) —tx(1 —y)] (—24+¢e)|a(l —z) —tz(l —y)]

I, I,
The integration of I,, over z is straightforward:
2y "t - (F -1y i+1(1-y)

I, = — Fil1,¢e1 — ] . A.29
Yy (_2+5)5'L~L 2401 »E, +5, i ( )

The hypergeometric function can be expanded, see (B.5), and we define an appropriate
counterterm for the diverging y — 0 limit

2y~ tEEI+3 t t
r=-2_T1__ {1—5111 <—f> — £2 Li, <1+:>] : (A.30)
u

(—2+¢)en a

Integration of the counterterm and adding the integration of the expansion of I, — I leads
to
12 1+42lha 1 =2 - - t
T= |22 T 2 a4 2nfina— 2L, (14 )] . (A31)
ta | €2 5 2 6 u
¢/2 because the integral over z does not diverge for
— 1, we get

Turning to /1,, we can expand x
x — 0. Starting with order one, 2°/2

no|m

iy (1 ) :
17100 = — — ey 2 —1
) 270 iemn 2 + [(—1)

- 5F, (f,f,lJrf;n)—N;(l—y)5y52F1<6 Sy QR )]} (A.32)
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with n = % We use again (B.6) and the y — 0 counterterm is

4u y~tstIs
( 2 +¢e)e

wio
o

+u

O(1)c . g ~\ —
I[y() {—zsw(t+u)

: [(_1)3 (1 +%2L12 (1 + %)) — 2y2] } . (A.33)

This again enables us to calculate 77°M. But there is also the next order of z°/2 to
consider, with z¢/? — sInx in Il,,. Since for y — 0 there is no divergence for x — 1
because of the Inx, and since the y-integration can only deliver a 1/e-pole, this is also
the last order we have to consider. Furthermore we can set ¢ — 0 in [iG(1 — z) + zy]~'+/2
for the same reason and the only term that contributes after partial fractioning is

13 ng
106) — i d , A.34
w (—2+¢)(u(l —x) —tz)(1 —x)a ( )
which can be easily integrated. So the sum becomes
112 1+42Int 1 572 t
Il =— —+Q+———+lnt+ln t+2Lip [ 1+ = (A.35)
tu | 2 £ 2 6 U

and we obtain the final result

[Int+Ina| +2Intln u—%()} . (A.36)

.CE
DO(_klapla_k270707mam) - ' {_

2
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The last box integral needed is Do(py, —ki, —k2,0,m, m, m). We can write the kernel
as K = Z{x[sc— (1+3)2(1 —y)y] + [»(1 - x) + (14 20)%2x(1 — y)] yz}, so we get for
the z—integratlon Imy + 11, with

- 2sexs (x4 (1 —2)y)

Ty = s n @+ m—Da) (L + 2 ay]

. s (A.37)
I, = - 2t g HE [~x -1+ %)ZEI — )y .
(=24¢) [z +3(t+ (242 —1)z) — (1 + 5)2zy]
The integration of I, does not diverge and one easily gets upon setting e — 0
m? w2
I= Bt {ln s+ 4 Lip(—2) + E] : (A.38)

Integrating I1,, over x gives

ML)

236175 e — (14 5P2(1 = y)y] ™2 oFy (1g, 14,1 — L2200
I, = - S . (A39)
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The integration over y does not give an additional pole, so we can expand to O(1) using
(B.5) and then integrate to obtain

1 (9] ’
Sty )

The final result is then

DO(pla _kla _k27 07 m,m, m)

C. [ 2 - : :

= —; p {— In s + 2 [In s In(B) — Lis(—5) + Lix ()] + 3C(2)} . (AA41)
St 9

This recalculation of the needed basic scalar integrals is in complete agreement with the

results presented in [44].

A.3 Passarino-Veltman Decomposition

In Sec. 3.3 the necessary projection mechanisms for the decomposition of the tensor in-
tegrals was constructed. Here we list the obtained formulae. Auxiliary coefficients are
named like in [67], to facilitate comparisons. Two additional relations as compared to [67]
will be derived to complete the consistency checks, i.e., for every coefficient that can be
obtained in more than one way at least two equations are given. Of course, all consistency
checks were successful. The notation for scalar integrals used here follows the conventions
employed in Sec. 3.3: Any non-standard product of propagators in integrals of the form
(3.4) is indicated by listing the numbers i of the propagator functions L; in brackets. From
(3.4) we have as standard 2PF and 3PF By = By(1,2) and Cy = Cp(1, 2, 3), respectively.
Naturally there is only one 1PF Ay = Ag(1) = Ap(2) = Ap(3) = Ap(4), since we can
always redefine the loop momentum. Furthermore, there are only four external particles
in our (virtual) subprocesses, so the standard Dy = Dy(1,2,3,4) is the only 4PF that
occurs here. There is one non-standard 2PF: By(2,3), see (3.27), and there are three
non-standard 3PFs: Cy(1,2,4), Co(1,3,4) and Cy(2,3,4). The first two can be found in
the example given in (3.19) and Cy(2, 3,4) then corresponds to

_ e[ d"q !
Co(2,3,4) = /(27r)n [(a+a)* =m3] [(a+a+a) —mi] [(a+a+a+a) —mi

_ e [ 9%
.y / : . (A.42)

2m)" (2 —m3) [(q+ a2)” —m3] [(q+ @2+ q3)” — m3]

The tensor 2PF coefficients are

B, = 2iq2[f180 T Ag(my) — Ag(my)] (A.43)

By = q_12 {%[f131 + Ag(my)] — B22} ) (A.44)

1
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Co | Gy M, M,
Ch | Cig R, Ry
Coy | Cys | R3—Coy Ry
Cos | Oy Rs Rs — Cy
Css | Css Ry Ry

C’31 C’33 R12 - 2035 R13
034 032 R14 R15 - 26136
C’33 034 R16 - C’36 Rl? - C(35

Table A.1: The Passarino-Veltman matrix coefficients of the 3PFs, to be inserted in (A.47).

The R; are shown in (A.48).

1 1
BQQ = — m%BO — _[lel — Ao(mg)] . (A45)
n—1 2
For the 3PFs we have one scalar equation
1
Cly = m[BO(Z 3) +miCy — Rz — Rg) , (A.46)
and the R; are given in (A.48) below. The rest is in matrix form
C, [ M.
= X; , (A.47)
Cy M,
and the combinations are presented in Tab. A.1.
The R-coefficients of the 3PFs are
1 1
R, = §[f1C'0 + By(1,3) — Bo(2,3)] , Ry = §[f200 + Bo(1,2) — Bo(1,3)],
1 1
Ry = [/iCu + Bi(1,3) + Bo(2,3)], Ry = 5[f:Cn + Bi(1,2) = Bi(1,3)]
1 1
Rs = §[f1012 + Bi(1,3) — Bi1(2,3)], R¢ = §[f2012 - Bi(1,3)],

1 1
Ry = §[f1024 + By(1,3) — B2(2,3)], Ry = §[f2024 + By(1,2) — Byy(1,3)],

1 1
Ry = §[f1021 + B (1,3) — By(2,3)], Rz = §[f2021 + B9 (1,2) — B(1,3)],

1 1
Ry, = §[f1022 + Bo:1(1,3) — Ba(2,3)] Ry = §[f2022 — Bx(1,3)]
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D, | Dy | D. M, M, M.
Dy | Dy | Di3 Rao R Rao
Doy | Doy | Dos || Rzo— Doy R3 R3o
Doy | Doy | Dog Rs3 R34 — Doy Rys
Dos | Dy | Dos R Rs7 Rs3s — Doy
D311 | D3z | Dais Ry Ry Ry
D3y | D3y | Dss || Raz —2D3n Ry4 Rys
Dsg | D3z | Dsg Rye Ry7 —2D32 Ry
D3z | D3g | Ds3 Ryg R Rs1 — 2D313
D3y | D3g | Daio || Rs2 — D31z | Rs3 — Dan Rs4
D35 | D3io | Ds7 || Rss — Dais Rs6 Rs7 — D3py
D310 | D3 | Dsg Rsg Rsg — D313 | Reo — D312

Table A.2: The Passarino-Veltman matrix coefficients of the 4PFs, to be inserted in (A.50).
The R; are shown in (A.51). The last two rows show results that complete the set of consis-
tency checks.

1 1
Rys = §[f1023 + B (1,3) + Bi(2,3)] Rz = 5[]3(]23 — Bxn(1,3)] . (A.48)
In the 4PFs we also have only one scalar equation
1
Dyr = m[Co(Z 3,4) +miDy — Ry — Ras — Ry , (A.49)

and the R; can be found in (A.51) below. The rest is again in matrix form

D, M,
D(, = XBI Mb ) (A50)
D M.

and the combinations are presented in Tab. A.2. The R-coefficients of the 4PFs are
1 1
R20 = §[f1DO + CO(]-a 37 4) - 00(27 37 4)] ) R21 = §[f2D0 + 00(17 27 4) - 00(17 37 4)] )

1 1
Roy = §[f3Do + Co(1,2,3) — Cp(1,2,4)], R3p = §[f1D11 +C11(1,3,4) + Co(2,3,4)] ,
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Ray = %[fZDH +C(1,2,4) — C11(1,3,4)], Ry = %[ngn +Cn(1,2,3) — C11(1,2,4)],
Rss = %[lem +C1i(1,3,4) — C11(2,3,4)], Rsy = %[f2D12 +Cia(1,2,4) = Cu(1,3,4)],
Ry; = %[ng12 +C12(1,2,3) — C12(1,2,4)], Rz = %[lem +Ci2(1,3,4) — C12(2,3,4)]
Ry = %[fZD13 + C19(1,2,4) — C15(1,3,4)], Ras = %[nglg — C12(1,2,4)],

Rup — %[lew b Con(1,3,4) — Coi(2,3,4)], Ray = %[fgp27 b Con(1,2,4) — Co(1,3,4)]
Ry = %[ng27 + Coy(1,2,3) — C94(1,2,4)], Rys = %[le21 + Co(1,3,4) — Cp(2,3,4)],
Ry = %[ng21 +C5(1,2,4) — Cy(1,3,4)], Rz = %[ng21 + 05 (1,2,3) — Cy(1,2,4)],
Ry = %[le22 + Oy (1,3,4) — C1(2,3,4)], Rz = %[szm +Cn(1,2,4) — Coy(1,3,4)]
Ryg = %[ng22 + C9(1,2,3) — Cas(1,2,4)], Rayg = %[f1D23 +C(1,3,4) — C(2,3,4)],
Ry = %[fQD% + C(1,2,4) — C5e(1,3,4)], Ry = %[ng23 —C(1,2,4)],

Ry = %[leM + Ci(1,3,4) + C11(2,3,4)], Rss = %[ngM + C23(1,2,4) — O (1,3,4)]
Rsq = %[ngM + Co3(1,2,3) — C3(1,2,4)], Rss = %[f1D25 + Ca3(1,3,4) + C12(2,3,4)]
Rss = %[fZD% + Cy3(1,2,4) — Cy3(1,3,4)], Rsr = %[ng% — C5(1,2,4)],

Ru = %[le% + Cp3(1,3,4) — C53(2,3,4)], Rso = %[f?D% + CU(1,2,4) — Cx3(1,3,4)]

%[ng% — Cp(1,2,4)]. (A51)



Appendix B

Some Technical Issues

B.1 Series Expansion of Hypergeometric Functions

In the calculation of integrals in dimensional regularization one often obtains hypergeo-
metric functions oF;(a,b, ¢; 2), in which the parameters a, b and ¢ depend on the “hat
space” dimension parameter €. This is due to integrals having forms similar to

oF1(a,b,c;2) = %/0 dt t 1((11__2)6& - for Re(c) > Re(b) >0. (B.1)

A straightforward evaluation or even worse further integration of the hypergeometric
function for non-integer values of a, b, ¢ is usually not feasible. On the other hand a series
expansion in ¢ of these functions is sufficient, if we can obtain the appropriate order. In
our calculations the strongest poles are O(1/£?), so that at most a series expansion to
O(e?) is necessary. There are a few expansions collected in the literature, for example in
[65], but we have found no comment on how they were obtained. The following efficient
method may have been too simple to be mentioned explicitly.

The hypergeometric functions are solutions of the following differential equation and
boundary condition:

2(1=2)w"(z) + [c — (a+ b+ 1)2]w'(2) — abw(z) =0 with w(0)=1, (B.2)
in which the derivative is with respect to z. Now we simply set for finite' ,F;
w(z) = r(2) +es(z) +%(2) + ... (B.3)

In our case the first three terms are sufficient. By inserting (B.3) and the e-dependent
values of a, b and ¢ in (B.2) and expanding the differential equation in ¢, we obtain a
system of simpler differential equations, since each coefficient of the powers of € has to be

1One can always use linear transformations of »F; to move a ¢ — 0 divergence in a,b,c out of the
hypergeometric function.
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zero. These equations are coupled, but since the parameters a, b and ¢ have no poles in
e, we can proceed step by step: first at O(1) we can obtain r(z), which is then inserted
in the O(e) differential equation to get s(z) and so on. Furthermore (B.2) means that we
get the boundary conditions r(0) = 1 and s(z) =t(z) = ... =0.

An example should make this clear, 2 F;(1,¢,1 + ¢;2) leads to the following set of
differential equations:

O(1) (1=22)r"+(1—2)zr" =0
OE) p =9 r+1—2)r"+(1—-22)s"+(1—2)zs" =0 (B.4)
O(e?) —s+(1—2)+(1—-22)' + (1 —2)2t" =0.

Solving the O(1) part with r(0) = 1 yields r(z) = 1. This we can put in the O(e) part
and using s(z) = 0 we have s(z) = —In (1 — z). Finally inserting r(z) and s(z) into the
O(e?) equation with #(0) = 0 leads to ¢(z) = — Liy(z). Putting all together we have

oFi(l,e,1+6;2) =1—cln(1 —2) — ?Liy(2) + O(?) . (B.5)

Other needed hypergeometric functions, which can be easily obtained using this method,
are

oFi(1,—e,1+¢;2) =1+en(l — 2) + [In*(1 — 2) + Lix(2)] + O(e*) ,

1—2

oFi(e,1+6,24¢e2)=1—¢ |1+ In(1—2)| +0(%,

(B.6)
oFi(e, £6,1 4+ 6;2) = 1 £ 2 Liy(2) + O(*) ,
_In(1—2)

2F1(1,1+6,2+8;2) =
Z

1 .
—e—[In (1 - 2) + Liz(2)] + O(e?) .

z

Sometimes it is simpler to use the differentiation properties of the hypergeometric
function directly. For example using the above method it is straightforward to obtain

-2 _eha—2+ 1?1 2) + Lia(2) | + O)

Py (1,14 5,24 52) =—
2 z A
(B.7)

£

5,2 +¢e+k; z) for growing k.

But it becomes increasingly difficult to solve 5F; (1, 1+
Instead one can employ the formula

- e by = (c—a)r(c— D)
o [(1=2)"% (e, b, 2)] = ()

(1 —2) ™, Fy(a,b,c + k3 2)
(B.8)

where (z)r = I'(z + k)/I'(x) is the Pochhammer symbol. Since the differentiation with
respect to z of (B.7) is simple, we can quickly obtain the needed results. There are several
differentiation formulae to be found in the literature, see for example [66].
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B.2 Dilogarithmic and Logarithmic Branch Cuts

The dilogarithm Li, is defined by

Lis(z) = —/0 dyw - —/Om dyw . (B.9)

We use the common prescription for the branch cut of the complex logarithm, i.e., we
place it along the negative real axis from 0 to —oco. That means for real x

In(z £ i€) = In|z| £ irO(—x) ,

El_l)ﬁ[lﬂ(:l: +i€) — In(x — ie)] = 2im .
So by using (B.9) we find for the discontinuity of the dilogarithm
lim [Liy(z + i€) — Liy(z — i€)] "2 2irInaz (B.11)

e—0+

at the branch cut extending from 1 to co on the real axis.
One often uses relations like the following [122] for the transformation of the diloga-
rithms:

Lia(y) + Liz(1 — y) = —In(y) In(1 — y) + ¢(2)
Liz(y) + Liz G)
_ C(y—1 1,
Lia(y) — Liz <y7> =~ In(y)In(l —y) + 5 In"(y) +¢(2) , (B.12)
Lis(y) + Lis <L>

Lia(y) + Lis (~y) = 3 Lis(s”).
So if we have arguments which are slightly shifted to the imaginary, in order to stay away
from the (di)logarithmic branch cuts, in principle we would have to carefully consider to
which side we have shifted, see (B.11). But as explained in Sec. 3.2, we can drop all purely
imaginary parts anyway. Since the dilogarithms only occur linearly with real coefficients,
we can actually ignore the problems completely for the dilogarithms and just compute
their real parts.

On the other hand logarithms do occur squared or with partly imaginary coefficients,
so we have to use (B.10), or we will not be able to correctly calculate the 72-terms of
the integrals. An efficient way of proceeding is to simply calculate with the kernels K
of Tab. 3.1 as if the causal ie was not there. Then in the end logarithms occur which
have arguments on the branch cut. We can now treat the original kinematic invariants
occurring in the logarithms as if they had small positive imaginary parts. For example,
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we find in the kernel the term ... — ac(q, + q2)?/m? + ... —ie. Say ¢, = ky and ¢ = ks,
then (¢ + ¢2)®> = 5. Now a, ¢, m are positive and we can consider s to have a small
positive imaginary part in order to preserve the correct shift away from the branch cut,

e.g.,
In (—%) — In <_s—i—m%m2> =In (%) — T . (B.13)

In cases where the argument of the logarithm is a complicated function of the original
variable, we can perform a series expansion of it in €, e.g.,

%

4
In (-1—> —In (-1 f% + 168T53> = In(5) — In(1 = 30) + i, (B.14)

—

where s = (1—f)/(14 ) and 5 = /1 — 4m?/s. Using these methods one arrives at the
correct real parts of the integrals, which are needed exclusively here.

B.3 Calculation of SU(N) Color-Factors

(a) faedfbceTr <TaTchTb> (b) fabcfabeTr <Tch> Tr <TdTe>

Figure B.1: Contributions to the real (a) and the virtual (b) NLO squared matrix element
occurring in hadroproduction are used to illustrate the pairing of all occurring color indices.

In calculating a cross section, one obviously has to sum over all the color degrees of
freedom of the internally exchanged particles. But since observable hadrons are “white”,
i.e., carry no color, there is no information at all on the color of their (unobserved) partons.
These partons enter as external particles in the partonic subprocess, so one also has to sum
over all their colors. Thus all color indices are summed over in the partonic subprocess?.
Furthermore as Fig. B.1 indicates, the Feynman rules will always result in paired color
indices for the squared matrix elements. The external particles have to match in colors
to be coherently added and the internal particles couple at two points. We will see below,
that then for every squared QCD matrix element one finds that the color structure of
the particles is reduced to a number which multiplies a colorless squared matrix element
similar to what one gets in a QED calculation. These numbers are called color-factors and

2To obtain a proper normalization one should average over the incoming color states, i.e., divide the
sum over color indices of incoming partons by their total number of colors.
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we can calculate them independently of the remaining colorless squared matrix elements.
Though the calculation is rather simple in principle, it quickly becomes tedious for the
multiple color exchanges in higher orders. In the following an algorithm for calculating
SU(N) color factors is described which was inspired by the general ideas of [124].

First let us specify the notation for the N2 — 1 independent N x N-matrix generators,
which yield the lowest-dimensional representation of the Lie algebra of SU(N):

a 1 a a a 1 Q
T =3\ Te(T*y =0, Tc(T T”>:§5”, (B.15)
1
[T, T = ifeTe, {T*,T"} = Naa”nN + d*eTe (B.16)
Here and below the fundamental (“quark”) indices range over 7,j,... =1,2,..., N and

are written as subscripts. In QCD, the quarks are in the fundamental representation
of SU(3)color- The fundamental representation has the dimension N, i.e., in QCD the
quarks have N = N = 3 color states. The adjoint (“gluon”) indices range over a, b, ... =
1,2,...,N? — 1 and are written as superscripts. The gluons of QCD are in the adjoint
representation of SU(3)cl0r- The adjoint representation has the dimension N% — 1, since a
special unitary group has N?—1 generators. Thus in QCD there are N2 —1 = 8 gluon color
states. The structure constants f®¢ and d®° are totally antisymmetric and symmetric,
respectively, under the interchange of any two indices. The A® matrices correspond to
those introduced by Gell-Mann [125] in the case of SU(3). The notation is valid for
SU(N), but commonly used only for SU(3). For SU(2) the conventional notation is
recovered by setting (A%, f9%¢, d%¢) — (02, €% 0) with the Pauli matrices 0% and the
Levi-Civita tensor €.
The central relations employed in the automatic evaluation of color-factors are

| 1
TiTa =5 {5il5jk - N%'fskz} : (B.17)
[ = 20T (T[T°, T°)) , d** =2Te(T*{T°, T°}) . (B.18)

Any structure constants appearing® can be turned into strings of generators using the
trace relations with the (anti)commutator of generators in (B.18). Since all “gluon” color
indices come in pairs, relation (B.17) is sufficient to reduce the corresponding collection of
generators into d-functions of “quark” indices. Thus repeated application of this relation
results in a color sum over d-functions, which yields the wanted color-factor.

In order to speed up the process it is also helpful to use (B.16) to reduce terms like
like f®°T to terms with two generators directly, instead of having four generators in an
intermediate step upon rewriting f° with the help of (B.18). Also

iy gt

T4T) = Te (T°T") = %5‘“’ (B.19)

3In QCD only f*° will enter due to the gluon self-coupling.
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can be used to quickly reduce some color structures. In QCD they will occur for (poten-
tially cut) “bubbles” of quarks, see graph (b) of Fig. B.1. Of course then some trivial
relations like 6*7° = T have to be built into the program as well. A nice feature
of this automatic procedure is that it does not rely on “advanced” color relations like
Tr(T*T*T*T¢) = —4"/(4N). Thus one does not have to worry about building up traces
and applying rules in the correct order. In particular it is enough to write down the
color structure of the occurring amplitudes. Say M; has a color structure c;, then to ob-
tain the color-factor of the squared matrix element ;M7 one can simply use ¢;c; T with
the transpose of c; generated automatically, without ﬁrst analyzing which traces rnay be
formed. So obtaining the color factors with the program basically proceeds as fast as one
can define the ¢; and enter the needed combinations into the program.

am—»{ii a 000 y—»— a c
c 7
A c A
I — bfzms*—éj b J
My, cr My, crr Mirr, crr

Figure B.2: Three real NLO amplitudes occurring in hadroproduction serve as examples for
the calculation of color-factors. The naming of matrix elements M; and color-structures c; is
indicated. Note that in the Mathematica [57] syntax ¢; ~ cI etc.

For example, the color definitions entered in the Mathematica [57] program for the
three sample graphs in Fig. B.2 would be simply cI=L[c,a,b,i,j], cII=L[a,b,c,1,j]
and cIII=T[d,i,j] f[a,b,e]l fle,d,c]. Here T[d,i,j]l Tl‘j, fla,b,el ~ f* and
the L[a,b, ... ,1i,j] function automatically constructs a string of generators by inserting
auxiliary “quark” indices, e.g., L[c,a,b,i,j] — T[c,i,k] T[a,k,1] T[b,1,j]. The
color-factor of M;Mj; is then obtained by typing sulcI t[cII]]/(N"2-1)"2, where the
function t [c] generates ¢’ the function sulc] calculates the color factor according to the
method described above and we have divided by (N?—1)? to average over the two incoming

gluon color indices. The result is m Furthermore su[cI t[cIII]11/(N"2-1)"2

sy and sulcIT £[cIIT]1/(N"2-1) "2 yields 5.

It is often advantageous to decompose the color factors into different parts in order
to collect the matrix elements. We have chosen to rewrite them in terms of the Casimir
operator color factors Cr = N2 ~ and C4 = N. In the real gluon-gluon matrix elements,
of which Fig. B.2 shows three examples, all color factors have a common factor m
and the rest can be decomposed into linear combinations of (2Cr)?, C% and 1. So the
total result can be organized into three different color parts. On one hand this allows
cancellations between different squared matrix elements to take place and on the other
hand we can directly obtain results which have similar colorless amplitudes. For example
the corresponding real photon-photon matrix element result can be read off as the (2Cx)?

gives —
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coefficient. But one has to keep in mind that this decomposition is not unique, but rather
a tool for efficiently organizing the results.

B.4 Two Useful Slavnov-Taylor Identities

Instead of employing the most general Slavnov-Taylor identity in its functional form to
derive our special result, we use the fact that the Green’s functions themselves are directly
invariant under Becchi-Rouet-Stora (BRS) transformations [75], see for example [126, 50].
The BRS transformations are given by

5BRSAZ = (SWDbeb 5
1
OBrs{” = —igrfabcfbfc&d )

1

(6
(SBRS\II = Z.nga(Swga\If 5
Oprs¥ = ig, T *6we"

where dw is an infinitesimal Grassmann variable dw? = 0, which anticommutes with the
(Grassmann) ghost fields. The other notations for the fields and covariant derivatives
correspond to those used in (4.2) to (4.5). We will for simplicity use the unrenormal-
ized Lagrangian, but exactly the same derivations can be made for the renormalized
Lagrangian, using the corresponding renormalized BRS transformations, see for example
[64).

We consider the time-ordered four-point function (0|T(W(z4)W(23)E%* (21)A>(22)|0),
where the fields are considered to be external and are to be used in the S-matrix. Its
invariance under BRS transformations means

0 = 0prs (0| T(TWE™ AL)|0)
= (0| T[(65rs W) WE™ AV]|0) + (0| T[¥ (dprs )& AV]0) (B.21)
+ (0| T[W W (dprs&™*) AL]|0) + (0| T[WWE™ (dprs Ap)][0) -

Let us examine the first term in more detail, it yields with (B.20)

(O T((Onrs T (w4)) ¥ (w3)€™ (1) A} (x2)]]0)
= ig,0w (0| T[W (4) T°€"(w4) W (23)6"" (21) A, ()]0}, (B.22)

Now we wish to know if this can contribute to the S-matrix. In the LSZ reduction
formalism, (0| T(WWE™ A%)|0) will be multiplied by the inverse propagators of the external
fields, which for W gives J, — m, i.e., the external legs are “amputated”. Here we have
considered the transformation to (external) momentum space with z1 934 — k1234. But
from the WU in the two particle state of (B.22), there will be no corresponding one particle
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propagator ~ 1/(f4—m), since only the sum of the momenta of the two particles gives k.
A momentum space representation of (B.22) is shown for illustration in Fig. B.3. Then
taking the on-shell limit f4 — m will give zero for the S-matrix contribution of (B.22),
since there is no cancellation (f4—m)/(f4s—m) = 1. The second term in (B.21) suffers the
same fate when we put ¥ on-shell, and in the last term the covariant derivative reduces
to a partial derivative if we set A” on-shell, since again the contribution due to two fields
at one point vanishes with respect to the S-matrix. So we can, keeping the use with the
S-matrix in mind, write (B.21) as

1 s a r ax*
—E5w<0|T[\1n11(a“AM)A’;]|0> + 6w (0| T[T TE™(9,£9)]|0) = 0. (B.23)
Note that in the first term we now have two gluons, in the second a ghost and an antighost

and that the only particle we did not have to set on-shell to proceed in our derivation was
the original ghost field £%*.

Figure B.3: The momentum space representation of (B.22) as it would appear in the S-matrix.
This contribution vanishes due to the absence of a one-particle pole in k.

In Feynman gauge o = 1 this will correspond to the condition on the amplitudes®
KM = —ka, M (B.24)

where on the L.h.s. we have a sum of all relevant amplitudes for two external gluons
multiplied with &}, instead of a polarization vector £(ky, ;). On the right hand side we
have a corresponding sum of amplitudes, where instead of the gluons a ghost can “run
through”, i.e., since only connected diagrams contribute and one couples always a ghost-
gluon-antighost, the external ghost and antighost are connected. Note that we can add an
arbitrary number of external on-shell fermions without changing the derivation of (B.24).
Also if the unreplaced gluon on the left hand side is transverse, then as we multiply by
eb = €”(ky, Ag) in the S-matrix and eq - ks = 0, the contribution vanishes. Hence we could
also add an arbitrary number of external transverse on-shell gluons to the initial vacuum
expectation value and still obtain (B.24). Obviously by exchanging positions and labels
we can also derive

kS M = —ky, Mg (B.25)

“Both sides will also be multiplied by the polarization tensor €} of the gluon in the original vacuum
expectation value to obtain the S-matrix.
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and all considerations given above apply to the other leg, respectively. If we replace both
polarization tensors with the momenta and set k7 = k3 = 0, then obviously

Kk M =0 (B.26)

The results (B.24) to (B.26) are the generalization in QCD of the well known result, that
in QED due to gauge invariance we get zero when replacing a polarization vector by the
corresponding momentum. We can now use (B.24) to (B.26) to easily calculate

P (k) PP (k) My, Ms™ = (—g"*) (—g"?) My, Mag™ — My Mgy — M, Mgy, (B.27)

where P#*(k;) and P"?(k,) are physical polarization tensors as defined by summing over
A1 and Ay, respectively, in (2.14). The arrows at the ghost amplitudes indicate the di-
rection of the ghost line, from k; to ko or vice versa. The dependence on the arbitrary
light-like 1 drops out completely and we have thus proven the “external ghost trick”. The
identity Fig. B.4 was derived first in [52] and later shown to survive the renormalization
process in [53].

Figure B.4: Pictorial representation of the Slavnov-Taylor identity (B.24). The dotted line with
a double line end represent the replacement of a polarization vector €} — k}' with possibly
k? # 0, the spiral with line represents an on-shell gluon k2 = 0 which is not transverse
g9 - ko # 0. The circle represents the set of all relevant Feynman graphs, and there can be
other external lines which have to be on-shell (and for gluons transverse).

A second useful Slavnov-Taylor identity is obtained from (0|T[(8*A%(z))&™(y)]]0),
where this time we put no conditions on the fields. Setting its BRS transformation to
zero yields

é(OIT[(a“AZ(fﬂ))(3”A,b,(y))]|0> = (O|T[(0"Dy"e" ()€™ ()][0) = 0, (B.28)
where we have used the equation of motion for £ from

08 0¥
O gy~ gar = "DNE =0, (B-29)

The choice for gauge fixing (4.3) leads to the following regularization prescription for
equal times

(OIT[(0" A5, () (8" A, (y))]]0) = 040, (0 T[ A} (2) AL (I0) + 606 (@ — ), (B.30)
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see [64]. Taking the Fourier transform x —y — k of (0|T[A%(z)A?(y)]|0) gives the full

b

® in momentum space, and we derive

gluon propagator f)l‘j

ékukV[)Zij =5, . (B.31)



Appendix C

Virtual Plus Soft Coeflicients

First we list the polarized coefficients for the virtual plus soft (V' + S) photon-gluon
reduced partonic cross section as defined by (7.27), i.e., sorted according to their color-
factors. Furthermore, the In(A/m?) terms are collected in separate coefficients and all the
logarithms depending on the renormalization scale u, have been rewritten, so that the only
dependence now resides in the In(u?/pu?) of (C.5). Note that in [35] this coefficient was

written with In(g,./p1r). ABqggp is given by (2.21), 8 = /1 —4m?/s, % = (1-0)/(1+ ),
and ¢t and u are defined in (2.18).

ALqep = [—t1(2t1 +w1)/(tur) — wi(ty + 2u1)/(tu)] /4 + [—4m®s(2t] — tyug + 2u))
+ tiug (58] + 26wy + 5ui)] /(4tu?) + {B(2m®s + £ + 4tyug + up)/(4tuy)
+ [Bul(3¢] + dtiur + 3uf) + 4m*(¢] + 26wy — 88T + 26wt + uy)] /(4t1u) } C(2)
— {B2m?s + 1] + dtyuy + uf) /8 + (—24m" + 3] + dtyuy + 3u?)/8} /(tiur) In® 3¢

+ { — [2m*}(6m®* + 9m®t; + 4]) + t1(2m® + t1) (8m* 4+ 9Im>t; + 2t7)uy
+ 3t(2m” + t1)*ul] /(46 ur) — [stiur (B + 2uq) + 4m* (8] + 3tTuy — tiuf — u})

t
+ 2m?(t] + thuy — 3tTul — 260} — uf)] /(2Bstiul) In %} In (—é)

+ { — [t (3t1 + 2uq) + 4m°(3t] + 4tyus + 3ui) + m*ui (1567 + 13t ug + 8ui)

+ 2mtug (1267 + 13tuy + 9u?)] /(4tiw’ul) — [stiuf(2t + w) — 4m* (£ + T
Uy

— 3tui — ul) — 2mP(t] + 265wy + 3tu} — it — uy)] /(2Bstiu}) In %} In (_W>

+ {(m?s — tyu1)/(Btiur) + B(2m*s + 17 + 4tyur + uf)/(2t1u1) In(1 + 2) } In 3¢
+ {2m°t (ug — t1) + £1(267 + 261wy + uf) — 2m* (58] + 2tyuy +ut) } /(265uy)
t

- Lig (W) +{2m*(t — wa)ul +ud (1 + 20w + 2u7) — 2m* (] + 26wy + 5uf) }
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.{1+S_ﬁ2m <2<() {—Hm(é)ﬂ (- m2)+4ln(1—%)

—ln%] ln%+4Li2(%)>}/2, (C.1)
5 — 2m? A
ALéED = _ABQED {1 —+ 53 In %} In W y (02)

ALok = m*s(t? +u?)/(2t3u?) + { — B(2m?s + s + 2tuy) [ (4t1uy) + [ — 2683 (283
+ tyug + 2u}) + mPstiug (Tt — Styug + Tui) — m* (¢] + 2ty — 26503 + 2ty u}
+ ui‘)}/(%iui’)}g@) + (=2m®s + 1] + ui) / (4t us) [In2 (—é—) + In? (——)]
— {24m4 —35% + 2tiu; — B(2m?s + 5% + 2t1u1)} /(8tyuy) In? 5
+ {(m23 + 1) (—m®s + tiur) / (2t ur) + [t (8 + i) — 2mPs(2t] — tiug + 2u})]

/(2t3u?) In (—ﬂ) {st}(s — ur)uy +2m? [st] + (s* + 2t7)u] — 4m* [s* + 2t (s*
m?

+ tiuy)]} /(2B8st3u?) In %} In (—%) + {(—m23 + trug) (m?s + u?) / (2t uu?)

— {s(s — t1)tyu] — 4m®* [$* + 2ui (s” + tyug) | + 2m? [sul + ¢](s” + 2ul)] } /(2Bstiul)
-In %} In ( s ) + {=(m’s — tyu1)/(Btiur) — B(2m*s + s* + 2tyu1) /(2t1u1)
“In(1+ 2)} Inse + {m%&“{(t1 — 3uy) — t5(t1 + 2uy) + m* (567 + 2tuy + uf) } /(2t7uy)

ot
- Liy <m2> + {mPuf (=3t + ur) — ud(2t; + wy) + m*(¢] + 26wy + 5uf)} /(2tud)

- Liy (%) — B(2m?s + 5% + 2t1uy) /(2t1uy) Lig(—2¢) + ABQED{ [ —3¢(2)

2
t t
tam D (<) w9t inse — n? e 4 2L, (1——1>
m m? Uy Uy Uy
. m2 tl U1
— 2 Li, <1 — —) ]/4 — [2((2) + { In (—W> +In (—w)
+41In(1 — 3) — ln%} ln%+4Li2(%)] /2} , (C.3)

A I t1 s—2m? A
AL3x = ABgep {m — —n mf; FIn s —— s o (C.4)
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2
f

Next we list the coefficients of the unpolarized reduced V' + S partonic cross section for
the quark-antiquark subprocess of hadroproduction, according to (7.49). The polarized
parts follow ezactly from AK; = —K; in each case, i.e., helicity is conserved. Again the
coefficients are sorted according to their color-factors, the In A/m? terms are collected
separately, and the logarithms depending on the renormalization scale have been brought
into the form In u?/u% and are collected in (C.11). Aqgep is given in (2.30).

4(t1 - ul) 2(t1 — Ul) 9 S 4(t1U1 - 2m28) tl
Kamp = —= g In i = = [20@) i ] - S o=
N 4(tyuy — 2m?s) In ( o ) N 4m? 1 3¢ 4(2m2 + 1t —uy)
Su sp S

l . t 402m2 —t; +
Do) () o () |-
[in () m () - () - 2
t1u1

- [2¢(2) + In? 4 Lig(— A —10+4 In—— —21n—> p A%
[2¢(2) + In? 3¢ + 4 Liy(—3) | + QED{ 0+ g()+3nm n—shn—

2t1U1 ,u?t t1uq 1 . m2s 11
+In"—+In—|-34+2In— | +=-Inx+2Lis ({1 — — | =8| In—
m* m? I6]

m* tiug Uy
(1 ® 41 ) Lig (1= ) 41, (1= 2 2m” = 8[6C(2)+1
(In— +1Ins) —Li -— i -— )| - n
m?2 2 Uy 2 ty sf3
(=6 +8In(1 — 5) —3Insc+41In(1 + »)) + 4 Lis(3c) + 2 LiQ(%Z)] } : (C.6)
A A 117 tiug  2m? —s
KSED = —4Aqgep In = [1 —In pe + ln 3 4ln o L +ln T;LZ; i In %] , (C.7)
Koo _8m? | 16m! +12m®s — s[s + 3% (u — 1] mS 2m? — 3ty + 3uy
oK s[3? 5234 m?2 2s
2 51, 2(tiu —2m?s) Ct\ At —2m®s) Cup
20(2) +1n mZ] + st In m? su In ( m2>

4m? 2(2m? 4+t — uy) s ty t
—yln%— . {ln <_E> ln( 3 ) Li, (W)]
4(2m* — t; + uy) s Uy u
+ S |:1H <_u_1> In (—E> L12 (m2>:|

_Am?(16m* — 2m®s + 5%) — 35°(8m" — 8m?s + 5°) (L — w)
25335
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. 170 8m? 22 i}
. |:2C(2) +1n2%+4L12(—%)] +AQED{7 + 8—52 - 6C(2) + EIHW

16 s —16m? s 5, S t Uy 1
2 t t
—In? 5 — 2 Li, <1—@> +6[1n—1 (1ni+1n%) ~ Li, (1——1>
t1u1 U1 m?2 Uy

_ m 24m* — Tm?%s + 52 5 .
+ Liy (1 — E) ] + 25 [2¢(2) + In® 3¢ + 4 Liy(—5¢)]

2m? —
+ mﬁ i [6g(2) 4 Inse (=4 +81In(1 — 5¢) — 3Inse+ 41n(1 + 5)) + 4 Lin(5)
s
+ 2L12(%2)]} , (C.8)
A tl t1u1 2m2 — S

K(%K = 4Aqrp lnﬁ [—3111 " +1n e B In | | (C.9)

4 S(nip+1)  4m? s I B(s + 2m?)
Ko, = 5 Aqen {— 2Ty (S —m L) T )
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