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Chapter 1
Introduction

The term meta-analysis was coined by Glass (1976) in the social sciences and Glass
defined meta-analysis as the statistical analysis of a large collection of analysis results
from individual studies for the purpose of integrating the findings’. Beside the social
sciences, meta-analysis is nowadays widely accepted and applied in the life sciences. Fol-
lowing Draper et al. (1992), there are a lot of other fields in which statistical methods
for meta-analysis are applied, for instance, archaeology, astronomy, chemistry, engineer-
ing, environmental sciences, geosciences, military operations analysis, official statistics,

physics, and psychology.

Combining results from independent studies has a long history in statistics, though the
term meta-analysis was only coined around thirty years ago. As an early application in
biometry, Pearson (1904) used data from five small independent samples and computed a
pooled estimate of correlation between mortality and inoculation with a vaccine for enteric
fever in order to evaluate the efficacy of the vaccine. In the physical sciences, Birge (1932)
combined estimates across experiments at different laboratories to establish reference
values for some fundamental constants in physics. Early works of Cochran (1937), Yates
and Cochran (1938), Tippett (1931), and Fisher (1932) dealt with combining information
in the agricultural sciences in order to derive estimates of treatment effects and test their

significance.



As the scope of meta-analysis grew over the years, several terminologies also came
into existence, such as combining experiments, combination of information, combination of
results, systematic review, quantitative research synthesis, research integration, or pooling
evidence. The basic statistical methods behind these various terms, however, are all the

same and we will always use the term meta-analysis in the following.

Meta-analysis can be seen as a process which consists of four important stages of re-
search synthesis: problem formulation, data collection, data evaluation, and data analysis
and interpretation, see the introduction in Hartung, Knapp, and Sinha (2008) for a de-
tailed description of these stages. The main focus of this thesis is on the data analysis
stage, that is, given the results of the independent studies we deal with the problem how
to combine these results using sound statistical methods. Several text books on statistical
methods of meta-analysis which merely deal with this data analysis stage are nowadays
available, notably Hedges and Olkin (1985), the edited volume by Cooper and Hedges
(1994), Whitehead (2002), and Hartung, Knapp, and Sinha (2008).

The emphasis of the present thesis is on statistical methods for combining results when
only published data from the individual studies are available. This is the scenario Glass
(1976) had in mind defining the term meta-analysis and this is still the most common
situation in research. Individual data from all the studies could clearly improve the
findings from a meta-analysis, but in practice it is usually very difficult, if not impossible,

to get all the data from the different experiments.

The experiments or studies we are interested in are comparative studies, that is, studies
in which a hypothesis is tested comparing a new intervention or treatment with a standard
intervention or control. The difference or the association between the two counterparts can
be modelled using a single parameter, we generally will call effect size in the following.
Possible effect sizes are difference of normal means, standardized mean difference, risk
difference, or odds ratio. The data situation for the meta-analysis is then that estimates
of the effect size of interest are available from each study as well as estimates of the

precision of each study-specific effect size estimate.



The foundation of the statistical methods in meta-analysis stems from the comparison
of several normal populations. Assuming a common mean in all the normal populations,
but possibly unequal variances, statistical inference about this common mean is not trivial
and has attracted a lot of researchers in the last decades. Chapter 2 contains many results
for this common mean problem but the presentation is restricted to those results which
can be extended to the meta-analysis for effect sizes. The statistical methods presented

in this chapter build the foundation of the so-called fized effects model of meta-analysis.

In case the means of the several populations are possibly unequal, but vary about an
overall mean, statistical inference about this overall mean in the one-way random effects
model of analysis of variance with possibly heterogeneous error variances is an appropriate
tool. Chapter 3 contains many results for the statistical inference in this model, but again
the presentation is restricted to those results which can also be used or easily extended
for combining results of comparative studies. The statistical methods presented in this

chapter build the foundation of the so-called random effects model of meta-analysis.

Chapter 4 is devoted to the combination of results from comparative studies with
normal outcomes. We discuss the meta-analytical techniques for the effect sizes difference
of normal means, standardized difference of normal means, and ratio of normal means

when the difference of two populations is of interest.

The meta-analysis of comparative studies with binary outcomes is discussed in Chap-
ter 5. The effect sizes considered are difference of probabilities, also sometimes called risk
difference, (logarithmic) relative risk, and (logarithmic) odds ratio. Beside the general
meta-analysis methods, meta-analysis methods for sparse data with binary outcomes are

stressed that can lead to some additional difficulties.

A crucial decision in meta-analysis is whether ong should use the fixed effects or the
random effects meta-analysis model. When using a random effects model, explaining
heterogeneity is a further important task in meta-analysis. From a statistical point of
view, one can use study-specific covariates in regression models to explore possible sources
of heterogeneity. The analysis in this type of regression models, briefly called meta-

regression, is the topic of Chapter 6.



Most of the presented meta-analysis methods are based on the so-called frequentist
approach. Bayesian methods heavily rely on informative prior distributions on the pa-
rameters. Using non-informative priors, results of meta-analysis are nearly identical in
both approaches, frequentist and Bayesian approach. Moreover, the appropriate choice
of prior distributions depends on the actual problem at hand. Thus, we present ideas of

Bayesian methods when appropriate, but do not provide details on the Bayesian analysis.



Chapter 2
The Common Mean Problem

Let us consider k independent normal populations, where the ith population follows a
normal distribution with mean p € IR and variance 02 > 0, i = 1,..., k. Let Y; denote
the sample mean in the ith population, S? the sample variance, and n; the sample size,

1=1,...,k. Then, we have

2 2

EwN(M,Q) and ((f#wxii_l, 1=1,...,k, (2.1)

and the statistics are all mutually independent. Note that (Y;,S2,i = 1,..., k) is minimal
sufficient for (u,0%,...,0%) even though it is not complete.

If the population variances 0%, ..., 0% are completely known, the maximum likelihood

estimator of p is given by B
~F . :
Zj:l nj/agz

The estimator (2.2) is also the minimum variance unbiased estimator under normality

=

as well as the best linear unbiased estimator without normality for estimating . The

variance of [i is given by

1
Var (i) = —/——. 2.3
N S e >
If the population variances o, ..., o7 are completely unknown, the log-likelihood func-



tion of the minimal sufficient statistics (Y;, 5?4 = 1,...,k) is

k 2 - 2
L= ; constant — % In(o?) — (i~ 1) 5 2—;27“ (Y; — M) (2.4)
Differentiations of L* w.r.t to p, 0%,...,0% and setting the derivatives equal to zero yield
the maximum likelihood estimators iy, and 63( vy L =1, k, which must satisfy
&E(ML):%ﬁ+(n—ﬂML)2 Ci=1,... .k (2.5)
and Z’?_l . }7/5,2
fgy, = == ) (2.6)

- - .
Zj:l “j/U?(ML)
Clearly, the maximum likelihood estimator (MLE) of i in Eq. (2.6) does not have a closed

form and has to be found numerically.

The literature has not paid much attention to likelihood methods in the common mean
problem since Cochran’s (1937) seminal paper. Cochran (1937) considered experiments
with equal sample sizes and recommended the use of a weighted mean statistic, which is
nowadays known as the Graybill-Deal estimator, see Eq. (2.7) below, if at least 15 degrees
of freedom are available in S?. With fewer than 15 degrees of freedom, Cochran (1937)
preferred the maximum likelihood estimator since its increased precision is well worth the

extra labor it involves.

In the Behrens-Fisher problem (k = 2 populations), Suguira and Gupta (1987) showed
that the likelihood equation for estimating the common mean has either a unique solution
with large probability or three solutions with small probability. When it has three solu-
tions, the maximum likelihood estimator of the common mean is given by either minimum
or maximum real root of a cubic equation, and when it has a unique solution, it is just
the maximum likelihood estimator. This shows that one should be careful in obtaining

maximum likelihood estimates by numerical iterations.

Recently, Pal et al. (2007) also considered maximum likelihood estimation of the com-
mon mean in case of £ = 2 populations. They showed that the maximum likelihood

estimator of u is unbiased and, via simulation study, compared the variance of the MLE



of p with the variance of the Graybill-Deal estimator. The finding of their simulation
study is that the MLE of 1 has better overall performance than the Graybill-Deal es-
timator. Maybe, this work will stimulate future research on likelihood methods in the

common mean problem.

An estimator of the common mean given in a closed form can be obtained by replacing
0? by S? in Eq. (2.2). This yields the already mentioned well-known Graybill-Deal (1959)
estimator given as B
Zk i Yi/S?
Z] 1 n]/S2

Clearly, jigp is an unbiased estimator of the common mean y for the statistics ¥; and S2,

figp = (2.7)

1 =1,...,k, are stochastically independent.

For calculating the variance of [igp, a standard conditional argument first yields

Var (ﬂGD) = E [Var (ﬂGD|Sla e Sk)} + Var [E (,&GD‘Sl, ey Slc)]

k N Eo 2
&)/ &) )

Meier (1953) derived a first order approximation of the variance of figp as

1+22n1_1 1—C,+O<Z _1>] (2.9)

=1

Var (0 =
on) = S~ s

with

Since figp uses sufficient statistics, the question naturally arises whether figp is a

uniformly better unbiased estimator of u than is each Y;, i = 1,..., k, that is, Var(figp) <

o2/ni, i = 1,...,k for all 6?,... 0c2. In case of k = 2 populations, Graybill and Deal

(1959) showed that B B
n1/512 + 77,2/522
is a uniformly better unbiased estimator of y than is Y, or Y, if and only if ny and ny are

each greater than 10. Norwood and Hinkelmann (1977) extended this result for & > 2




populations and showed that jigp is a uniformly better estimator of ;1 than each Y; if and
only if each sample size n;, © = 1,..., k, is greater than 10 or n; = 10 for some i and n;

greater than 18 for all j # i.

For further statistical inference on the common mean, an estimator of the variance of
figp should be available. Sinha (1985) derived an unbiased estimator of the variance of

fiap that is a convergent series. A first order approximation of this estimator is

Var) (ficp) =

k
_ Sz 1+Zn+1 - / 152 o kz/ ? 5 (21())
> i1 i/ S; =1 " 21" /5] (Zj:l n; / S?)
This estimator is comparable to the approximate estimator
Var) (ficp) =
k
o 1 k/z2_ i /S || @1
> i1 i/ S i=1 " Zj:l ng / 5 (Z?:l n; / S?)

due to Meier (1953).

In view of generalizing results from this chapter to comparative experiments with
possibly non-normal outcomes in later chapters, we present two further estimators of the
variance of figp which can be easily adapted for later purposes. One rough estimator of
the variance of figp is given by simply replacing o? by S? in Eq. (2.3), that is,

1
Ef:l ni/S; '

Another estimator of the variance of [igp is based on a direct estimator of the variance

Varg (jion) = (2.12)

(2.3). An unbiased estimator of the variance (2.3), assuming completely known variances

2 2 . .
oi,...,05, is given by

k

— 1 n; / 0'.2 _ N2
Var(i) - L (Y- ) (213
k—1 ;Zlenj / 032'

with £ from Eq. (2.2). Using standard linear model arguments, we can show that [
and @(ﬂ) are stochastically independent and (k — 1) \//z;"(ﬂ) /E[\//a\r(ﬂ)] follows a Y-
distribution with (k—1) degrees of freedom, see Hartung (1999). By replacing o through

10



S% in Eq. (2.13), we obtain an approximate variance estimator of jigp, that is,

k

e N 1 Tn; / 512 — R 2
Varq (fiep) = 37— > S g (Y; — fiap) " - (2.14)
i=1 Luj=1"%] j

By applying Meier’s general theorem (Meier, 1953), Hartung and Knapp (2005b) derived

the unconditional expected value of \//5(4) (ficp) as
B [Var(4) (ﬂGD)} =

L1 (ke (l-a) (1-c)? G

1
k 2
Zi:l ni/o;

with )
ni /o i

k Y
Zj:l n; / ‘7]2‘

Note that the expected value of \//5(4) (igp) is in close agreement to the first order

i=1,...,k

C; =
approximation (2.9) of the variance of the Graybill-Deal estimator.

2.1 Approximate Confidence Intervals

Using the Graybill-Deal estimator (2.7) for the common mean and an appropriate esti-
mator of the variance of figp, for instance, an estimator from Egs. (2.10), (2.11), (2.12),
or (2.14), approximate 100(1 — a/)% confidence intervals for p can be constructed on the

basis of a suitable normalization of [igp.

A simple large sample 100(1 — «)% confidence interval, which is widely used in meta-

Clay(p) = ficp F \/ Varg) (igp) 21—ay2, (2.15)

where z;_,/2 denotes the (1 — «/2)-quantile of the standard normal distribution. This

analysis, is given by

interval, however, mostly proves to be too narrow and the actual confidence coefficient
of the interval (2.15) can be dramatically less than the nominal one, see Li, Shi, and
Roth (1994) and Bockenhoff and Hartung (1998). Based on concavity corrections for the
estimates of 1/0?, i = 1,...,k, and following the lines of the interval (2.15), Bockenhoff

11



and Hartung (1998) worked out improved confidence intervals for p. A larger coverage
probability can also be achieved by using the (1 — a//2)-quantile of a ¢-distribution with
v degrees of freedom, say t,.,1_a/2, instead of z;_,/5. Follmann and Proschan (1999)

suggested the choice of v = k — 1 degrees of freedom.

But it is more appealing to use the more accurate variance estimators (2.10) and
(2.11) for constructing approximate confidence intervals on the common mean. By using
Patnaik’s (1949) approximation of equivalent degrees of freedom, Meier (1953) showed
that the distribution of \//'a\r@) (figp) can be approximated by a scaled y?-distribution with

estimated degrees of freedom ©, where

2
1 <1 ( n; | S? )
~ — k

L ni —1 Zj:1nj/532

Using the same approximate distribution for \//a\r(l)(ﬂGD), two approximate 100(1 — )%

confidence intervals on p are given as

Cly(p) = ficp F \//a\l"(l)(ﬂGD) toi—a/2 (2.16)
Clisy (1) = ficp F \/ Vare (ficp) toa-ae. (2.17)

Finally, an approximate 100(1 — a)% confidence interval for p, that does not require

and

the estimation of degrees of freedom, can be constructed using the variance estimator
(2.14). Since, suitably scaled, \//a\r(4) (ficp) can be well approximated by a y2-distribution

with k — 1 degrees of freedom, an approximate 100(1 — a)% confidence interval for yu is

Cliay (1) = ficp F \/ Varg (ficp) tti1-af2- (2.18)

But in the common mean problem, several exact confidence intervals on p are available,

given as

which will be presented in the next section. The approximate intervals, especially intervals
(2.15) and (2.18), however, can be also applied to situations when results of independent
studies should be combined and the parameter of interest is not a normal mean or a

difference of normal mean. This will be shown in Chapters 3-5.

12



2.2 Exact Confidence Intervals

Since v
n; T
o Ym iz T (2.19)
Si
or, equivalently,
n; (Yz - M)Z
F;, = — e~ Fi i1 (2.20)

are test statistics for testing hypotheses about p based on the ith sample, suitable linear
combinations of these test statistics or other functions thereof can be used as a pivotal

quantity to construct exact confidence intervals for pu.

Cohen and Sackrowitz (1984) considered M; = max;<;<i{|t:|} as test statistic for
testing hypotheses about u. We can use M; to construct an exact confidence interval for
o after determining the quantile of the distribution of My, say ci_,/2, which satisfies the

following equation

k
l-a=P (Mt < lea/z) = HP <|tz| < lea/Q) .
i=1

Since the distribution of M; essentially depends on the degrees of freedom of the t-test
statistics ¢;, the quantile ¢;_, /2 can be readily found using appropriate statistical software

packages. An exact 100(1 — «)% confidence interval for p is then given by

_ > Cl-a/2 Si . 5 | Cloa/2 S;
Clis) () - {fg% {Yz —m } ) i {K + —\/n_i H (2.21)

ﬂ _ C-a/2 i Si Vo4 Cl—a/2 Si

An alternative approach is to use the confidence interval

(4) (@)
_ C Sz _ €1 o Sz
Clg) (1) : [m.ax {Yi - i} , min {E + i}] (2.22)

1<i<k N 1<i<k N
k R (4)
ﬂ €1 Tl-a/2 7 S )—/ + Cl—a/? SZ

L Vi Vi

giza /2 satisfies the equation
P (It <) = (1 =)t

13
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Clearly, Clg)(pt) is an exact 100(1 — )% confidence interval for p. Since both intervals
Cl(s)(11) and Clg)(p1) can be described as intersections of individual confidence intervals,
these intersections may be empty. Consequently, both intervals are not necessarily always

genuine intervals.
Fairweather (1972) suggested using a weighted linear combination of the ¢;’s, namely

k -1
W= uti, w= k[var(tl)] . i=1,... k. (2.23)
i=1 Zj:l [Var(t;)]

Let bi_q/2 denote the quantile of the distribution of W, satisfying the equation

l—a=P (‘Wt| < blfa/Q) )

then the exact 100(1 — «)% confidence interval for p is given by
Zle n; Uj Yz / Si - bl—a/Q

k % :
Zj:l V1 U / S; Zj:l V1 U / S;
Let t, denote a t-distributed random variable with v degrees of freedom, then it holds

Var(t,) = v/(v — 2), v > 2, so that the distribution of W; essentially depends on the

Cl (1) : (2.24)

degrees of freedom of the t-test statistics. Fairweather (1972) provided an approximation
of the distribution of W, that can also be used to approximate the required quantile b;_ /.
Since W, is a linear combination of ¢-distributed random variables, the distribution of W,
should resemble a scaled t-distribution, that is, we approximate the distribution of W, by
a ¢ t,-distribution so that the second and fourth moment of both distributions coincide.
The solution is given by v = 4 + 1/ 35 [u?/(n; — 5)] and ¢ = /(v — 2) / (v A) with
A= Zle(ni —3)/(n; — 1), see Fairweather (1972). Note that Fairweather’s interval is

always a genuine interval for 0 < a < 0.5.

Jordan and Krishnamoorthy (1996) suggested using a linear combination of the F-test

statistics (2.20), namely

k -1
F
Wr=Y w F, w= kwar< )) — . i=1,... k. (2.25)
P 221 [Var(F})]
Note that Var(F;) =2 m? (m; — 1)/[(m; —2)* (m; —4)] withm; =n; —1,i=1,... k.

After determining the quantile a;_,/ satisfying the equation

1_a:P(Wf Salfa/2)7

14



an exact 100(1 — )% confidence interval for p is given as

k
Cligy(1) : Y _pi Vi FA, (2.26)
=1
where )
p= LSy
wj n; | S
j=1
and

k k 2
al—a/2 —9 =
A? = - Epi}/;_(ipi}/;) }
Zf:l W; 1 / 512 {i:l i=1

Since A? is not always positive, the interval (2.26) is not always a genuine interval. Jordan
and Krishnamoorthy (1996) suggested approximating the distribution of Wy by a d Fj, -
distribution, with numerator degrees of freedom equal to the number of populations, so
that the first two moments of both distributions coincide. The solutions for d and v are
given by, recall that m; =n; —1,i=1,...,k,

4k My —2 (k+2) M?

= d d=Wv-2) M
v kM, — (k£ 2) M2 an (v—2) My /v,
where i
w; MMy
Mle(Wf):Zm‘_Q
i=1
and
M:E(W)2:i 3 w? m? +2§i w; Wy My My
’ P = 2)(m—4) T & A (mi—2) (my - 2)]
=1 =1 j=i+1

see Jordan and Krishnamoorthy (1996).

Yu, Sun, and Sinha (1999) derived exact 100(1 — «)% confidence intervals for p using
p-values of the F-test statistics F; from Eq. (2.20). Recall that F; is a F} ,,_;-distributed
random variable, then the ith p-value P; is defined as

P; :/Oohi(x) dz |
F;
where h;(z) denotes the probability density function of the F-distribution with 1 and
(n; — 1) degrees of freedom. Note that Py,..., P are independently uniformly distributed

random variables on the unit interval.

15



There are several methods for combining p-values, see Hedges and Olkin (1985), that
can be used for constructing exact confidence intervals for p. We restrict the presentation
here to the two most familiar methods, the inverse normal method by Stouffer et al. (1949)
and the inverse x*-method by Fisher (1932). The general construction principle for the
confidence intervals is the inversion of the acceptance region a family of level-a-tests.
Note that by using Tippett’s minimum p-value method, one obtains the interval Cl) ()
from Eq. (2.22), see Yu, Sun, and Sinha (1999).

Using the inverse normal method, hypotheses about p will be rejected if

S, (R)
VG

where ®~! denotes the inverse of the cumulative distribution function ® of the standard

< Za;,

normal distribution. Consequently, an exact 100(1—«)% confidence interval for p is given

by inverting the acceptance region, that is,

Cligy (1) : {u : w > za} : (2.27)

Note that this approach does not necessarily yield a genuine interval.

Using Fisher’s inverse y?-method, hypotheses about p will be rejected if

k
-2 Z 1n<PZ) > X%k;l—aa

i=1
where x3;.,_,, denotes the (1—a)-quantile of a y*-distribution with 2 k degrees of freedom.

Again, by inverting the acceptance region, we obtain an exact 100(1 — «)% confidence

interval for u as
k
Cloy(p) : {,u : —QZID(H) < ng;la} : (2.28)
i=1

Like the interval (2.27), the interval (2.28) is not necessarily a genuine interval. Yu, Sun,
and Sinha (1999) derived sufficient conditions for the inverse xy?-method and the inverse
normal method to produce genuine intervals. Moreover, in a small simulation study for

k = 2 populations, they showed that the interval with the inverse y?-method outperforms

16



the other p-value based exact confidence intervals for x4 in terms of expected length. Com-
pared to the other exact intervals, they recommended the use of Fairweather’s interval,
when the two population variances are close and small, followed by the interval with in-
verse y?-method and Jordan and Krishnamoorthy’s interval. When the two variances are
widely apart, they recommended the use of the inverse y*-method followed by Jordan and

Krishnamoorthy (1996) and Fairweather (1972).

Hartung and Knapp (2005b) used the ¢-test statistics ¢; from Eq. (2.19) and suggested
two broad classes of exact 100(1 — )% confidence intervals for pu. Let Fy, , be the

cumulative distribution function of the ¢-distribution with (n; — 1) degrees of freedom.
Then it holds
Fy, (i) = u; ~U(0,1) and & '(u;) ~ N(0,1),

where U (0, 1) stands for the uniform distribution on the unit interval. Let us consider the

weighted inverse normal combination statistic

Z(p) = Z 21?—17 ! (Ftni,l(tz')) (2.29)

with some positive weights v;, i = 1,..., k. Clearly, Z(u) is a standard normal random
variable. One possible choice of positive weights is v, = 1, ¢ = 1,..., k. This means
that the precision of each result is only represented through the cumulative distribution
function F. . Since the results of larger experiments are usually more precise, a natural

choice of the weights 7; may be the sample size n; or the degrees of freedom n; — 1.

The functions F, _,(-) and ®~'(-) are monotone increasing functions in their argu-
ments (-), so that Z(u) from Eq. (2.29) is a monotone decreasing function in p. Conse-

quently, an exact 100(1 — «)% confidence interval for u is given by

Clun(p) : [ prz 5 puz ], (2.30)

where the bounds ji1, 7z and pp z are the unique solutions for ;1 of the equations

Z(u) =0 1 —a/2) and Z(p)=d '(a/2).

A second class of exact confidence intervals for p suggested by Hartung and Knapp

(2005b) is based on the inverse x*-method. Let G2 denote the inverse of the cumulative

17



distribution function G, of a x*-distribution with v; degrees of freedom. The general

inverse y2-combination statistic is then given by

k

S(n) =Y G (F, _,(t)) . (2.31)
i=1
Clearly, S(u) is a x2-distributed random variable with vy = Zle ~; degrees of freedom.
Since F, _,(-) and G '(-) are monotone increasing functions in their arguments (-), S(y)
is monotone decreasing in p. Consequently, an exact 100(1 — «)% confidence interval for
1 is given by
Clagy(p) : [ prs 5 bus |, (2.32)

where the bounds py, ¢ and py s are the unique solutions for p of the equations
S() = Xopaape and  S(u) = X302 -

Table 2.1 contains the simulation results concerning the expected lengths of the exact
confidence intervals (2.30) and (2.32) for £k = 2 populations. For interval (2.30), we
considered the weights v; = 1 and v; = n;, i = 1,..., k. For interval (2.32), we considered
the weights 7; = 2, that is, the weights of Fisher’s (1932) method for combining p-values,
and again the sample sizes v; = n;, i = 1,..., k. We used the simulation design from Yu,
Sun, and Sinha (1999).

We observe from Table 2.1, that the exact intervals CI(;;) based on the inverse normal
method are always shorter than the exact intervals CI;9) based on the inverse y*-method.
For the intervals Cl(j9), the weights equal to the sample sizes always produce on average
shorter intervals than the constant weights. For the intervals Cl(;1), the intervals using
the sample sizes as weights are on average shorter than the intervals with the constant
weights if the smaller sample size is associated with the larger variance. If the smaller
sample size is associated with the smaller variance, the intervals using constant weights

are on average shorter.

18



Table 2.1. Comparison of expected lengths of four exact confidence

intervals for p given a nominal confidence coefficient of 1 — a = 0.95

15 10

21 21
21 21
21 21
21 21
21 21

20 1.662 1.469 6.563  2.181

0.5 | 0421 0421 0463 0.426
1 0.622 0.622 0.653  0.625
1.090  1.090 1.575 1.153
10 | 1.221  1.221 2583 1413
20 | 1.303 1.303 4.632 1.768

Sample Standard Average length
size deviation | Cly;y  Clayy  Clpgy  Clpg
Ny Ng oo o0y |vi=1 v=n v=2 v=n
7 10 1 05 | 068 0.664 0.771 0.679
7 10 1 1 1.032  1.028 1.080 1.038
7 10 1 2.107 2279 2594 2508
7 10 1 10 | 2.610 2952 4.169 3.774
7 10 1 20 | 3.036 3.601 7.073  5.929
10 7 1 05 | 0730 0751 0.773 0.768
10 7 1 1 1.035 1.030 1.081  1.039
10 7 1 1.826  1.687  2.706  1.890
10 7 1 10 | 2.081 1.867 4.482 2.469
10 7 1 20 | 2.285  2.003 8.049 3.553
10 10 1 05 | 0.640 0.640 0.697 0.654
10 10 1 1 0.936 0936 0977 0.944
10 10 1 1.732 1.732 2.349 1.910
10 10 1 10 | 2.021  2.021 3.843 2.623
10 10 1 20 | 2.233 2233 6.761  3.847
10 15 1 05 | 0544 0.523 0.617 0.531
10 15 1 1 0.830 0.825 0.873  0.832
10 15 1 1.635 1.780  2.065  1.933
10 15 1 10 | 1.946 2.213 3.300 2.773
10 15 1 20 | 2.177 2582  5.680  4.223
15 10 1 0.5 | 0583 0.602 0.620 0.612
15 10 1 1 0.831 0.826 0.874 0.833
15 10 1 1.390 1.280 2.151  1.384
15 10 1 10 | 1.556  1.399 3.623  1.692
1
1
1
1
1
1
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2.3 Generalized Confidence Intervals

The concept of generalized p-values was first introduced by Tsui and Weerahandi (1989)
to deal with the statistical testing problem in which nuisance parameters are present, and
it is difficult or impossible to obtain a non-trivial test with a fixed level of significance.
Weerahandi (1993) then introduced the concept of generalized confidence intervals in this
setting. Although, a lot of exact confidence intervals for the common mean p exist, see
Section 2.2, the generalized confidence interval approach may be an alternative in the
common mean problem as some of the exact confidence intervals do not always yield

genuine intervals.

The general setup for constructing a generalized confidence interval is as follows: Let
X be a random quantity having a density function f(X|(), where ¢ = (6,m) is a vector
of unknown parameters, 6 is the parameter of interest, and 1 is a vector of nuisance
parameters. Suppose we are interested in a confidence interval for 6. Let o denote the
observed value of X and consider the generalized variable T'(X; x, (), which depends on

the observed value & and the parameters (, and satisfies the following requirements:

(A) The distribution of T'(X; x, 0, 1) does not depend on any unknown parameters.

(B) The observed value of T'(X; x,0,n) is free of the nuisance parameters.

Then, we say T'(X;x,0,n) is generalized pivotal quantity. If ¢; and ¢, are such that
Pt <T(X;x,0,m) <ty) =1—aq, (2.33)

then,
{0:t <T(X;2,0,m) <t}

is a 100(1 — )% generalized confidence interval for 6. For example, if the value of
T(X;x,0,n) at X = x is 0, then

[T(x;00/2) , T(x;1 — f2)]

is a (1 — «) confidence interval for 6, where T'(x; k) stands for the xth quantile of
T(X;2,0,m).
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Recall that we have independent samples from k normal populations with common
mean g and possibly unequal variances 02, i = 1,..., k. The sample sizes n;, i = 1,...,k,
may differ from sample to sample. Let Y; and S? be the sample mean and sample variance

in the ith population. It is noted that Y; and S? are stochastically independent with

2
0; 0;

2 1S,
Y, ~ N(ua>, Ui:uzijii_l, i=1,... k. (2.34)
Let g; and s? denote the observed values of Y; and S? and v; stands for the observed

value of V.

Krishnamoorthy and Lu (2003) considered a weighted linear combination of sample
generalized pivotal quantities. Within each sample, a generalized pivotal quantity for p

is given as

. Y, — u o? v,
P o—i/m—i n: Vi

with Z; ~ N(0,1) and t; = v/n; — 1 Z;/\/U; ~ tn,_1, i =1,..., k. A generalized pivotal

quantity for o? is given as

o? v; Vi .
R, = VZ V; = @, Qi = _3 an_p i=1,...,k (236)

Define Y = (V1,...,Y;) and V = (V4,...,V,) and let be 4 and v the corresponding
observed values. Then, the generalized pivotal quantity for the common mean y is given

as

Ef:l Wi T;

TKL (?a Va@?”) = Zk W,
Jj=1 J

(2.37)

with

The generalized pivotal quantity T, fulfills the two conditions (A) and (B) above and the

observed value of T is u. Consequently, GCI; (p) : (TKL;Q /2, Trri—a /2) is a generalized
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confidence interval for p. Note that Krishnamoorthy and Lu (2003) used two different x?2-
random variables U; and @); in the definitions of 7; and R; even though they are related to
the same sample sum of squares. As Krishnamoorthy and Lu (2003) pointed out, the use
if the same y?-random variable in the generalized pivotal quantity produced confidence
limits that are too liberal. Since closed-form expressions for the required quantiles are
not available, they may be estimated by simulating the distribution of Tk, (}_’, Vv, v)
using the following algorithm:
For given data (y;, s7,m;), i = 1,...k:

Forj=1,....m:

1. Generate t,,_1,...,tn_1.

2. Generate Q; x2 _y,i=1,... k.

3. Compute W1, ..., W.

4. Compute Tk, ; = Zle W; (gl- — 1 sz/\/n_l) /Z?Zl W; .

(end j loop)
Compute the a/2- and (1 — a/2)-quantile of Tk 1, ..., Tkrm.

Then, (Txr.a/2, Tkr1-a/2) is a 100(1 — )% generalized confidence interval on p.

Lin and Lee (2005) first considered the best linear unbiased estimator for p assuming

that the variances o2, i = 1,...,k, are known. This estimator is given as, see Eq. (2.2),

Zf:l 1 }72-/01.2

= (2.38)
25:1 n;/ ng
with
. -1
i~N | [Z(m/cf?)]
i=1
Consequently,
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The generalized pivotal quantity for y is then given as

v = Do 6 Gt TEn/a G-
A O RO

Zf:l ni Ui §i/vi 4
s k -
=115 Uj/v \/Zle n; Uj/v;
S W Z
_ k1 e - (2.39)
Zj:l J Zj:l W

with
Wi:niUi/vz-, Z:]_,,k

The generalized pivotal quantity 77 fulfills the two conditions (A) and (B) and the
observed value of Ty, is u. Consequently, GCIy(u) : (TLL;O(/Q,T LL;l_a/g) is a generalized
confidence interval for u. Again, closed-form expressions for the required quantiles are not
available, but they may be estimated by simulating the distribution of 77, (}_’, V., v)
using the following algorithm:
For given data (y;,s2,n;),i=1,...k:

Forj=1,...,m:

1. Generate Z ~ N (0, 1).

2. Generate U; ~ Xii—h 1=1,...,k.

3. Compute W7, ..., W.

4. Compute Trp; = Y1y Wi g/ Y W, — Z/\ Sy Wi

(end j loop)
Compute the a/2- and (1 — a/2)-quantile of Trr1, ..., 7oL m-

Then, (Trrsa/2, Trra-ay2) is a 100(1 — )% generalized confidence interval on f.

A new third approach also starts with the best linear unbiased estimator i from

Eq. (2.38). Moreover, the statistic

k -1 % k o 92\ 2
A 1 n; ni (o Doje1 M Yi/o;
Var(l) = 1 (Z ;) > (Yi - ) (2:40)

k
i=1 & i=1 1t 25:1716/‘7?

is an unbiased estimator of the variance of i and stochastically independent of i, see
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Hartung (1999). Hartung (1999) also showed that

k
Z ni/o?) Var (2.41)
1=1

is a y2-distributed random variable with & — 1 degrees of freedom.

Consequently, (i — )/ \//SE([L) is a t-distributed random variable with k& — 1 degrees of

freedom.

A new generalized pivotal quantity is then given by

k _
T (V. V:gow) = gt U0
Zj 15 Uj /v

E -1
B tk_l k—1 <Z Vi )

=1

b n Ui [ Z?:l(”j Uj/v;) ?/j>2
ZZ1 Vi (yz S i1 (ne Ue/ve)

k _ 2

W

(ﬂi B Zg_kl J ?/J) (2.42)
> e We

_ k -1k
ZI‘C—IVVii 1 ( )
- I (owm) Yw
k
Zj:lvvj k—1 1 i=1
with
Wi:niUi/’Ui, Zzl,,k’

Again, the two conditions (A) and (B) above are fulfilled and the observed value of T,
is . Consequently, GCI3(u) : (Tnew;a 2,1, new;l,a/g) is a generalized confidence interval
for . As closed-form expressions for the required quantiles are not available, they may
be estimated by simulating the distribution of T, (l_’, V.y, v) using the algorithm:
For given data (s, s%,m;), i = 1,... k:

Forj=1,....m

1. Generate tj_;.

2. Generate U; ~x2 _j,i=1...,k.

3. Compute Wy, ..., Wy.

4. Compute Ty ; = Zi-c:l Wi ﬂi/ Zle W;

e [1/(k —1) (Zi?:l m)l SE LW (gjz = W) Y We) 2] 1/2-

(end j loop)
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Compute the a/2- and (1 — a/2)-quantile of Tyew 1, - - - s Tnew,m-

Then, (Thewa/2, Tnew;1—as2) is a 100(1 — )% generalized confidence interval on f.

In Table 2.2, results for simulated actual confidence coefficients and expected lengths
of three generalized confidence intervals GCIy(u), GCIy(p), and GCI3(p) are arranged.

We used the same simulation design like in Table 2.1.

This small simulation study shows that the generalized confidence interval GCI;(u)
is either slightly conservative or almost exact as already pointed out by Krishnamoorthy
and Lu (2003). The Lin and Lee (2005) generalized confidence interval GCly(u), however,
is either (slightly or moderately) liberal or almost exact, but never conservative. The
actual confidence coefficient of the newly proposed generalized confidence interval GCI3(u)
always lies between the two other confidence coefficients. It is either slightly liberal or
almost exact. But the average length of GCI3(u) is not acceptable. Since for k = 2
populations, the t-distribution with one degree of freedom is involved in the calculation,
GClI3(p) is simply too wide. The other two generalized confidence intervals have nearly
comparable average length. Since the actual confidence coefficient of GCIy(p) is always
less than or equal to the actual of confidence coefficient of GCI; (1), GCIy () is on average
always shorter than GCI; (1). Compared to the average lengths of the Clyy, see Table 2.1,
it is noteworthy that the average length of GCI;(p) is often smaller than the average

length of Clj;, when GCI; (1) almost exactly attains the nominal confidence coefficient.
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Table 2.2. Simulated confidence coefficients (in %) and expected lengths of three

generalized confidence intervals for p given a nominal level of 1 — a = 0.95

Sample Standard
size deviation | Confidence coefficient Average length

15 10

21 21
21 21
21 21
21 21
21 21

20 | 95.0 95.0 95.0 1.087 1.085 5.772

05 | 95.3 947 949 0.409 0.395 1.940
1 95.5 944 949 0.647 0.617 3.007
95.0 948 95.0 0.887 0.877 4.470
10 ] 95.0 949 949 0.895 0.892 4.669
20 | 951 951 95.0 0.896 0.895 4.641

ny  No or o9 | GCI; GCIl, GClI; GCI; GCl, GCIs
7 10 1 0.5 95.8 944 94.9 0.680 0.619 2.869
7 10 1 1 95.9 93.6 94.6 1.139 1.004 4.372
7 10 1 95.6 94.5 94.8 1.799 1.691 7.980
7 10 1 10 95.1 94.7 94.9 1.797 1.752 8.698
7 10 1 20 94.8 94.7 94.8 1.795 1.776 8.975
10 7 1 0.5 95.5 93.5 94.1 0.778 0.691 3.028
10 7 1 1 95.8 93.2 94.2 1.139 1.003 4.367
10 7 1 95.2 945 94.9 1.429 1.377 7.090
10 7 1 10 95.0 94.7 94.7 1.407 1.391 7.441
10 7 1 20 95.0 95.0 94.5 1.395 1.390 7.349
10 10 105 | 951 93.7 946 0.644 0.593 2.737
10 10 1 1 95.6 93.6 94.3 1.019 0.919 4.146
10 10 1 95.4 94.8 94.8 1.394 1.349 6.712
10 10 1 10 95.3 95.0 94.9 1.399 1.384 7.057
10 10 1 20 94.8 94.8 95.1 1.389 1.384 7.182
10 15 1 0.5 95.3 94.2 94.8 0.522 0.493 2.398
10 15 1 1 954 93.8 93.9 0.882 0.811 3.752
10 15 1 95.1 944 94.9 1.381 1.334 6.559
10 15 1 10 95.2 94.9 95.2 1.394 1.377 6.904
10 15 1 20 949 94.9 94.8 1.389 1.385 6.977
15 10 1 0.5 95.6 94.1 94.5 0.605 0.560 2.594
15 10 1 1 95.7 93.8 94.5 0.881 0.810 3.718
15 10 1 95.0 94.8 95.1 1.086 1.067 5.545
15 10 1 10 94.8 94.7 95.2 1.087 1.082 5.703

1

1

1

1

1

1
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2.4 Tests of Homogeneity

The crucial assumption in the previous sections is that there is a common mean in all
the populations or studies. In this section we present some selected tests of testing
homogeneity of normal means which can be extended to testing homogeneity of other
effect sizes in later chapters. A more detailed discussion of homogeneity tests in the

common mean problem can be found in Hartung, Knapp, and Sinha (2008, Chapter 6).

Let Y;; be the observation on the jth subject of the ith population/study, i = 1,...,k
and j = 1,...,n;. Then the standard one-way ANOVA model is given by

Kj:ui+eij:u+6i+eij, ’izl,...,k, j:].,...,’n,i,

where p is the common mean for all the & populations, ; is the effect of population ¢
with Zle B = 0, and e;; are error terms which are assumed to be mutually independent

and normally distributed with

E(eij) = 0, Var(eij) = O'-2

)

’izl,...,k}, jzl,,nl
Under the above set up, we are interested in testing the hypothesis
Hy:py=-- =

or, equivalently,

Hy:py="= [

Assuming equal error variances, one uses the standard likelihood ratio F-test for test-
ing homogeneity which is also known to be the optimum from an invariance point of view.

This test statistic, say Fy,, is given by

. _ _
A
with N = Zle n;, Y = Z?:l Yii/ni, Y. = Zle n;Y; /N, and
St =20 (Y — Yi)?/(ni — 1).

Under the null hypothesis, F,, has an F-distribution with £ — 1 and N — k degrees of

freedom. The test rejects Hy at level v if San > Fi—1 N—ki1—a, Where Fi_1 y_g:1—o denotes
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the (1 — a)-quantile of the F-distribution with k¥ — 1 and N — k degrees of freedom. This
ANOVA F-test has the weakness of not being robust with respect to heterogeneity in the

intra-population error variances (Brown and Forsythe, 1974).

Based on the standard ANOVA F-test statistic, several modifications have been pro-
posed for testing equality of means in the case of heteroscedastic error variances, for
instance, the Brown-Forsythe (1974) test, a modification of the Brown-Forsythe test pro-
posed by Mehrotra (1997), or an approximate F-test by Asiribo and Gurland (1990).

For testing Hy in case of heteroscedastic error variances, Cochran (1937) suggested

the test statistic

k k
Q=>4 (Y/ -5 5‘@-_)2, (2.44)
i=1 j=1
where 0; = n;/S2, h; = 0;/ Zle 0;. Under Hy, Cochran’s statistic is approximately -
distributed with k£ — 1 degrees of freedom. The test rejects Hy at level « if Q¢ > XZ—I;I—ON
where Xj_1.,_, is the (1 —a)-quantile of the x*-distribution with & —1 degrees of freedom.
Cochran’s test is often used as the standard test for testing homogeneity of effect sizes in
meta-analysis. The popularity of this test stems from the fact that the test statistic can
be easily adapted to other parameters than the normal mean. However, in the common
mean problem, Cochran’s test can be very liberal for small or moderate sample sizes in

the groups and, thus, cannot be recommended for practical use in this situation, see the

extensive simulation study by Hartung, Argac, and Makambi (2002).

An improved test based on Q¢ from Eq. (2.44) in terms of attaining the nominal level

was suggested by Welch (1951). The Welch test statistic is given by

Zf:l 0; (Yz - Z?:l hj YJ)2
Qw = - 5 : (2.45)
(k=1 +2[(k=2)/(k+1)] 2y (1 =)™ /(ni — 1)

where ©; = n;/S? h; = 0;/ Zle 0;. Under Hj, the statistic QQyy has an approximate

F-distribution with £ — 1 and v, degrees of freedom, where

L (* —1)/3
LY A -h) (1)

This test rejects Hy at level a if Qw > Fy_1,,,1-«. The basic idea of the Welch test is to
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approximate the distribution of Cochran’s test statistic through a scaled F-distribution,

say ¢ Fy_1,,, so that the first two moments of both distributions coincide under Hy.

Cochran’s test as well as Welch’s test use estimated weights 0o; = n;/S?. Since we

know that

)

where ¢; = (n; — 1)/(n; — 3), an unbiased estimator of n;/o? is n;/(c; S?). Defining

0 = n;/(c; S?), Hartung, Argac, and Makambi (2002) proposed a test they called adjusted

1

Welch test, denoted by (aqj.w, which is given by
Zzlz(y; Z]l]_l)

Qadjw = : (2.46)

(k=1 +2[(k=2)/(k+1)] X, (1=h)?*/(ns = 1)
where h! = 0] /ZJ 07,0 =1,..., k. Under Hy, the adjusted Welch statistic, Qaqj.w, is
distributed approximately as an F-variable with £ — 1 and v degrees of freedom, where

*

o (K- 1)/3
TN =n) (= 1)

The test rejects Ho at level av it Qaqjw > Fr—1,051—a-

Note that the numerator of the test statistic (2.46) can be seen as an adjusted Cochran
statistic, that is,
i 2
Qadj.c = Z ( Z h:Y, ) (2.47)
1=1
and this test rejects Hy at level o if Qaaj.c > X3 1.1 _a-

Hartung, Argac, and Makambi (2002) reported that the use of the unbiased weights

*

0F in test statistic (2.46) leads to a very conservative test. Therefore, they considered
general weights, say o = n;/(¢; S?), ¢ = 1,...,k, with ¢; = (n; + 81)/(n; + d2) and
d; and Jy are real numbers satisfying 1 < ¢; < ¢; = (n; — 1)/(n; — 3). Replacing o}
by o7 in Eq. (2.46) defines a new class of Welch-type test statistics. The motivation for
considering adjustments of the Welch test is based on the observation that the Welch
test can be liberal for small sample sizes in the groups and increasing number of groups.
Based on their simulation study, Hartung, Argac, and Makambi (2002) recommended the

use of ¢; = (n1 +2)/(n; + 1) as correction factor for adjusting the weights ;.
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Using the simulation pattern for k = 9 groups from Hartung, Argac, and Makambi
(2002), which is reproduced in Table 2.3., we investigated the actual level of Cochran’s
test, Q¢ from Eq. (2.44), of the adjusted Cochran test, Quq;.c from Eq. (2.47), of Welch’s
test, Qw from Eq. (2.45), of the adjusted Welch test, Qaq;w from Eq. (2.46), and of the
recommended adjusted Welch test with ¢; = (ny +2)/(n; + 1), denoted by Qaq;.w(p), via

Monte Carlo simulation. The results of the simulation study are presented in Table 2.4.

As Hartung, Argac, and Makambi (2002) already pointed out, Cochran’s test is very
liberal and cannot be recommended in this situation. The adjusted Cochran test corrects
this shortcoming rather well but is still a bit too liberal. The Welch test is too liberal
for small sizes. For increasing sample sizes, the actual level of the Welch test tends to
the nominal one, but in the present simulation scenario the test always remains a bit
too liberal. The adjusted Welch test, Qaqjw, is clearly too conservative and the other

adjusted Welch test, Q.q5.w(¢), acts quite well for small sample sizes.
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Table 2.3. Sample designs for k = 9 groups

Samples size and variance in the groups

Pattern | i 12 3 4 5 6 7 8 9
1 ng 5 5 5 5 5 5 5 5 5
o 4 4 4 4 4 4 4 4 4

2 np 5 5 5 5 5 5 5 5 5
o2 2 6 10 2 6 10 2 6 10

3 n; 10 10 10 10 10 10 10 10 10
o2 4 4 4 4 4 4 4 4 4

4 n; 10 10 10 10 10 10 10 10 10
o2 2 6 10 2 6 10 2 6 10

5 n;, 5 10 15 5 10 15 5 10 15
o 4 4 4 4 4 4 4 4 4

6 n;, 5 10 15 5 10 15 5 10 15
o2 2 6 10 2 6 10 2 6 10

7 n; 5 10 15 5 10 15 5 10 15
o2 10 6 2 10 6 2 10 6 2

8 n; 10 20 30 10 20 30 10 20 30
o 4 4 4 4 4 4 4 4 4

9 n; 10 20 30 10 20 30 10 20 30
o2 2 6 10 2 6 10 2 6 10

10 n; 10 20 30 10 20 30 10 20 30
c? 10 6 2 10 6 2 10 6 2

Table 2.4. Simulated actual significance level (in %) of

five homogeneity tests given a nominal level of a = 0.05.

Pattern Qc Qagj.c Qw Qadj. W Qadjw(p)
1 29.0 5.7 7.6 0.8 4.9
2 29.6 6.0 7.9 1.0 5.2
3 14.5 6.2 5.8 1.9 4.1
4 14.6 6.3 5.8 2.0 4.1
5 19.1 6.4 7.3 1.7 5.1
6 17.3 5.7 6.4 14 4.4
7 20.3 6.9 7.9 1.9 5.6
8 10.6 6.0 5.6 2.8 4.4
9 10.0 5.7 5.4 2.7 4.2
10 11.1 6.1 5.7 2.8 4.4
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Chapter 3

The One-Way Random Effects
Model

The crucial assumption in Chapter 2 is that the means are all equal in the several popu-
lations or studies. In Section 2.4, we discussed some selected tests for testing the equality
of means in several normal populations, for a more detailed discussion let us refer to
Hartung, Knapp, and Sinha (2008). Practically, these homogeneity tests are often used
as pre-tests for the choice of the appropriate model of analysis. In case, one cannot reject
the null hypothesis of equality of means, one feels confident in analyzing a common mean.
If the null hypothesis is rejected, the model to be analyzed will be the so-called one-way

random effects model, which is the topic of this chapter.

The derivation of the one-way random effects model can be seen from different views.
Using standard linear model theory, one assumes that there is extra variation additionally
to the within-population variability and this extra variation is due to random population-
by-subject interaction. This interaction term can be modelled as a random variable with

mean 0 and variance, say 72.

The second approach uses a normal-normal hierarchial model approach. The observa-
tional model assumes that each population has a normal mean, say y;, and variance o2,
1 =1,...,k, and each mean and variance can differ from population to population. In

the structural model, one assumes that the means p; are random variables coming from
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a super-population with normal mean p and variance, say 72. The parameters p and 72

are also called hyperparameters in this approach.

Both approaches finally lead to the one-way random effects model. Let Y; denote
the sample mean in the ith population, S? the sample variance, and n; the sample size,
1=1,...,k.

Then, we have

_ 2 ,—1) S5?
Y1~~N<u,72+0—1> and %in,,l,z’:y..,k, (3.1)
n; o; t

where 72 > 0 stands for the variability between the populations and is also called the

heterogeneity parameter. The expected value p is generally called overall mean. In case

72 = 0, we have the common mean problem from Chapter 2. Note that (V;, S?,i =
1,..., k) are minimally sufficient statistics in model (3.1).
If the variances 72 and 02, i = 1,. .., k, are completely known, the maximum likelihood

estimator for x4 in model (3.1) is given as
2?21(7_2 +ai/n) Y
- —.
Ej:l(T2 + 0]2‘/”3') !

The estimator (3.2) is also the minimum variance unbiased estimator under normality as

= (3.2)

well as the best linear unbiased estimator without normality for estimating p in model
(3.1). The variance of [ is given by

. -1
Var(i1) = [2(72 + U?/ni)_ll .
i=1
In practice, the within-population variances o2, i = 1,...,k, can be unbiasedly esti-

mated using the sample variances S?. The heterogeneity parameter 72, however, has to

be estimated using the sufficient statistics (V;, S?), i =1,..., k.

3.1 Estimators of the Heterogeneity Parameter

2

In the literature, a lot of estimators for 7% were proposed, see Rao, Kaplan, Cochran

(1981). In this section, we review one class of estimators based on quadratic forms of Y;,
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1 =1,...,k, and the estimators are then deduced by applying the method of moments
principle. Cochran (1954) set the sample variance of the Y;’s, that is,

k
1 — —\ 2
= (=Y (3.3)
i=1
with Y = ZZ 1 Y;/k, equal to its expected value and solves for 72. Replacing o2 through
the sample variance S?, the method of moments estimator for 72, also called ANOVA-type

()

estimator, is given as

| N

(3.4)

The estimator 73 may lead to a negative estimate of 72, and hence it is used by enforcing

Pvl»—

k
TAN_k 12

=1

non-negativity in practice, that is, max{0, 7%, }.

A widely used estimator for 72

, using a similar approach like Cochran (1954), is the
method of moments estimator proposed by DerSimonian and Laird (1986). They use

Cochran’s (1954) statistic
%ZZ v (E—E)2, (3.5)

where v; = n;/0? and Y, = Zf v Y/ Zf L Vi By equating Q¢ to its expected value and
solving for 72 they find the method of moments estimator for 72. Replacing ¢? through

2

the sample variance S? in practice, the method of moments estimator for 72, also called

DerSimonian and Laird estimator, is given as

2 Q% — (k—1)
ThsL = -
Zz‘:lvi_zz 1 Z/Z’L 1”%

where ; = n;/S? and Q% is obtained by replacing v; by 9; in Q%. The estimator 72¢; may

(3.6)

also yield a negative estimate for the heterogeneity parameter, and hence the truncated

version max{0, 78, } is usually used.

Recently, a general method of moments estimator for 7> was considered by Kacker
(2004) using general weights. Note that Hartung, Bockenhoff, and Knapp (2003) already

developed methods for combining results using general weights, see Section 3.4.
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: > k o k
Using Kacker’s approach, suppose Y, = > "7 a; Y;/ > ., a;, where ay, ..., a; are any

positive constants. Then it holds

k
E Zai (Yz - Ya)Q
=1
k k k
— Zai (7’2—|-0'i2/ni) —Zaf (ﬁ—i—a?/ni) /Z(Ij
i=1 i=1 j=1
= 72 (iai— Zf ! §> (iaz o} f 1 J 2/”]). (3.7)
i=1 Ze 1@ - Ze:1 s

By replacing o2 through S?, a general method of moments estimator of 72 can be obtained

as
- k G2 52 n
Zaz(l Y) Zai_z_Z]lj /J
5 =1 N 2421 ag
TGMM = . % 3 (3.8)
S a; — Zj:l aj;
=1 Doy ag
In Eq. (3.8), a, ..., ax are any positive values reflecting weights assigned to the k studies.

Each set of values for the weights yields an alternative estimator for 72. Note that for
a; = 1/k, i = 1,... k, the estimator (3.8) is the ANOVA-type estimator (3.4), and for
a; = n;/S?, 1 = 1,...,k, the estimator (3.8) is the DerSimonian-Laird estimator (3.6).
Again, the general method of moments estimator 7&,n; can yield negative values, and

hence the truncated version, max {0, 7&yn}, 1S used in practice.

With a; = 1/(7% + 0?/n;), i = 1,..., k, equation (3.7) reduces to

E [é a; (Y; - Y,)?

By substituting S, ..., S? for 0, ..., 07 we get the Mandel-Paule (1970) estimating equa-

=k—1 (3.9)

tion i
Q) =" [V = Ya(r)] =k — 1, (3.10)

i=1
where Yy (7%) = Z 1wZY/Z _,w; and w; = 1/(7* + S2/n;), i = 1,..., k. The solution
of Eq. (3.10), say 7¢p, is called the Mandel-Paule estimator for 72. Since Q(7?) is a
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2 see, for instance, Hartung and Knapp (2005a),

strictly monotone decreasing function in 7
the solution is unique and exists provided that Q(0) > k£ — 1. If Q(0) < k — 1, the
Mandel-Paule estimator is set to zero. Like the general method of moments estimator
ey, the Mandel-Paule estimator 78 does not require a normality assumption. Ruhkin,
Biggerstaff, and Vangel (2000) investigated the properties of 74p under normality and
showed that 7p is close to the conditionally restricted maximum likelihood estimator
for 72; the condition being that the observed sample variance s%,...,s: be regarded as
the true within-population variances o%,...,0%. Note that the estimating equations for
the (conditionally) maximum likelihood and restricted maximum likelihood estimator are

presented in the next section.

Since the truncated version of the general method of moments estimator has a positive
probability of yielding zero as the estimate, this estimator may not be the appropriate
choice especially if heterogeneity is actually present. Following the lines in Hartung and

2 using the

Makambi (2002), we can construct an always non-negative estimator for 7
basic quadratic form of the general method of moments estimator. For simplifying the

notation, let be

and i
2 k 2 2/
Blo®) =Y & - 2t 0/l
-1 Dit i
with 6% = (0,...,0%)". Then we can briefly write, see Eq. (3.7),

E(Q.) =1 A+ B(d?).
Interpret Q;(a) = Q,/A as a positive estimate of 72 and define the estimator

72(0) =6 Q1(a), § >0,
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then is holds

|Bias(7%(8))| = |E(5 Q1(a)) — 77|
= —1)7*+ 0 B(o /A‘

)

by the Cauchy-Schwarz inequality with ||(-)|| the Euclidean norm of (-). According to the

IN

uniformly minimum bias principle by Hartung (1981) we have to minimize
(6§ —1)*+06%for 6§ >0

giving § = 1/2.
To adjust for bias, let be 72(n) =n Q1(a)/2 = n 72() such that

R B(6”
£ (17040 27 ) ~El@i(a)
with i
2 2
B(A2):Zaii Zz 1sz/nl
=1 i Zz 1 @i
Since E[B(6°)] = B(o?), we have to choose

2 E[Q1(a)]
E[Qi(a)] +2 B(a?)

For practical purpose, the desired non-negative estimator of 72 is given as

Q1(a)
Q1(a) +2 B(6?)

Thos(1) = Qi (a). (3.11)

Recently, Sidik and Jonkman (2005a) proposed another always non-negative hetero-
geneity estimator based on considerations from the linear regression model. Let Y =

(Y1,Ys,...,Y.)T be the vector of the sample means, then it holds

and
Var(Y) = 7V,
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where 1y, is a vector of ones with dimension k x 1 and V' is a (k x k)-diagonal matrix with
entries 62/(n; 72) + 1,4 =1,..., k. Assume that the ratios r; = 02/(n; 72),i=1,...,k,

are known, then the best linear unbiased estimator of u is

L Zf:l(ri + 1)_1 Y;

T i _
Zj:l(rj + 1)~

An estimate of the variance of ji is readily given as

7&2

Zf:l (ri +1)71 ’

where 72 is an estimate of the heterogeneity variance. Using the weighted residual sum

Var(ji,) =

of squares, an estimate of 72 is

o (Y= 1) V(Y — il 1 < Lo a2
7_2:( H k)k_l( H k):k_lz(ri+1) I(Yi_/ir)- (312)

However, the estimate (3.12) depends on the ratios r; which are usually unknown, and
each ratio depends on the heterogeneity parameter itself. To overcome this problem, Sidik
and Jonkman (2005a) proposed a two-step procedure. First, compute a crude estimator
of 72, say 7§, and estimate the ratio r; by 7; = S2/(n; 72), i =1,...,k, and then replace

r; by 7; in (3.12). This results in the final estimate

1 S~ e
7y = HZ(H+1)1(Y1‘—W)Q~ (3.13)

=1

As a crude estimate of 72, Sidik and Jonkman (2005a) used

Prl»—k

with Y the arithmetic mean of the Y;’s.

Finally, using the general approach of nonnegative minimum biased invariant quadratic
estimation of variance components proposed by Hartung (1981), Heine (1993) derived the
nonnegative minimum biased invariant quadratic estimator of 72 in the present model.

Let be N = Zle n; and if N —2n; > 0,7 =1,...,k, this estimator reads
_ X _
0 N? Zz i He'#( — 2np)(Y; — Zj:l n;Y;/N)?

Thsp = . (3.14)
(Zé g+ 1) Zz (N )Hzlﬂ( — 2ny)
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It is interesting to observe that the estimator (3.14) requires that the sample size in each
population or study must be less than or equal to the half of the total sample size. A
similar condition occurs when estimating the variance of the overall mean in the random
effects model with general weights to ensure the positiveness of the estimator, see Section

3.4 and Hartung, Bockenhoff, and Knapp (2003).

3.2 Confidence Intervals for the Heterogeneity Pa-

rameter

In this section we review several confidence intervals for the heterogeneity parameter.
Recall that

_ o?

Y;~N<,u, 7‘2+—’> ,i=1,...k,

)

then it holds for the log-likelihood function of 1 and 72, assuming %, ..., 07 are known,

k k >
1 o? 1 (Y; — p)?
()= —=> (24 ) - 2y 1
(/L,T) 2 — H(T +nz) 2 72_’_0.12 (3 5)

=1

leaving out the additive constant. The two estimating equations for p and 72 are

Zf:l w; Y

= (3.16)

and

o S vt [(Vi— ) — of/n] (3.17)

%
Zj:l w?

with w; = 1/(72 + 02/n;), i = 1,..., k. Let jiyn and 7% denote the ML estimators. A

confidence interval for 72 can then be obtained by profiling the likelihood ratio statistic,
see Hardy and Thompson (1996) and Biggerstaff and Tweedie (1997). Denote [ as that

value of Eq. (3.16) with w; = 1/(7% + 02 /n;). Then, a 100(1 — )% confidence interval for

72 is given by

CL(r*): {7 | =2 [l 7*) = Winw, 7)) < X}
= {7 | (i, 7*) > Ui, ) — XTa-a/2} - (3.18)

39



Alternatively, one can base the confidence interval on the restricted log-likelihood. Fol-
lowing Viechtbauer (2007), it holds for the restricted log-likelihood for 72

k

k k
1
2y + 2 2/ N _ o+
lo(r) = =5 3 In(r* +olm) Z -y Z > +02 /m (3.19)
leaving out the additive constant. The estimating equation for 72 is given by

k 2 \/ ~N\2 2
. - (Y, — — /N
7:2 — Zz:l w; [( ’u) i /n ] + 1 (320)

k k )
Zj:l wgz‘ D1 Wi

and let 73y denote the REML estimate. Then, a 100(1 — )% confidence interval for

72 is given by

CI2(72) : {%2 | =2 [ZR(%z) - lPL(%PQ{EML)] < Xil—a}
= {7 | 1r(7*) > lr(TRpae) — XTa—a/2} - (3.21)

In practice, the observed sample variances s7,...,s: are substituted for ¢,..., 0% and

then treated as known, true within-population variances in Egs. (3.18) and (3.21), respec-
tively.

The asymptotic sampling variances of the ML and REML estimators of 72 can be
obtained by taking the inverse of the Fisher information. Following Viechtbauer (2007),

these variances are equal to

Var (7)) =2 (Z wl> (3.22)

=1

and
-1

, (3.23)

2
2 —9 zk:wf _9 2;:1 w} + <Zf:1 w?)z
i=1 Zj:l wj (Z;?:l wj>
respectively. Estimates of the sampling variances are obtained by replacing w; through
w; = 1/(78y, + s2/ni) or w; = 1/ (Thpar, + 57/n:) in Egs. (3.22) and (3.23), respectively.

Based on the asymptotic normality of ML and REML estimates, 100(1 — o)% Wald-

type confidence intervals for 72 are given by

CI3(7?) « 7, F A/ Var () 21-ay (3.24)
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and
CLi(72) : 72, F \/ Var (7Zn) 21-a/2- (3.25)

Sidik and Jonkman (2005a) recently suggested a new heterogeneity estimator, see
Section 3.1, and, based on this estimator, a method for obtaining a confidence interval
for 72. The proposed method works as follows. First, a rough estimate of 72 is calculated

with

| =

2 _
7-0 —

k — —
Z (}/’L - Y)2 )
i=1
where Y is the sample average of the Y;’s. Next, calculate fip with Eq. (3.16), where
wi =1/(7¢ + S?/n;). The heterogeneity estimator is then given by

72 = % S wi (Vi )’ (3.26)

Based on the assumption that (k — 1)72; /7% approximately follows a y?-distribution with

k — 1 degrees of freedom, an approximative 100(1 — )% confidence interval for 72 can be

cguazck_”@ﬂ<k_”ﬁq. (3.27)

2 2
Xk—1;1—a/2 Xk—1;0/2

obtained as

Biggerstaff and Tweedie (1997) proposed a confidence interval for 72 based on Cochran’s
homogeneity test statistic. Recall from Chapter 2 that for known within-study variances
this statistic is given as . .

Qc = Z (% (3_/; - Zhj }73'.)2,
i=1 j=1
where v; = n;/02, h; = v;/ S.F_ v;. Biggerstaff and Tweedie (1997) approximated the
distribution of ()¢ in the random effects model by a gamma distribution with shape
parameter r and scale parameter \. Setting E(Qc) = r/A and Var(Qc¢) = r/\? and

solving for » and A\, we have

(E(Qc))? E(Qc)

" V(@) M T Van(Qe)
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Note that in model (3.1) it holds (see Biggerstaff and Tweedie, 1997, and Eq. (3.7) for

the expected value)

k9
(QC)—k—l—f‘ (;Uz %) 7—2
and
: Zfl i D U7 (Zf:ﬂ%?f) 4
Var =2(k—1)+4 v — 2 Yi 7))
(QC) ( )+ (; Zj 1”3) o (Z Z] 1 Y5 ! (zj:l Uj)

Based on this approximation, an approximate distribution of the DerSimonian-Laird es-

timator 7Hg;, from Eq. (3.6) is a location-shifted, scaled, gamma distribution. The prob-

ability density function fpgy(-;7%) of 74g;, under this distributional assumption is

fosL(t; %) = ¢ m(c t+k—1)"texp[-Act+k— D)L= (k—1)/e,00) (1)

for 72 > 0, where ¢ = (325 v, — S8 02/ Z] 1 vj) and 14(-) is the indicator of the set
A. Recall that 7 and A depend on 72.

Biggerstaff and Tweedie (1997) then defined the functions L(7?%) and U(7?) by

L(TQ) = fDSL(t;T2) dt
TBst,
,7:2
DSL

U(TQ) = / fDSL(t;TQ) dt,
—(k-1)/c

where 734, stands here for the observed value of the DerSimonian-Laird estimator. A

100(1 — @)% confidence interval for 72 is then given as
Cls(7°) = [71, 73], (3.28)

where 77 and 77 are solutions for 72 in the equations L(7?) = /2 and U(7?) = a/2.

Recently, Hartung and Knapp (2005a) and independently Viechtbauer (2007) proposed
a confidence interval using the quadratic form Q(72) from (3.10) which Mandel and Paule
(1970) used for their estimator of 72. Hartung and Knapp (2005a) derived the first two

moments of Q(72) and discussed the accuracy of the approximation of the distribution of
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Q(7?) to a y*-distribution with k¥ — 1 degrees of freedom. Since Q(7?) is a convex and
monotone decreasing function in 72 and, thus, proposed a (1 — «)-confidence region for

the among-group variance defined by

CI7<7'2) = {7'2 >0 | Xzfl;am < Q(TQ) < Xzfl;lfa/Q} . (3.29)

Since Q(7?) is a monotone decreasing function in 72 > 0, the function Q(72) has its
maximal value at Q(0). For Q(0) < Xj_,,/y, We define Cr(07) = {0}, otherwise the
confidence region CI;(72) is a genuine interval. Note that the validity of the inequality
Q0) < Xj_1.0 Jo only depends on the choice of the level . To determine the bounds of

the confidence interval one has to solve the two equations for 72, namely,

lower bound: Q(T?) = Xi,m,a/y

3.30
upper bound: Q(T%) = Xi_ 1.0/ (3:30)

Simulation studies by Hartung and Knapp (2005a), Knapp, Biggerstaff, and Hartung
(2006), and Viechtbauer (2007) showed that the interval CI;(7%) generally outperforms
the other intervals with respect to attaining the nominal confidence coefficient. Biggerstaff
and Tweedie’s interval based on Cochran’s statistic turned out to be rather conservative,
especially for large values of heterogeneity. The other intervals are often too liberal, that
is, too short. Especially the Wald-type intervals cannot be recommended for practical
purposes. The profile restricted maximum likelihood interval CI;(7%) behaves well in
attaining the nominal confidence coefficient in several scenarios and seems to be the only

real competitor to the interval CI;(72).

3.3 Inference on the Overall Mean

In this section, we present some results on estimation, tests and confidence intervals of
the overall mean u. Let us recall Y; ~ N(u, 72 + 02/n;). Then, when the within-study
variances are known, the uniformly minimum variance unbiased estimator of u is given

by



where w; = (72 +02/n;)~', i =1,..., k. Then it holds for the standardized variable

Yo — 1
(35, w;)~1/2

However, in practice, we have to estimate the usually unknown variances. The within-
2

i

Z = ~ N(0,1).

study variances o; are estimated by their sample counterparts, and the between-study

2

variance 7° can be estimated using an estimator from the previous two sections. Finally,

we obtain an approximate 100(1 — a)% confidence interval for p as

E o~ O k —1/2
2 & Wi Y; N
n= Yw = —Zl_kl ZA ! + (Zwl) Zlfa/g (331)
) j=1Wj i=1

As is well known, in small to moderate number of studies, which is mostly the case in
applications, the confidence interval (3.31) suffers from the same weaknesses as its fixed
effects counterpart. Namely, the actual confidence coefficient is below the nominal one.
Consequently, the corresponding test on the overall mean yields too many unjustified

significant results.

Hartung and Knapp (2001a,b) considered the residual sum of squares

k

Q= w (Y- Y, (3.32)

i=1
which is a chi-square random variable with £ — 1 degrees of freedom and stochastically

independent of Y,,. Moreover,

1 Z?:l Wi (Y; - Yw)2

Q* = Var(¥,) = . (3.33)
k-1 Zj:l wj
is an unbiased estimator of the variance of /i in model (3.1). Consequently,
Y, —
Var(Y,,)

is a t-distributed random variable with & — 1 degrees of freedom. The test statistic ¢

depends on the unknown variance components which have to be replaced by appropriate
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estimates in practice. By substituting the variance components by their estimates, the
resulting test statistic is then approximately t-distributed with k£ — 1 degrees of freedom.
So, the alternative approximate 100(1 — «)%-confidence interval for u reads
P
f=¥, = WY
> i1 Wi

with Q* the variance estimator according Eq. (3.33), where w; is replaced by ;.

+ Q* lk—1,1-a/2 (3.35)

Hartung and Knapp (2001a,b) conducted an extensive simulation study to compare
the attained type I error rates for the commonly used confidence interval (3.31) and the
proposed modified confidence interval (3.35). It turns out that the interval (3.35) greatly
improves the attained confidence coefficient. Moreover, the good performance of the
interval (3.35) does not heavily depend on the estimator of the between-study variance
used in the analysis, while the performance of the interval (3.31) can be dramatically

affect for different estimators of 72.

An exact test for pu in the present model is described in Iyer, Wang, and Mathew
(2004), using the notion of the generalized confidence intervals. The general concept of
generalized confidence intervals has been already introduced in Section 2.3. Basically, the
approach by Iyer, Wang, and Mathew (2004) is similar to the approach by Lin and Lee
(2005) in the common mean problem. The important contribution by Iyer, Wang, and
Mathew is the generalized pivotal quantity for 72 based on the residual sum of squares
(3.32).

Consider the set of k + 2 statistics (Y, @, S%,i=1,...,k). Recall that

Yo — 1

\/ 1/2»];:1 Wi

= 1SV
—(n )Z:_QNX?LZ'—17 7::17...,k,

2
0; 0;

Z: NN(O,l),

U, =
and

k
Q= Zwi (Yi = 2)* ~ Xia
i=1

are pivotal quantities, and let 7; and s? denote the observed values of Y; and S2 and v;

stands for the observed value of V.
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The generalized pivotal quantity for 72 can be obtained through an implicit expression

for 72 given as the solution to the equation

k k k 2
Q= Zci (Yi - ZCZ‘ Yi/zcj) = Q)
i=1 i=1 =1
with ¢; = 1/[r2+ (02/(n; U;)], i = 1,..., k. The solution for 72 is unique, since Q(72) is a

decreasing function of 72, and the maximum value is given at 72 = 0. Consequently, given

a real number ¢ > 0, there must exist a unique 72 > 0, such that Q(Tf) = ¢, provided
g < Q(0).

Define the function , ~
7, if0<q<Q0),
h(g) = { q < Q(0)

0, otherwise.

Let D = (Y,...,Y:, Vi,..., Vi) be the vector of the sufficient statistics and let d =

(G1y -3 Yk, V1, - -, 0;) be the vector of corresponding observed values.

Define

O'2 881 o'2 SSk !
T - ! e k = . / — T o T / .
(nl 5517 ) n SSk.> [SSl/(nl Ql)) ,SSk-/(nk Qk‘)] ( 1, , k)

Note that T is a random vector whose distribution is free of any model parameters, and

the observed value of T' is (03 /ny,...,0%/ng) .
Define .
U.
W= (h i =1,k 3.36
(M@ (3.36)

where W; is a random variable whose distribution are free of any model parameters. Note
that when the observed statistics d are substituted in h(Q), it reduces to 72. Thus, when
the observed values d are substituted for D in W}, the observed value is 1/(7% + 02/n;).

Denote 8 = (u,72,0%,...,0%), then a generalized pivotal quantity for u is given as

i B _ k -1/2
Wi g Yiv —
R=R(D:d.0) = Zsil = (Zm>
=1

Wi W1y s

LW - o2 ss;\ o
- —Zz 7 (Z (h<@<72>>+n? 55.) ) - (337)
=1 " i=1 Lo
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Note that the distribution of R is free of any model parameters and R(d; d, ) = . Thus,
R fulfills the requirements to be a generalized pivotal quantity. In actual applications,
when closed-form expressions for the required quantiles are unavailable, they may be
estimated by simulating the distribution of R(D);d, 0) using the following algorithm:
For given data (y;,s2,n;),i=1,...k:
Forj=1,...,m:
Generate Z ~ N(0,1).
Generate U; ~ x2 _j,i=1,... k.
Generate Q ~ x7_;.
Calculate T;, 1 =1, ... k.
Calculate Q(0).
If 0 < Q < Q(0), find 72 such that Q(72) = Q, otherwise set 72 = 0.
Calculate W; = 1/[12 + ss;/(n; Uy)], i =1,... k.
Calculate gy = Y., W; Y;/ Z?Zl W;.
Calculate R(D;d,0); = R;.
(end j loop)
Compute the /2- and (1 — «/2)-quantile of Ry, ..., R,,.
Then, (Raj2, Ri—qa/2) is a 100(1 — «)% generalized confidence interval on .

S N A

Note that the above algorithm until step 6 can be used to simulate the distribution of
the generalized pivotal quantity for 72, and thus, one can compute a generalized confidence

interval for 72.

Moreover, using W; from Eq. (3.36), ¢ = 1,...,k, and following the lines of the third
generalized pivotal quantity for the common mean in Section 2.3, a further generalized

pivotal quantity for the overall mean p is given in the present model as

k

, 1 L BNE
i=1 1 _ Zj:lVVj Yj
- (s Wi (g - S5 L 33)
e (T) S (T
j

i=1

where t;_; denotes a t-distributed random variable with k£ — 1 degrees of freedom. Note

that the distribution of S is free of any model parameters and S(d;d, @) = pu. The above
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algorithm can be used for simulating the distribution of S by appropriately changing step
9 into calculate S(D;d,0); = S;. Then, compute the a/2- and (1 — «/2)-quantile of
Sty ..., Sm. Finally, (Saj2, S1-ay2) is @ 100(1 — )% generalized confidence interval on p.

3.4 A General Weighting Scheme

In the previous sections as well as in Chapter 2, the weights have been always chosen as
the inverses of the variances of the sample means or the inverses of their estimators for
practical purposes. Though this choice is an optimal one in a certain sense, practically,
however, it may be possible that the overall conclusion from combining results of inde-
pendent studies using the inverse variance method may not be reasonable. Recall that
the smaller the variance of the sample mean of a study the higher the precision and, thus,
the more influential the result of the study in the overall analysis. The magnitude of the
variance is determined by the ratio of the population variance o? and the sample size n;.
If n; is large, one will be confident in giving the study a large weight. But if n; is small
or moderate and the population variance, or more exactly the estimate of the variance
is close to zero, the study will get a large weight and can possibly dominate the overall
analysis irrespective of how large the other studies are. This latter scenario may be a

reason for searching for different weighting schemes provided by some external process.

Hartung, Bockenhoff, and Knapp (2003) discussed in detail statistical methods for
combining results with an arbitrary but fixed weighting scheme. In the sequel, we sum-

marize some main ideas and results.

Let us consider
Y;~ N, a5), i=1,...,k, (3.39)

where «; is a general variance. For o; = 0?/n;, we have the common mean problem, for

a; = 72 + 02 /n;, we have the one-way random effects model.
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Let b= (by,...,bx)" denote an arbitrary but fixed vector of standardized weights, that

is,b; >0,i=1,....k and SF b2 = 1. Then, clearly,

i=1"1

is an unbiased estimator of u with variance

k
Var (fi,) = Z b .
i=1

Possible choices of b;, i =1, ..., k, may be

b; = \/ni/o? / inj/af,
=1

(weights from common mean problem)

b=\ T atm) [ | S+ o2

=1
(weights from one-way random effects model)

bi:\/l/_kv

(equal weights)

or

(sample size based weights)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

For further statistical inference on u using the estimator /i, estimators of Var(f,) and

a;, i = 1,...,k, are required. Hartung, Bockenhoff, and Knapp (2003) considered the

basic statistics

k
= (ViR Y) =6 (V- )
j=1
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They showed that 32 7! b2 ¥; and u2, are stochastically independent, i = 1,. .., k, and,
using Patnaik’s (1949) method of moments matching approach, that, for d = (dy, ..., dy),
die IR, v=1,... k, it holds

Zf ld U‘Z?b a%r‘ X2 (347)
Zi:l di E( z’b) ’

Vg

with
k 2 2
(Zizl di E(“zb))
va= > PN SRR (3.48)
S d2 Var(ud) + 230, > jwi di dj Cov(ug,uf,)
k
E(uz,) = (1 —2b7) b7 a; + b} Zb? aj,
j=1
Var(“?b) =2 [E(U?b)]2,
and

272 - 4 2 2 2
Cov(u, u2y) = 2 b2 12 (Zbg R aj> .
=1
Note that the degrees of freedom vy still contain the unknown general variances «;. In

practice, appropriate estimates of a; have to be plugged in.

Furthermore, Hartung, Béckenhoff, and Knapp (2003) showed that

k

Var( us, 3.49

(i) = 1+231](1—2b2)21—2b2 (3.49)

is an non-negative unbiased estimator of Var(j), if b2 < 1/2, 4 =1,...,k, and k > 3.
Note that b7 < 1/2,i = 1,...,k, is sufficient but not necessary for the non-negativity of

\//a\r(ﬂb). Consequently, since [i, and @(/}b) are stochastically independent, it holds

g, (3.50)
Var /i)

where v(b) can be determined according to (3.48) noting that \//a\r(ﬂb) can be expressed
as 1| d; u2 with
b?/(1 — 2 b?
d; = /( ) =1,k
1—1—23 L b (1—2b)
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An approximated 100(1 — )% confidence interval for p is then given as

fiy £/ Var(jiy) towyi-a/2, (3.51)

where () stands for the estimated degrees of freedom.

For more sophisticated methods involving quadratic estimation of o; using C. R. Rao’s
(1972) MINQUE principle and Hartung’s (1981) concept of nonnegative minimum bi-
ased invariant quadratic estimation of variance components, let us refer to Hartung,
Bockenhoff, and Knapp (2003). It is worth mentioning that Hartung and Knapp (2003)
proposed also confidence regions for the general variance components in the present set-

ting.
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Chapter 4

Combining Results of Controlled

Studies with Normal Response

The fundamentals for combining results from several independent studies or experiments
were extensively discussed in the previous two chapters. The methods presented there
heavily rely on the assumptions that we have normal means and variance estimators of
the means which are stochastically independent of the sample means and follow exactly
independent scaled chi-square distributions. Moreover, the methods were presented for

one-sample studies or experiments only.

In this chapter we discuss methods for combining results from comparative studies,
say treatment (T) versus control (C), with normal outcomes and show which methods of

Chapter 2 and 3 can be applied or extended in the present scenario.

Let us assume that, in general, there are k independent studies comparing a treatment
(T) versus a control (C). Let Yz; and S2, denote the sample mean and the sample variance
of the treatment group in the ith study, let be ny; the corresponding sample size. Let Y
and S%, denote the sample mean and the sample variance of the control group in the ith
study, let be n¢g; the corresponding sample size. Then it holds for i =1, ...k,

2

_ O
Ypi~ N (MTu n—TZ> . (i = 1) S7: ~ 0% Xopio1s (4.1)
T4

o2



and

o2,

Ci 2 2 2
nCi) ’ (nCi - 1) SCi ~ O¢; chzﬂfh (42)

Yoi ~ N (Mcm

where pup; and pe; are the means of the treatment and control group, respectively, and
o2, and o2, are the corresponding variances. Note that the statistics (4.1) and (4.2)

are all mutually independent. Assuming that in each study the population variances are

identical, that is, 0? = 0%, = 62,, i = 1,...,k, then the pooled sample variance is given

by
- 1

nr; +nei — 2

*
%

and it follows that
(nTi + ne; — 2) 52*2 ~ Uiz X721Tz‘+n01—2' (44)

First, we have to decide which effect size we use for describing the difference between

treatment and control group. The following three effect sizes are widely used:

e Difference of means:
MpDi = W1, — HCs-
e Standardized difference of means:

0, = Hri — Hei
g;

Y

where o; denotes a suitable standard deviation, for instance, an average of the

population standard deviations op; and o¢;.

e Ratio of means:
_ Hri

Pi ) Hci 7£ 0.
Hei

We will discuss methods for combining results from independent studies using the different

effect sizes in the following three sections.
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4.1 Difference of Means

Let up; = pri — pei, © = 1,..., k, be the parameter of interest in each study, then the
difference of the sample means, D; = Y7; — Yo, is an unbiased estimator of pip; with
2 2
04 Of
D; ~ N <,uDi7 L ﬂ)
nry  Ncoi
in general or

D, ~ N (MDi, nri + nei af)

nri Ne;

for identical population variances in each study.

The variance of D; can be unbiasedly estimated either by

— S2 . 52 . —_— 7: Z‘
Var(D;) = =2 + =€ or by Var(D;) = nri & e Cha
nr; ne; nr; ey

Note that the latter variance estimator is an exactly scaled chi-square distributed ran-
dom variable, see (4.4), whereas the distribution of S%,/nr; + S%;/nc;, which is a linear
combination of two independent scaled chi-square variables, can only be approximated,
for instance, by Satterthwaite’s (1946) approximation if the population variances are dif-
ferent. In this case, the Satterthwaite approximation yields
with

(034/ni + 02 /nci)’
(0F:/n7:)?/(nri — 1) + (024/nci)?/(nci — 1)
Since the degrees of freedom depend on the unknown variances, they must be estimated

Vv, =

in practice by
b= (S%i/nri + Sé'i/nCi)Q
Z (Sizri/”Ti)Q/(nTi - 1) + (S%i/nCi)2/(nC’i - 1)'

In case the assumption of equal variances in each study is fulfilled, we can directly use all

the results from Chapter 2 in a fixed effects model or all the results from Chapter 3 in a
random effects model. Under the assumption of equality of differences of means, that is,
it holds

HOZHJDl:MDQ:“':#Dk:iMD,

o4



we have the common mean problem from Chapter 2. The fixed effects model is then given

as

D; ~ N (uD,M af), (nr o )5 ~ i iA=Lk (45)

nr; Ny 0;

By replacing the sample mean Y; through D;, the variance estimator S2/n; through
(1/nr; + 1/nc¢)52‘2, and the degrees of freedom n; — 1 through ny; + ne; — 2, all the
results from the common mean problem can be easily transferred to the analysis in model

(4.5), even the exact as well as the generalized confidence intervals for pp!

The random effects model is given for i = 1,... k, as
2
2 nr; + Ne; 2 (nTZ- +ne; — 2)5:‘ 9
D;~ N (/LD,T + —nﬂ e Ui) ) 012 ~ X o2 (4.6)

where 72 again denotes the heterogeneity parameter. By carrying out the same replace-
ment as above, the results from the one-way random effects model can be transferred to

the analysis in model (4.6), even the generalized confidence intervals for pp!

When the variances of treatment and control group are not identical in each study we
have to use the random effects model

0-2' 02' 52' 82' approx. 02~ 02-
DiNN(/vLDﬂj'f‘ﬂ"i_ Cl>, Vi( Lo Cl) R (ﬂ‘i‘ﬁ) X12/7;7 (4.7)

nr; ne; nr; ne; nrq ney

i=1,...,k. With 72 = 0, we obtain the corresponding fixed effects model. Recall that
the degrees of freedom v; of the approximate y2-distribution depend on the unknown
variances o4, and ¢, and have to be estimated in practice. Consequently, by replacing
Y; through D;, S?/n; through S%,/ngr; + S%;/nci, and the degrees of freedom n; — 1 by
v; or 1y, respectively, the exact methods from Chapter 2 are no longer exact, but still

approximately valid.
Let 72 be an estimator of 72, then
Sz, 8¢\
W; = <%2+ﬂ+ﬂ) i=1,...,k,
nr;  Nci
are the estimated weights in the random effects model (4.7). Note that o; = (S%,/ng; +

S%./nci)™', i =1,...,k, are the corresponding weights in the fixed effects model.
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Then

IUD,zI} - k -

is an estimator of up. Note that

UDo = ——5

> j=1"Yj
is an unbiased estimator of pup, since Yr,, Yo, S%,, and S%, are mutually independent.

An approximate 100(1 — a)% confidence interval on up is given in analogy to interval
(3.31) as
N k —1/2
.1 W; Dz N
L0 lis (Sa) s (13)
Zj:l wj i=1
and a further approximate 100(1 — «)% confidence interval on pp is given in analogy to

interval (3.35) as

Yo i D; - 1 Y0 wi (Di — jip.a)?
k- k
Zj:1w' k-1 Zj:l wj

lk—11-a/2- (4.9)

Hartung and Knapp (2001a) conducted a simulation study to compare the actual
confidence coefficients of the two approximate confidence intervals (4.8) and (4.9) on pp.
In their simulation study, Hartung and Knapp used the DerSimonian-Laird estimator of

72, which is given here in its truncated form as

S iy (D — fips)? — (k= 1) }
SE b -k 02 Sk

Hartung and Knapp (2001a) showed in their simulation study that the interval (4.8) is

~2 o
Ther, = Max {O ,

very liberal for k up to 12 studies in the fixed effects model, when the samples sizes in
both groups are small. With increasing sample sizes in the groups, the actual confidence
level of the interval moves towards the nominal one. The interval (4.9) maintains in most
cases the nominal level in this model, except for small samples, that is, ny; = ng; = 5,
i = 1,...,k, where the interval is also liberal, but still better than the interval (4.8) in

terms of having an actual confidence level closer to the nominal one.
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In the random effects model, interval (4.8) does not yield acceptable actual cover-
age probabilities when the amount of heterogeneity is moderate or large. The larger the
amount of heterogeneity the more liberal is the interval. The interval (4.9), however,
mostly has actual confidence coefficients close to the nominal one and this property holds
irrespective of the amount of heterogeneity. Like in the fixed effects model, the interval
(4.9) is a little bit liberal only for small sample sizes in the groups. Summarizing, the
interval (4.9) can be generally recommended when difference of means of several indepen-
dent experiments are to be combined and the variances in treatment and control group
differ in each study. Even in the fixed effects model and in case of homogeneous group
variances within the studies, the interval (4.9) possesses acceptable actual confidence lev-
els compared to the nominal one and can be a serious competitor in practice to the more

sophisticated exact methods due to its ease of computation.

4.2 Standardized Difference of Means

Recall that the standardized mean difference as an effect size based on means is given as
9, — Hri — /ﬁcz“
g;
An natural estimator of 6; is given by

Ve Ve,
L

~

o)
with 6; an suitable estimator of standard deviation o;.

One estimator of #;, known as Cohen’s d (Cohen, 1969), uses

1

nr; + Ne;

S; = [(nri — 1)S7; + (nci — 1))

as estimator of o2, that is,

Ve, — Vo,
di:TT’ZC’, 121,,]{?
Note that Cohen’s d is the maximum likelihood estimator of the standardized mean dif-

ference under normality:.
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A second estimator of 6;, known as Hedges’s g (Hedges, 1981, 1982), is defined as

Y =Yg
gZ - S* 9

i

i=1,...,k (4.10)

with S;” from (4.3). Note that S; is an unbiased estimator of a common variance o2 in
the ith study.
Finally, a third estimator measure of §;, known as Glass's A (Glass, McGaw, and
Smith, 1981), is defined as
Voo — Vo
Az‘ _ Ti Cz7
Sci

where the standardized quantity is just the sample standard deviation based on the control

i=1,....k (4.11)

group alone. This is typically justified on the ground that the control group is in existence
for a longer period than the experimental group, and is likely to provide a more stable
estimate of the common variance. Moreover, this estimator is often used when several

treatments are compared with one control within a study.

In this section, however, we will exclusively consider Hedges’s g; as the estimator of

0;,1=1,...,k, for ease of presentation.

It can be shown that (see Hedges and Olkin, 1985)

30
1 0°
Var(g;)) ~ — +

where
nr; Ny
nri + Nci
In case the population variances are identical in both groups, under the assumption of

normality of the data, Hedges (1981) showed that v/7; g; follows a noncentral ¢-distribution

n; = Ny + Ny, Ny =

with noncentrality parameter /n; 6; and (np;+nc; —2) degrees of freedom. Consequently,

the exact mean and variance of Hedges’s g; are given by

ni—2 T (ng/2—3/2)
Blg) = /= T (/2= 1) 0, (4.14)

» i —2 [T (ni/2 - 3/2))"
L2 [M/2-nP

Var(g;) = ny = 2 (1+63) -0

(4.15)
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and I'(-) denotes the gamma function. Note that the variance Var(g;) depends on the

effect size 6,.

Since g; is biased for 6;, an approximately unbiased estimate of 6; is given as

3
L= 11— iy

see Hedges (1981). For increasing total sample n;, the correction term approaches one, so

that the large sample distributions of ¢g; and ¢ are identical.

The variance of g/ in large samples is given as

nri + Ne; 0;
Var(g’) ~ :
ax(g;) nr; Nci * 2 (npy +nei —2)

which can be estimated by

nr; + Ne; g7
nr; Ne; 2 (npi +nei —2)

Var(g) =

Note that for 6; = 0, the large sample variance of g reduces to (ny; + ne;)/(nr ne;)
and does not depend on 6;. Otherwise the large sample variance depends on the unknown
standardized mean difference and, generally, g and @(gf ) are correlated. Consequently,

one may seek for a variance-stabilizing transformation of the estimator g;.

Following Hedges and Olkin (1985), the variance-stabilizing transformation of gF is

given by

(2

h(gl) = V2 sinh™!(g}/a;) = V2 In <§+ (!2;2)2+1 )

with

a; = /4 + 2(n7i/nei) + 2(nes /i) -
Note that the exact form of the transformation of ¢ depends on the balance nr;/n¢;. For

the balanced case np; = n¢;, it holds a; = V8.

Let h(d;) denote the transformed parameter, then it holds approximately

Vi [h(gi) = h(6;)] ~ N(0,1),
or, equivalently,
bai) ~ N (16, 1 ).

n;
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Note that, using the inverse function h~'(z) = asinh(z/v/2), results for h(J;) can be

backtransformed to results for 6;.

In the following, we describe the combination procedure using estimators g; and vari-
ance estimators \//a\r(gj), t = 1,...,k, and combine the results directly on the scale of
g;. Alternatively, one can first combine the transformed estimators h(g;) and then back-
transform the results using the inverse function A~!. For combining h(g}), i = 1,...,k,

we have to replace g by h(g}) and @(gf) by 1/n; in the following formulas.
The homogeneity hypothesis
Hy: 0, =0y,=---= 0,

that is, all standardized mean differences are identical, can be tested using Cochran’s
(general large sample) homogeneity statistic. Defining here v; = 1 /\//a\r(g;k ) and u; =

0;/ Zle 05,7 =1,...,k, the test statistic can be obtained as

k k
Qo =Y w9 =D u, g;-‘)2. (4.16)
j=1

i=1
Under Hy, Q¢ is approximately y2?-distributed with & — 1 degrees of freedom. If the
homogeneity assumption holds, the fixed effects model is quite appropriate; otherwise,

the combination of the results should be carried out in a random effects model.

Recall that the random effects model is given here as

nri + ne; 6?
*~ N |6, 7%+ + d )} 4.17
Ji [ ( nr; Ne; 2 (nri +nei — 2) (4.17)

where 6 denotes the overall effect size and 72 stands for the between-study variability.

Following the DerSimonian-Laird (1986) approach, an estimator of 72 can be obtained

as

7A_2 _ QC - (k B 1)
Sy O = iy B2/ D 0

with Q¢ from Eq. (4.16), where negative estimates are set to zero.

(4.18)

Let w; = 1/[* + @(gf)], i = 1,...,k, denote the estimate of the inverse of the

variance in model (4.17), then the estimate of the overall effect 6 is given by

k-
0 — > i Wi g7
.

Zj:l wj

60



The large sample variance of g is given as
o k -1
Var(l)(Q) = (Z wz) .
i=1

Following Hartung (1999), another estimator of the variance of 6 is given as

VU (D 1 Zf: w;(g; _é)z
Varw(®) = =5
j=1Yj

Consequently, a large sample 100(1 — «)% confidence interval for € is given as

CIl(G) : é:F \/ \//a\r(l)(é) Z1—a/2 (419)

which can be improved with respect to the actual coverage probability for a small number

CIQ(G) : é:F \/ va\r(g) (é) tk—l;l—a/2- (420)

Hartung and Knapp (2001a) carried out a simulation study comparing the actual

of studies through

confidence coefficients of the approximate confidence intervals (4.19) and (4.20) when there
is no difference between the treatment and the control group, that is, under Hy : 6 = 0.
In the fixed effects approach, the interval (4.19) mostly proves to be conservative, while
the interval (4.20) attains the nominal confidence coefficient quite well, only for small
sample sizes this interval is also conservative. In the random effects approach, the interval
(4.19) turns out to be conservative for small values of heterogeneity, but with increasing
heterogeneity, this interval can be very liberal. The interval (4.20) almost has actual
confidence coefficients close to the nominal one, except in small sample sizes when the

interval is a bit conservative.

Since the simulation study by Hartung and Knapp (2001a) is restricted to 6 = 0 and
to the combination on the scale of the standardized mean difference, some additional
simulation results are provided studying the performance of the intervals for different
values of § and considering the combinations of the estimators g as well as the transformed

estimators h(g}).

In Table 4.1, a part of the simulation results are reported, which represents the main

findings. The estimated standardized mean differences were generated on the original
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scale and, thus, 72 stands for the variability of the true standardized mean differences.
The sample sizes were chosen identical in all studies, two scenarios considered the balanced
case, and two other unbalanced situations. In Table 4.1, CI; and CI, stand for the intervals
(4.19) and (4.20) and CI3 stands for interval when the standard approach is applied on
the transformed estimators h(g;) and Cly is derived in analogy to Cl, applied on h(g}).

For k = 3 studies, the standard confidence interval CI; is conservative when no het-
erogeneity is present. But when heterogeneity is present, this interval turns out to be
liberal and, with increasing heterogeneity, the actual confidence coefficient decreases up
to 80% given a nominal one of 95%. The true underlying standardized mean difference

does not essentially affect the results.

When the results are combined on the transformed scale using the standard approach
and then the combined results are backtransformed to the original scale, the resulting
confidence interval Cl3 proves to be very conservative in most cases. For increasing het-
erogeneity, the actual confidence coefficient declines, but still for moderate heterogeneity,

2 = 1, the interval is still rather conservative. The true underlying stan-

for instance, 7
dardized mean difference affects the performance of the interval for large heterogeneity.
For # = 0.5, the interval is liberal with actual confidence intervals between 85% and 90%,
except in the small sample case. For # = 5, the actual confidence coefficient, however, is

around the nominal one.

The confidence interval Cly attains well the nominal coefficient in all scenarios as
mostly does the confidence interval CI as well. But the true underlying standardized
mean difference affects the performance of the interval Cl;. Whereas for § = 5, the
interval Cl; consistently attains the nominal level, the interval turns out to be a bit

liberal for & = 0.5 and large heterogeneity.

Doubling the number of the studies basically yields the same performance of the four
intervals. The liberal intervals with k£ = 3 studies have now actual confidence coefficients
closer to the nominal one, but again it clearly turns out that the intervals Cl, and CI,

outperforms the other two intervals.

Since the actual confidence coefficients of Cl; and CI, are often close together, the

average lengths of these intervals are reported in Table 4.2. Obviously, the intervals
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for k = 6 studies are, on average, always shorter than the intervals for £ = 3 studies.
Moreover, for k£ = 3 studies, the average length of interval CI; is less than the average
length of interval ClIy, and consequently, the interval Cly is preferred to Cl,. However,

for k = 6 studies, both intervals can be recommended similarly.

4.3 Ratio of Means

The response ratio, that is, the ratio of mean outcome in the experimental group to that
in the control group, and closely related measures of proportionate change are often used
as measures of effect sizes in ecology, see Hedges, Gurevitch, and Curtis (1999). The
parameter of interest is the ratio of the population means, that is, p; = pri/pci. The
sample response ratio R; = Yo / Ye; is an estimate of p; in the ith study. Usually, the
combination of the response ratios R; is carried out on the metric of the natural logarithm
for two reasons. First, the natural logarithm linearizes the metric, that is, deviations in the
numerator are treated the same as deviations in the denominator. Second, the sampling
distribution of R; is skewed and the sampling distribution of In(R;) is much more normal
in small sample sizes than that of R;. For further discussion on this topic, we refer to
Hedges, Gurevitch, and Curtis (1999).

Let ¢; = In(pur;) — In(pei) be the natural logarithm of the ratio of population means
in the ith study. Then, (; can be estimated by

~

Ci = 111(?7“,) — 11’1(?@1)

with ) )
~ o5 O,
~ Ti Ci
Var(gi) ~ 2 + 2
nri Wr; nei Wey
or

Var(@-)w?( Loy )

2 2
nry U, Nci Boy
2 2

where the latter holds for o7 = 02, = 02,.
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Table 4.1. Estimated actual confidence coefficients (in %) of four intervals for different

values of the standardized mean difference given a nominal level of 100(1 — @)% = 95%
k = 3 studies k = 6 studies
6 (npone) | CL, CL, C, CL | CL, CL CL CI,
0.5 (5,5) 0 [96.59 95.44 100 95.23 ] 96.88 9592 100 95.28
0.11]9528 95.67 99.99 9542|9561 9587 99.99 95.17
1 188.69 95.67 99.65 95.09 | 91.60 96.31 99.71 95.12
10 | 82.50 95.77 96.43 93.44 | 87.53 96.32 98.29 94.14
0.5 (10,10) 0 |96.42 95.07 100 94.95|96.38 95.37 100 95.04
0.1 19355 95.26 99.95 95.12 | 94.00 95.45 99.96 95.09
1 [84.80 95.36 97.67 94.83 | 89.58 95.56 98.50 94.88
10 | 80.25 95.47 89.97 93.34 | 85.36 95.69 95.78 94.20
0.5 (15,10) 0 |96.39 9525 100 95.17|96.33 95.32 100 95.06
0.1 9287 95.17 99.96 95.04 | 93.67 95.42 99.94 95.10
1 [84.11 9536 97.03 94.90 | 89.52 95.51 98.13 94.89
10 | 79.77 9541 88.68 93.53 | 84.97 95.55 95.09 94.21
0.5 (30,20) 0 ]96.33 94.99 100 94.93|96.33 95.11 100  95.02
0.1]90.19 95.12 99.74 95.03 | 91.74 95.06 99.78 94.88
1 18216 95.15 92.87 94.82 | 88.78 95.30 95.78 94.91
10 | 78.92 95.15 84.58 93.29 | 84.02 95.36 92.63 94.29
S (5,5) 0 196.69 9529 100 95.05]96.30 95.16 100 94.14
0.1]96.08 9520 100 94.88 |95.82 95.06 100 94.34
1 19274 9522 99.99 95.04 | 92.35 94.53 100 94.68
10 | 82.64 95.12 97.39 95.04 | 85.55 94.56 96.33 95.04
d (10,10) 0 ]96.49 95.17 100 95.01 | 96.11 95.01 100 94.60
0.1 9551 9523 100 95.11|95.54 95.09 100 94.75
1 189.89 9493 99.98 9494 | 91.10 94.72 99.98 94.97
10 | 80.92 95.11 9592 95.01 | 85.81 94.99 94.70 95.09
5 (15,10) 0 |96.40 95.16 100 95.06 | 96.31 95.08 100 94.72
0.1]9546 9528 100 9524|9528 9496 100 94.79
1 18886 94.91 99.97 94.90 | 90.70 94.87 99.97 95.03
10 | 81.02 95.20 95.72 95.00 | 86.33 95.20 94.81 95.23
D (30,20) 0 ]96.35 94.96 100 94.92|96.18 95.15 100 94.98
0.1 9417 9497 100 94.95|94.42 9493 100 94.90
1 [86.04 95.08 99.83 95.12 | 89.56 94.82 99.87 94.96
10 | 79.67 95.08 94.43 95.00 | 85.82 95.07 93.98 95.08
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Table 4.2. Average lengths of two intervals for

different values of the standardized mean difference

k = 3 studies | k = 6 studies

0 (np,ne) T2 Cl, Cly Cl, Cly
0.5 (5,5) 0 3.163  3.489 | 1.407 1.446
0.1 3.517 3.952 | 1.561 1.605

1 5.790  7.539 | 2.561 2.623

10 | 15.533 43.197 | 6.721 6.886

0.5 (10,10) 0 2.093 2.181 | 0.944 0.953
0.1 | 2552 2704 | 1.149 1.159

1 5.042  6.097 | 2.269 2.272

10 | 14.673 36.433 | 6.509 6.427

0.5 (15,10) 0 1.892  1.954 | 0.855 0.861
0.1 2378 2494 | 1.073 1.080

1 4.926  5.861 | 2.222 2.219

10 | 14.518 34.551 | 6.479 6.362

0.5 (30,20) 0 1.314  1.334 | 0.594 0.596
0.1 1.932 1.992 | 0.874 0.876

1 4.656  5.427 | 2.108 2.094

10 | 14.194 32.723 | 6.398 6.227

5) (5,5) 0 6.846  7.990 | 2.944 3.232
0.1 6.984 8.182 | 3.011 3.303

1 8.256 10.061 | 3.567 3.909

10 | 16.299 34.554 | 7.122 8.157

5 (10,10) 0 4.363 4.634 | 1.935 2.007
0.1 | 4578 4.881|2.039 2114

1 6.296  6.985 | 2.803  2.909

10 | 14.913 28.340 | 6.696 7.364

5 (15,10) 0 3.852 4.035 | 1.716  1.764
0.1 | 4.104 4.316 | 1.828 1.878

1 5917 6471 | 2.647 2.725

10 | 14.813 27.423 | 6.641 7.241

5 (30,200 0 2.622 2.678 | 1.182 1.197
0.1 | 2970 3.046 | 1.341 1.357

1 5.179  5.531 | 2.331 2.371

10 | 14.305 25.770 | 6.472 6.984
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Let us assume in the rest of this section that 02 = 02, = 02,. Then, the variance of ¢;

V&(éi):s:?( Lo )

2 V2
nri Yr; o nei Y

can be estimated as

where S;? is the pooled sample variance from Eq. (4.3).

The homogeneity hypothesis that all the ratios of population means are equal, that is,
Hy:pi=ps=---=pp orequivalently Hj: (=G ==

can be tested using Cochran’s large sample homogeneity statistic. Defining now v; =

1/\//'3\1"(@) and ¢; = 0;/ 2521 vj, 1 =1,...,k, the test statistic can be obtained as

Qc = iﬁz(@ - i & Aj)Q- (4.21)

Under Hy and H(, respectively, Q¢ is approximately x? distributed with k& — 1 degrees
of freedom. If the homogeneity assumption holds, the fixed effects meta-analysis model
is quite appropriate; otherwise, the combination of the results should be carried out in a

random effects model.

Recall that the random effects model is given here as

C}NN{C,T%U?( L 1 )] (4.22)

2 2
nri Py NCi Koy

where ¢ denotes the overall effect size on the logarithmic scale and 72 stands for the

between-study variability.

Following the DerSimonian-Laird (1986) approach, an estimate of 72 can be obtained

as

~2 QC - (k — 1)
T = &F - PR
Dm0 =D, 07/ Zj:l Uj

with Q¢ obtained from Eq. (4.21). This estimator may yield negative values, which are

set to zero in practice.

Let w; = 1/[7? + \//a\r(@)], i = 1,...,k, denote the estimate of the inverse of the

variance in model (4.22), then the estimate of the overall effect ¢ is given by
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é _ Zle wi éz
Z j=1 wj
The large sample variance of é is given as
k -1
Vargy(¢) = (sz) :
i=1
For a small number of studies, Hedges, Gurevitch, and Curtis (1999) recommended the

use of the following variance estimator
k

o A\ k 1 Wi\ 2 Wi [25:1 w; — W]
Var(y)(C) = (Zw) <1+4;m <v_> (CE )2 )

i=1 j=1Wj

Following Hartung (1999), another estimator of the variance of CA is given as

o= 2 1 f_ Wi (G — C)?
=1 "7

A large sample 100(1 — a))% confidence interval for ¢ is given as

54[ \/ @(1)(5) Z1-a/2;

which can be improved with respect to the actual coverage probability for a small number

(F \/ @(2)(5) Z—af2.

Following Hartung and Knapp (2001a), an alternative 100(1 — «)% confidence interval for

(F \ \//a\r(s)(éc) le—1:1-a/2-

After combining the results on the log scale, the results will naturally be transformed

of studies through

¢ can be obtained as

to the original scale using antilogs. Backtransforming the mean of logs introduces a bias
into the estimate of the mean response ratio due to the convexity of the log transform.
This bias also arises, for example, in the averaging of correlation coefficients by backtrans-
forming the average of several Fisher’s z transforms, or in the averaging of odds ratios by
backtransforming the average of several log odds ratios. However, since the magnitude of
the bias depends upon the variance of the weighted mean, this bias is usually expected

to be slight.
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Chapter 5

Combining Results of Controlled

Studies with Binary Outcome

An important application of meta-analysis, especially in biometry and epidemiology, is
the combination of results from comparative or controlled studies with binary outcomes.
Often, in clinical trials or observational studies, the outcome can be generally described

as success or failure or as positive or negative, which can be easily coded as 1 or 0.

Let pr; denote the probability of success in the treatment (T) group in the ith study,
1=1,...,k, and np; the sample size, then the number of successes, say nyy; is a binomial
variate with parameters np; and pr;. Let us denote by nrg; the number of failures in the
treatment group in the ¢th study. By analogy, let us denote by peq, nei, new, and neo;
the corresponding values in the control (C) group of the ith study. Then the number of

successes in the control group, necy, is a binomial variate with parameters ne; and pe;.

The results of each study can be arranged in a (2 x 2)-table as shown in Table 5.1.
Here, ny; stands for the total number of successes in the ith study, ng; is the total number

of failures, and n; is the total sample size of the ¢th study.
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Table 5.1. Observed frequencies on two binary characteristics in study ¢

Success Failure | Total
Treatment | npy; nT0; nri
Control nei Neo: nei
Total n1; To; g

There are several effect sizes which can be used to quantify a difference between treat-
ment and control group. In the next section, we will describe the effect sizes: probability
difference, also known as risk difference, relative risk, also known as risk ratio, and odds

ratio.

Given estimates of the effect size and corresponding standard errors, several results
from Chapter 2 and 3 can be used for combining these estimates. In Section 5.2, we will
describe the method, which is known as generic inverse variance method, for combining

effect size estimates in the fixed and random effects model of meta-analysis.

The generic inverse variance method is based on large sample theory. In case of sparse
binary data, this method can lead to inconsistent results. In Section 5.3, Mantel-Haenszel
type estimators and appropriate variance estimators are presented which are consistent in

large samples as well as sparse data situations in the fixed effects model of meta-analysis.

The one-way random effects model of meta-analysis can be derived as the marginal
model of a normal-normal hierarchical model. The assumption that the effect size es-
timator is (at least approximately) normally distributed may be not fulfilled for binary
outcomes, especially for small sample sizes. Thus, one may seek for a model which makes
direct use of the binomially distributed number of successes. In Section 5.4, we will present

binomial-normal hierarchical models which can be used in meta-analysis.
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5.1 Effect Sizes

Probability difference

The probability difference in the ith study is defined as 61; = pr; — pei, and can be

unbiasedly estimated by the difference of the observed success probabilities, namely

A nri; neii
(9” - L . . (51)
nrq nc;

The unbiased estimate of the variance of (5.1) is

Var<91i) = T13 T4T0¢ . C1li T6C0¢ . (52>

ng; (nri — 1) ngy (nei — 1)
Note that the inverse of the estimator \//a\r(él) does not exist when both numerators on
the right hand side of Eq. (5.2) are equal to zero. When this situation occurs, the study
cannot be incorporated in the meta-analysis using the generic inverse variance method,

see Section 5.2.

Relative risk

The relative risk in the ith study is defined as the ratio of the success probabilities,
that is, pr;/pc;. However, it is more convenient to carry out the analysis on the log
scale because of the better normal approximation of the corresponding estimator in small

samples. Setting 65 = In(pr;/pc;i), the logarithm of the relative risk, an estimate of 6,

A;i — I (nTli / nTi) . (5.3)

neti / ne;

may be defined as

However, the estimate (5.3) cannot be computed when n;; = 0 or ngy; = 0. Moreover,
there does not exist an unbiased estimate of the log relative risk. So, different proposals
exist in the literature for estimating this parameter. Pettigrew, Gart, and Thomas (1986)
discussed the proposed estimators with respect to bias and variance, and concluded that
there is no optimal solution. The "optimal” solution always depends on the true, but

unknown, success probabilities. One widely used estimate in this context is

é% —In (nTli + 05) / (nTi + 05)

(net +0.5) / (ne +0.5) ] (5.4)
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The variance of estimate (5.4) is estimated without bias except for terms of order O(n=3)

by
1 1 1 1

7WM+05_nn+05+#mu+05_nm+05‘

This variance estimate is always positive if np; # np; or ney; # ne;. If npy = np; or

Var(f,) =

nc1; = Ny, then the value 0.5 will not be added to ny; and ng; to ensure the positiveness

of the variance estimate.

Odds ratio

The odds ratio in the ith study is defined as the ratio of the odds, that is, pr;/(1 — pr;)
divided by pci/(1 — pei). Again, it is more convenient to carry out the analysis on the
log scale because of the better normal approximation of the corresponding estimator in
small samples. Setting 05, = In{[pr:/(1 — pri)]/[pci/ (1 — pci)]}, the logarithm of the odds
ratio, an estimate of 6s; is obtained as

é; —In {n:m / nTOi:| —In [nTli ncm] . (5.5)

neii / ncoi N NC1i

As in the case of the log relative risk, the estimate (5.5) cannot be computed when there
are no successes or only successes in at least one group. Again, no unbiased estimate of
the log odds ratio exists, and Gart and Zweifel (1967) investigated several estimators of
this parameter with respect to bias and variance. One estimate, originally proposed by

Haldane (1955), is widely used, namely

(nTU + 0.5
(ncu + 0.5

by — In ; (nro; + 0.5)} T |:(77/T1@' +0.5) (nco; +0.5) (5.6)

)
(nom + 05) (TLTol' + 05) (ncu' + 05) '
The variance of estimate (5.6) is unbiasedly estimated except terms of order O(n™?) by

1 1 1 1

Var(fs) = .
ar( 3) nry; + 0.5 + nro; + 0.5 + ney + 0.5 + neo; + 0.5
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5.2 Generic Inverse Variance Method

Let 6; be the parameter of interest in the ith study, for instance, probability difference, log
relative risk, or log odds ratio, and let us assume that each independent study provides an
estimate of 0;, say 0;, i = 1,..., k, as well as an estimate of Var(6;) = 02(6;), say 62(6;).
Note that the variance o?(6;) may functionally depend on the parameter of interest, and
consequently 6; and 62(0;) are then correlated. Of course, within a meta-analysis, the

type of the parameter of interest is identical in all the studies.

In the random effects model of meta-analysis, we have, at least approximatively,
0~ N[0, 7> +020)] ,i=1,....,k (5.7)

Here 0 stands for the overall effect size and 72 denotes the parameter for the between-study
variance, also called heterogeneity parameter. If 72 = 0, we have the fixed effects model

of meta-analysis and 6 is then the common effect size in all the studies, see Chapter 2.

For testing the homogeneity hypothesis, Hy : 7> = 0, we can use Cochran’s large

sample homogeneity test, see Chapter 2, which is given here as

k

Qc = Zﬁz’ (éz - é)Z (5.8)

i=1
with &; = 1/62(6;), i =1,... .k, and 0 = 3% 9; 0;/ >_F_, 6;. Under Hy, the statistic Qc
is approximately chi-square distributed with k — 1 degrees of freedom and Hj is rejected

at level o if Q¢ > X7 1.1 _q-

For estimating the heterogeneity parameter 72, the DerSimonian-Laird (DSL) estima-
tor or the restricted maximum likelihood (REML) estimator, see Chapter 3, are commonly
used in the present setting. The DSL estimator of 72 is given here as

%[Q)SL = —k AQC —k(kA_ ) ks
D iy 00— D 0/ Zj:l Uj

(5.9)

with Q¢ from Eq. (5.8).
Let w;(72) = 1/[72 +62(0,)], i = 1,...,k, and




Then, the REML estimate of 72 can be found numerically by iterating

L Shte){Borr —ete)}

Zj:l w?(TQ) Zf:l wi(72)7

starting with an initial guess of 72, say 72, on the right hand side of Eq. (5.10).

(5.10)

By profiling the restricted log-likelihood for 72, we can construct a 100(1 — «)% con-
fidence interval for 72 as follows. Recall that the restricted log-likelihood function can be

written as

Let 72gy, denote the REML estimate, see Eq. (5.10). Then, a 100(1 — )% confidence

interval for 72 is given by

CI(r") . {720 —2[la(7) — la(fiemu)] < Xia—a)
= {7 [ 1r(7*) > la(Thpas) — Xi1_a/2} : (5.11)

Using the quadratic form

with 0 = S5 @ 6,/ 5 ; and w; = [r% + 62(6;)]7", and following Hartung and
Knapp (2005a), Knapp, Biggerstaff, and Hartung (2006), or Viechtbauer (2007), a further

approximate 100(1 — «)% confidence interval for 72 can be obtained as

CI<7'2) = {72 >0 ‘ Xzfl;a/z < @(7'2) < Xzfmfa/z}‘ (5.12)

To determine the bounds of the confidence interval explicitly one has to solve the two

equations for 72, namely

lower bound: (12) = X%_l;l_a/y

(%) = X271;a/2'

Q
upper bound: Q
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Let @; = 1/[#2 + 62(6;)] be the inverse of the estimated variance in model (5.7), with

72 being a suitable estimate of 72. Then the estimate of the overall effect size is given as

The standard approximate 100(1 — «)% confidence interval of € is then given as

A k ~1/2
011(9> 0 + (sz) Z1—a/2; (513)

=1

whereas the modified approximate 100(1 — «)% confidence interval according to Hartung

and Knapp (2001b) is obtained as

012(9) : é:F \/5 tk_Ll_a/Q with (j = (514)

k-
k—1 Do W)

Hartung and Knapp (2001b) carried out an extensive simulation study for all three
effect sizes, probability difference, log relative risk, and log odds ratio, to investigate the
actual levels of the confidence intervals (5.13) and (5.14). The performance of the interval
(5.13) depends on the chosen parameter of interest as well as the amount of heterogeneity.
For the probability difference, this confidence interval can become very liberal, especially
for a small or moderate number of studies. The larger the amount of heterogeneity the
smaller the actual confidence level given a predefined level. For the log relative risk, this
interval turns out to be very often conservative; only when the sample sizes in the studies
extremely differ and large heterogeneity is present, the interval becomes anticonservative.
For the log odds ratio, the interval (5.13) turns out to be mostly liberal, except for small
values of 72. The interval (5.14) generally shows a better performance than the interval
(5.13) in attaining a predefined confidence level. For the probability difference and the
log odds ratio, the interval satisfactorily attains the nominal level, irrespective of the
pattern of sample sizes chosen and the value of the heterogeneity parameter. For the
relative risk, the interval tends to be a little conservative in most cases, but like the
interval (5.13) can become liberal when the sample sizes in the studies extremely differ

and large heterogeneity is present. But nevertheless, interval (5.14) is always preferable
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to interval (5.13). An important additional result of the simulation study of Hartung
and Knapp (2001b) is, that even if the meta-analysis is done using the random effects
approach though no heterogeneity is present, the interval (5.14) will satisfactorily keep
the nominal level. Thus, using this approach, a choice between fixed effects and random

effects approach in advance is not necessary.

Knapp, Biggerstaff, and Hartung (2006) and Viechtbauer (2007) evaluated the per-
formance of the confidence intervals for the heterogeneity parameter with the log odds
ratio as the parameter of interest. It turned out that their interval (5.12) outperforms the
other intervals with respect to attaining a predefined confidence level. Only the profile
likelihood based confidence interval (5.11) for 72 is a reasonable alternative in most but

not all cases.

5.3 Sparse Data and Mantel-Haenszel Type Estima-

tors

The general inverse variance method described in Section 5.2 can be applied in the fixed
effects as well as in the random effects model of meta-analysis. In some applications, for
instance combining results from safety studies of medicinal products when the number of
(serious) adverse events is of interest, it may occur that a lot of entries in the (2 x 2)-tables
are small or 0. This situation is known as ”sparse” data. Since the results of the general
inverse variance method rely on large sample results, the overall meta-analysis results can
be inconsistent in sparse-data situation, even when the correction factor like 0.5 is used

in the formulas of Section 5.1.

Mantel and Haenszel (1959) proposed an estimator of a common odds ratio of several
(2 x 2)-tables for case-control studies in epidemiology, which can also be generally used in
the fixed effects approach of meta-analysis. The Mantel-Haenszel estimator of a common
odds ratio is given as
Zle nrii nCOi/ni
> s neny/n;

and can also be expressed as a weighted average of the study-specific odds ratio estimates,

ORup = (5.15)
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namely

k

= w; nri1; Nooi N NC1i .
ORun = Y —; = O Q=1 k. (5.16)
i—1 Zj:l 'U}j T0: "C1i 7

Breslow (1981) developed a large-sample theory to study odds ratio estimation in sparse
data, and demonstrated the consistency of the Mantel-Haenszel estimator within that

theory. In Breslow’s theory, the number of tables increases but the cell sizes remain
bounded.

Define for: =1, ..., k,

R; = nrii neoi/ni,
Si = nroi nowi/Ni,
P = (nru+ necoi) /1,
Qi = (nroi +ncw)/n.

Then an estimate of the variance of the logarithm of @MH, see Robins, Breslow, and
Greenland (1986), which is consistent in both large-stratum and sparse-data situation, is
given by

k k k
Var(ln ORMH) _ Zz:l R + szl( S + Q R ) 4 szl Q S ) (517)

2SN R) T 2L RS 2(Xh, S))

This variance estimator of In ORyy is now generally accepted; see Silcocks (2005) for a

discussion on various estimators of the variance of In ORyg.

An approximate 100(1 — «)% confidence interval for log odds ratio is given as

ln(/)ﬁMH +V @(IH@MH) Z1—a/2- (518)

Greenland and Robins (1985) considered Mantel-Haenszel-type estimators of the rel-
ative risk and the probability difference and derived estimates of the variance of these
estimators, which are consistent in large-stratum and sparse data situations. Again, these

estimators can be used in the fixed effects approach of meta-analysis.
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The Mantel-Haenszel-type estimator of the relative risk is given as

Zle nriq nCi/ni

RRym = .
> j=1 ey nri/n;

(5.19)

This estimator can also be displayed as a weighted average of the study-specific relative
risk estimators, namely,

k

S wy; nris ey nri Ncii .
RRaim = Y | — s w=——t i=1. ok (5.20)
i—1 Zj:l UJj T: TtC1e 7

The consistent variance estimator of the logarithm of lil\%MH is given by (see Greenland

and Robins, 1985)

Zle(nﬂ ncg N1i — N1 Mot nz)/”z2

Var(In RRy) = . (5.21)
Soh iy noj/ng Yy neie ne/ne

Consequently, an approximative 100(1 — a)% confidence interval on log relative risk has

In RRyn F \/ Var(In RRyn) 21—a)o- (5.22)

The Mantel-Haenszel-type estimator of the probability difference is given by

the form

k
i=1 718 nci/ni — Ny nC’li/ni

By — 2=t "
2 j=1 ) Nei/n;

, (5.23)

which can be displayed as a weighted average of the study-specific probability difference

estimators, namely,

k
PDy = Z sz <nTh - n012> ;W = ek nCl, i=1,... k. (5.24)

T 2j-1wi \TTi o M

The consistent estimator of the variance of Isf)MH is given by (see Greenland and Robins,
1985)

— k . 3. . 3 2
Var(PDMH) _ Zz:l(nTll nrTo; nCZ + ncii Neoi nj;)/(”Tz nCzn1>' (525>
( ijl nrj an/nj)

Consequently, an approximate 100(1 — )% confidence interval of the common probability

lgl\jMH + 1/ \//z;"(ﬁf)MH) Z1—a)2- (526)

7

difference is given by



The Mantel-Haenszel-type estimators are derived from the unconditional distribution
of the number of successes (nr1;,nc1;) and are first order approximations to the uncon-
ditional maximum likelihood estimators. As already mentioned, all these estimators for
the different effect sizes can only be used in the fixed effects approach of meta-analysis.
Greenland (1982) showed that if important heterogeneity is present, Mantel-Haenszel-type

estimators will not estimate meaningful parameters, and thus will also be inappropriate.

Peto’s method (Yusuf et al., 1985), sometimes also called Yusuf-Peto method, is a
further method of combining odds ratios in the fixed effects approach of meta-analysis.
This method was developed for use in mega-trials in cancer and heart disease, where
small effects are likely, yet very important. Consequently, this method may be appealing
in meta-analysis when combining results from studies with sparse data. In each study,

the log odds ratio is estimated by

— O, —E; .
In ORPeto,i = 1= 1, ceey k’, (527)
Vi
with

0, = nris,

E = nrq nli’
n;

V. = Ny Moy Mg Nog

(i —1)ni
and the estimate is based on the conditional distribution of nyy; given the total number
of successes. The estimator of the variance of In 6§peto is

1

Var(In ORpegos) = i=1,... .,k (5.28)

Consequently, the overall estimate of the common log odds ratio is

k k
— (0~ E Vi =
In ORpeto = ZZ=1(k ) _ > —— InORpes, (5.29)
Z]‘:1 V} i=1 Zj:l VJ

with

)

& -1
Var(In ORpet) = < m) . (5.30)
=1
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An approximate 100(1 — «)% confidence interval of the log odds ratio is then given by

10 OR ety F \/ Var(In ORpuso) 2102 (5.31)

It should be noted that O;, F;, and V; are all equal to zero for studies with no events in
either study arm. These studies therefore do not contribute to either the point estimate

or variance of the pooled odds ratio.

Recently, Sweeting, Sutton, and Lambert (2004) and Bradburn et al. (2007) inves-
tigated the performance of meta-analytical methods in sparse data situations. In both
papers, methods for combining odds ratios with rare events were investigated. Though
the Mantel-Haenszel estimator can handle zero cells, often a continuity correction factor
like of 0.5 is still added to each cell in the (2 x 2)-table. The effect of the use of continuity

corrections was also investigated in both papers.

The findings for the odds ratio are similar in both papers. In sparse data situation, the
inverse variance method using the standard interval (5.13) performed consistently badly,
irrespective of the continuity correction used. In both papers, the improved interval (5.14)
was not considered. Peto’s method turns out to be the best method when event rates are
below 1 per cent, and provided that there is no substantial imbalance between treatment
and control group sizes within studies, and treatment effects are not exceptionally large.
In other circumstances, the use of the Mantel-Haenszel estimator of the common odds

ratio is to be preferred.

Though the methods described in this section make use of the binomially distributed
number of successes nry; and neq;, they can only be applied in the fixed effects approach of
meta-analysis. In the next section, we show how one can make direct use of the binomially

distributed number of successes in the random effects approach of meta-analysis.

5.4 Binomial-Normal Hierarchical Models

A critical assumption in the fixed effects or random effects model may be the assumption
that the estimator of the treatment difference is normally distributed, especially in small

sample sizes. When the number of successes in the treatment groups are known, that is,
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the observed (2 x 2)-table is given, one can make direct use of the binomially distributed
numbers of successes. In the random effects approach this can be done in a binomial-
normal hierarchical model that can be analyzed with exact likelihood methods or within
the Bayesian framework using Markov chain Monte Carlo (MCMC) methods. Essentially,

we will present here the basic ideas of the model formulations.

Smith, Spiegelhalter, and Thomas (1995) first presented the formulation for the log
odds ratio that is straightforward. Then Warn, Thompson, and Spiegelhalter (2002) also
considered the binomial-normal hierarchical model for the log relative risk and the risk
difference risk. All the three models have one common feature, namely, that the number
of successes nry; and neq; are both binomially distributed with parameters np; and pr;,
and n¢g; and pg;, respectively, in each study 7,1 =1,..., k.

Let p; = logit(pc;) = Infpei/(1 — pe;)] be the logarithmic odds in the control group
and assume that the logarithmic odds in the treatment group is p; + 6;. Consequently,
0; is the study-specific treatment difference on the log odds ratio scale. Finally, assume
that 6; comes from a normal distribution with mean 6, the overall effect of treatment

difference, and variance 72, the heterogeneity parameter.
In summary, we may write the binomial-normal hierarchical model for the log odds
ratio as
ncu ~ Bin(nei, pei)

nry; ~ Bin (np, pri),

pi = logit(pci), (5.32)
1Ogit(pTi) = U + 6’1-,
9,~ ~ N(@, ’7'2).

Note that each value of #; from the normal distribution yields admissible values of the

success probabilities pp; and pe;.

For the log relative risk, we set p; = In(pc;), that is, the logarithm of the success
probability in the control group. Then the logarithm of the success probability in the
treatment group is parameterized as In(pr;) = p; + 6;, and 6; is the log relative risk.

Again, assume that 6; comes from a normal distribution with mean 6, the overall effect of
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treatment difference, and variance 72, the heterogeneity parameter. But now, the value 6;
needs to be constrained so that pp; € [0, 1]. Following Warn, Thompson, and Spiegelhalter
(2002) this is equivalent to constraining In(pr;) to the interval (—oo, 0], which is achieved
by confining 6; to be less than —In(pc;). Let 6Y be the minimum of 6; and — In(p¢;),
then 0V can take any value in the range (—oo, —In(pc;)). The full model can then be

summarized as

neii ~ Bin(nei, pei)

nru o~ Bin (ngy, pri),

pi = In(pci), (5.33)
In(pr;) = pi+min{b;, —In(pci)},
91‘ ~ N(é’, 7'2).

Finally, we consider the third effect measure probability difference. Let p; = po; be
the success probability in the control group. Then the success probability in the treatment
group is parameterized as pr; = p; +0;, and as before assume that 6; arises from a normal
distribution with mean 6, the overall effect of treatment difference, and variance 72, the
heterogeneity parameter. As in the previous case, the value 6; needs to be constrained
so that pp; € [0, 1], that is, 6; € [—pci, 1 — pei]. Define two new parameters 67 and 6%,
corresponding to upper and lower bounds for 6;. Let 6F be the maximum of §; and —pc;,
then 0F can take any value in the range [—pc;, 00). Similarly, let Y be the minimum of
0L and 1 — pey, then 6; is confined to the required range [—pci, 1 — poi]. The full model
is then given by

nciy ~ Bin(nCiapCi)v

nri ~ Bin(ngg, pri),

W= poi (5.34)
P = M + min {max {‘91, —pcz'} 5 11— pCi} )

For a full Bayesian analysis in the models (5.32), (5.33), and (5.34), appropriate prior

2

distributions have to be determined for the hyperparameters § and 7° as well as for
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the success probabilities pe; in the control groups, which may also be called baseline
risk. For instance, in their example using the probability difference, Warn, Thompson,
and Spiegelhalter (2002) used the uniform distribution on [—1, 1] as prior distribution of
the risk difference parameter and the uniform distribution on [0, 2] as prior distribution
of the square root of the between-study variance, say 7. For the prior distributions of
poi, they considered a uniform distribution on [0, 1] and a beta prior distribution with
hyperparameters o and 3, with a uniform distribution on [1,100] as hyperprior on each.
For the log relative risk parameter, Warn, Thompson, and Spiegelhalter (2002) used vague

N(0,10)-distribution and priors identical to the priors above for 7 and p¢;.

Note that the problem of a zero cell can arise in the Bayesian analysis like in the generic
inverse variance method, see Section 5.2. The usual way to circumvent this problem is
to add 0.5 to the count in each cell of all (2 x 2)-tables containing zero cells prior to the

analysis.

Using an exact binomial likelihood approach in model (5.32) leads to a logistic re-
gression model with a random intercept, and is therefore analogous to the individual
patient data method as used by Turner et al. (2000). Recently, Hamza, van Houwelin-
gen, and Stijnen (2008) showed that the use of the exact binomial likelihood approach
is preferred to the standard generic inverse variance approach when they considered the

logit of sensitivity and specificity in the meta-analysis of diagnostic tests.
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Chapter 6
Meta-Regression

In case of substantial heterogeneity between the studies, possible causes of the hetero-
geneity should be explored. In the context of meta-analysis, that can be done by either
covariates on the study level that could explain the differences between the studies or
by covariates on the subject level. However, the latter approach is only possible when
individual data are available. Since often only information on the study level is available,
explaining and investigating heterogeneity by covariates on the study level has drawn
much attention in applied sciences. The term meta-regression used to describe such anal-
ysis goes back to papers by Bashore et al. (1989), Jones (1992), Greenland (1994), and
Berlin and Antman (1994).

Since the number of studies in a meta-analysis is usually quite small, there is a great
danger of overfitting. So, there is only room for a few explanatory variables in a meta-
regression, whereas a lot of characteristics of the studies may be identified as potential
causes of heterogeneity. Higgins and Thompson (2004) remarked that explorations of het-
erogeneity are noted to be potentially misleading. Investigations of differences between
the studies and their results are observational associations and are subject to biases (such
as aggregation bias) and confounding (resulting from correlation between study charac-
teristics). Consequently, there is a clear danger of misleading conclusions if p-values from

multiple meta-regression analyses are interpreted naively.
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This chapter is organized as follows. In Section 6.1 we describe in detail the analysis of
the fixed and random effects meta-regression with one covariate. Section 6.2 contains the
general analysis of meta-regression with more than one covariate. Note that the methods
described in this chapter can be seen as an extension of the generic inverse variance method
of fixed and random effects meta-analysis. The models and methods can be applied for
all effect size measures considered in Chapters 2-5, that is, normal means, difference of
normal means, standardized mean differences, ratio of means, risk difference, relative risk,

and odds ratio.

6.1 Model with One Covariate

In the fixed effects meta-regression we write
Yi~N(0;,07), i=1,...,k, (6.1)

where Y; is the statistic in the ith study and o? the within-study variability of the ith

study. The study-specific mean 0; is parameterized as

where z; denotes a quantitative covariate or an indicator variable for a factor with only
two levels, that is, x; = 0 or x; = 1. In case of a factor with two levels, 6 represents the
effect size given z; = 0 and [ is the difference of the effect size given x; = 1 compared
to x; = 0. For a quantitative covariate, § stands for the change in the effects size given
a unit change in the covariate. When the quantitative covariate is centered around its

mean, then 6 represents the effect size given the mean of the quantitative covariate.

Additionally to the parameterization of the mean of the study-specific effect size, we
can allow for a parameter of the still unexplained variation between the studies. That is,
we can consider, in analogy to the random effects model of meta-analysis, see Chapter 3,

the following normal-normal hierarchical model

Yi ~ N(b;,07), i=1,...,k,
91' ~ N(9+ﬁxi,72), Zzl,,k
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The random effects meta-regression with one covariate is given as the marginal model of

the above normal-normal hierarchical model, that is,

Vi~ N (0+ Bz, 72 407), i=1,...,k (6.3)

In the following, we will present the analysis in the random effects meta-regression.
The corresponding analysis in the fixed effects meta-regression can be performed by setting

72 = 0.

Let w; = 1/ (> +0?), i = 1,...,k, be the true inverse of the variance of Y;, w =
Zle w;, and A\; = w;/w, i = 1,... k, the normed weights, then the weighted least-
squares estimators of § and 3 are given by (see Knapp and Hartung, 2003)

k k k
doimi N i Y — Zj:l Aj i D gy Ae Yo

3= (6.4)
Zf:l Ai 77 — (Z§:1 )‘jxj)Q

and

k k
O=> NYi=8 ) N (6.5)
. =

The variances and the covariance of the estimators 6 and 3 are

q-1

Var(f) = Zwi — (Z wj ZL‘j> /Z wy T} : (6.6)
i=1 j=1 =1 |

[ & k 2 ko]
Var(j3) = Zwi ri — (Z w; xj) ng : (6.7)
_i:l j=1 /=1 ]

and

5 = — 5w
COV(@, ﬂ) = - - 1= - - (68)
D im Wi Dy Wy ]~ (ZZ:I We $Z>

Usually, every study provides an estimate of the within-study variance ¢, say 67. The

between-study variance 72

can be estimated using the different estimation procedures
discussed in Chapter 3 adapted for the meta-regression model with one covariate. We
present some extensions of the between-study variance estimators from Chapter 3 in the

following.
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In analogy to the DerSimonian-Laird estimator in Chapter 3, the method of moments

2 can be derived from the statistic Q; =

(MM) estimator of the between-study variance 7
Zle w; (Vi — 6* — B*x1)2 in the present model, where f* and B* are weighted least-squares
estimators of § and 8 with known weights w} = 1/02, i = 1,...,k, that is, the weighted
least-squares estimators in the fixed effects meta regression. So, the quadratic form ),
can also be seen as the residual sum of squares in the fixed effects meta-regression model.

The method of moments estimator is given in its truncated form as (see Thompson and

Sharp, 1999) Qs — (b= 2)
g {0, B2 oo

with

k
) 7 )
= S Ywpaf - (L)

In practice, the usually unknown variances o2 have to be replaced by appropriate estimates

in Eq. (6.9).

Using the ordinary least squares estimators of § and 3, say @ and (3, in model (6.3),
Raudenbush (1994) derived an approximated method of moments (AMM) estimator of

72, which is given as

k k
ﬁMM:maX{QﬁZ [YQ—(@_—FB%)}Q—%Z&?}. (6.10)
i=1

i=1
Note that the estimator 73, is equal to the ANOVA-type estimator of 72 in the case
of no covariates, see Chapter 3 (note that 1/(k — 2) is replaced by 1/(k — 1) with no

covariates).

The (approximate) restricted maximum likelihood (REML) estimator for the between-
study variance in model (6.3) with one covariate is the solution of the estimating equation
(see Berkey et al., 1995)

Sy (k) (k= 2))(Y; = 6 - fu.)? — 6?)
72 = T : (6.11)
Do W5
This equation is iteratively solved using a starting value of 72, say 72 = 7¢, on the right
hand side of Eq. (6.11). With the weights @; = 1/(72 4 62), the initial values of § and /3
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are given. Then the right hand side of Eq. (6.11) can be evaluated to yield a new value
of 72. This provides new weights 10;, and leads to new estimates of # and 3 and finally to
a new value of 72. The procedure continues until convergence under the restriction that

72 is non-negative.

Knapp and Hartung (2003) considered the quadratic form

k
. J_ 3..)\2
Qz_m;wl(z—e—m,) Ck>2. (6.12)

This quadratic form can be seen as a mean sum of the weighted least-squares residuals with
known variance components. Knapp and Hartung (2003) showed that, under normality
of Y;, the quadratic form Qs from Eq. (6.12) is stochastically independent of the weighted
least-squares estimators 6 and [, and that (k —2)Q4 is x3-distributed with k — 2 degrees

of freedom. Let w; = (72 +62)7', i =1,...,k, and consider the quadratic form
~ k ~ ~
Qo) =D i (Vi — 60— Bxi)’, k> 2, (6.13)

with 9: and B: the estimates of # and [ using the weights w;, s = 1, ..., k. The distribution
of Q2(72) can be approximated by a y*distribution with k& — 2 degrees of freedom. Conse-
quently, in analogy to the Mandel-Paule estimator of 72 from Chapter 3, an estimator of
72 in the random effects meta-regression model with one covariate is given by the solution

for 72 of the estimating equation
Qa(m?) =k —2. (6.14)
Moreover, an approximate (1 — «)-confidence region for 72 may be defined as

CI(TZ) = {72 >0 | Xi72;a/2 < Q(TQ) < XifQ;lfaﬂ} (6.15)

with X’%—Qﬂl the a-quantile of the y2-distribution with k& — 2 degrees of freedom.

Let us now consider the analysis of the fixed effects in the present model. Let w; =
(72 + 61-2)_1, t=1,...,k, be the consistent estimators of the weights w;, and by plugging

in these estimators in Eqgs. (6.4) and (6.5) we obtain the weighted least-squares estimators,
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denoted by 6 and 3. The commonly used (large sample) (1 — a)-confidence intervals on

the parameters # and ( are given by

6 F \/Var(0) 2102 (6.16)
B/ Var(B) z1-u2 . (6.17)

where \//a\r(é) and \//a\r(ﬁ) are obtained by putting w;, i = 1,...,k, in Egs. (6.6) and (6.7),

and

respectively.

Like in the random effects model of meta-analysis in Chapter 3, the use of the standard
normal distribution in Eqgs. (6.16) and (6.17) is questionable, especially when the number
of studies is small. Based on simulation results, Berkey et al. (1995) recommended the use
of a t-distribution with k — 4 degrees of freedom, where they considered the log relative

risk as an outcome measure in their simulation study.

Let us consider again the quadratic form Qo from Eq. (6.12). Since (k — 2)Q9 is x*-
distributed with k& — 2 degrees of freedom, the expected value of ()5 is equal to one for

known variance components.

Hence, unbiased and non-negative estimators of the variances of § and [ are given by

. 1 L
Q(0) = +— Z:;g (¥; = 0= fa)? (6.18)
with g =w; /[ w; — Qo w;x;)?/ Y w;a3], i=1,...,k, and
. I o
Q) == ;h (¥; =0 = Ba)” (6.19)

with by = w; /[P w;a? — (X wja;)®/ > wy], @ = 1,...,k, see Knapp and Hartung
(2003).

Replacing the unknown variance components in Eqgs. (6.18) and (6.19) by appropri-
ate estimates, Knapp and Hartung (2003) proposed the following approximate (1 — k)-

confidence intervals on 6 and [3:
0+ 1/ Qa2(0) ty91 /2 (6.20)
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and

B+ \ Q2(B) ti—z,1-ns2 , (6.21)

where t,., denotes the k-quantile of the ¢-distribution with v degrees of freedom.

Using either the MM estimator or the REML estimator of the between-study variance,
the confidence intervals (6.20) and (6.21) are smaller than the corresponding intervals
(6.16) and (6.17) when the realized value of the quadratic form Q. from Eq. (6.12) is
less than one given equal test distributions in both cases. Therefore, Knapp and Hartung
(2003) considered an ad-hoc modification of the variance estimates Q,(6) and Qs(3) in
the limits of the confidence intervals (6.20) and (6.21) to the effect that they force the

realized value of (05 to be at least one. That is, the modified confidence intervals are given

by
0 F 1/ Q5(0) ty_z1—12 (6.22)
with o
o max {1 S (- - B/ (k- 2))
Q3(0) = - - - :
Zf:l Wi — (Z?:l w;z;)?/ 25:1 Wy
and
BF A\ Q3(B) troz1-ny2 (6.23)
with

o max {1 S (Y - 8- Be?/ (k- 2)}
Q5(8) = - - —
: iy B — (e 0525)* S e

In a simulation study, Knapp and Hartung (2003) considered the log relative risk as

outcome measure in a meta-regression setting. The main result of their simulation study
is that the intervals (6.22) and (6.23) outperform the other corresponding intervals with

the respect to the nominal confidence coefficient.

Recently, Sidik and Jonkman (2005b) considered robust variance estimation in random
effects meta-regression. We will describe their approach in the general random effects

meta-regression model in the next section.
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6.2 Model with More Than One Covariate

The extension of model (6.3) to the case with more than one covariate is given as
i~ N (0 +x/B8,7°+0}) =N (z/v, 7 +07),i=1...k, (6.24)

where @; is now a vector of covariates, z;/ = (1,x;’), and B a vector of corresponding

regression parameters, v’ = (6,3).

In matrix notation, the general random effects meta-regression for meta-analysis with

(r — 1) covariates can be described as
Y ~ N(Z~, 7 I, + A) = N(Zv,A™Y), A '=7I,+A (6.25)

with Y = (Y7,...,Y,), Z the (kxr)-dimensional known regressor matrix with rank(Z) =
r<k—1,v=(0,5,...,3_1) the unknown parameter vector of the fixed effects, 72
stands for the between-study variance, Iy is the (k x k)-dimensional identity matrix, and
A is a (k x k)-dimensional diagonal matrix with entries o2, i = 1,...,k, that is, A
contains the within-study variances. Note that the case of a factor with more than two
levels can be included in model (6.25) by defining appropriate indicator variables equal

to the number of factor levels minus one.

In case all the variance components are known in model (6.25), the weighted least

squares estimator of v is given as
¥ =(Z'AZ)'Z'AY (6.26)
with variance-covariance matrix
Y= (Z'AZ)". (6.27)

Usually, each study provides an estimate of the within-study variability o2, so that an
estimate of A, say A, is given. Consequently, we only have to estimate the between-study
variance 72 to obtain an estimate of A™'. In the general model (6.25) we consider the
method of moments estimator of 72 following the lines of the DerSimonian-Laird estimator

and the restricted maximum likelihood estimator.
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The residual sum of squares in Eq. (6.25) with 72 = 0 can be expressed as a quadratic

form in Y and has the matrix representation
Q=Y'PA'PY with P=1I,—-Z(ZA'Z)'ZA™". (6.28)
Since PZ = 0, the expected value of Q is given as
E(Q) = tr[P’A7'P Cov(Y)]
= k—r+72f(Z,A7
with f(Z,A™") = tr(A™) —tr[(Z’AZ)"'Z'A"*Z], and tr(A) denotes the trace of a
squared matrix A.
Consequently, the method of moments estimator of 72 is given in its truncated form

R = max{ 0, %} . (6.29)

as

The (approximate) restricted maximum likelihood estimator (REML) can be deter-
mined by solving iteratively the equation (see Thompson and Sharp, 1999)
S a? ((/ (k= )y — 0 — 2 B) - 62)

22 o7 . (6.30)
=1 "1

~—1 ~
Let A = 72I; + A be the estimated variance-covariance matrix in model (6.31),

then the estimate of v is given by
4=(Z'AZ)"'Z'AY (6.31)
with estimated variance-covariance matrix
5= (Z’AZ>_1 . (6.32)

With the estimated variances on the main diagonal of 33, confidence intervals and hy-
pothesis tests on the fixed effects can be constructed in the usual manner. However, as
already mention in Section 6.1, Knapp and Hartung (2003) found out that tests of the
meta-regression parameters based on the usual variance estimator generally do not hold

a test level at its nominal level.

91



To carry forward the improved variance estimation approach by Knapp and Hartung

(2003) to the case of more than one covariate, let us consider the matrix
P =1I,—Z(Z'AZ)"'Z'A (6.33)

and calculate the quadratic form

. Y'P/APY
= 6.34
P (6.34)
The improved variance estimate of a fixed effect estimate is then given by multiplying
the corresponding diagonal element in 3, with Qr, that is, Knapp and Hartung (2003)

suggested as estimator of the variance-covariance matrix of 4
Yo =Q, 2. (6.35)

For constructing confidence intervals on the fixed effects the t-distribution with (k£ — r)

degrees of freedom should be used.

Sidik and Jonkman (2005b) considered a robust variance-covariance matrix estimator
or so-called sandwich variance-covariance matrix estimator used in a wide range of ap-
plications under model misspecification for large samples; see Royall (1986). Extending
this approach to the general random effects meta-regression model, Sidik and Jonkman

(2005b) proposed the following estimator of the variance-covariance matrix of 4
. SN . .\l
S, = (Z’AZ) Z'A {diag(e?,... &) AZ (Z’AZ) , (6.36)

where &2 = (1 — h;)™* &, with & = Y; — 24 and h; = ), zi’(Z'AZ)_lzi. Note that \;

is the ith diagonal element of A.

In a simulation study, Sidik and Jonkman (2005b) compared their approach with the
standard approach and the approach by Knapp and Hartung (2003). They concluded
that ”despite the seeming suitability of the robust estimator for random effects meta-
regression, the improved variance estimator of Knapp and Hartung (2003) yields the
best performance among the three estimators, and thus may provide the best protection

against errors in the estimated weights.”
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