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A rational problem from elementary number theory

Abstract
We solve a bit more then the half of the XV.th. proposition
of Leonardo Pisano who was also named as Fibonacci.
We do it using only elementary tools of number theory.
Our problem is explicitly what square number and the sum
of ap prime of the form 4k+1 give a square number again.

The problem arises according to a really old book. After solving the
problem we thought that it is possible to work on it with talented school
children or with first grade university students as well. The best place isin
number theory more precisely after the lecture on Pythagorean triple.

Leonardo of Pisa (Leonardo Pisano) known as Fibonacci also dedicated his
Book of Square Numbers (1225, “Liber quadratorum”) to Emperor
Frederick Il. His ProPoOsITION XV. was “To find a square number which,
being increased or diminished by 5, gives a square number.” [1], [2] He
solved the problem in a very elegant way. Our simply task is only to find
two numbers when the difference of their squares is five or more generally
their differenceisap prime of the form of 4k +1.

The first question is what do you mean on numbers. There are no problem
if the numbers are real. On the other hand it is easy to see that there is only
one solution if the numbers are the natural numbers 3 - 2° =5.

The problem is abit harder if | mean the numbers as rational numbers ([1 ).
In this situation we get
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where X, y, z and u are positive natural numbers (y=0 and u=0) the
solution isnot trivial.
The problem is quite the same as the Pythagorean-triples which was solved

in alot of different ways[3]. We will get three infinite classes of solutions,
and the proof is completely the same for all prime p where p=4k+1 for

some k positive integer so we discuss this situation.
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Theorem: The £, - %
y- u

positive integer is solvable in the natural numbersif y=u and

= p equation where p primeis p=4k+1 for kisa

X:|pl’12 _Slzl’ y:2r15.L’ Z= pl’12 +512

where r; and s; are natural numbers and 5r; and s; are coprime and exatly
one of them iseven or

pr; +S,

pr2—2
2 SZ’ y=0ns, Z= 2

X= 5

wherer, and s, are natural numbers and 5r, and s, are coprime and both of
them is odd.

Proof: Let us denote (a,b) the greatest common divisor of a and b. We
can suppose that (y,z)=1 and (x,u)=1. If we multiply the equation (1)
by u?y? then we get

2202 — X2 yz _ pyzuz. (2)
Here u®|py’u® = u?|xX°y* but (x,u)=1= u®|y’.

Completely same way Vy*|py’u® = y*|Z°u® but (y,z)=1= y*|u?.
Thuswe get y=u and we can write
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where (y,z)=1and (x,y)=1. Multiplying by y* we can get the
X+ py’ =2, (4)

Let us denote d =(x,z) then d|py®. If d=p then p*|Z* -x* = py* and
we get that p|y what is contradiction. If d |y then d|(Xx,y)=1 so we get
then x, y and z are pairwise coprime.

Exactly one of x and y is even. If both of them are odd then
z° =x* + py’ =2 mod (4) what isimpossible.

There are two cases

a) xisoddandyiseven;

b) xisevenandyisodd.



Thecasea)
First let us suppose that y is even and x is odd. Then we can write y=2y,
and

2 _Z+X Z—X

Let d:(%,%) then d|(x,z) = d=1. We can conclude that

py® = pr”-s* where (pr,,s ) =1. Here we have two possibilities again.

X= prlz_% quz_prlz

We now that x and z are odd numbers which implies that r, and s are
different parities. We can write the solutions in acommon form
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Z= pr1+512} or Z=Pn +51} and y=2rs inbothcases (6)

x=|pr’ - |

y=2rs where (pr,,s)=1 and 2|rs. (7)

z=prl+¢
For example, if p=5,r,=1and s =2 thenthe{x,y,z} tripleis{1,4,9}.
If rr=2and s =1then{x,y,z} ={19,4,21},and 19° +5-4* = 21°.
If rr =2and s =3 then{x,y,z} ={11,12,29}, and 11° +5-12* = 29°,
The case b)
L et us suppose that x is even and y and z are odd numbers.

Py =(2+%)-(z2-x) (8)

Let d=(z+ X,z—x) whered isodd number. Wegetthat d |2z=d|z.
Moreover d |2x = d|x whichimplies d|(x,z) =d =1.

Similar argument then in case a) shows that py*=pr/-s5 where
(pr,,s,) =1 and both of them are odd.
_|pr22_522|
=72
y=2r,s, where (pr,,s,)=1 and 2}r,s,. (9)
_p+s
252




For example, if p=5,r,=1and s, =2 thenthe{x,y,z} tripleis{2,1,3}.
If r, =3 and s, =1 thenthe{x,y,z} ={22,3,23} , when 22° + 5.3 =23,
If r,=1and s, =3 thenthe {x,y,z} ={2,3,7}, when 2° +5.3 =7°.
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