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Abstract

In this thesis a method for deriving effective models for one-dimensional spin systems is
introduced. It is based on matrix product state (MPS) and exploits translation invariance
to efficiently work in the thermodynamic limit. It is tested on two analytically solvable
models: The ferromagnetic spin-3 Heisenberg chain in an external field, and the transverse
magnetic field Ising model (TFIM). The previously developed ansatz for one-particle states
is extended to the description of two-particle states. The challenges of this extension and
different choices for a basis of the two-particle space are discussed. Results for the two-
particle spectral weight in the TFIM and for quasi-particle scattering in both models are
provided.






Contents

Contents

1 Introduction

1.1 Motivation . . . . . . ..
1.2 Effective models in second quantization . . . . ... ... ... ... ....
1.3 Theapproach . . . . . . . . . . .
1.4 Structure of the thesis . . . . . . . . ... ... . Lo

2 The models

2.1 Ferromagnetic Heisenberg chain . .
2.1.1 DBoundstate. .. ... ...
2.2 The transverse field Ising model . .
2.2.1 Exact solution . . ... ..
2.2.2  Solution by CUT . . . . ..
2.2.3 Ground state magnetization
2.2.4 Correlation function . . . .

3 The framework: Matrix product states

3.1 Thetools . . . . . . . . e
3.2  Why matrix product states? . . . . . ... oL
3.3 Definition of MPS . . . . . . ...
3.4 Construction of canonical MPS . . . . .. .. ... ... ... L.
3.5 Matrix product operators . . . . . . .. ..
3.6 The thermodynamic limit: iMPS . . . . . .. .. ... ... ..
3.6.1 Limitations of iMPS . . . . . . .. .. ... ...
3.6.2 Definitions: uMPS and iMPS . . . .. ... ... ... ...
3.6.3 Operators in the thermodynamic limit . . . . .. ... ... ... ..
3.6.4 Canonical gauge of uMPS . . . . . .. ..o
3.7 Chapter summary . . . . . . . .. L

4 Ground state properties

4.1 Ground state search . . . ... ..
4.1.1 Iterative search algorithm .
4.1.2 Notes on implementation .

4.2 Transfer operator . . . . . ... ..

4.3 Ground state energy . . . .. ...
4.3.1 Results for the FMHC . . .
4.3.2 Results for the TFIM . . .

4.4 Von Neumann entropy . . .. ...

4.5 TFIM ground state magnetization

4.6 Chapter summary . .. ... ...

5 One-particle properties

15
15
18
21
21
26
28
28
29
33
35
37

39
39
39
43
45
48
48
49
49
20
93

55



VI

CONTENTS

5.1 One-QP excited states and dispersion . . .. .. .. ...
5.1.1 Describing excited states . . . . . . . ... ... ..
5.1.2 Canonical gauge for excitation tensors . . . . . ..
9.1.3 Momentum space variation . . .. ... ... ...

5.2 Tensor network calculations . . . . . ... ... ... ...
521 TNtopology . . ... ... . ... .. .. .....
5.2.2 TN factorization . . . . ... ... ... ... ...
5.2.3 Matrix element TN evaluation . .. ... ... ..
5.24 Complexity analysis . . . . . ... ... ... ...

5.3 Momentum discretization . . . . ... ... .. ... ..

5.4 Dispersionresults . . . . . ... ..o L.
5.4.1 Results for the FMHC . . . .. ... ... ... ..
5.4.2 Results for the TFIM . . . . .. .. ... ... ..

5.5 The effective model . . . . . . . ... ...
5.5.1 Definition of the creation operator . . .. ... ..

5.5.2  Analysis of the quasi-particle representation

5.9.3 Error estimation . . . ... ... ... ... .. ..
5.5.4 Notes on implementation . . ... ... ... ...
5.6 One-particle spectral weight . . . . . . . . ... ... ...
5.6.1 Resultsfor TFIM . . . . . ... ... ... .....
5.7 Efficient computation . . . . . .. .. ... ... ... ...
5.8 Chapter summary . . . . . . . .. ...

6 Two-particle properties

6.1 Definition of two-particle states . . . . . . ... ... ...
6.1.1 Realspacebasis ... ... ... ... .. .....
6.1.2 Momentum space basis. . . . . . .. ... ... ..
6.1.3 Hybrid basis . . . .. ... ... ... ...
6.1.4 Metrictensor . . . . . .. ... L.

6.2 Results for the metric tensor of the TFIM . . . . . . . ..

6.3 Two-particle spectral weight in the TFIM . . . . . . . ..
6.3.1 Reference result from uMPS . . . . . ... ... ..
6.32 Results ... ... ... .. L

6.4 Efficient computation of two-particle quantities . . . . . .
6.4.1 2QP-ground state matrix element . . . . . . .. ..
6.4.2 Complexity analysis . . . .. .. ... ... ....

6.5 Quasi-particle decay amplitude . . . . .. ... ...

6.6 Scattering matrix . . . . .. ... L.
6.6.1 Matrix element computation . . . .. .. ... ..
6.6.2 Results for the FMHC . . . ... ... ... ....
6.6.3 Results for the TFIM . . . . ... ... ... ...

6.7 Chapter summary . . . . . . . . . ... ...

7 Conclusion and outlook

7.1 Summary of the method . . . . . .. ... .. ... ...
7.2 Summary ofresults . . . . . . ... 0000
7.2.1 Ground stateresults . . . . . ... .. L.
7.2.2 One-particleresults. . . . .. ... ... ... ...
7.2.3 Two-particleresults . . ... ... ... .. ....
7.3 Outlook . . . ... ... . ... .

A Supplementary material



CONTENTS VIl
A.1 The Kronecker identity . . . . . . . . . . ... 125
A.2 Hamiltonian of the FMHC in the 2QP sector . . . . . .. .. ... ... .. 126
A.3 2QP interaction matrix of the TFIM . . . . . .. ... ... ... ... ... 127
A4 Properties of transfer operator 7' . . . . . . . ... 129

A41 Largest eigenvalue . . . . .. ... ... L 129
A.42 Properties of eigenmatrices . . . . ... ..o 0oL 130
A.4.3 TN boundaries in the thermodynamic limit . . . . .. ... ... .. 133
A4.4 uMPS and iMPS . . . .o 135
A5 Ground state degeneracy . . . . . . .. ..o 135
A.5.1 Working with degenerate ground states . . . . . .. ... ... ... 136
A5.2 Transformation for ground state uMPS in the TFIM . . . . . . . .. 136
A.5.3 Dispersion for degenerate ground states . . . . . .. .. .. ... .. 137
A.6 Orthogonality of Wannier states . . . . . . . ... ... ... ... ... ... 138
A.7 Occupation-number and Hilbert space dimensions . . . . . . .. . ... ... 139
A.8 Gram-Schmidt orthonormalization without vectors . . . . . . ... ... .. 142
A.9 2QP basis transformations . . . . . . ... ... L 145
A.10 Hard-core bosons in momentum space . . . . . . . . . . . ... 149
A.10.1 Hard-core bosonic metric tensor in momentum space . . . . . . . . . 149
A.10.2 Hard-core corrections for bilinear Hamiltonians . . . . . .. . .. .. 150

B Efficient computation of 2QP quantities 153
B.1 General approach . . . . . . . . . 153
B.2 Metric tensor . . . . . .. 155

B21 2QPoverlap. . . . . . .. 155
B.2.2 2QP-1QP overlap . . . . . . . . .. 161
B.3 2QP matrix element . . . . . ... L L 161
B.3.1 1QP contributions . . . . . . ... .. L 162
B.3.2 Ground state-lquasi-qarticle (QP) matrix element corrections . . . . 165
B.3.3 Different tensor network (TN) types . . . . . . ... ... ... ... 167
B34 Casei). . ... 168
B35 Caseil) . ... ... 171
B.3.6 Caseiil) . . . . . . oo 175
B3.7 Caseiv) . ... . 179
B.3.8 Casev) . ... 185
B4 2QP-1QP matrix element . . . . . . ... ..o oo 192
B.4.1 1QP-ground state matrix element correction . . . . . . .. .. .. .. 192
B.4.2 Different TN types . . . . . . . . .« . . 193
Bi43 Casel). . ... 194
Bd4 Caseil) . ... ... o 195
B4b Caseldil) . . . . . ..o 195
B.4.6 Caseiv) . . . . . e 196
BAT Casev) . ... e 198

C Summary of TN calculation results 201

C.1 Shorthand definitions . . . . . . . . .. .. ..o 201
C.1.1 Scalars. . . . .. .o 201

C.1.2 Summed left boundary matrices. . . . . . . ... ... ... L. 201

C.1.3 Summed right boundary matrices . . . . . . ... ... ... .. 202

C.2 Summary of 2QP matrix element contributions . . . . . .. .. .. ... .. 203
C.3 Summary of 2QP-1QP matrix element contributions . . . . . ... ... .. 205
Bibliography 207



CONTENTS

VIII
List of Figures 213
List of Tables 214
215

List of Acronyms



Chapter 1

Introduction

What we know is a drop, what we don't know is an ocean.
Isaac Newton

1.1 Motivation

For many decades, the field of quantum magnetism has been an extremely active field of
research. Quantum magnets show a vast variety of interesting phenomena. For instance
a widely discussed hypothesis is that the Cooper pairing of electrons responsible for high-
temperature superconductivity observed in the so-called cuprates and other quasi-two-
dimensional materials is mediated by magnetic excitations [1, 2].

But also beyond the field of high temperature superconductivity quantum magnetism has
gained visibility. The 2016 Nobel prize in physics went to Haldane, Kosterlitz and Thouless
“for theoretical discoveries of topological phase transitions and topological phases of matter”
[3]. Kosterlitz and Thouless showed theoretically that the unbinding of vortex-antivortex
pairs in a two-dimensional magnet leads to a previously unknown type of transition between
phases that are not distinguished by their symmetry breaking [4, 5]. Since vortices and
antivortices are topological defects in the magentic order, this new type of phase transition
is now known as topological phase transition. Later, concepts of topology helped to explain
the robustness of the quantization in the conductance of the integer quantum Hall effect
[6] in 1982. Omne year later, Haldane included topological effects into the treatment of
anti-ferromagnetic Heisenberg spin chains, which led him to the formulation of the famous
“Haldane conjecture”. It predicts that half-integer spin chains are gapless, while chains of
integer spins show a finite excitation gap |7, 8]. This Haldane gap could later be observed
in experiments with ultracold atomic gases [9].

Moreover, the idea of quantum computing has sparked much interest since Feynman in-
troduced it in the 1980s [10]. Unlike in a classical computer, the units of information
or quantum-bits (qubits), can not only take the values 0 and 1 but also any quantum
mechanical superposition of the these two states. This allows the quantum computer to
tackle certain problems much more efficiently than a classical computer, most notably the
simulation of other quantum systems. Although to the present day no viable realization
of a scalable quantum computer exists, many theoretical models use an effective (or even
physical) spin—% degree of freedom for the qubits [11]. Therefore this, too, is a possible
field of application of quantum magnets or at least of the theoretical framework used to
describe them.

All this interest shows that there is ample need to learn as much as possible about the
dynamics of quantum magnets. In this thesis, a method is presented that can help on the
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way towards this goal by providing an approach to derive an effective low-energy model
for quantum magnets.

1.2 Effective models in second quantization

Many quantum magnets display some sort of order in the ground state. Excitations above
the ground state are then disturbances of this magnetic order. In most cases several spins
are involved in such an excitation, wherefore they are often termed collective excitations.
Spin waves are a simple example of such excitations. As the name suggests, these are
wave-like modulations of the magnetic order. Sound waves, wave like modulations of the
lattice structure, are quantized into phonons. Analogously spin waves are quantized into
so-called magnons. Another easy-to-imagine excitation is a flipped spin in an otherwise
ferromagnetically (or antiferromagnetically) ordered system. Domain walls are a third
common type of excitations in low-dimensional quantum magnets with degenerate ground
states. They separate regions of different ground states from one another. In one dimen-
sion, the size of these regions does not change the energy cost of a domain wall. There are
many other and exotic types of magnetic excitations, but this thesis focuses on spin-flips
and domain walls.

All these excitations have in common, that they are emergent phenomena, i.e., the only
exist on the background of a many body system. But, in many aspects they behave
like elementary particles. Therefore, another common term to describe them is quasi-
qarticle (QP). Often, understanding how a single one of these collective excitations behaves
and how a few of them interact with each other goes a long way in understanding the physics
in the system at low excitation density.

As quanta of the excitation field, they can be described using standard second quantization
techniques. A generic low-energy model in second quantization is given by the Hamiltonian
[97]

1
Heyg = Eop+ quaj]qq + NG Z (Dql’q2 };1 jnaq3 +h.c. )

q1,92,43

a1,92 ot ot o
Z Visas @qy Cgy g9, + . (1.1)
QI7(127(137514

The symbols in Eq. (1.1) are defined as follows: The constant Ej is the ground state
energy. It is an extensive quantity in the thermodynamic limit and one therefore com-
monly looks at the ground state energy per lattices site €p instead. The prefactor w, of the
bilinear term is the single particle dispersion relation. The operators azg and aq create and
annihilate a (quasi-) particle, respectively. The matrix elements D% and their Hermitian
conjugates describe the amplitudes for the decay of one QP into two and the fusion of two
QPs into one, respectively. Such processes can occur, if the quasi-particles have a finite
life time. They can be identified by the single-particle dispersion entering the two-particle
continuum [47] at a critical momentum, beyond which the quasi-particles cease to exist
as stable excitations. In a particle number conserving picture, these decay processes and
the associated matrix elements D&'# do not appear. If they do, conservation of total
momentum requires g3 = g1 + g2. The VgI'2% are the scattering matrix elements of two-QP
states. They are of great interest, because they are the stepstone towards any kind of
interacting theory which can, for instance, describe the formation of bound states. This
thesis is mainly concerned with constructing the 2QP states from which these scattering
elements can be determined. Lastly, the dots represent interaction terms involving higher
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numbers of QPs. These are beyond the scope of the current work.

This type of second quantized model does not only give an intuitive understanding of how
the quasi-particles behave and how they interact. On the level outlined above, it also al-
lows to obtain further one- and two-particle properties. This includes dynamic properties
such as the spectral function |12, 13]. Although being a zero temperature result, it can also
serve as the starting point for calculations at finite temperature, for instance by means of
diagrammatic perturbation theory [14, 15] or approximate Bethe ansatz techniques [13].

1.3 The approach

In the case of quantum magnetism, the natural language to write down a Hamiltonian is the
spin-language. In terms of these elementary magnets, it is easy to formulate interactions,
like nearest or next-nearest neighbor spin-spin coupling with different coupling constants
etc. While this description is easy to define, it does not say anything about what the
collective magnetic excitations or even the ground state will look like or how the excitations
behave. An effective second quantization model, as described in section 1.2, offers a much
more accessible way to understand the properties of interacting magnetic systems.

This thesis presents a way to derive an effective second quantization model from a spin
Hamiltonian. It is based on the framework of matrix product states (MPSs), more pre-
cisely the infinite system variant thereof.

The concept of MPS was introduced in various ways and contexts, for instance by Baxter
in Ref. [16] to tackle spin dimerization in a plane. However, it is most successfully applied
to one-dimensional systems. This is best understood in context of the close relation to the
well-known density matrix renormalization group (DMRG). S.R. White introduced the
DMRG method in 1992 [17] as an improvement to K. Wilson’s numerical renormalization
group (NRG) method [18] for quantum lattice models.

In renormalization group methods, the lattice system is built by adding successively more
lattice sites. When the computing capacity for exact description is reached after adding
a new site, a part of the Hilbert space is discarded. In contrast to NRG, the criterion
for keeping states in the reduced basis are the eigenvalues of a density matrix (hence the
name). The key idea of DMRG is that the states with the largest eigenvalues of the density
matrix are most important and should therefore be kept, regardless of their energy, which
is the criterion in NRG. This approach proved to be highly successful for a vast variety of
problems.

Ostlund and Rommer showed that MPS naturally appear when the infinite system DMRG
algorithm converges [19, 20]. Since then, a considerable amount of research has been per-
formed in the field. In the context of quantum spin chains, MPS received much attention
through the work of Fannes et al. |21, 22]. U. Schollwéck’s excellent review [23]| shows how
the DMRG can be formulated very elegantly in the language of MPS. This close connec-
tion to the DMRG is the reason for the success of the MPS formalism. In the original
formulation of Ref. [17] the DMRG was a method to compute equilibrium properties of
one-dimensional systems at zero temperature. The method presented in this thesis works
in the same setting. As a variational method, the DMRG and thus the MPS formalism has
the advantage of being largely unbiased. Therefore, it can be applied to a broad variety of
problems where other, more specialized methods may not.

Inspired by the great success of DMRG, many extensions to the original formulation have
been developed. There is time-dependent DMRG (tDMRG) [24, 25|, momentum space
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DMRG |26, 27] and DMRG for finite temperature [28]. All these extensions can also be
formulated for MPS. Using the Liouville operator instead of the Hamiltonian, frequency
resolved results at finite temperatures can be obtained [29]. There was limited success
extending the original DMRG to higher dimensions, due to the intrinsic way it works.
Only ribbons of finite (and rather small) width or cylinders of limited circumference can
be handled |30]. Here, the concept of tensor network states (TNS) with tensors of higher
dimension represent a promising development. The natural extension of MPS to two di-
mensions are projected entangled pair states (PEPS) [31, 32], which can also be adapted
to treat infinite systems (iPEPS) [33]. There are ongoing efforts to extend the framework
and improve the description of long-range entangled states such as critical systems and
quantum spin liquids [34, 35, 36, 37]. So far, TNS calculations in two dimensions are still
limited mainly to ground state properties due to the necessary larger tensor dimension
which makes the calculations numerically costly.

As mentioned above, another way to obtain finite temperature results is by means of ef-
fective models and diagrammatic perturbation theory, for example. A powerful method to
derive effective models is that of continuous unitary transformations (CUTSs), also known
as the flow equation method [38, 39]. CUT's have been applied successfully to a wide variety
of problems and there are different variants [40, 41, 42]. The Dyson-Maleev representation
[43, 44], which maps spins to bosons, can be very useful but results in a non-Hermitian
Hamiltonian. For this case, the CUT can be generalized to a continuous similarity trans-
formation (CST) that can yield very accurate results [45, 46].

While applicable to many problems, flow equation methods tend to run into numerical
problems, if level crossings occur during the flow [47]. Another problem that can occur,
especially for perturbative CUTs is that the ground state of the unperturbed Hamiltonian
has to be adiabatically connected to the ground state of the full Hamiltonian. If this is
not the case, the transformation may not converge or produce unpredictable or unphysical
results. Here, MPS as a variational method can potentially be more successful.

1.4 Structure of the thesis

The remainder of the thesis is structured as follows: Chapter 2 introduces the models on
which the method is tested. Some analytical results are derived, more involved results are
briefly presented. In chapter 3 the framework of MPS is introduced. It is intended as an
overview for novices in the field and will briefly cover the concepts needed to implement
the presented method. Chapters 4 and 5 show how a ground state approximation can be
found and how the one-QP dispersion and the creation operator of the effective model
are constructed. Chapter 6 contains the main results of the thesis, the two-QP interaction
algorithms and results. In chapter 7 the results are summarized and an outlook on possible
future research is given.

Appendices A and B contain some more detailed calculations which would interrupt the
main text too much, but can be helpful in understanding how the method is implemented.
Their sections are referenced in the main text where appropriate. Appendix C contains
a summary of the tensor network calculation results. These are essential in efficiently
implementing the method.



Chapter 2

The models

Truth ... Is much too complicated to
allow anything but approximations.
John von Neumann

This section offers a detailed description of the models which the presented method is tested
on. Along with some analytical calculations, the reference results are given to which the
numerical results are compared later on. For convenience, in all calculations the convention

h=1 (2.1)

is used. All models are investigated on one-dimensional chains with equidistant lattice
spacing. Therefore, all lattices constants a are set to unity. Consequently, the unit of
crystal momentum is .

2.1 Ferromagnetic Heisenberg chain

Consider as a simple test case the ferromagnetic spin—% Heisenberg chain (FMHC) in an
external field given by the Hamiltonian

H=Y —JS;Sj1+IS;, J,I'>0. (2.2)
J

The Heisenberg interaction Zj —J§j§j+1 aligns all spins parallel and is SU(2) symmetric.
The external field > ;1 57 does not compete with the Heisenberg interaction. It just breaks
the SU(2) symmetry and favors the spins to point downwards, so the ground state is simply
the fully polarized state with all spins pointing down.

[ W) = 144 T T4, (2.3)

Note that this polarized state is a product state. Excitations on top of this ground state
are completely localized spin-flips. Rewriting the Hamiltonian in terms of the spin ladder
operators

+ T - QY T 1 —+ — Y 1 + -
ST = ST+L4S & 525(5 —|—S), S:?(S —S) (2.4a)

1

S* = S§t§™ — = (2.4Db)
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yields
/ N - _ J I
H= 303 (878 +57u8) -+ DTSy —as7s 80— (143 )
Hkin H;‘;ld Hint T
(2.5)

The formulation in Eq. (2.5) shows clearly that the state Eq. (2.3) is an eigenstate of H
on top of which the spin raising operator S;.L creates a local excitation and the lowering

operator Sj_ annihilates one. The kinetic term Hyy, can be diagonalized by the Fourier
transformation
1 i 1 .
= — g Stetias S i=— E S e W (2.6a)
J q J
V'L - V'L -

+ _ +,—1 - _ — o1t
S] —\/ngqe 9 SJ —\E;Sqe q], (26b)

where L denotes the number of lattice sites. By inserting Eq. (2.6b) into the kinetic term
Hyiy and the field term Hgeq from Eq. (2.5), these transform as

J1 i it (4 B oy i
Hen = Z_§Z Ze qJS;-ZeJrq(Hl)Sq, +Z€ q(j+1)5(;72€+ US| (2.7a)
' 7 7 q

j q
_ Z———ZS"'S*ezq ) ( +id' 4 o i') (2.7b)
= Z —J cos( q)S;Sq_ (2.7c)
q
and

Hga = > —(J+1)= Ze“q Sh Sy (2.8a)

J
= Z—(J+F)S;S;, (2.8D)

q

where the Kronecker identity Eq. (A.1.1) was used. The field term can be absorbed into
the now diagonal kinetic part and renormalizes the dispersion relation. It is convenient to
symmetrize the interaction term and also take into account interaction with the neighboring
site to the left, because then the prefactor is real.

J _ o
Hyw = ) - (SJFS;FHS S +5787.8; Sj—l) (2.9a)
J
_ + ot .
- Z L Z SQ15Q2SQ3SQ4
J q1,92,93,94
( —iq1j—ig2(j+1 +Z¢13]+MJ4(J+1)+6 iqrj—ig2(j—1)+igsj+iqa(j— 1)) (2.9b)
_ + ot -
- o971 ZSQ1SQ2SQBSQ4
Q1,CI2,QB7Q4
« e~ Uq1+92—93—q4)] <e—i(q2—Q4) + 6+¢(Q2—£14)> (2.9¢)
= _% Z S;;sqtsqgsq;ﬂp 0 (e—i(qz—q1—q2+q3)+e+i(q2—q1—qz+q3)) (2.9d)
q1,92,93
J _
- Z _ZCOS(Ql - q3)S;ESngSq3S¢Z1+q2 —q3 ° (2.9¢)

91,492,493



2.1 Ferromagnetic Heisenberg chain

The summation over g4 disappears, since the conservation of total momentum implied in
Eq. (2.9¢) requires
nt+te=@¢+u=Q. (2.10)

The spin ladder operators on different sites commute, which is a bosonic property. However,
since a spin can be flipped only once, there can only be one excitation on each lattice site,
which is fermionic behavior. A second flip takes the system back to the ground state. In
other words, the excitations are so-called hard-core bosons, following the algebra

(S5 1=187.8;1=0 Vi, 5 [S7.81=0, j#i  {S7,8} =1 (211

which implies
StSh=8-8"=0. (2.12)

The commutation and anti-commutation relations can be expressed by a single commutator
187571 = 6i4(1 - 257 S)) (21

which translates to momentum space as

- 2 ™ id—a)) ot -
155541 = b = 7 DTS ST (2.14)
J

Identifying the spin raising and lowering operators as hard-core bosonic creation and an-

nihilation operators
afl =57, ag =195, , (2.15)

the Hamiltonian can directly be interpreted as a second quantization effective model of
hard-core bosonic quasi-particles

1
H = Eo+ qu ajag + i Z Vi gas 0y 0y 04,04, gy, (2160)
q

q1,92,93
with Ey = —L (J + F) (2.16b)
4 2
wg = I'+J(1—cos(q)) (2.16¢)
‘/;11112!13 = _JCOS(CH - Q3) . (2.16d)

Introducing a next nearest neighbor interaction term
Hyny = Z —J25;5) 12 (2.17)
J

adds another Fourier component to the dispersion relation and the interaction, which then
become

wg =1+ J(1 —cos(q)) + J2(1 — cos(2q)) (2.18)
and
Vargeas = —Jcos(q1 — g3) — J2cos (2(q1 — q3)) (2.19)
respectively. The ground state energy is also shifted to
J Jy T
Eo=—-L{—-—4+—+—] . 2.2
0 <4 tot 2) (2.20)

The calculations are completely analogous to those for the nearest neighbor interaction.



The models

2.1.1 Bound state

The model also shows a bound state of two quasi-qarticles (QPs). Its formation can be
understood very easily on a cartoon level. In a 2QP state where the two particles are far
apart

i) = [ b Uid e b 1) (2.21)

there is a total of four unsatisfied ferromagnetic bonds. However, if the excitations are
next to each other

G 1) = | 4o Witiad o 4) (2.22)

there are only two broken bonds. This leads to an attraction of the quasi-particles and the
formation of a bound state.

For Js = 0, i.e., without next-nearest neighbor interaction, the energy of the bound state
Ep is given by [48, 49|

1
Ep :21"—1—5(1—005@) ) (2.23)

where () = q1 + g2 denotes total momentum. With Jy > 0, the energy of this bound
state is hard to obtained analytically, but straight forward to compute numerically by
diagonalizing the Hamiltonian in the 2QP subspace, where it takes the matrix form

(Q.¢|(H — Eo) |Q.q)

2
Wqbgrq — 7 (w% +w% —l—wQ%q/ +wQ%q/ — 2750)
2J I — ! 2.7
_f |:COS (q 5 q) + cos (q ;CI>:| _ TQ [COS((]/ _ q) —|—cos(q'+q)] ) (224)

In Eq. (2.24) ¢ = ¢1 — ¢2 is the relative momentum of the two particles, and ¢y the one-
particle on-site energy. The condition ¢ > 0 makes the basis unique. See App. A.2 for
details.

2.2 The transverse field Ising model

The method will also be tested on the transverse field Ising model (TFIM). It was used,
for example, by P. G. De Gennes to describe tunneling in ferroelectric crystals [50] and has
since been studied extensively, see for instance Refs. [51, 52|. It shows many interesting
phenomena including a quantum phase transition, ground state degeneracy, and therefore,
domain wall excitations.

In this thesis, the one-dimensional ferromagnetic case is considered, in which the model is
described by the Hamiltonian

H=TY 87-JY S8/Sf,, I,J>0 (2.25)
J J

where S* and S* are the common spin—% operators. It describes a chain of spin—% degrees
of freedom that interact only in z-direction. Such spins are often referred to as Ising spins,
hence the name Ising model. Adding an external field perpendicular to the interaction (here
the z-axis is chosen) adds quantum fluctuations, since the field term does not commute
with the Ising interaction.

The dimensionless parameter

Ai=-—  Ae[0,00) (2.26)
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controls the behavior of the system. In terms of this parameter, the Hamiltonian can be
written as o
— z €T x
?_Zsj —zAZSj LA (2.27)
J J

In this notation, all energies are measured in units of I', which for convenience is set to 1.

In the strong-field limit A = 0, the ground state is fully polarized along the z-axis. The
elementary excitations are spin-flips, and one can think of them as quasi-particles. These
excitations are immobile, since there is no interaction between neighboring spins.

For 0 < A < 1, the external field still dominates. This phase is called the strong-field
phase or disordered phase, since the external field suppresses long-range order along the
Ising coupling direction. If a small amount of Ising coupling is added, the spin-flips become
mobile and also “dressed”. This means that a flipped spin on one site acquires a polarization
cloud of a certain spatial extension which is considered part of the quasi-particle. As for
the ferromagnetic Heisenberg chain (FMHC), these QPs are hard-core bosons.

At A =1, the external field is as strong as the Ising coupling, giving rise to a quantum
critical point (QCP). The excitation gap closes at momentum ¢ = 0, meaning arbitrarily
many spin-flips can be created at zero energy cost.

For A > 1, the Ising coupling dominates, and the spins align along the x-direction. The
Hamiltonian Eq. (2.25) shows a Zy symmetry for S* — —S%, giving rise to a two-fold
ground state degeneracy. The spins can point either in positive or in negative x-direction
and both configurations have the same energy. Spontaneous symmetry breaking occurs,
but since Zg is a discrete symmetry, no Goldstone modes appear. This phase is referred
to as the ordered phase or Ising phase, since it is dominated by the Ising interaction,
and long-range order forms along the direction of this interaction. Since a spin pointing
in x-direction in presence of a field along the quantization axis, i.e., the z axis, can be
interpreted as fluctuating between the up and down states, the phase transition can also
be viewed as a condensation of the spin-flip excitations. In this regime, the elementary
excitations are domain walls between regions of the two ground state realizations. In the
Ising limit A — oo (i.e. I' — 0) they are again exact. Away from the limit, the domain
walls, too, acquire a dressing, i.e. get “smeared out” over a certain spatial region.

RARERAI TI333T
A=0 r=o

RARANN It

REEAEA TIIIIT
A>0
PGS N R

Figure 2.1: Tllustration of the ground states and quasi-particles in the TFIM. Left
side: disordered phase; ground state and spin-flip excitation in the weak cou-
pling limit A = 0 (top) and away from the limit (bottom). Right side: ordered
phase; ground state and domain wall excitation in the strong coupling limit
I' = 0 (top) and away from the limit (bottom).

r=o0

Figure 2.1 illustrates these quasi-particles. In the left panel, ground state and the spin-flip
excitations of the disordered phase are sketched, and in the right panel the ground states
and domain walls of the ordered phase.
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2.2.1 Exact solution

This section provides a short review of the analytic solution and states the closed expres-
sions for ground state energy and the dispersion relation.

In Ref. [53]| Pfeuty showed, that the model can be solved analytically by a sequence of
Jordan-Wigner, Fourier and Bogolyubov transformations [54].

As a first step, the Hamiltonian Eq. (2.27) is rewritten in spin ladder operators Eq. (2.4)

H = Y Shs; - 1 -2 Z (S +57) (8f1+S71) (2.28)
J
= >SS - %— —ZS* S ST S5 S + S5, (2:28b)

J
which illustrates the effective model interpretation when viewing the ladder operators ST
(S7) to create (annihilate) a quasi-particle. Again, these operators follow the hard-core
algebra Eq. (2.11).
The Jordan-Wigner transformation

cj =exp | im Z StS; S5 ;f S exp | —im Z StS; (2.29a)
1<j i<j
S, =exp | —im Z cl-Lci c; Sj = c;- exp | im Z cj-ci (2.29b)
i<j 1<j

can be used to map the hardcore bosons to spinless fermions. The c; then satisfy the
canonical anticommutation relations [55]

{617 cj} = 6ij7 { Iv ]} {C“ Cj} =0. (230)

Note that these fermionic operators ¢; are highly non-local objects in terms of real space
lattice sites. In the exponential, the number of spin-flips to the left of ¢; is counted, giving
it a positive sign if that number is even and a negative sign if it is odd.

Consider a chain of L sites. For open boundary conditions (OBC), the second sum in the
Hamiltonian runs from j = 1 to j = L—1, whereas for periodic boundary conditions (PBC)
it runs to j = L with L +1 = 1. However, in the limit . — oo, the error in letting both
sums run to L, and neglecting the coupling between the first and last site is small. Thus,
in the thermodynamic limit (TDL), the Hamiltonian reads

L L
L A
H=5=3de=53" (ehesn + clyaes + el = ciegun) (2.31)
J J

The bilinear terms containing one creation and one annihilation operator can be diagonal-
ized by Fourier transformation. The so called Bogolyubov terms that create and annihilate
two particles couple momenta +¢q and —g. They can be diagonalized by a Bogolyubov
transformation [56]

Ng = uch+vqcf1 (2.32a)
77; = u*cT + vy¢q (2.32b)

where ¢4 is the Fourier transform of ¢; and u, and v, are complex numbers. This yields
the Hamiltonian in diagonal form

H=Ey+ qungnq (2.33)
q
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with the one-particle energy dispersion and the ground state energy per lattice site in the
TDL, cf. Ref. [53]:

wg = I'v/1+ A2 —2\cosq (2.34a)
Eo 1 1"

The ground state energy is an elliptic integral and it has a non-analyticity at A = 1. It is
easy to see that the excitation energy gap A follows as

A =minw, =I'|1 — )| (2.35)
q

and vanishes at the quantum critical point A = 1.

The excitations created by 7]; are linear combinations of Jordan-Wigner fermions and

therefore highly non-local in terms of the original spin-flip excitations.

2.2.2 Solution by CUT

In Ref. [57] Fauseweh applied the method of CUTs to the TFIM to derive an effective model.
He showed that the Hamiltonian can be written in terms of so-called string operators T, ;
as

o0
Hoyr =Y toToj+ 3 (=1)" (T + hoc.) (2.36)
7 n=1
with the string operators
T(),j = 2(1}(1]- —1 (237&)
Th; = a;'TO,j+1 ~T10,j4n—1054n (2.37b)

and the Fourier coefficients t,, of the one-particle dispersion Eq. (2.34a)

1 ™ ™

. r .
" w, dg = o e \/1+ X2 — 2\ cosq dq . (2.38)

tn

27 -7 -7

Unlike Pfeuty’s exact quasi-particles, the quasi-particles created (annihilated) by af (a)
have a localized character by construction!. However, from Eq. (2.29) it is apparent that
in the operator product cZTcZ- the phase tails cancel out. Therefore, the quasi-particles from
Ref. [57] have the same energy dispersion wgy, but the effective Hamiltonian is not bilinear.
In contrast to Eq. (2.33) it contains interaction terms that conserve the particle number,
but involve any number of particles.

From Eq. (2.36) one can see that the multi-particle interaction matrix elements are entirely
determined by the one-particle dispersion through the hopping elements t,.

The aim of this thesis is to derive the two-particle interaction part of the Hamiltonian.
Equation (2.36) also shows that for the TFIM, any 2QP interaction term with a non-zero
amplitude is necessarily of the form

B oo al(=Li) o (<L) (ad pajer) (k) - (—Ljpno1)ajn (2.39)

= (-)"2aldl, ajikai4m,  with n>2, 1<k<n. (2.39b)

If Ref. [57] the operators are called 6% and 0 = 2070~ — 1. In the beginning, these are identical
to the Pauli matrices, i.e. o' = 25°. However, during the flow of the CUT they become increasingly
non-local and are then termed “effective observables”. It is important to note, though, that they retain a
finite spatial extension, in contrast to the Jordan-Wigner fermions.
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Combining the powers of —1 from Eqs. (2.36) and (2.39) yields a prefactor of
VI =2t (2.40)

so that the complete irreducible 2QP-part of the Hamiltonian is given by

co n—1

HZP B Z Z Z tn (a}a}+kaj+kaj+n —+ hC) . (241)

i n>2k=1

To compare to MPS results, the interaction matrix in the basis |Q,q1) of total momentum
@ and first particle momentum g¢; is used

4
(Q.q1|Hop |Q,q1) = 7 > taya [cos(gid + qud) + cos(gyd’ + gad)
d',d>0

+ cos(qyd + qad) + cos(ghd + qd)] (2.42)

where conservation of total momentum implies ¢f + ¢4 = ¢1 + g2 = Q. See App. A.3 for
details.

2.2.3 Ground state magnetization

The ground state magnetization M, along the direction of the Ising coupling is the order
parameter in the Ising phase. In the strong-field phase, it is always zero. It was found in
Ref. [53] to be

(2.43)

ool

) 0, for A < 1
M| = (GSISTIGS) =4 .
5 (1 — F) s for A Z 1

Due to the spontaneously broken Zo symmetry, the magnetization can be either positive
or negative, and its sign can be used to distinguish the degenerate ground states.

At A = 1, the function has a kink, where the ground state energy is non-analytic. The
phase transition is of the continuous type, and the critical exponent for M, is given by

B=2 = My (A= A)F (2.44)
close to the QCP A. =1 in the ordered phase [58].

The magnetization in z-direction was also derived in Ref. [53] and is given by another

integral expression®

M, — 1 [T1+ Acos(q)

2m Jo Wq

dqg . (2.45)

Limit value analysis shows the value at A = 1 to be M, = —%. In Fig. 2.2 both M, and
M, are plotted.

’In Ref. [63], M. has the opposite sign because the Hamiltonian is defined with —1I".
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Figure 2.2: Exact ground state magnetizations M, and M, of the TFIM

2.2.4 Correlation function

An important quantity when dealing with magnetic phenomena is the spin-spin correlation
function in the ground state

G2 = (S§S7) = (GS|Sg ST |GS) (2.46)

where a,f € {x,y,z,+,—} and |GS) denotes the ground state. For translation invariant,
one-dimensional systems with local interactions and an excitation gap, this ground state
correlation function Eq. (2.46) is known to show exponential behavior |59]

G o< exp (_ng‘) (2.47)

where ¢ is the correlation length. For the 1D TFIM it can be calculated analytically [60]

to be
1

- | In A|

An often used approximation for the correlation length in lattice models is £ ~ x, where

3 (2.48)

v is obtained by fitting w, ~ \/A2 + (2vsin (4))? to the minimum and maximum of the
dispersion. It is found to be in very good agreement with Eq. (2.48) for A 2 0.2.

The correlation function is also important, as it relates theory to experiment via the dy-
namic structure factor (DSF) [61]. The DSF is defined as

« 1 > i|w ri—"; «
SPwQ) = 5= > :/ dt e+ Qri=ry)] <s]. (t)sf(0)> (2.49)
ij YT

and describes the measured intensity in neutron scattering experiments. It represents
the Fourier transform in space and time of the spin-spin correlation function, of which
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Eq. (2.46) is the special case for equal time and zero temperature, where the angular
brackets denote the ground state expectation value.
Integrating Eq. (2.49) over frequency yields the static structure factor (SSF)

(Y 1 1Q(r;—1r; (e}
S ﬁ(Q):ZZeQ(Z (5287 (2.50)

i7.j

which is the Fourier transform of Eq. (2.46). If the subspaces with different numbers
of particles are well separated, the n-particle spectral weight Sf;g(@) can be defined by
projecting the SSF onto the n-particles subspace

SeH(Q) = (GS|S° o P25 |GS) . (2.51)

Here Sa is the Fourier transform of the spin operator Sa and PY ' is the projector on the
n- partlcle subspace with total momentum ). For the one particle subspace, the projector
is simply

P% = 1Q)(Q) (2.52)

i.e., the projector on the one-particle state with momentum . For the two-particle sub-
space, the projector is given by

P =" [QANQA (2.53)
A

where A is a quantum number that enumerates the two-particle states with total momen-
tum @, e.g. relative momentum.

These n-paticle spectral weights indicate how much of the integrated intensity S®?(Q) at
total momentum @ falls into the n-particle sector.

Analytic formulae for the one-particle spectral weights of the TFIM in the disordered phase
are given by Hamer et al. in Ref. [52], where they were conjectured from high order series
expansions. Their Fourier transforms were derived exactly earlier by Vaidya and Tracy in
Ref. [51]. The expression for the spectral weight in the zz-channel reads

—A2)1
ST(Q) = (iw(g A)) A<, (2.54)
Reference [51] also states that there is no spectral weight in this channel for A > 1.

In the formulation of the TFIM in Jordan-Wigner fermions, the structure factor in the
zz-channel can be calculated analytically [62], too. From that it can be shown that all the
spectral weight in the zz-channel is contained in the 0QP and 2QP subspaces. Therefore,
the 2QP spectral weight can be written down exactly as the complete spectral function

minus the projection onto the 0QP sector (i.e. the ground state)

S5E(Q) = (GS|S20S51GS) — (GS|S7 |GS)(GS|S5|GS) (2.55a)
= %Z QUK ((GS|S7S7 |GS) — (GS|SF |GS)GS|SE |GS)) (2.55b)
7.k
= LZe“” 9 ((GSIS7.4,5¢ 1GS) — (GS|S§ GS)?) (2.550)
7,k
= > Y ((GsI57551GS) — M?) (2.55d)

J

where M, is the ground state magnetization defined in Eq. (2.45).



Chapter 3

The framework:
Matrix product states

Hilbert space is big. You just won't believe how vastly,
hugely, mind-bogglingly big it is.
Ashley Milsted et al. after Douglas Adams

This chapter provides an introduction to the method of matrix product states (MPSs).
Section 3.2 considers typical applications of the method and shows why it is such a pow-
erful tool. It also examines limitations, where and why it may fail to produce reliable
results, and conclude that MPSs are indeed a good choice for the purposes of this the-
sis. Sections 3.3 through 3.5 introduce the basic concepts of MPSs and matrix product
operators (MPOs). These sections are based on the excellent review articles by U. Scholl-
wock [23] and R. Orts [63]. Readers familiar with the concepts of finite system MPS can
skip these sections. In section 3.6 it is shown how the idea of transfer matrices can be
adopted to work very efficiently in the thermodynamic limit with MPS. This variant is
known as infinite system matrix product state (iMPS). The contents of this chapter are
also partly contained in my master’s thesis [64] and a condensed version of them was pub-
lished in Ref. [65].

Remark on the notation: throughout this and all subsequent chapters, the following no-
tation convention will be used. Vectors are typeset using the vector arrow symbol ¢ and
mostly lowercase Latin letters. Matrices are typeset using plain uppercase Latin letters
M. Tensors of higher rank are denoted using uppercase Latin letters in a sans serif font
A. Note that fixing one index of a rank-3 tensor A, or two indices of a rank-4 tensor W,
yields a rank-2 tensor, which is a matrix and is thus denoted as A% and Wsls, respectively.

3.1 The tools

This section contains a number of theorems and definitions which will be referenced fre-
quently throughout this and the following chapters. It also introduces the tensor net-
work (TN) notation, which provides a graphical and intuitive representation of mathemat-
ical expressions, somewhat similar to Feynman diagrams.

The key to understanding MPS is the singular value decomposition (SVD) of a matrix.
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Theorem 3.1 (Singular value decomposition) For every m x n complex matriz ¥
there is a decomposition

v =USVT, (3.1)

such that U is a m X k column-orthogonal matriz, V is a n X k column-orthogonal matriz
and S is a k x k real diagonal matriz with s; == Sy > 0, where k := min(m,n). The
diagonal elements of S are called the singular values of . If they are ordered s; > s;
fori >3, .S is uniquely determined by W.

Note that UTU = 1 and V1V = 1. Either U or V is a square matrix and therefore unitary.
If ¥ is square, then both U and V are unitary and UTU = UUT = VIV = VvV = 1.

The Schmidt decomposition is a restatement of the SVD commonly found in quantum
mechanics in connection with entanglement.

Theorem 3.2 (Schmidt decomposition) Let Hq and Ho be two Hilbert spaces of
dimensions m and n, respectively (assume m > n). Then for every element & of the
tensor product space Hi @ Ho there is a representation

n
W= siil; @ T (32)
=1

such that the s; are real and non-negative and as a set uniquely determined by w. The
sets {u;} and {¥;} are orthonormal bases of H1 and Haz. The numbers s; are called
Schmidt coefficients of w.

The existence of this representation of elements in the tensor product space immediately
follows from the existence of the SVD with s; = S;; and {@;} and {7;} the columns of the
matrices U and V respectively. Without loss of generality, it is assumed that s; > s; if
j > 1, i.e. the Schmidt coefficients are sorted in descending order. An important quantity
in this context is the Schmidt rank.

Definition 3.1 (Schmidt rank) The Schmidt rank of a Schmidt decomposition is de-
fined as the number of non-zero Schmidt coefficients, and the upper bound is the dimen-
ston of the smaller of the Hilbert spaces H1 and Ha

K := maf)(i, K < min(dim(H,),dim(Hz)) . (3.3)
S;>
Especially in the treatment of MPS for infinite systems, it is often helpful to switch between
matrix and vector representations of the same object. For this, the vectorization operator
is used.

Definition 3.2 (Vectorization of a matrix) The vectorization of a m X n matriz A

is the mn-dimensional column vector obtained by stacking all columns of the matrix on
top of each other, starting from the left

vec(A) =A:= | : (3.4)

where @; are the m-dimensional columns of A. The vector vec(A) can also be interpreted
as a n X 1 block matriz of m x 1 blocks. A useful indexing scheme in this context is a
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double indez (') where a designates the block (i.e. column of A) and o’ the element
within the block

vec(A) (a,0)) = Aata = Abw - (3.5)
By this definition, an element of the Hermitian conjugate vector is given by
vee(A), o = Alva (3.6)

The second notation in Eq. (3.4) with the vector arrow symbol is used when it is clear from
context that the object is the vectorization of a matrix. From the vector vec(A) alone, the
dimensions of the matrix A cannot generally be determined. But if vec(-) is defined as a
linear map

vec : C"™*" — C™", A — vec(A) (3.7)
from a matrix space of fixed dimension m X n, it is a bijection and the inverse is given by
vec Tl QMM 5 XM vec(A) — A. (3.8)

Using the vectorization, a linear map on a matrix space B : C™*"™ — C™*"™ can itself be
represented as a n X n block matrix of m x m blocks. An indexing scheme compatible with
Eq. (3.5) is given by B(qa /(8,8

(B VeC(A))(OL’a/) = Z Z B(a7a/)(5’ﬁ/)veC(A)(575/) (39&)
B=1p'=1
= [ Busis (3.9b)
521 of

Bi1 -+ B a1
with B=1 + . and vec(A) = | : (3.9¢)

Bni -+ Bpn dn,
where B,g € C™™ and dg € C™ . (3.9d)

For two m x n matrices A and B the following relation holds

vec(A)fvec(B) = Y vec(A)], yvee(B) o) (3.10a)
a=1ao'=1

- ZAZfaBa'a (3.10b)

= Y Al Bua (3.10c)

= > (A'B)as (3.10d)

«

= Tr(A'B). (3.10¢)

This series of equalities defines a scalar product for m X n matrices, since vec(-) is bijective.
This scalar product is equivalent to the standard inner product of C™" and induces the
Frobenius norm of matrices.

The tensor network (TN) notation is another important tool in handling MPS. It provides
a graphical, intuitive representation of mathematical expressions such as the expansion
coefficients in Eq. (3.17) below. In TN notation, each index of a tensor is represented as
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a line or “leg” coming out of an icon representing the object. Therefore, a scalar has zero
legs, a vector has one, a matrix has two etc. A line connecting two tensors denotes the
contraction of (i.e. summation over) one index. Table 3.1 shows some examples of tensor
network notation.

Table 3.1: Examples of tensor network notation

v @ Vector (1 leg)
Uij: Sii : —4 Matrix (2 legs)

(US)ik = Zj UijSir : —4 ¢ Matrix (2 legs)

109 = 509 Cy g

Scalar (0 legs)

3.2 Why matrix product states?

As mentioned above, the DMRG introduced by S.R. White in Ref. [17] is the reference
method for one-dimensional lattice systems today. Ostlund and Rommer showed [19, 20]
that in the thermodynamic limit a formulation in the MPS language naturally presents
itself. Therefore, we expect very accurate results for one-dimensional systems from MPS
calculations. An excellent overview of the formulation of the DMRG, not only for infinite
systems, in MPS is given by Schollwtck in Ref. [23].

The reason behind the success of DMRG and subsequently MPS are the so called area
laws of entanglement (entropy) [66, 67, 68, 69, 70|. Consider a system that can be divided
into two subsystems A and B as seen in Fig. 3.1, where AU B is in the thermodynamic
limit (TDL).

0A

B

Figure 3.1: Bipartition A|B of a 2D system.

In the one-dimensional case this means that a chain or ribbon is cut at one point or a
ring is cut at two points. Let H4 and Hp be the Hilbert spaces of subsystems A and B,
respectively.

By virtue of the Schmidt decomposition Eq. (3.2), a state of the entire system can be

written as
K

W) = silai) @ |bs) (3.11)

(2

where {|a;)} and { |b;)} are orthonormal bases of H4 and Hp, one of which is incomplete
if the dimensions differ, and K is the Schmidt rank of the bipartition A|B. Note that
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normalization of the state |¢) implies

L=(@l) = > susi(br|® (ar||ai) ® |bs) (3.12a)
= > ssilbulbi)(ailas) (3.12b)

= > s (3.12¢)

The main idea behind DMRG and MPS is to perform a Schmidt decomposition on every
bond of a one-dimensional system and to store the Schimdt coefficients and the Schmidt
bases for each decomposition. When the limits of computational resources are reached,
the Schmidt vectors corresponding to the smallest coefficients s; are dropped, which leads
to truncation errors. Due to the exponential growth of the Hilbert space, truncation be-
comes necessary already at relatively small system sizes. However, in typical applications
the truncation errors are very small, so that systems of several thousands of sites can be
treated. Note that these truncations do not reduce the dimension of the physical Hilbert
space. An approximate MPS is still a linear combination of all basis states [23|. However,
due to the limited number of states in the Schmidt basis, interdependencies of the coeffi-
cients for each basis state are generated, which puts restrictions on the forms of the linear
combinations that can be expressed.

The quantity
SyN 1= — Z s2In s? (3.13)
i<K
is the so called von Neumann or entanglement entropy [71]| of the bipartition A|B. In a

sense it is a measure of “how quantum” a state is. For a pure (classical) product state, the
Schmidt rank of any bipartition is K = 1 leading to a von Neumann entropy of

Sen=-1In1=0. (3.14)

Such a state can be described exactly by a MPS, since every Schmidt basis contains only
one element. The other extreme is the maximally entangled state, also known as T' = oo
state. Here, the Schmidt rank is always maximal and all Schmidt coefficients are equal

1
si=——= Vi with K =dim(H) . 3.15
NI () (3.15)
The entanglement entropy is
s ——Zilni—anocL (3.16)
o i<K KK . |

This means that even in 1D the maximum entropy still diverges linearly with system size
L, i.e., proportional to the volume. Therefore, such a state cannot be described well as
MPS, since all Schmidt vectors are equally important. Any truncation is equally bad and
will result in relatively large errors.

However, the area laws for entanglement entropy [66, 67, 68, 69, 70| state that for the low-
energy states of gapped, short ranged Hamiltonians in the TDL, Syn does not grow as the
volume of A, but only as the area of the boundary. Especially in one dimension, this implies
that the entanglement is bounded by a constant. In two dimensions, it is proportional to
the boundary 0A, i.e. the linear extension L of A as seen in Eq. (3.16). Consequently, the
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spectrum of the Schmidt decomposition cannot have the form of Eq. (3.15). Rather, the s;
must converge to zero sufficiently fast to yield a constant sum, although the Hilbert space
dimension diverges. However, this behavior is a highly exceptional property of the low-
energy states. The region of Hilbert space with states that obey an area law is exponentially
small [63]. A generic quantum state does therefore indeed exhibit entanglement entropy
proportional to the volume of A, as seen for instance in Eq. (3.16).

Analyses on a variety of models show |72, 73, 74, 75| that for the low energy states of
gapped 1D systems, the Schmidt coefficients s; generically decay roughly as s; e—clni,
Therefore, truncation errors are small in these cases. This is why the DMRG and sub-
sequently the MPS formalism is so successful in describing the low energy physics of 1D
systems. In a 2D system of width W, however, ¢ x %, i.e., the decay becomes slower
with growing width, and therefore DMRG becomes inefficient for truly two-dimensional
systems. Stripes of finite width or cylinders of finite circumference can be treated rather
successfully though [30, 76]. Truly two-dimensional systems require an extension of the
ansatz, like, for instance, the PEPS [31, 32| and iPEPS [33] methods. Even time evolution
can be implemented rather efficiently [24, 25]. It can be shown [77] that the part of the
Hilbert space which can be reached under the time evolution generated by a local Hamil-
tonian is exponentially small. Therefore, a state that starts in the region of the Hilbert
space with exponentially decaying s; is highly unlikely to leave this region in polynomial
time. Often, long time behavior can be accessed analytically, and one is then interested in
numerically simulating short time behavior, for which polynomial time scales are sufficient.
Because DMRG can be formulated in the MPS language, MPSs share the strengths and
weaknesses of DMRG. Since this thesis is concerned with the low-energy physics of spin-
chain models, i.e., 1D systems, MPSs indeed provide an excellent framework.

The DMRG was originally developed to overcome the problems that arise when applying
Wilson’s numerical renormalization group method [18] to quantum lattice systems [78].
While the derivation is straight forward in this context, it somewhat obscures a very
important fact that is much easier to see in the reformulation through MPS: that it is a
variational ansatz over the class of states that can be described with a fixed maximum
Schmidt rank K¢ on each bond. The variational parameters are essentially the Schmidt
vectors. The quality of the result depends on how close or far the target state is from
this class of states. As stated above, product states can be described very well, whereas
maximally entangled states can lead to dramatic errors if dim(H) > Kmax-

This is the reason why MPS “favor product states”. If, for instance, the ground state is
twofold degenerate, the variational algorithm converges to one realization instead of a su-
perposition of both, because the Schmidt coefficients of each single state decay faster than
those of a superposition.

Note that in DMRG literature the maximal Schmidt rank K.,y is called m, and is identi-
fied with the number of eigenvectors of the density matrix p that is kept in the description.
In newer MPS literature, it is called the “bond dimension” and denoted as D or x. In this
thesis, the symbol D will be used following the notation of Ref. [23].

As a variational method, the MPS framework has two inherent strengths. First, in a
ground state search, it is guaranteed to yield an upper bound for the ground state energy
(up to machine precision) by virtue of Ritz’ variation principle. Secondly, it is largely
unbiased; this means no knowledge of the system required. Although exploiting known
quantum symmetries in the code can lead to substantial speedups, doing so is not a neces-
sity. This avoids biasing the result by starting from possibly incorrect assumptions on the
physical behavior of the system, or getting stuck in a certain symmetry sector by choosing
disadvantageous initial conditions.
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3.3 Definition of MPS

The concept of MPS presents a formulation of quantum mechanics in the Schrédinger
picture that proves to be particularly well suited for variational approaches. A MPS for a
quantum system with L degrees of freedom is defined as

) = Z Tr(AA%2 .. A%)|s1,s2,...,5L) (3.17)
51,82,.-,SL,
where A% are matrices, s; enumerates the i-th quantum number and |s1,s9,...,57) is an

orthonormal basis (ONB) of the Hilbert space. This means the state [¢) is expanded in
some ONB and the expansion coefficients are given by the trace of products of matrices.
The next sections explain why this is a useful definition.

3.4 Construction of canonical MPS

Consider an arbitrary pure state [¢) of a quantum system with L quantum numbers

Z Csl,...,SL ’817 cte 78L> (318)

S1yeesSL

which is assumed to be normalized. The s; can be any quantum numbers characterizing
a state of the system. Because this thesis deals with one-dimensional spin models on
spatially fixed lattices, from here on the s; will mostly be the z-component of spin i. In
a multi-site unit cell, for instance in a dimer or ladder model, s; labels the states of each
unit cell. Therefore, only the case where all s; take d possible values is considered. Here d
is the dimension of the local Hilbert space of a single spin or a unit cell, respectively. For
the sake of simplicity, the unit cells will just be called sites or lattice sites. Keep in mind
though that a site can be a site of a super-lattice.
The states |si,...,sr) denote an ONB of the Hilbert space. For the lattice systems under
consideration, the most intuitive choice is the tensor product of the bases of the local
Hilbert spaces

|81, .,8L) = [8i) ® |s2) @+~ ® |sL) . (3.19)

Such an ONB always exists, and the actual form of the {|s;)} enters the calculation only
through the choice of the matrix representation of operators in the local Hilbert space of
one unit cell. For instance, by representing the spin—% operators in Eq. (2.25) with the
usual Pauli matrices, the eigenbasis of the S* operator is chosen as local basis.

Thus, for a chain of length L, there are d* coefficients Csy,...s;, 0 Eq. (3.18). As these
coefficients are (possibly time-dependent) C-numbers, they can be understood as the com-
ponents of a d¥-dimensional vector or, equivalently, as the elements of a d x d*~! matrix
4

Csy,...,sp, = !p(sl),(sz,‘..,sL) . (320)
Now the SVD is applied to this ¥, yielding
Corsr, = U0 = (U[”S[”V[”T> (3.21a)

(51)’(52""7311) (51),(52,...,81,)

= ZU[” sy (3.21b)

s1,001 Yo ,00 a17(52, ,Sp) !
a1=1

where K7 < d is the Schmidt rank of the decomposition across the bond 1 — 2. In the
following calculations, it will be assumed that the Schmidt ranks K; take the maximum



22

The framework: Matriz product states

value, which is the lesser of the dimensions of ¥ll. Then theorem 3.1 states that U and
S are of dimension d x d and VT is of dimension d x d=—1.

The matrix UMY has d rows addressed by the index s;, each row corresponding to a physical
state of lattice site 1. The index s; is therefore called the physical index. Hence, one can
also interpret UM as a set of d matrices of dimension 1 x d

1 1
ol ool (UHUH) qoimt
! ! s1=d
Ul - Usy (UE},...,U};}[) An

) )

Next, a new matrix W2 is defined by reshaping the product SHVIT into a d? x dF—2
matrix

(2] ([l
W(527041)7(537-~-75L) T (S[ }V[ ]T)a17(527'"75L) ! (323)
Applying the SVD again yields
[2] 2] ol2]v/[2
W(SQ,OQ),(S?,,...,SL) (U[ }S[ }V[ ]T)(327a1)7(537---75L) (324&)
d2
_ 2] 2] (2]t
- Z U(sl,al),agSCV2:0(2V0<2,(53,...,5L) : (324b)
as=1
Again, the matrix U2 has a block structure
2] (2]
U(1,1),1 U(l,l),d2
: : (2] (2] _
g2 (U (17U (1,a1>,d) As2=t
U — (1,d),1 1,2),d2 N . _. .
U(%]l) 1 U(§]1) d2 ' : d
1), 1), 2] 2] As2=
: . <U(d,a1),1’ : ’U(d,oq),d)
(2] (2]
U(d,d),l U(d,d),dQ)
(3.25)

where the blocks are now indexed by s and each block is of dimension d x d? with indices
aq and ao. This can also be interpreted as a rank-3 tensor A2l with elements

AS2 = U(527a1)7a2 . (326)

1,02

In TN notation, this is represented by an object with three legs

A o= s A= - (3.27)

where the “physical” index, i.e. the one enumerating the local quantum states, is taken
to be the vertical leg. For the complex conjugate of the tensor, the physical index leg is
drawn upside down. The reason for this will become clear later. Although a three-leg
object strictly speaking denotes a rank-3 tensor, from here on it will often be identified
with a matrix A% that depends on the site ¢ and its physical state s;.

The procedure of taking the product SE=UVE-Ut which is of dimension d™ x dL—(-1,
reshaping it to a matrix ¥l of dimension d™t! x d-~% and applying the SVD can be
repeated until ¢ = L is reached. In each step, a matrix Ul of dimension d™t! x dF is
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obtained, which can be reinterpreted as a rank-3 tensor All of dimension d x d™ x d*. A
short calculation reveals that for L even

m=14" " ?z._]%—i- and =" , 12_% (3.28)
L—-(-1), ifi>5+1 L—i, ifi>35
and for L odd
1 i< [L . i< [L
T e L LI r
L—(i—1), ifi>|%] L—i, ifi>|%]

where | | and | | denote rounding to the nearest higher and lower integer, respectively.
Fixing the physical index s; of this tensor reduces it to a d™ x d* matrix A%. For these
matrices, the above dimension analysis yields the maximum dimensions

(1 x d)(d x d?)--- (d271 s dP/2)(dP? x dP271y o (d? x d)(d x 1) (3.30)
for even L and
(1 x d)(d x d?)--- (d"?7 s db2)(db? x dB2)(d" 2 x d 27 (d? x d)(d x 1) (3.31)

for odd L. From the SVD there are leftover matrices S and VIET, both of dimension
1x1. Since VIET must be unitary, it must have absolute value 1. The non-negative number
S is the norm of the state |¢). If it is not 1, it can be reabsorbed into A®% along with
VIt
Thus, one can now identify

Cor,ysy, = APTAS ... AL (3.32)

This means that for each coefficient ¢y, . s, , the physical indices on all the Al tensors are
fixed, leaving a product of L matrices. This already looks very much like the coefficients
in Eq. (3.17), except for the trace. Note that in the construction described above, the
matrix indices a1 on A% and a1 on AL are “dummy” indices. They can only take the
value 1, i.e., A% is a row vector and AL is a column vector. Therefore, the matrix product
in Eq. (3.32) is a scalar, and the trace operation could be added without changing anything.

The MPS constructed in this way is called left-normalized, since by construction on every
lattice site ¢ (except possibly the last), the matrices A% fulfill the relation

ZASZ-TA&- =ylityll=1 vi(<L), (3.33)

Si

i.e., the sum over A% multiplied with its Hermitian conjugate from the left yields the
identity, hence left-normalized. However, this is not always true for multiplication of A%
with A% T from the right
o Anant =yllylht 21 (3.34)
8

because for ¢ > % the matrix Ul is no longer square and therefore not unitary. The
matrices A%Z must account for the norm of the state, and therefore fulfill Eq. (3.33) only
if |¢) is normalized.
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To see that Eq. (3.33) implies normalization, consider the norm

Wly) = Z Z 021/,..-7SL/0517--'75L (s1/,..-s1ls1, .. ,8L) (3.35a)

S1/ 5381 81,5--43SL

= ) e Csist (3.35h)
81,458

= ) (AntanT(An. At (3.35¢)
81,..4,8L

= ZASLT---(ZASlTA81>--.ASL:1 (3.35d)
Sr 51

=1

which relies on the fact that for scalars, complex conjugation equals Hermitian conjuga-
tion, and (AB)" = BTAT. An MPS where all A% are left normalized is referred to as
left-canonical.

While the SVD construction starting from the left is an obvious choice, it is not the only
possibility. A SVD construction starting from the right side is just as valid. Here the
matrices Ul and VIt interchange their roles, and the matrix ¥l is formed by reshaping
the product Ul Sl accordingly. This results in different tensors Al of the same dimensions
as Al which still describe the expansion coefficients as

Coypnsy, = AL o ASL1 45D (3.36)
By construction, these A% are then right-normalized

ZASz‘ASiT — vyl =1 v (>1) (3.37)

Si

i.e. the sum over the matrices A% multiplied from the right by their Hermitian conjugates
yields the identity. Reversing the order of ¢* and ¢, the argument in Egs. (3.35) also holds
true for this type of matrix assuming a normalized state. A MPS where all A% are right
normalized is called right canonical accordingly.

Mized-canonical states, where the SVD construction is carried out from both ends, are a
less obvious but sometimes useful choice. In this case, there is again a “left over” matrix of
singular values S Ul at the point where the left and right canonical parts meet. Then, the
norm is given by

(W) = Tr({¥ly) (3.382)
- Tr Z (Aset... AsintgUlt gsi—if oo gsify(qs ... g5 601 Asiva o for)
PR
(3.38h)
= Tr Z glilt (AsjflT c ASTT s .Asj—1> Sl <A5j+1 .. AL Asct, ..A5j+1T)]
. (3.38¢)
- Tr [SW ]15[3'111} (3.38d)
= Tr((SV)?) (3.38¢)
= 1. (3.38f)
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This relates back to the Schmidt decomposition and the requirement of Eq. (3.12).

A fourth way to represent a MPS will be referred to as composite canonical representa-
tion. In the construction of left and right canonical MPS by SVD, the matrix of Schmidt
coefficients S is multiplied into either VT or Ul in each step, and then the product
is reshaped for the next step. However, one can just keep the matrices SI as separate
entities which can be associated with the bonds. The remaining rank-3 tensors 'l are
then said to “live” on the sites only. In TN notation, a composite canonical MPS has the

following form:
- 60006 o660 GV

rst gl s gl - S+ glL-1) e

This representation is especially useful in the context of infinite systems and will be dis-
cussed in more detail in Sec. 3.6.4.

All these different MPS representations derived from the same coefficient vector show that
a MPS is not uniquely determined by the coefficients ¢, . s, . Generally, there are many
gauge degrees of freedom in the MPS representation. On every bond, an invertible matrix
XU can be introduced such that

Csypsy, = ATTAT . ACE (3.40a)
= A xW(x )=t g xRl xRh=1.. xE-(x P~ g50 (3 40D)
= AMA®.. AT (3.40¢)

where the transformed matrices A% are given by A% := (Xli=1)=14% X[ and the missing
matrices at the the end are defined as X[-1 = X1 =1,

In TN notation, Eq. (3.32) is represented by

R S N .40

AS1 ASQ ASL

Csy,...,5L

The beauty of the TN notation is that if one draws what periodic boundary conditions
mean, namely a connection between the first and the last lattice site

e = oo ‘ ‘ (3.422)

81 A52
= Tr(A%1A4%...4%) (3.42b)

Cs1,...,5,

it immediately translates into the correct mathematical description. The example in ta-
ble 3.1 shows that connecting the two legs of a matrix corresponds to taking the trace.
This means that Eq. (3.17) holds for both OBC and PBC.

Note that the coefficient vector cs,,. s, can describe a state with either OBC or PBC,
therefore Eq. (3.32) technically holds for both cases, too. However, the distinct forms of
the matrices at the boundaries of the MPS description are inconvenient for PBCs.

For a periodic system, the lattice sites are all equivalent. This means that in this case a
description where all matrices A% are of the same dimension is much more practical. An
exact construction from a given coefficient vector ¢, . s, is not as straight forward in this
case.
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However, the SVD construction from a coeflicient vector only serves to show that the MPS
representation is indeed a valid formulation of quantum states. It does not represent, how
computations in the MPS framework are done because generally the c, . are either
unknown or cannot be represented on a classical computer, or both.

ST,

So far, only exact transformations were performed, so there is no gain compared to ex-
act diagonalization. The true power of the method lies in the possibility to restrict the
bond dimension, i.e. the matrix size, to a manageable number D < d/2. Especially
for PBC, it is clear that this systematically affects all lattice sites in the same way. In
the case of OBC, at least all sites in the bulk, i.e., with matrix dimension larger than
D, are affected in the same way. This systematic truncation allows DMRG and MPS cal-
culations on systems with several thousand sites in spite of their humongous Hilbert spaces.

3.5 Matrix product operators

Having defined MPSs as a way to handle quantum mechanical wavefunctions which is suited
well for variational algorithms, a matching definition for operators is needed to carry out
computations. This matching definition is that of matrix product operators (MPOs). In
general, the framework of MPOs for finite systems is very powerful, but also rather in-
volved. For a more detailed introduction to the topic, the reader is referred to Ref. [23].

However, since the method described in this thesis aims at the thermodynamic limit, only
one class of operators needs to be discussed. This is the class of local operators which act
on a finite and small number of sites n

O = Vi’...,iJrnOAZ'OAi+1 s Oi+n7 with n € O(D) , (3.43)

where each factor OZ in the product acts on a single site, and V; ;4 € C can be a coupling
constant.

The Hamiltonians in Chapter 2 consist of this type of operator and also the observables of
interest are of this form.

In a discrete and finite Hilbert space, a wavefunction can be described by the expansion
coefficients with respect to a certain ONB ¢y, . s, . Similarly, an operator is described by
its matrix elements with respect to this ONB. Generically, a MPO can be expressed as a

/
S;,Si
product of rank-4 tensors Wy, 4,

O= 3 3 WEmWE W s sl (344)

8] yees8, S1505SL

i.e., for fixed sets of physical indices {s;} and {s;}, the operator is represented as a product
of L matrices W% which are non-trivial to obtain.

However, for an operator that acts on a single site j, all tensors Wl are identity tensors
except for the one at site j. On this site j, the matrices W*"* are of dimension 1 x 1 and
are simply the matrix elements Os;_’Sj of the operator with respect to the local basis { |s;)}
of site j.

Computing the matrix element of such a one-site MPO with respect to two MPSs |¢) and
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|1) corresponds to evaluating the following TN

o ITTEITD

In the discussion of TNs such as the one in Eq. (3.45), it is often useful to put the result
under a trace operation. This does not change the result, because it is a scalar

Trz=2 VzeC, (3.46)

but allows the use of the cyclic property of the trace to rearrange the involved matrix

products. It also allows the use of the following identity for the traces of two matrices A
and B
TrA - TrB=Tr(A® B) =Tr(B® A) (3.47)

where ® denotes the Kronecker product, i.e., the tensor product for matrices.

Using Egs. (3.46) and (3.47), Eq. (3.45) translates to

WNJ‘O“Z ) = Tr (Z AST* A31> Z OS;’Si[lSQ* QA% | ... (Z ASL* ® A3L>
51

51,5, SL
(3.48)
This also shows that the proper product to use when contracting physical indices is the
Kronecker product ®. It is easy to see that for the matrix element of an operator which

consists of a product of local operators, for instance

O = 5758 (3.49)

this scheme straight forwardly extends to

08 E DS

= Tr (ZASl*@ASl)--. >S5 AT @ A
51

!
84,85

(W01

X Z S§i+1/,5i+1fl$§+1* ® ASit1 | ... (Z At A3L>

. ./
Si+155;41 SL

(3.50D)

This “trick” of using the trace operation to write a matrix element or overlap as a matrix
product of Kronecker products is especially useful in the thermodynamic limit, as will be
shown in the next section.

Note that the “hat symbol” is used to distinguish operators O from matrices for conceptual
reasons. On finite, discrete Hilbert spaces, operators always have a matrix representation,
so that the term operator is mostly interchangeable with operator matriz. The elements
of an operator matrix are denoted using the same letter which is used for the operator
without the hat symbol.
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3.6 The thermodynamic limit: iMPS

So far, MPSs for finite systems have been discussed, since they arise intuitively from
the introduction of the concept by SVD of the coefficient vector cg, . s,. This section
describes how the idea can be extended to the thermodynamic limit and which restrictions
this extension imposes on the kind of systems that can be treated.

3.6.1 Limitations of iMPS

Starting from the MPS formulation for PBC with matrices of the same dimension for every
site, the extension to the thermodynamic limit is quite straight forward. One can simply
view the MPS as consisting of an infinite number of A-tensors, one for each lattice site.
Obviously, in general an infinite number of tensors cannot be treated numerically. But by
sacrificing some of the universality of the MPS ansatz, the thermodynamic limit can be
treated very efficiently.

Specifically, the first restriction which must be made is that to short ranged Hamiltonians.
This means any Hamiltonian, that couples lattice sites only over finite distances'. This is
in contrast to finite systems, where long-range interactions such as the Coulomb interaction
can also be treated [79]. While this is a substantial limitation in theory, most real many
body systems exhibit short-ranged interactions due to shielding effects. The class of local
Hamiltonians therefore holds a host of models that are both close to experiment and show
all kinds of interesting physical properties.

Secondly, the approach is limited to translation invariant systems. This restriction is not
very severe, since usually, when taking the thermodynamic limit, one is interested in the
bulk properties of periodic structures. It also does not mean that only one-site periodicity
can be treated. Any finite size unit cell is possible in principle, as long as it is repeated
periodically. The physical dimension d of the tensor A describing each unit cell then grows
as the size of the unit cell increases.

The final restriction and the key to the treatment of the thermodynamic limit is the
assumption that the ground state does not spontaneously break translation symmetry, i.e.,
all unit cells can be described by the same A-tensor. This type of MPS is referred to as
uniform matrix product state (uMPS). In many cases this is true. However, this implies
that the boundary conditions are irrelevant. This condition is fulfilled if the ground state
shows finite or exponentially decaying correlations. Then, there are only a few sites that
are influenced by boundary effects and the bulk properties are independent of them.

As a counter example, one think of a spin chain that shows Peierls type behavior, i.e.,
spontaneous dimerization. The dimers can form on the odd bonds or on the even bonds,
making the sites distinguishable between even and odd. The ground state which the system
actually chooses may very well depend on the boundary conditions. In the bulk, a lattice
translation by one site (which is half a dimer) transforms one ground state into the other.
Therefore, a uMPS still captures the bulk properties of either ground state realization.
However, it does not generally account for the twofold degeneracy. But this degeneracy is
of great physical importance, as it means the lowest excitations are domain walls between
sections of the two different ground states, and they cannot be created by a local opera-
tion. That being said, some types of ground state degeneracy can still be handled with
iMPS. An explicit ansatz for domain wall excitations can be made if the ground state is
known to be degenerate, and different realizations can be distinguished by an observable,
for instance the magnetization in the ordered phase of the TFIM. See App. A.5 for details.

Tn practice, this also includes exponentially decaying interactions, as the coupling strength then quickly
approaches machine precision as function of site distance.
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3.6.2 Definitions: uMPS and iMPS

If the conditions outlined in 3.6.1 are met, a new ansatz for the uniform matrix product
state (uMPS) can be made

W)=Y Tr(QA® ---A°") [s1,...,sL) . (3.51)

S15e-5SL

This ansatz still contains infinitely many A tensors of equal size. The handling of the
boundary conditions is moved to the boundary operator @), and the trace is required to
make the coefficients scalar. For PBC, the boundary operator is just the D x D identity
matrix, as can readily be seen from Eq. (3.42). In the case of OBC, the actual form of
Q is less clear. For the moment, assume that it contains information on all lattice sites
which are influenced by boundary effects. Since these sites differ from the bulk in their
properties, they cannot be adequately described by the uMPS tensor. As discussed above
there are, however, only a finite number of these sites, and it will be shown that the specific
form of @) does not matter in the TDL.

The key to handling uMPS is the idea of transfer matrices, which is famous at least since
L. Onsager’s solution of the 2D Ising model [80]. To see how transfer matrices arise in the
context of uMPS, consider the norm of the state in Eq. (3.51)

Wly) = Z Tr (Q*A53*~~-ASIL*> Tr (QA® -+ ALY (s, ... s |s1,...,5L)

5le

s151 )

(3.52a)

= Tr (3.52D)

(Q* ®Q> (ZASl* ®Asl> (ZASL* ®A5L>
S S
Since the A tensors are the same on all lattice sites, this can be written concisely as

(W) = Te(QT") (3.53)

where Q := Q* ® Q and the object T, which is a matrix of dimension D? x D?, is defined
by

T:=) A"®A = : (3.54)

It is called the transfer matrix or transfer operator. The name derives from the notion
that an application of T which corresponds to one “rung” in a TN as shown in Eq. (3.45)
transfers the properties of the TN “ladder” by one lattice site to the left or to the right.

To further analyze the expression in Eq. (3.53), T is decomposed into the spectral repre-
sentation

T=> Aivi (3.55)
i
where A; are the eigenvalues and u; and ¥; the corresponding left and right eigenvectors
of T fulfilling the following equations
AT =ANal and  TT = AT - (3.56)

Generally, T is not Hermitian and thus u; # v;. The left and right eigenvectors are still
pairwise orthogonal though, and are assumed to be normalized, i.e.,

v = ol = oy . (3.57)
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The matrix T not being Hermitian also means that the eigenvalues are not necessarily real.
For the complete spectral representation to exist, 7' must be diagonalizable, which is not
guaranteed. However, this is not necessary. If T'is not diagonalizable, a generalized spectral
representation can be constructed using generalized eigenvectors, and the arguments below
still hold. The only assumption that must be made is that the largest modulus eigenvalue
(EV) Ag of T is real, positive and unique, i.e.,

Ao €RY A <AgVi#0. (3.58)

The dyadic products 171'1_[1 =: P; are projectors onto the eigenspace of T corresponding to
eigenvalue A;. As such, they have the projector properties P? = P; and P;P; =0 for j # i.

From these follows that
T =3 "AFP =) Al (3.59)

% i
Therefore, for the norm in Eq. (3.53) to be well-defined in the thermodynamic limit L —
00, two conditions must be met. The first is stated in (3.58). In this case, Ao can be
renormalized to 1 by setting

s T
A% — = T — — 3.60
s A (3.60)
so that
lim AL =1 (3.61)
L—oo

which is the only finite and well-defined value for this limit. This condition is fulfilled by
all models considered in this thesis, and it is therefore assumed to hold. However, there is
no rigorous mathematical statement that ensures that this is always possible. For a more
detailed discussion, see Appendix A.4.1.

Assuming (3.58) and subsequently Eq. (3.61), the limit of Eq. (3.59) is

lim TV = Gyt (3.62)

L—o0

since all other eigenvalues A;~¢ are of modulus smaller than unity and thus

AN
lim () = lim Al =0Vvi>0. (3.63)
L—oo \ Ag L—oo
Then the norm takes the form
(Wly) = Te(Qioith) = @] Qi (3.64)

which leads to the second condition, namely that the product v := ﬁg@ﬁo must be finite
and positive. This allows the rescaling

Q
NI
which normalizes [¢). For PBC, Q = 1 so this is trivially true, and the state |¢) is also
normalized given Ag = 1. For general boundary conditions, some more work is required.

Q — = Q- (3.65)

X ‘(Qz

The Kronecker product A%* ® A® has the block matrix structure of Eq. (3.9), with D x D
blocks of size D x D, where each block T,3 is given by > AZ’%AS. Since the eigenvectors
o and ¥ are of dimension D?, they can be interpreted as vectorizations of D x D matrices
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u and v. Using the double index scheme of Eq. (3.9), an element of the matrix-vector
product T'0 is given by

T (@) = D Twan(s.0)%6.0) (3.66a)
.5
= > > AlAwsvps (3.66b)
s B
= D> AwpvgsAl, (3.66c)
s B
— Z(ASUAST)Q,Q. (3.66d)

S

This allows to define T' as a superoperator acting on matrices with

T = EASUAST . (3.67)

The application of T' as a superoperator to a D x D matrix v will be denoted with square
brackets.

Especially in numerical application, using the matrix form of ¥y and i is advantageous,
since the matrix-vector product T takes O(D*) operations, whereas the application
scheme in Eq. (3.67) takes O(2dD?) operations. This is a clear speedup, if 2d < D.
Since the local Hilbert space dimension d is usually much smaller than the bond dimen-
sion, this is mostly the case. At very low bond dimensions computations are very fast, so
that a possible small loss in performance is negligible.

Using Eq. (3.67) and the definition of the matrix scalar product Eq. (3.10), the application
of the Hermitian adjoined superoperator TT can easily be defined

(u,Tv]) = (TT[u],v) (3.68a)
Tr (m (ZASUAST>> - YT (uTAstST) (3.68b)
= 31 (A%M%) (3.68c¢)

;
= Tr (ZASTUAS> v (3.68d)

S

= Tlu = > Atuas. (3.68¢)

Interpreted as D x D matrices, the eigenvectors vg and ug are Hermitian and can be chosen
such that they are positive definite, see App. A.4.2 for a proof. This choice is assumed
from here on and, together with the normalization constraint (ug,v9) = 1, uniquely defines
the eigenmatrices.

In the remainder the index 0 is dropped, and the matrices are labeled v and v for conve-
nience, and are referred to as boundary matrices, as they describe the boundaries of the
iMPS tensor networks. See App. A.4.3 for a discussion of TN boundaries in the TDL. They
are not to be confused with the boundary operator @, which describes the boundaries (or
lack thereof) of the physical system.
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Let {va} and {ug} be the sets of EVs of v and u, respectively, and {@} and {3} the sets
of the corresponding eigenvectors. Since v and v are positive definite, the 2-form

(A,B)yy :=Tr (Z uTBSUAST> =q (Z A ® BS> v (3.69)

then defines a scalar product for two tensors A and B. Sesqui-linearity, i.e. linearity in the
second and anti-linearity in the first argument, is immediately apparent from the linearity
of the trace and the matrix product. Positive semi-definiteness follows from

(AA), = Tr (Z uTASvAST> (3.70a)

= Tr (> > upghpiA*vaaal A (3.70b)
s a,f
= Tr (> > ugnfiAcaat AT (3.70¢)
s a,B
= )Y vauglfrA%a)? (3.70d)
s af
> 0 (3.70e)

with equality if and only if A is the null-tensor.

The norm as given in Eq. (3.64) is a special case of the scalar product with A = B = @,
where the boundary operator (Q can be seen as a rank-3 tensor with a physical “dummy”
index, i.e. the sum over s only contains one term. Therefore, the renormalization Eq. (3.65)
is always possible. Moreover, the actual form of ) and therefore the boundary conditions
it describes do not matter. This can be understood from a physical point of view, since it is
expected that the bulk of an infinite system is not influenced by boundary effects. Again,
there are systems for which this is not true. Because the ansatz inherently renormalizes
any boundary effects, such systems cannot be adequately described by this type of uMPS.
See App. A.5 for more details.

The sub-leading term in the spectral decomposition Eq. (3.55) is also of great importance,
as it determines the rate at which T'* converges to 17017%. For the sake of simplicity, A1 will
be assumed to be unique; however, this is not a requirement and the following arguments
can be made just as well if there are multiple EVs of second-largest absolute value. The

prefactor in T of the projector onto the eigenspace of A; is given by

A" L
L) =AM (3.71)

Consider for instance a correlation function

G = (WISEST ) (3.72a)
g ’L_[:T (Z st/AS,* ® AS> Tﬁ_l (Z ;:s’AS,* ® AS) 17 (372b)
_. 'L_[TSxTK_ISxﬁ . (3720)

In the TDL, this expression decomposes into the product of two scalars

Goo 1= G(U — 00) = i1 5%7 - @' S5 = M? (3.73)
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namely the magnetization squared. For finite ¢, the difference G({) — G is dominated by
G(l) — Goo = A0 S%5) @1 570y o [Aq]" (3.74)

This shows that in the framework of iMPS, any correlation is always expanded in a series of
exponentials, the leading term of which is given by |A1|*. Therefore, a state with diverging
or even algebraic correlations can never be described exactly by a uMPS, which ties into the
requirement that the state must not be explicitly dependent on the boundary conditions.
By Eq. (3.74) the second largest EV A; defines a correlation length [63]

1

S (3.75)
1n|£—;|

which defines the correlations that are described by the transfer operator T'. Obviously, if
&r is smaller than the physical correlation length £ of, for instance, the ground state, then
the state cannot be exactly represented by an uMPS of the given bond dimension.

The states defined in Eq. (3.51) form the set of uniform iMPS (uMPS). In many cases,
they can be used to describe a ground state of a translation invariant system in the TDL.
Therefore, they form a subset of the iMPS class that holds all MPSs of given bond dimen-
sion for infinite systems.

However, the goal is to derive an effective model of excitations that have particle-like prop-
erties, including a certain degree of localization. Such an excited state can clearly not
be a uMPS. The simplest generalization from uMPS to less restricted iMPS is replacing
the uniform tensor A by some other tensor B on a single site. This type of iMPS de-
scribes localized elementary excitations and is discussed in more detail in Sec. 5.1.1. Some
mathematical background is given in App. A.4.4.

In the following, the circle shape of Eq. (3.27) will be used to denote the uMPS ground
state tensor A, and a triangular shape

1l -8 T e (3.76)

will be used to represent those other tensors inserted on single sites.

3.6.3 Operators in the thermodynamic limit

While the concept of uMPS is very efficient in the sense that an infinite system is described
by a single tensor, this efficiency comes at a price. Most notably, there is no representation
of “the state” in memory. This means an expression like

|6) = O |¢) (3.77)

cannot be computed except in some very special cases. This also makes it very challenging,
in most cases even impossible, to define powers of operators unless they act on a single site.

However, in practice, most quantities of interest are overlaps and especially matrix elements
of local operators that act on a finite number of sites, or sums thereof. Both can be
computed in the iMPS framework. The corresponding TNs take the following form (cf.
Sec. 3.6.4 and App. A.4.3)

o (LRI -
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with

C_ut }_v, ‘ =T, (3.79)

and the triangular shape represents some tensor B other than A. The symbol # denotes
that an arbitrary number of transfer operators T are left out. Since u and v are eigenma-
trices of T' to the eigenvalue Ag = 1, it is easy to see that any number of T-“rungs” on both
ends of the ladder do not change anything, and the TN collapses to

(W0 |y) = . (3.80)

The rightmost rung in the TN above is an object very similar to T, but with the bra-side
tensor being B instead of A. The right end of the TN is therefore given by

D = <Z B* ® AS> 7. (3.81)

Equation (3.50) then shows that rungs containing local operators naturally lead to

B — ZOS/SAS'*@)BS 7 and (3.82a)

T
= Zo ANt e BT @] . (3.82D)

The calculation in (3.66) readily extends to rungs with operators, and the application of
the Hermitian adjoined operator can be defined analogous to Eq. (3.68).

This yields the following schemes for the application of local operators to D x D boundary
matrices, which generalize Eqs. (3.67) and (3.68)

OWBI[y] .= ZOS/SBSUAS/T (3.83a)
OTAB)y] = Zo* AStuB® . (3.83b)

Therefore, in the superoperator picture, Eq. (3.81) can also be written as

> ATwBT = 5y, ATwBTT = 1B y] (3.84)

Consequentially, the transfer operator 1" can also be interpreted as an identity operator on
the given site.
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3.6.4 Canonical gauge of uMPS

The result of the ground state search algorithms described in section 4.1 is a uniform iMPS
(uMPS). By construction it does not have a canonical form. Note that in the context of
uMPS, the term canonical is used synonymously with the term normalized as defined in
section 3.4, since there is only one tensor. This means a left-canonical uMPS fulfills the
condition

doAlAj =1, (3.85)
while for a right-canonical uMPS the equation

S AAT =1 (3.86)
holds.

Having a uMPS in a canonical form has certain advantages. In the left canonical form, the
boundary matrix w is the D x D identity, while v is a real diagonal matrix with positive
elements and unit trace. It is also identical to the density matrix p appearing in DMRG
calculations. In the right-canonical form, the forms of v and v are reversed. Throughout
this thesis the left canonical form will be used.

In order to bring the uMPS matrices A° into canonical form an algorithm presented in
Ref. [81] is used. Recall the composite canonical representation of a MPS introduced in

section 3.4
Co1,09,..0N :Tr(_‘ ‘ ¢ ’__‘_’_> , (3.87)

A AR Z rioy \[E+1]

where the !l are rank-3 tensors that live on the lattice sites and the Al are the Schmidt
coefficients on the bonds. Note that either A or AL is just the identity in some gauge of
I, as can be seen by assuming periodic boundary conditions, where there must be exactly
one bond matrix on the bond L +1 + 1. It is introduced only to emphasize that the
situation is indeed symmetric and the choices of left or right canonical representation are
equivalent. The left and right canonical forms are obtained as follows

A = AT (3.88)
A5 = T\, (3.89)

From this representation, two transfer matrices can be defined, which occur when tensor
networks involving such a state are contracted

r*

)\*
T, := =Y A @A (3.90a)
roa

D

Ty = =Y A7 ® Aj . (3.90D)
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If {T',A\} is a canonical iMPS representation, the identity is a left or right eigenvector of Ty
and 7., respectively

T,1 = Al (3.91a)
1'7, = A1 (3.91b)

where 1 is to be understood as the vectorization of the D x D identity matrix and nor-
malization implies the corresponding eigenvalue A must be 1.

To get a canonical composite representation from a given uMPS A%, one must first de-
compose it into some {f,j\} by SVD and then bring this newly found representation into
canonical form. To carry out the SVD, all A® are put into a single dD x D matrix A (cf.
matrix U in Sec. 3.4). Then

Al U!
A=| | =vxvi=| : | v, (3.92)
Al U

where U is a dD x D column-orthogonal matrix, A is the Dx D diagonal matrix of singular
values, and VT is a D x D unitary matrix. The site tensor I is obtained by setting

s .= Viys (3.93)
since

Tr(A%---A%) = Te(UAVT...USAVT) = Te(AVTITS ... AVIU) (3.94a)
= Tr(A[-- M%) =Te(ISA---T5)N) . (3.94b)

Now I needs to be transformed such that the identity is an eigenvector of T, and Tp,
respectively. To this end, the left eigenvector @y of Ty and the right eigenvector ¥, of T;
corresponding to the largest magnitude eigenvalue A are computed. Reinterpreted as D x D
matrices, @y and ¥, are then decomposed into their respective eigenbasis and eigenvalues

o, = M\/D,\/D,MT = XXT (3.95a)
Gy = W~/Do/DWT =YTY | (3.95b)
where the matrices of eigenvectors M and W are unitary, since uy and v, are hermitian

and positive definite. The matrices X and Y defined in Eq. (3.95) are therefore invertible.
Now, an identity matrix can be inserted on the bonds between each A and I'* yielding

44— 0o/ 390

3 X x-1 s Y~ 1 Y by
With another SVD of the matrix product
YAX = UMV (3.97)

where both U and V are square and therefore unitary the composite canonical represen-
tation is finally obtained as

{r\}, with I*=vixX-rsy-lu. (3.98)

The left and right canonical A® follow according to Eq. (3.88).
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The fact that this representation is indeed canonical is not quite obvious. However, it can
be verified by reversing all the transformations applied to achieve it. Here, it will only be
shown that Aj = AI'® is left-canonical, as this gauge is used throughout the thesis. First,
Eq. (3.97) implies that

A=UYAXV . (3.99)

Also, in the matrix interpretation of @y, being a left eigenvector of T; means

Tad = AflaeA; =3 Pt @Al = Adiy . (3.100)

The condition for a left-canonical iMPS is (cf Eq. (3.85))

!

1= ) A4 (3.101a)

s

= Y WiIX'Dy lo)wvix eyl (3.101b)

s

= Y Uy MMy xIAYIO) U AXV)VIX IV IO (3.101¢)

= yfy- (Zfﬁ*aAfS) viu (3.101d)
Atpy=Y1Y

= U'yHlylyy-lu (3.101e)

=1 (3.101f)

is thus fulfilled, since U is unitary, (Y ™1 = (YT)~! and I'$ can be scaled such that A = 1,
which is assumed to be the case. This also proves that the identity is a left eigenvector of
Ty to the eigenvalue 1
1= A7A; =" Ajt147 = T][1] (3.102)
S S
which is true for any left-canonical uMPS. That A7 is right-canonical can be shown anal-
ogously.

3.7 Chapter summary

In this chapter, the framework of matrix product state (MPS) was introduced. Its origins
in the DMRG were discussed, and why subsequently MPS are a very powerful method for
1D systems.

The extension from finite systems to the thermodynamic limit was discussed in some detail,
because it is the foundation of the presented method. The special class of uniform matrix
product state (uMPS) was introduced, which is well-suited to describe the ground states
of translation invariant systems, if translation symmetry is not broken spontaneously. It
was shown how transfer matrices arise from the use of uMPS and how they allow for very
efficient treatment of the thermodynamic limit. Some of the mathematical details were left
out and the inclined reader is referred to the respective appendices.

In the next chapter, an iterative algorithm to find an approximative ground state uMPS
is presented, and some results for ground state properties of the TFIM and FMHC are
provided.






Chapter 4

Ground state properties

Give me a place to stand, and | shall move the world.
Archimedes

4.1 Ground state search

Finding the best possible ground state approximation is a crucial step in the process of
deriving the effective model. If an exact iMPS representation of the ground state exists
at finite bond dimension D (as it is the case e.g. for the AKLT model, [82, 21, 23]), it is
obviously also an exact eigenstate of the Hamiltonian. In iMPS language this means that
the boundary matrices v and v are eigenmatrices of the Hamiltonian MPO. However, if
the ground state is known only approximately, this is not the case. Therefore, an erroneous
matrix element of the Hamiltonian appears, that couples the ground state to excited states

0= (j|H|GS) 0. (4.1)

This error fundamentally limits the accuracy that can be reached in any subsequent steps.
This kind of error is the smaller, the closer the approximation A is to the true ground state.

4.1.1 Tterative search algorithm

This section describes the algorithm used to obtain the results presented in this thesis.
It has been featured in my Master’s thesis |64] and in Ref. |65]. It is reiterated here for
completeness and because it constitutes the basis of the description of excited states in
chapter 5.

As mentioned above, a conditio sine qua non for the presented method is translation
invariance. In a translation invariant system, the global Hamiltonian H is a sum of sub-

Hamiltonians h;
H=Y h (4.2)
i

where the summands h; describe the physics of site ¢ and its coupling to the rest of the
lattice. The h; are identical but for the site index i'. The second prerequisite is that h;
couples only a finite number of sites n. Therefore, h; will be referred to as local Hamilto-
nian from here on.

! A “site” can also be a unit cell consisting of multiple physical lattice sites, e.g. in a ladder system.
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Under the assumption that the ground state is a uMPS, finding it is a variational problem
in the elements of A. Starting from the Rayleigh-Ritz equation

(WA [(A))
Bo = 0piayoa))

the objective is to find a uMPS tensor A that minimizes the energy, or rather the energy
per lattice site €, as much as possible. As described in Sec. 3.6, computing the energy
expectation value (¢(A)|H [1)(A)) and the norm (p(A)[1(A)) in Eq. (4.3) requires the (at
least partial) diagonalization of the transfer operator 7. The energy e is thus a highly
non-linear function of the elements in A.

As such, any generic multidimensional minimization scheme can be used to minimize it.
Examples are simulated annealing [83] or the conjugate direction method. More specific
methods to obtain a uMPS ground state approximation include imaginary time evolution
(iTEBD) [84], other algorithms based on the time-dependent variational principle [85], or
the recently proposed VUMPS algorithm [86].

(4.3)

In the following, an iterative algorithm developed in [64] is presented, which is inspired by
DMRG and already makes use of many of the techniques used in describing excitations.
The basic idea is to keep the uMPS tensor A everywhere, but at one lattice site that is
labeled site 0. On this site, the elements of the local tensor B are varied to reduce the
energy. The newly found B is then adopted as new guess for A until convergence is reached,
ie.,

IE(B) — E(A)] < 0 (4.4)

holds for a tolerance parameter . The optimal value for # would be machine precision,
but for higher bond dimensions and close to criticality this needs to be relaxed in order
to achieve convergence in reasonable time. Typical values for D > 10 are 1078 to 1076, in
units of the system’s energy scale.

Since the ground state energy is extensive, it diverges in the TDL. Equation (4.3) is
therefore reformulated as function of A and B as

(V(AB)I(H — Eo(A)) [¥(AB)) _ 3 (¥(AB)|(hi — eo(A)) [1(A,B))
(V(AB)l(AB)) ’

0<

- (¥ (AB)[¥(A,B)) (4.5)

%

where in each iteration €p(A) is the current estimate for the ground state energy per lattice
site. The tensor B, which is varied to lower the energy is placed at site 0. There are three
types of matrix elements that occur in Eq. (4.5), depending on where h; acts relatively to
the B tensors. The respective TNs are of the forms

(hic—n)(AB) = Ci:i:ﬁj:} (4.6a)

(hi=—n,..0)(AB) = (4.6D)

o (TEEEY -

where again the symbol // denotes that a number of transfer operator rungs is left out.
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The TN for the norm is simply the TN representation of the scalar product Eq. (3.69)

(V(AB)[¥(AB)) = (:I:} : (4.7)

Each of the TNs in Eq. (4.6) can be written as a 2-form in B
(W(AB)|h: — eo(A) [1/(A,B)) = vec(B) M Ivec(B) , (48)
and the same holds for the normalization constraint Eq. (4.7)

((A.B)|¢(A,B)) = vec(B) Nvece(B) = ¥ Tr(ul B*vB*) | (4.9)

The vectorization of a rank-3 iMPS tensor is defined by stacking the vectorizations of the
matrices B® for each local physical state on top of each other, i.e.,

vec(B') B!
B = vec(B) := : =1 : (4.10)
vec(B?) B

This adds another block level to the indexing scheme in Eq. (3.5), and can be expressed
by a triple index

(B)(s.aa) = Biar - (4.11)

To understand the structure of the matrices M/ and N from Eqs. (4.8) and (4.9), we start
with the expression for the normalization constraint

Sl BroBt) = YNl Byvw B (4.12a)
§ s a,B,u,v
- Zégg Z Bgélf aﬁvuuBﬂu (412b)
B,
- Z Z B(s’,u,a)éslsvuuua/BB( J18,3) (412C)
s,8" a,B,u,v
- Z Z (s I/a) (s l/,a),(s,,u,ﬂ)B(s,M,ﬁ) (412d)
s,s" o,B, 1,V
— BINB. (4.12¢)

Comparison to Eq. (3.9) reveals that the matrix N is given by the Kronecker product
N=1;0v" @u', (4.13)

where v7 is the transpose of v. The d x d identity was introduced in (4.12b) to obtain the
structure of a vector-matrix-vector product in a d - D? dimensional vector space.

By inspecting the TNs, one can easily see that the matrices M in Eqs. (4.6a) and (4.6¢)
are of the same structure as N. The only difference lies in the boundary matrices used to
build them. For ¢ < —n, the left boundary matrix is of a different form

7 1—n A,A
ulg i= (TP A ) (4.14)
Accordingly, for ¢ > 0 the right boundary matrix has the form

vig =T R (4.15)
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Theoretically, the index ¢ runs from —oo to co. However, as shown in Sec. 3.6.2, the matrix
Vet converges to e - v as |A1|""!, since for large i

T Ho ~ (5at + A oal) o (4.16a)
= (@ @) + N5 (a3 ) (4.16b)
= U+ O, (4.16¢)

where H; is a D? x D? operator matrix defined analogous to S in Eq. (3.72). Note that
€0 is just the expectation value of h; in the current ground state estimate A, given by

o = (AR [6(A) = @ Hit = (u, AV (4.17)

where (+,-) denotes the matrix scalar product defined in Eq. (3.10).

The same also holds true for the right boundary matrix ueg. Therefore, in numerics, the
sum over all lattice sites i can be cut once |A1|’ is sufficiently small. This corresponds to
the distance between h; and B being so large that they do not “see” each other within the
limits of the intrinsic correlation length &7 of the uMPS A. In order for the sum to have
a finite value, or in the numerical case, to be independent from the cutoff, each matrix
element has to be corrected by

«o(t:(AB)|Y(A.B)) = BTNB (4.18)
as stated in Eq. (4.5). This can be achieved by setting
ulg — ulg — eu or vig — vig — €U, (4.19)

respectively, since the Kronecker product is linear in both arguments.

This leaves to show how to compute the matrix M for the case in Eq. (4.6b), i.e., where
one of the operators in h; acts on site 0, where A is exchanged for B. Assume the rather
general case where h; is a product of n = 3 local operators

hi = 0;0;410;49 (4.20)
and acts on site ¢ = —1, which is exactly the case shown in the TN in Eq. (4.6b). Then,
it is clear that there are now two effective boundary matrices

O;f (AsA) (1] O(A;A)

Ueff = — €, Vet = Oy ' [v] . (4.21)

The ground state energy correction can be subtracted from either boundary matrix. A
calculation analogous to Eq. (4.12) shows that

(¥ (AB)[hi — eo(A) [¥(A,B))

= Tr ulff Z(Oi+1)s’sBSUeﬂBS/T (4.22&)
8,8’

- Z >~ (Ois1)ss(ulg)ap By (ven)w Bid (4.22b)
s,8" o, B,V

= > (B awOis1)es Y. > B3, (4.22¢)
573/ a767uvlj S,Sl Oé,ﬁ,ll,,l/

- Z Z (s'v,a) (Oi+1)8’sz Z B(s.u.8) (4.22d)
8,8" a,B,u,v s,8" a,B,pm,v

= Bim-UB (4.22¢)
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from which follows that
M =0, @ vl @ ulg . (4.23)

This means, the matrix is built just as any other M but the dxd identity in the Kronecker
product is replaced by the matrix representation of the local operator Oi+1 which acts on
site 0 where the tensor B sits.

In this way Eq. (4.5) can be expressed by

BfMlIB
< Z SNE (4.24)

Defining M = ), MU and introducing the Lagrange parameter e, this is a minimization

problem with constraint
f(B) =B'TMB — ¢B'NB . (4.25)

Taking the derivative of f (Ls;) with respect to B and requiring it to be zero yields a
generalized eigenvalue problem (EVP)

—

M(H,A)B = eN(A)B . (4.26)

The iterative ground state search algorithm can now be formulated as summarized in table
4.1.

A fixed point in the iteration does not necessarily mean a global minimum in energy. It
is also possible that the algorithm only finds a local minimum, or, since By = A can only
be achieved within some tolerance, gets stuck on a very slow descent towards the global
minimum. However, in practice the results are mostly very convincing.

Table 4.1: Ground state search algorithm

Make an initial guess for A
Construct the matrices M and N
Solve the generalized EVP Eq. (4.26)
If By = A within tolerance, stop

UL W N =

Otherwise, take the eigenvector I§0 with lowest EV €
as new A and go to step 2

4.1.2 Notes on implementation

In order for a generalized EVP such as the one in Eq. (4.26) to be solvable, the matrix N
must be Hermitian and positive definite. From the definition in Eq. (4.13) it is obvious that
this condition is fulfilled, since u and v are Hermitian and positive definite. A generalized
EVP can be solved by mapping it to a standard EVP. This is achieved by diagonalizing
the matrix N first

M7 = eN¥ (4.27a)
& MG = eP'\/Dy/DnP¥ (4.27b)
‘,ﬁ—/
=7’
-1 -1
& VDy PMPY\/Dy @ = e’ (4.27¢)
=:M’'
s MY = e (4.27d)

-~ 7 = PtyDy @ (4.27¢)
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where Dy is the diagonal matrix of EVs of N and the unitary matrix P holds the eigen-
vectors.

As can be seen from the definition in Eq. (4.13), the matrix NN is already diagonal in the
left-canonical gauge of A and consists of d - D copies of the boundary matrix v. Each EV
is thus d - D-fold degenerate. As described in the previous chapter, in the left-canonical
gauge, v holds the squared singular values of A. Therefore, if the ground state is well
described by a uMPS, the EVs of N can become very small. This leads to large errors in
the computation of M’, where M is multiplied by the inverse of v/Dy. To work around
this, the columns of P corresponding to such very small EVs are considered to span the
null-space (kernel) of N, which is then omitted from the transformation, which corresponds
to projecting M onto the non-zero eigenspace of N. Note that actually bringing A into
canonical form in each iteration is numerically more costly than diagonalizing N, and is
therefore not done in practice.

While the above procedure is easy to implement using standard LAPACK [87] routines,
it is still not the most numerically stable as the results in the following sections show.
Since only the lowest EV of the problem is relevant for the ground state search, a Krylov
subspace method like the Lanczos algorithm could also be used and may prove numerically
more stable.

Finally, to ensure that the energy decreases in each iteration, a linear minimization of the
function

eo(p) := eg(cos(p)A + sin(¢)By) (4.28)

with respect to ¢ is performed.

If no better alternative is available, the initial guess for A is filled with random numbers.
Significantly faster convergence can often be achieved if the converged result for a slightly
different set of system parameters is used as initial input. Close to criticality this approach
is less reliable, as the system properties may change rapidly over a comparably small
parameter interval. The converged result for close-by parameters can still be used as input,
but often does not prove to be better than a random guess. Also, close to a phase transition,
it may be necessary to relax the tolerances a bit to reach convergence in reasonable time.
Unfortunately, although the idea seems obvious, using the converged result for a smaller
bond dimension D does not help. This is because of the truncation of very small eigenvalues
of the norm matrix N in Eq. (4.26). To make use of the result with, for instance, bond
dimension D — 1, the ground state tensor Ap_; needs to be padded with zeros. That
just increases the dimension of the null-space of N, which is projected out before M’ is
diagonalized. Therefore, the convergence is indeed faster, but the accuracy of the result
does not improve, since the algorithm stays in the subspace of bond dimension D — 1.
Initializing the increased Ap tensor with random numbers large enough not to fall into the
nullspace of N leads to a loss of the information in Ap_; within a few iterations and thus
defeats the purpose of the whole undertaking.
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4.2 Transfer operator

The first quantity of interest which can be obtained from the ground state uMPS tensor is
the correlation length &7, determined by the second largest EV of T. For a pure product
state with bond dimension D = 1 it is by definition zero, wherefore this section only shows
results for the TFIM. Figure 4.1 compares {7 as defined in Eq. (3.75) to the analytical
expression for the physical correlation length Eq. (2.48) for various bond dimensions D.
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correlation length [a]

Figure 4.1: Correlation length &7 of the TFIM uMPS results for different bond di-
mensions D compared to the exact solution from Eq. (2.48).

It is apparent that the correlation length grows for increasing Ising interaction as expected.
Therefore, for A — 1, increasingly large bond dimensions are required, or equivalently, a
fixed bond dimension leads to increasing deviation from the exact result. However, for
larger bond dimensions and small A, the iMPS results are partially larger than the exact
value, and the curves show erratic oscillations. Close to criticality, the curves are much
smoother. This surprising finding can easily be understood by considering the weak cou-
pling regime J — 0. When there is no Ising interaction at all, the ground state is simply
a product state where all spins point along the external field. This state can be exactly
described by a uMPS of bond dimension D = 1. Increasing the bond dimension beyond
D = 3 leads to numerical instability of the ground state search EVP Eq. (4.26) and sub-
sequently to larger errors. Since the ground state develops adiabatically for increasing
Ising coupling, small values of A require only small bond dimensions. If D is much larger
than is required to describe the system to machine precision, this results in numerical noise.

Figure 4.2 shows the diagonal elements of the right boundary matrix v at A = 0.1 for various
bond dimensions. As mentioned in Chap. 3, in the left-canonical gauge of a uMPS this
matrix is diagonal and holds the squares of the Schmidt coefficients for a decomposition on
any bond. For D = 3, the smallest element is of the order 107!, which can be considered
numerically stable. Also, this bond dimension is sufficient to describe the system very
accurately, which is confirmed by the result for the ground state energy, cf. Fig. 4.5 below.
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Figure 4.2: Diagonal elements of the right boundary matrix v for the TFIM uMPS
at A = 0.1 for different bond dimensions D. The thin horizontal line marks
machine precision for 64-bit double computations.

The smallest value vs; = s2 for D = 5 is already of the order of the machine precision. For
D =10, v;; first shows the same decrease as for D = 3 and D = 5, then an area of reduced
decay. In the last elements there is a sudden drop far below machine precision, which is
rather surprising. Lastly, for D = 20, the decrease of v;; becomes rather flat for ¢ > 4. For
D = 30, no convergence could be reached within reasonable tolerance at this parameter
value.

The problem with entries in v close to or below machine precision is, that their significand
(mantissa) can change arbitrarily due to rounding errors and thus has essentially no mean-
ing. However, to obtain the canonical form of a uMPS, the square root of v is computed
and inverted. In this process, the ill defined near-zero values can have a large impact on
the result.

This is seen in Fig. 4.1. All results for {7 computed with bond dimension D > 3 are larger
than the exact physical value. This corroborates the connection between very small ele-

ments in v and subsequently small EVs of the norm matrix N in Eq. (4.26), and unphysical
results.

Note that in Fig. 4.1 the exact solution is plotted for qualitative comparison, and the peaks
show up independently of it, as opposed to, for instance, the corresponding peaks in the
deviation of the ground state energy in Fig. 4.5. Therefore, the onset of numerical insta-
bility and subsequently parameter regions where a certain bond dimension is unsuitable
can be determined without an exact solution available.

Interestingly, for small bond dimensions the peak in the curves which indicates the critical
point is located at a parameter value A < 1. This means that the phase transition is
not detected at the exact critical parameter value. However, with increasing D, the peak
position moves towards A = 1.

In the Ising regime the deviation from the exact solution is much larger. The reason for this
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is probably as follows. The correlation length & plotted in Fig. 4.1 is determined from the
second largest EV Aj of the transfer operator 7" of a single ground state using Eq. (3.75).
However, the true correlation length is related to the elementary excitations by § ~ X with
the energy gap A and the QP velocity v. In the ordered phase, the elementary excitations
are domain walls, i.e., they involve two ground states. Therefore, these correlations cannot
be expected to be described properly by the transfer operator of a single ground state.

To analyze the dependence of the implicit correlation length &7 on the bond dimension,
Fig. 4.3 depicts &7 as function of % for several values of A. The lines are least squares fits
to the data points. Table 4.2 shows the extrapolated results for £ obtained from the fits.
In the disordered phase, the extrapolation to D — oo allows a quite precise prediction of
the results to the exact value. For all tested values of A, the exact results are contained
within the error brackets of the extrapolation, which are of the order of 1%. In spite of
this good agreement, the distribution of the data points does not allow us to conclusively
establish a linear relation &7 o %. In the Ising phase at A = 1.2, the error bracket of the
fit is still rather small at 2.1%. However, the extrapolated value differs greatly from the
exact one, which is in agreement with the general behavior observed for A > 1.
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Figure 4.3: Correlation length &7 for the TFIM as function of the inverse bond di-
mension % for various values of A\. The larger, open symbols of the same shape
on the ordinate axis mark the exact values computed from Eq. (2.48). The
lines are linear least squares fits to the data points. Refer to Tab. 4.2 for the
numerical values of the extrapolations.
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Table 4.2: Extrapolated results for TFIM correlation length

A gex é-T,D%oo

0.5 1.44 1.4640.02 (1.04%
0.8 4.48 4.46+0.04 (0.85%
0.9 9.49 9.45+0.08 (0.89%
1.2 548 2.48+0.05 (2.09%

S

4.3 Ground state energy

For both the FMIC and the TFIM, exact solutions for the ground state energy are avail-
able. The deviation
A€q 1= |€0,ex — €0,uMPS| (4.29)

is a good indicator for the quality of the uMPS result.

4.3.1 Results for the FMHC

Since the ground state of the model is a product state, it can be described exactly by
a uMPS of bond dimension D = 1. Figure 4.4 shows the ground state energy and the
deviation Ae¢g as function of I" for several values of the next-nearest neighbor coupling Js.
As the plot shows it is captured to machine precision by the algorithm. Increasing the
bond dimension beyond the requirements can have adverse effects, since the norm matrix
N in Eq. (4.26) becomes singular as discussed in Sec. 4.1.2.

'0.2 L L L L L L L e e

04 F Exact solutions

€ [J]
S

|Agg| [J]

Figure 4.4: Ground state energy of the FMHC as function of the magnetic field I" for
various values of the next-nearest neighbor coupling J,. All data is computed
with bond dimension D = 1. The upper part shows the energy itself, and
the lower part the deviation of the uMPS result from the exact solution on a
logarithmic scale. All energies are measured in units of the nearest neighbor
coupling J which is set to unity.



4.4 Von Neumann entropy

49

4.3.2 Results for the TFIM

For the TFIM, too, the ground state energy can be obtained to very high precision. Fig-
ure 4.5 shows the energy and the deviation of the iMPS result from the exact solution
Eq. (2.34b) as function of A for various bond dimensions D.

It is apparent that the algorithm works just as well in the Ising phase with degenerate
ground state as it does in the strong field phase. The same unstable behavior for small
A and large bond dimensions can be observed as in the correlation length &7, however
somewhat less pronounced. The deviation curves also show a maximum which is again
located at some A < 1 for small D, consistent with the results in Fig. 4.1.

The error dimensions are fairly consistent with DMRG results for finite chains of length
L =300 [88].
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Figure 4.5: Ground state energy of the TFIM as function of A for various bond
dimension D. The upper part shows the energy itself, and the lower part the
deviation of the iMPS result from the exact solution on a logarithmic scale.

4.4 Von Neumann entropy

Another quantity of interest which can be obtained from the ground state uMPS is the
von Neumann or entanglement entropy Syn, as defined in Eq. (3.13). As a measure of
quantum entanglement across each bond, it is by definition zero for product states i.e.
D = 1. Therefore, this section only contains results for the TFIM.

For a left-canonical uMPS as defined in Sec. 3.6.4, the left boundary matrix w is the D x D
identity. As discussed in App. A.4.2, the right boundary matrix v is the reduced density
matrix of either side of the bipartition of the chain across any bond in the ground state
[23]. Therefore, for a uMPS, the von Neumann entropy is simply given by

D

SVN - — Z Vig In Vii - (430)
=1
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Figure 4.6: Von Neumann entropy Syx of the ground state uMPS for the TFIM as
function of X for several bond dimensions D. The inset shows the deviation
of the position of the peak in Syx from the QCP A =1 as function of inverse
bond dimension -+

D-

Figure 4.6 shows Syn for several bond dimensions D. The entanglement entropy is known
to diverge logarithmically at A = 1 [89]. This can again not be captured at finite bond
dimension, but there is a clear and very sharp peak in each of the curves, located close to
the value of A, where the deviation of the uMPS result from the exact ground state energy
in Fig. 4.5 has its maximum. However, in contrast to the latter, the von Neumann entropy
can be computed without the exact solution, which normally is not available. Analyzing
the entropy can therefore also help to find quantum phase transitions in models for which
no exact solution exists.

The inset in Fig. 4.6 shows the deviation of the peak position in S,y from the exact value
A =1 as function of the inverse bond dimension % on a logarithmic scale. There are only
few data points, but the scaling seems neither linear, nor a power law nor exponential.
However, a clear tendency towards the exact value is visible.

4.5 TFIM ground state magnetization

The ground state magnetization M, in z-direction is the order parameter in the Ising
phase. It decreases as A approaches the critical point and vanishes in the strong field
regime, where there is only magnetization in z-direction. Figure 4.7 shows the absolute
value of the magnetization as function of the parameter A. The left inset shows a mag-
nification of the area around the critical point. As the plot shows the non-analytic onset
of M, at A = 1 is not captured entirely by the MPS results. Instead, a smooth but rapid
increase is observed. Again, for smaller bond dimensions it occurs at A < 1.
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The right inset shows the signed value of M, for D = 5 and A > 1. The occurrence of
different signs is a clear indication of the ground state degeneracy. It also shows that as
mentioned in Sec. 3.2, the algorithm converges to either one of the ground state realizations,
not to a superposition which could be identified by a magnetization value somewhere
between the positive and negative envelopes.

0.5 E' LA B L B AL LA R L B AL AL DL L DL AL DL L L DL L B L
0.45 ' Exact solution T
D=3 /F,‘M
0.4 S_ D:S .......... l/ —f
] D=10 ====- /S 3
i D =20 2 E
0.35 3 D=30 7 T I T T T A A TR ATAT E
04
03 F 02 § 02 signed values ¢ E
- é i §
> £ - -~ ]
s o025 01 3 ;
01 f 1 i 0
02 F 005 | j 1 i
: . 30002 E
015 E [ J S A — - : E
E M E
E-0.05 b———t ' 404 ]
0.1 092 096 1 i
‘ A ! 09 1 1.112131415 3
0.05 F i E
é i A '
0 E P | detenal PRI b, . l[f PRI ST S S S S S SRS SN ST .E
05 06 07 08 09 1 .1 12 13 14 15

Figure 4.7: Ground state magnetization M, as function of the parameter A for var-
ious bond dimensions D. The exact curve is taken from Eq. (2.43). The left
inset is a magnification of the parameter region around the QCP. The right
inset shows the signed values of M, at D = 5 as found by the ground state
search algorithm.

In general, one can thus run the ground state search algorithm several times and check
the value of an observable that distinguishes between degenerate ground states to obtain
uMPS approximations for each of them. However, for the TFIM in the Ising phase, there
is an analytical transformation that transforms one ground state into the other. It is in
fact one of the rare cases, where an operator can be applied to a uMPS. This makes it
possible to obtain the other ground state easily from the one that was found by the ground
state search algorithm, see App. A.5 for details.

As stated in Chap. 2, the critical exponent for the longitudinal magnetization is given by
B =1, ie., M, shows power law behavior

My oc (A= A)? = (A= Ao)§ (4.31)
close to the phase transition at A\, = 1.

Figure 4.8 shows the magnetization in a double logarithmic plot as function of A — A,
where in this scaling A = 1 corresponds to 0 on the z-axis. The plot focuses on parameters
close to the critical point, therefore data is only plotted up to A = 1.2. One can clearly
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Figure 4.8: Double logarithmic plot of the ground state magnetization M, as func-
tion of A — A, for various bond dimensions D. In this scaling, the critical
parameter A\, = 1 corresponds to 0 on the z-axis, and all data curves end at
A = 1.2. The gaps in the data indicate the assumed parameter where the power
law behavior ends for A — A, in the numerical description. The inset shows
the critical exponent S as function of inverse bond dimension %, which was
obtained by linear fits to the linear (right) parts of the curves. The straight
line in the inset is another linear fit to extrapolate 8 for D — oo.

see a linear regime in all data sets that extends to increasingly small parameter values for
growing bond dimension.
By fitting linear functions of the type

ln(M%D) = ﬁD(A — 1) +C (4.32)

to the linear portion of each data set, the critical exponent 8p for each bond dimension
can be estimated.

The estimates obtained for Sp are shown in the inset of Fig. 4.8, including the least squares
fit error. As the plot shows, for the available data the error brackets are extremely small
(less than 1%). By another linear fit to Sp as function of inverse bond dimension, the
critical exponent can be extrapolated for D — oco. The extrapolated value of (5 is

Boe = 0.1226 + 0.0005 |, (4.33)

again with an extremely small error bracket due to the small number of bond dimensions
available. Notably, the error bracket does not include the exact value. The relative error

1S 6 /8
ABrel = T

~ 0.019 = 1.9% , (4.34)

which is still quite small, given the number of data points.
Even better agreement with the exact value could be achieved by increasing the resolution
in A and D.
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4.6 Chapter summary

In this chapter an iterative algorithm to find a ground state uMPS was presented, followed
by results for some ground state properties for both the FMHC and the TFIM.

The FMHC was found to be described to machine precision by a ground state uMPS of
bond dimension d = 1, i.e., a product state.

For the TFIM, the correlation length £ defined by the second largest EV Aj of the transfer
operator 1" was examined as a first result and compared to the exact solution. It was found
that in the disordered phase close to the QCP an increase in bond dimension leads to a
systematic improvement of the results. For small parameters and larger bond dimensions,
results exceeding the physical correlation length, as well as wild oscillations as function of
the parameter were found. This could be traced back to the Schmidt coefficients of the
ground state uMPS becoming very small in these cases. As a consequence, the norm matrix
in the ground state search EVP becomes singular, which leads to numerical instability. The
algorithm to bring the uMPS into canonical form becomes unstable as well. The maximum
in the correlation length which indicates a phase transition was found to occur at parameter
values A < 1 slightly smaller than the exact value for low bond dimensions.

For the ground state energy €y the same behavior could be observed in the deviation from
the exact result.

The von Neumann entropy Syn is easily obtained from the canonical form of the uMPS.
It showed very pronounced peaks, the positions of which were also found to approach the
exact value for the critical parameter with increasing bond dimension.

Finally, the longitudinal ground state magnetization M, was examined, and an attempt
was made to extrapolate its critical exponent . Although the relative error in § was
found to be as small as 2%, the exact value is not included in the error brackets of the
extrapolation. However, it is expected that the result improves if more values of the bond
dimension D are included.

In the next chapter, it is shown, how excited states are described in the framework of
iMPS. Results for the one-particle dispersion for the FMHC and the TFIM are provided.
Further, it is shown how the creation operator of the quasi-particles is represented in the
iMPS formalism, and it is tested by computing the spectral weight in the zz-channel for
the TFIM.






Chapter 5

One-particle properties

A journey of a thousand miles begins with a single step.
Lao Tse

This chapter shows how the dispersion relation and other, low-lying Vs of the Hamiltonian
are obtained along with a representation of the creation operator, which is the key to the
derivation of an effective model. Results for dispersion relation and bound states are given.
Properties of the creation operator are discussed and it is validated by computing some
one-particle spectral weights.

Most of the contents of this chapter can also be found in Refs. [65, 90]. However, the
concepts presented here are essential, because they constitute the foundation of the more
complex two-particle calculations in chapter 6.

5.1 One-QP excited states and dispersion

The next step towards the effective model in Eq. (1.1) is to construct 1QP excited states
and to obtain their dispersion relation w,. There are many ways to do this for a one-
dimensional model. Most of the methods mentioned in Sec. 1.3 can achieve the dispersion
for specific cases. For the presented method this step is different insofar as it does not
only yield the dispersion relation, but the entire 1QP part of the Hamiltonian, i.e. n-
cluding the creation operator. Also, one is not limited to just the dispersion of one type
of quasi-qarticles (QPs). The algorithm also yields higher lying eigenvalues (EVs) of the
Hamiltonian. For instance, on a dimerized spin-3 chain, excitations are so-called triplons,
spin-1 triplet excitations formed from two spin-3 [91]. These excitations can be mobile
and hop from one dimer to another. Without an external field, they are degenerate in the
magnetic quantum number. This can be seen in the spectrum produced by the algorithm
by the occurrence of threefold degenerate lowest eigenvalue. Also, bound states, e.g., the
ones of the FMHC from Sec. 2.1, can be detected as energy levels appearing between the
one-particle dispersion and the lower boundary of the 2QP continuum.

As mentioned above, the ground state energy Fjy is an extensive quantity and therefore
divergent in the TDL. For this reason, the ground state energy per lattice site ¢y was
defined. In contrast, energies of a finite number of excitations are always finite, even in
the TDL, since they are defined relative to the ground state energy. To calculate them,
the reduced Hamiltonian is defined as

ﬁ:ZEi =H-FEy=)» (hi—e&) . (5.1)

i
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5.1.1 Describing excited states

To understand how excited states are described in the iMPS formalism, we turn to the
ground state search EVP Eq. (4.26). At the point of convergence, the eigenvector By cor-
responding to the lowest EV is the ground state tensor A that was put in. The eigenvectors
§a>0 corresponding to higher EVs describe excited states. Let therefore

|Ba,Jj) 1= Z Tr(A% - - ASi—1 BT ASi+t . -flsL) [$1,...,8L) (5.2)

51,--5SL

be an iMPS that is taken to have ground state tensors A (and A) everywhere except at site
J, where one of the eigentensors B, of Eq. (4.26) is inserted instead. For a unique ground
state, A= A, i.e., the ground states are the same on both sides of the excitation. In the
case of a degenerate ground state, the excitations have domain wall character, i.e., there
is one ground state to the left, and another ground state to the right of it. In this case,
A # A, refer to App. A.5 for details on how to deal with domain wall excitations.
Following Ref. [92], the set of uMPS can be seen as a manifold. The states in Eq. (5.2)
then span the tangent space of this manifold.

5.1.2 Canonical gauge for excitation tensors

The matrices M and N in Eq. (4.26) are of dimension d - D? x d - D?. Therefore, there
are d - D? — 1 eigenstates B, with a > 0 if the ground state is unique. If it is not, another
EVP needs to be solved, where there is one ground state to the left of B and another to
the right. This EVP has d - D? eigenstates that are different from A. However, although
states constructed from these B, according to Eq. (5.2) are orthogonal on the same site
by construction, they do not form a good basis since

(Ba»jlBg,j) = dag (5.3a)
(Basi|Bpni") # Oforj #j . (5.3b)

The reason is that this basis is overcomplete as will be shown in the next section.

5.1.2.1 Nullspace of the excitation parametrization

Like the ground state tensor A, any tensor B describing a local excitation has d - D?
parameters. However, not all of them are independent as was shown in Ref. [90]. Let
B = X A% — ¢ A5 X with some matrix X € CP*P. Due to translational invariance and
the gauge freedom Eq. (3.40), the resulting momentum superposition yields

1 i
‘BaQ> = \/sz:e J|B’]> (54&)

= \% Ze_iqj Z Tr ( CASISL(X A% — e ASI X)) ASi+L L ) |S1,...,SL)

Vi S1yee0y SL
(5.4b)
1 —iqj [ Z < . ~s. Tg.
s S (s i) o)
\/Z J S15--+3SL
_ Z e~ Ty ( ..AijlASjX/iSJ‘H) |51, ... ,sL)] (5.4c)
S15---,SL



5.1 One-QP excited states and dispersion

57

— IZ e~ | XA;) \FZ e~ U)X A 1) (5.4d)

— \Fz eT17 | XA;) Z ~i93 | X A;) (5.4¢)
= 0 (5.4f)

where from line (5.4d) to line (5.4e) the index of the second sum was shifted from j — j—1,
which is always allowed in the TDL. Since the matrix X has D? elements, for any ¢ # 0 a
B tensor has a D? dimensional null- -space and therefore only (d —1) - D? free parameters.
The same holds true for ¢ = 0 and A # A. For ¢ =0 and A= A, the choices of X =1 and
X = 0 both result in B®* = 0. Therefore, the number of linearly independent null-vectors
is reduced by one, thus giving (d — 1)D? + 1 free parameters. However, in practice it is
better to sacrifice the additional degree of freedom for the benefit of having the same B
tensors for all q.

The next section shows an algorithm to find a representation of B as (d — 1)D x D matrix
which also has the property

(Ba»j|Bg:j") = 0;j:0ap - (5.5)

5.1.2.2 Definition of the reduced excitation parametrization

In Ref. |92] J. Haegeman et al. also showed a parametrization scheme for the excitation
tensors B, that takes the reduced number of parameters into account. First we state that
A has column-rank D when seen as a d-D x D matrix, and therefore a (d—1)D-dimensional
null-space in C#P. Define the matrix

Ly = [AIT\/ﬂ AdT\/E} - [AlT Ad’f} (5.6)

where the second equality holds if A describes a left-canonical uMPS since then /u =
u = 1. The null space of this matrix can be found by means of the Gram-Schmidt
orthonormalization algorithm. To this end, first the rows of L are orthogonalized. Then,
new vectors that are orthogonal to them are generated successively by applying the Gram-
Schmidt method to the Cartesian basis vectors of the remaining subspace of C*?. In the
end, these vectors form an orthonormal basis of the null-space of La and therefore of A.
The resulting matrix V7, which contains the null-space basis vectors as columns, is of
dimension dD x (d — 1)D and fulfills the equation

LaVL =0pxp-1) (5.7a)
Vi

& (AMVu - A = O0pxp(d-1) (5.7b)
v

& (AN VE = 0pupa-) (5.7c)

where the second and third lines are just a reformulation in terms of block matrices. Each
block V} defined above is of dimension D x (d — 1)D. These matrices V; also fulfill the
identity

Z Vvt =vvi=1p (5.8)

by virtue of their construction from orthonormal basis vectors. Define

=V VEX Vo (5.9)
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where X is some matrix of dimension (d — 1)D x D. It follows that

1HEAN) = > AtuB (5.10a)
= Y atuwu VEX VT (5.10b)
. T

S

Opxp (5.10d)
17 (AB)[y) (5.10e)

- (Z(AST\/E) Vf) Xvo ! (5.10c)

regardless of X. Therefore, this formulation reduces the parameter space for an excitation
tensor B from dD? to the above mentioned true number of relevant parameters, (d —1)D?.
At the same time, this gauge ensures orthogonality of the states |B,,j) for different j.
Note, however, that since v # 1 this only holds if w is the left boundary matrix. This leads
to an asymmetric behavior of matrix elements

A IR
<Ba,j\okrsg,j'>{ ATk > min(i,j) (5.11)

#0, if kK < min(i,j)

for j' # 7.

5.1.2.3 Finding the reduced parametrization

In order to find the reduced parametrization X,, the generalized EVP Eq. (4.26) has to
be reformulated in terms of their vectorizations X,

MX = eNX . (5.12)

It is instructive to start by inspecting the normalization matrix N, by examining its ele-
ments with respect to the X,

(Ba,jlBg.j) = XINXs= (u1BBs)y)) (5.13a)
UTZBEUBzT

- YT [u*(\/ﬁ*1Vgxﬁﬁ’l)u(\/a’lvigxaﬁ’l)q (5.13¢)

= Tr (5.13b)

_ ZTr[\/ﬂ_lu\/ﬂ_lVfXﬁﬁ_lvﬁ_leVLSq (5.13d)
s 1 1
= T Vv XX, (5.13¢)
1
= Tr(X!Xp) (5.13f)
= N = ]l(dfl)DQ (513g)

where the cyclic property of the trace operation was used. This means the choice of
parametrizing B, also reduces the generalized EVP to a standard EVP without the need
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to diagonalize the matrix N. It remains to be shown how the matrix M is to be constructed.
In close analogy to the case described in section 4.1, it is given by a sum

M=> M (5.14)

where MU is determined by
B.,0|h; |Bs,0 2 XImlilx, 5.15
B a B

Generally, this results in a calculation similar to Eq. (5.13), however, with the effective
boundary matrices ueg and veg from Sec. 4.1.1 with

Vi luegvu Tl = der#£1  and (5.16a)
Vo oot = G A1 (5.16b)
The matrix element with respect to the Xa is thus
B.;B
(Ba0lhi [B,0) = (uer,0" " [veq]) (5.17a)
= Tr |ulg Y OusBivesBs | (5.17b)

s,s’

= Tr | (Vu lulgv/uT) Y 0 VEXs(Vo olpvo THXEV T (5.17¢)

8,8’

= Tr|dlg Y OvsViXptea X V)T (5.17d)
s,s’

= Y 3 S Ouu(al ) (Ve (X5)ed(Fet)ae(XD)er (Vi T o (5.17e)

a b7c7d7€7f 575/

- Z(X(Def ZOS’SZ(Vilf)fa(ﬂlﬁ)ab(vf)bc (77eff)de(Xﬂ)cd(5-17f)

c,d.e,f L a,b
= 3 (XDer | D00V M aeaViE | (Ter)ae(Xp)ea (5.17g)
c,d,e, f M L s,s’ fe
’ :(X;c)fe
::OZH,i
= X0 ®0l3)Xs . (5.17h)

Here it was assumed that h; is a product of local operators that acts on site 0 as well as
on at least sites —1 and 1. If O; does not act on site 0, the operator matrix elements in
Eq. (5.17) are simply given by Oy, = dg5. Also, one of the effective boundary matrices
in Eq. (5.16) is then the identity. This scheme for computing MU still holds though. The
matrix Oefr; has to be computed anew for each operator position i.

5.1.3 Momentum space variation

The procedure outlined above yields a (d — 1) D?-dimensional standard EVP, from which
the full excitation tensors B, are obtained according to Eq. (5.9). Note that the number of
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B tensors is (d — 1) D? for both a unique and for a degenerate ground state in the reduced
parametrization.

In general, the state |B,,j) is not a true one-particle eigenstate of the Hamiltonian. This
is so for two reasons: First, because excitations are normally not strictly local, and second,
because a single B tensor is not enough to describe an excitation completely. A better
description can be achieved by using a linear combination of all Bs. For translational
invariant systems in the TDL this is best done in momentum space. Working in momen-
tum space also provides an easy workaround for the gauge induced asymmetry of matrix
elements mentioned in Eq. (5.11).

The basis states in momentum space are the Fourier transform of Eq. (5.2)

Bag) : f Ze—w Baj) (5.18)

as already introduced in Eq. (5.4). These states are known as Wannier states and are
orthogonal with respect to momentum

<Ba7Q|B,B7q/> X 5q,q’ ) (519)

see App. A.6 for details. Orthogonality with respect to the index « is ensured by construc-
tion, cf. Eq. (5.13). Therefore, the norm matrix for each ¢ in momentum space is simply
the identity

Nag = (B a,q\Bﬁ,CD (5.20a)
- LZ@” Ba.j'[Bg.j) (5.20Db)
-1 Z@iqj 100, (5.20c)

i
= dap - (5.20d)

Now, the dispersion relation is determined by variation of the coefficients vg of the linear
combination of the states |B,,q). This leads to another EVP

H179 = wgN1TT = wqv'? (5.21)
where the elements of the Hamiltonian matrix H? are given by
H?g = (BayqH [Bp,q) - (5.22)

Due to the orthogonality with respect to momentum, this EVP can be solved for each
desired point in momentum space independently. The lowest EV w, of Eq. (5.21) is the
best variational estimate for the dispersion relation.

The matrix elements Hgyﬁ are computed as follows
Hy; = < o H IBﬁ, > (5.23a)
= 7 Z 19 (B, 5| H |Bg.j) (5.23b)
= 1 Zzezq(] Ba.j’ — 4| H [B3,0) (5.23¢)
- Z €% (Bo,j| H [B3.0) (5.230)

= > eHl, . (5.23¢)
J
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The index shift j* — 7/ — j in step (5.23b) to (5.23c¢) is allowed, since the matrix element
does not depend on the absolute positions due to translation invariance (TI), but only on
the relative distances. In the last step, the index was renamed again j' — j — j, which
is possible in the TDL since all sums run from —oo to co. Then, the expression does
no longer depend on j' at all, and the summation can be carried out, canceling out the
normalization factor %

The matrix element Hiﬁ in Eq. (5.23e) is a matrix element of the full Hamiltonian, i.e.,
it contains the theoretically infinite sum over all lattice sites i. Note that generically the
relation

(W[0]¢) = (¢lO" [v)* (5.24)
holds. Since the Hamiltonian is Hermitian, from Eq. (5.24) and TT follows that only matrix
elements with j > 0 need to be computed because

H_} = (Ba,— jlH|Bs0) (5.25a
Bs,0|H [Ba, — j)* (5.25b
Bs, + j|H |Ba.0)* (5.25¢

)
)
)
HZJ) (5.25d)

(
(
(
(
For j > 0 the matrix element H gﬁ can then be computed as

Hl; = ) (Basjlhi[Bs0) (5.26a)
= > (Ba,j —ilho[Bg, — i) . (5.26b)

7

Due to TI, matrix elements do not depend on absolute positions, but only on relative
distances between the operator and the B tensors. Therefore, as done in Eq. (5.26), all
positions are shifted such that the first operator in a product of local operators acts on
site ¢ = 0. This is adopted as a convention throughout the remainder of this thesis.

The computation of matrix elements is generically linear; therefore, the matrix element for
an operator that consists of a sum results in a sum of matrix elements, for instance

(Ba,j —ilho|Bg, —i) = (Basj —i|(S§ — 2ASFS{ — 1eg) |Bg, — i) (5.27a)
— < Ouj Z’SO |Bﬁ7 >72>\< a?.] Z|SOxSIZ.’B,37 >
—€0(Ba,j — i1 |Bg, — 1) , (5.27b)

each of which is represented by its own TN. The next section shows how these matrix
elements are computed in practice.

5.2 Tensor network calculations

As stated in Chap. 3, the tensor network (TN) notation is a very powerful tool in MPS
calculations in general, and for iMPS in particular. This section shows, how the intuitively
drawn network diagrams translate into mathematical expressions.
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5.2.1 TN topology

The matrix elements in Eq. (5.27) can all be drawn as tensor networks. For instance, for

it = —3 and j = 2, the matrix element of the Ising interaction becomes
Ba,2 43
wavusisroa - ((MsBs] | ] ] om
Bg,3

where the ground state tensors A are drawn as circles as always, and the B tensors are
represented by triangles for easy distinction.

In the previous chapter, the symbol 74 was used as a placeholder for an arbitrary number
of transfer operators 7', and to denote that a given TN is to be considered as an example.

To make this even simpler, the concept of TN topology is now defined. Two TNs are
considered topologically equivalent if they can be transformed into each other by adding or
removing transfer operators only. For example, the following TN is topologically equivalent
to the one in Eq. (5.28)

STOOSSCIINES

Bs,2

because it can be transformed into it by adding one transfer operator between ST and Bg,
and removing one between Bg and B,. In contrast, the following TN not not topologically

equivalent to Eq. (5.28)
Ba,l

Bs,4

because a), the relative positions of Bg and B, are changed, and b), B, is on the same site
as an operator, which is not the case in Eq. (5.28).

From here on, every TN is considered as a representative for all TNs that are topologically
equivalent to it, unless explicitly stated otherwise.

Also, the notation

= T (5.31)

d

is used to denote a block of transfer operators of variable width §;, including zero. Herefore,
T0 is defined as not applying any transfer operators, i.e.

To[veff] = Veff i Veff - (5.32)

As will be shown in Sec. 5.2.3, all topologically equivalent TNs with the same operator
(including no operator at all) and the same B tensors are evaluated in the same way.
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5.2.2 TN factorization

A second important concept is that of TN factorization. As discussed in Sec. 3.6, for the
transfer operator 7', the following relation holds

lim 77 = Ao’ . (5.33)

Jj—00

In numerical calculations, for practical purposes the limit is reached for j = =7 with

Er
Mg (5.34)

Ao

where 6 is either machine precision or some larger tolerance value that one is willing to
accept. With Ag = 1, this translates to TN notation as

H heT }x C (5.35)
—_———

05

Therefore, if it contains a sufficiently large power of T, a TN factorizes into a product of
smaller networks. For instance

FEITIT]

do

6> ="
s (EEs o

Bs

This helps to quickly assess what a given TN converges to. For instance, for g > =p
the above TN converges to zero, since the right factor is zero in canonical gauge due to
Eq. (5.10).

Note that a factorization can also be made for a TN that does not include a power T=7 of
the transfer operator. The value of such a factorization is generally not equal to value of
the original TN. However, this is still an important tool in determining the 1QP content
of 2QP TNs, as will be discussed in Chap. 6.

5.2.3 Matrix element TN evaluation

As seen already in the construction of the EVPs in the ground state search and in the
search for excitations, all TNs are ultimately evaluated as a scalar product of two D x D
matrices ueg and veg, using the matrix scalar product defined in Eq. (3.10). The matrix ueg
represents the left half-infinite part of the system, and veg represents the right half-infinite
part, respectively.
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Using the convention, that the operator always acts on site 0, and with j > 0, there
are three different cases of TNs which occur in the computation of Hiﬁ in Eq. (5.23¢),
depending on the summation index ¢

H, = Z< osj —ilho |Bg, — 4 (5.37a)

J
= Z< aa] l|h0|Bﬁy_Z>+ Z < aa] Z|h0|Bﬁ7_Z>

1< t=—n+1

+ (Bawj —ilho Bg, — i) . (5.37b)
i>7

Here n is the number of lattice sites the operator acts on. For the local Hamiltonian A, in
case of the TFIM n = 2, and for the FMHC with next-nearest neighbor interaction, n = 3.

Case i): 1 < —n

Due to the index shift by —i in Eq. (5.26), this means that the operator acts to the left of
both B tensors. This results in two topologically distinct classes of TNs

GRS -

for 7 > 0 and j = 0, respectively. In this case, an effective right boundary matrix vi 5 can

be defined
; 1(8&;85)[0]7 lf] =0
v = . *
ap TAB) [TI= 1 BaA []]], if § > 0

(5.39)

Note the different handling for the topologically distinct cases j = 0 and j > 0. Then,
each contribution to the sum is given by

(Basj — ilfo [Bg, — i) = (1)1 [h] Al ol ) (5.40)

In case of the TFIM, every TN with an operator ho actually stands for three TNs, as seen
in Eq. (5.27). However, due to the sesquilinearity of the scalar product, the expression

iLJ(r)(A;A) [u] can be defined as
71 (AA X A;A 2T (AA T (AA T (AA A;A T (AA
iaal IS Haal Tt a0 B Raa CoSaal ) BT el o Saal ()
(5.41a)
t s’ zt s! s s
oL ATy ST A TuA | A
1,81 50,50
_ xt st T T sht s s
2A ) Sl AT Y Syl A Tua | A%
87,81 50,50
—eo 1l AT YAl Atua ) A (5.41b)
sh,81 50,50

which allows to treat all three TNs at the same time as one.
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Note the order in which the operators are applied to the boundary matrix u. First the
operator on site 0 is applied, then the operator on site 1, just as depicted in the TN. Also
note that for correct alignment the field term S§ needs to be padded with an identity
operator on the right side, so that this summand in ho acts on n = 2 sites, too. For the
ground state energy correction term —egly this is not strictly necessary, but also does not
change the result. Therefore, for consistent handling it is easiest to pad all terms with
identities from the right so that they act on n sites.

Using the sesquilinearity of the scalar product again, the sum over i in Eq. (5.40) can
also be carried out on the level of left boundary matrices. Therefore, the contribution for
1 < —n can be expressed as

HY, = _Z ((Tf)u—m[;%f(A;A)[uH’Uéﬁ) (5.422)
= <§:(TT)1'[]~1T(A;A)[UH,U£5> (5.42D)
i=0
- (“B’Uiﬁ) : (5.42c)
The matrix N
uj 1= Z(TT)Z'[ZLT (A;A) [u]] (5.43)
i=0

can be computed very efficiently by noting that each summand is obtained by just applying
the Hermitian conjugate T of the transfer operator once to the previous one. See Sec. 5.7
for a more detailed analysis of the numerical effort.

In Eq. (5.42) the sum theoretically still runs to infinity. However, for |i| —n > Zp, the TN
factorizes as seen in Eq. (5.36)

\i|—n>ET

(Ba,j — i|ho |Bg, — i) ~ (GS|ho |GS) x (Ba,j —i|1|Bg, — i) . (5.44)

The first factor is always zero since that is the ground state expectation value of ho = ho — €o.

Thus, in numerics the sum only needs to be computed for i < Zp. Due to the orthogonality
of the B, tensors to the ground state, the second factor is also zero if j # 0.

There is one important thing to keep in mind about TNs for excited states. Although
there is a strong appearance of locality in the iMPS formulation, since every tensor A or

B is associated with one local site, and operators can also be attributed to a local site.
However, this can be misleading. For non-trivial bond dimensions, i.e., D > 1, a TN such

(Ba:f|Og [Bg,t) = CE i I I D (5.45)
caomo- (B 8 -] 3 o

only for |¢| > Zp. For smaller distances, due to the entanglement encoded in the site
tensors, the tensor B “sees” the operator, even if it acts on a site at a distance of up to =p.

evaluates to
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Case ii): i > j

The second type of TN from Eq. (5.26) is the case i > j, i.e. the operator acts to the right
of all B tensors. This case can be handled very similarly to the first one. Again, there are
two topologically distinct TN classes depending on j

SEEEZTE8E It

Here, an effective left boundary matrix u’ ap AN be defined

ugﬁ;:{ﬂ . ifj=0

o (5.48)
0, if j >0,

where again the topologically different cases j = 0 and j > 0 need to be handled differently.

The vanishing of this matrix for j # 0 follows from the left-canonical gauge of Bg. Taking

this into account, the contribution from this type of TN is given by

(Baj — ilho |Bg, — i) = (aﬁ,TZ 1[h(A;A)[vH). (5.49)

The expression fb[()A;A) [v] is defined analogously to Eq. (5.41), with the difference that the
operator at site 1 is applied to v first, and then the operator at site 0. Again, this is exactly
as depicted in the TN.

As in the previous case, the sum can be carried out on the level of boundary matrices, in
this case the right one, v. The summed contribution reads

"I, - Z(ugﬁ,:ri—l[hw)[v]]) (5.50a)
= <ugﬂ,iTi[k<A;A>[v]]> (5.50D)

=0
=: (uiﬁ,vﬁ) (5.50¢)

with a summed right boundary matrix defined analogously to uj; as

U;L—ZTZ hAA] ZTZ AAA )] + O(A1]7T) (5.51)

which can be computed in tpe same efﬁc1ent manner. Again, the TN factorizes for ¢ > =7,
and the second factor (GS|hg |GS) is always zero, so that the sum can be cut at i = Z7p.

Case iii): —n<i<j

The intermediate case with —n < ¢ < j is the most difficult one. One simplification is that
the sum actually only runs to ¢ = 0. In left-canonical gauge, all TNs with ¢ > 0 are zero
except for those with j = 0, which are already covered in case ii) above. Unfortunately,
this is the only simplification that can be made.

Like in the other two cases, there are two topologically distinct TN types, depending on j

Om.]_l
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where the second type can only occur if j < n.
The first TN type, where the operator acts on only one site with a B tensor, evaluates to

Bonj —1

- (O“‘A?Bﬁ)[u},w 21 (BaiA) [y ]]) . (5.53)

For an n-site operator O =0y0; - On,l, the expression OAT_EA;B[" )[u] is defined as
At (AA At (AA) AT (AB ) .
OF AN OTANMOTAB) [ i — = 0

A OIANL..OTWBI O AN ) if —i =1
STTTII ik SR el Gl e

OT (A Bs) - O“lr (AsA) [Og (AsA) [u]]]

, if —i=n-1

The second TN type, where the operator acts on two sites with a B tensor, evaluates to

Bayj —
Ba,B
CEi-omrn)

The expression Ojf‘i?ﬁ )[u] is defined analogously to Eq. (5.54) as

OF 8] i= Of BN L. O] AN OT M) u))), i —i=0and j—i=n—1 (5.56)

J—i;—1

and so forth. Both Eq. (5.54) and Eq. (5.56) imply that there is a ground state tensor A
on any site which does not explicitly have a B tensor assigned to it.

This type of expression must be evaluated for each summand in a multi-term operator like
h individually, and the results are summed up.

5.2.4 Complexity analysis

The computational cost of evaluating a TN scales linearly with its width, i.e., the number
of non-trivial rungs. Non-trivial in this context means that the rung is not a transfer
operator, or it is a transfer operator which is not directly adjacent to a pure left or right
boundary matrix u or v. For instance, the width of the TNs in Eq. (5.47) is 4, and the
width of the TN in Eq. (5.55) is 2.

The cost of applying a transfer operator T or an identity 1BA) to a boundary matrix is
in O(dD?), which can be seen from Eq. (3.67). The cost of applying a non-trivial operator
to a boundary matrix scales as (’)(d2D3) as seen in Eq. (3.83).

In H’ o> the average TN width is “T . Therefore, the overall computation cost scales as

7. = O (ErD*(Erd + d?)) . (5.57)
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5.3 Momentum discretization

In the TDL, the momentum g is actually a continuous variable. However, in order to carry
out numerical computations, such as solving the EVP for the dispersion, momentum must
be discretized. This means the Brillouin zone is sampled with a finite number L, € N of
momentum values. Due to the properties of the discrete Fourier transformation, this means
that the model is evaluated on a finite system of length L,. Using the standard definition
of the discrete Fourier transformation used throughout this thesis, this implies periodic
boundary conditions. In principle, the iMPS framework allows to choose L, arbitrarily. In
practice, some important considerations need to be made.

First, real space quantities which are derived from momentum space results will also be
Lg-periodic. For instance, the hopping element

1 o
tj = I g et Wy, (5.58)

cannot be determined for [j| > %, since this is the periodicity of the finite lattice implied

by the choice of L,. Therefore, if some real space quantity is to be computed as Fourier
transform of a momentum space result, and a certain spatial extent is needed, this deter-
mines the minimum value for L, that can be used.

Second, there is a difference between L, being even or odd. In this thesis, it is chosen odd.
The reason for this is the choice of the 2QP basis, refer to App. A.7 for details.
With an odd number of sampling points or, equivalently, momentum intervals

Ag =2 (5.59)

one can either sample ¢ = 0 or ¢ = 7 exactly, but not both. Since for both the TFIM
and the FMHC the gap is located at ¢ = 0, the sampling points are chosen such that
they include ¢ = 0, and neither of the boundaries ¢ = £7. In this choice, ¢ = 7 cannot
be sampled exactly, but approximated to arbitrary precision by increasing L4, thereby
decreasing Aq. Thus, all momentum points are contained in the open interval

q € (—m,m) (5.60)

and the momentum points accessible by the discrete sampling are given by

o B LT S

The momentum ¢ is therefore referred to as being odd or even depending on the integer
ng being odd or even.

If critical behavior is expected at ¢ = £, the interval can simply be shifted by =, yielding
samples for instance from the open interval (0,27), where ¢ = 7 is one of the sampling
points.
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5.4 Dispersion results

In this section, some results for the dispersion relations of the FMHC and the TFIM are
given.

5.4.1 Results for the FMHC

As mentioned above, the ground state of the model is a product state and can therefore
be described exactly by a MPS with D = 1. For this bond dimension, there is only one
excitation tensor B in the reduced parametrization, since (d — 1)D? = 1. This tensor is
of dimension d x D x D = 2 x 1 x 1. Since the momentum space EVP Eq. (5.21) is of
dimension 1 x 1, there are no higher energy EVs to capture the bound state. This can be
remedied by increasing the bond dimension beyond D = 1, which is more than is needed
for the ground state, but has the capacity to produce EVs at higher energies.

In general, these higher EVs lie somewhere in a multiparticle continuum. The lower and
upper boundaries of the 2QP continuum are given by

QZQ = min (wy + wg—q) (5.62a)
q
Q](Z’? = max (wg +wQ—q) (5.62b)
q
respectively.
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Figure 5.1: Energy spectrum of the FMHC for the parameters I' = 2 and J2 = 0,
computed with bond dimension D = 3. The figure shows both the exact solu-
tion and the iMPS results. The one-particle dispersion wy is reproduced per-
fectly. The bound state result from the iMPS computation protrudes slightly
into the two-particle continuum, and the other EVs lie inside it.

The inset shows the base 10 logarithm of the deviation of the iMPS dispersion
from the exact solution.
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Figure 5.1 shows the energy spectrum of the FMHC for the parameters I' = 2 and Js = 0,
i.e., without next-nearest neighbor interaction, computed with D = 3.

The dispersion is clearly reproduced perfectly, as can be seen in the inset, which shows
the deviation of the iMPS result from the exact solution. This deviation is by roughly 8
orders of magnitude larger than the deviations in the ground state energy shown in Fig. 4.4.
However, 10~8 is still very small, especially given the excess bond dimension. The accurate
result for the dispersion allows us to establish the boundaries of the 2QP continuum with
very high precision as well, using (5.62). Therefore, they are not shown in Fig. 5.1. Of the
overall nine EVs from the iMPS result, seven lie inside the 2QP continuum, as expected.
Five of them were omitted in order not to clutter the plot too much.

The remaining EV is the second lowest, and it lies below the boundary of the 2QP contin-
uum, at least at the edges of the Brillouin zone. This is a clear indication of a bound state.
The agreement with the exact bound state energy from Eq. (2.23) is quite remarkable,
since the bound state is not really a one-particle state. Around the center of the Brillouin
zone the iMPS results protrudes slightly into the 2QP continuum. For a true 2QP result
this would mean that the bound state becomes unstable in this region and only exists as
a resonance.
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Figure 5.2: Energy spectrum of the FMHC for the parameters I' = 1.0 and J; = 0.5,
computed with bond dimension D = 3. The figure shows both the exact solu-
tion and the iMPS results. The one-particle dispersion wy is reproduced per-
fectly. The bound state result from the iMPS computation protrudes slightly
into the two-particle continuum, and the other EVs lie inside of it.

Figure 5.2 shows the same data as Fig. 5.1, but for a different set of parameters, I' = 1
and Jo = 0.5, i.e., with next-nearest neighbor interaction. Due to this interaction, the
spectrum displays more features. However, the basic observations remain unchanged. Only
the bound state enters the continuum at the edges of the Brillouin zone, too. It is still
clearly identifiable a such, though. The exact result was obtained by diagonalizing the
2QP Hamiltonian in Eq. (2.24).
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Again, five of the nine EVs are omitted from the plot. The two that are chosen show
one important fact: in variational algorithms, energies are usually ordered simply by their
value. If a level crossing occurs as function of momentum, individual EVs may exhibit
kinks. This can also affect the lowest EV, if there are multiple, non-degenerate flavors of
elementary excitations. In this case, human revision of the dispersion results is required.

For bond dimension D = 3, the Schmidt coefficients s;~1 of A are of the order of machine
precision. Therefore, the fact that any accurate results can be obtained is rather surpris-
ing. For D > 3, no sensible excitation energies can be obtained. This is due to the excess
number of parameters in the ground state tensor A, which makes the EVP Eq. (5.12) nu-
merically unstable and is expected.

5.4.2 Results for the TFIM

As described in Sec. 2.2, the elementary excitations of the TFIM are dressed spin-flips in
the disordered phase and dressed domain walls in the ordered phase. The spin flips are
clearly non-degenerate. The domain walls come in two types, <—— and —<—. However,
these are equivalent. Also, the ansatz in Eq. (5.2) only allows one type to occur in the
computation. Therefore, the only EV of interest of Eq. (5.21) is the lowest one, which
yields the one-particle dispersion w.
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Figure 5.3: Dispersion relation of the TFIM for A = 0.8.

Figures 5.3 through 5.5 show the dispersion relation for various values of A and several bond
dimensions. It is apparent from Fig. 5.3 and Fig. 5.4 that the algorithm works equally well
in the ordered and in the disordered phase. Away from criticality, the dispersion can be
obtained to extremely high precision with very moderate effort!. Note that the deviation

AWq = ‘wq,iMPS - </Jq,ex’ (563)

!Using parallelization, computing the dispersion from a known ground state A at bond dimension
D = 10 takes less than two minutes on a quad-core workstation computer.
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Figure 5.5: Dispersion relation of the TFIM

at the QCP, i.e. for A = 1.0.

is shown on a logarithmic scale. The “dips” in the curves are caused by the deviation
changing the sign. For the ground state energy €g, this cannot happen due to the variational
principle. However, the dispersion is the difference of the energy of the excited state and
the ground state energy. Therefore, if Ey is known only approximately, w, can no longer
be guaranteed to be an upper bound for the true excitation energy.

The plots also show, that there is a minimum in the deviation as function of bond di-
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mension. Using bond dimensions D = 20 and D = 30 does not improve the accuracy of
the result for these parameter values. On the contrary, the adverse effects of too many
variational parameters are visible in the one-particle computations, too.

In Fig. 5.5 the dispersion at the critical point is plotted. One can clearly see that the
deviations are several orders of magnitude larger than for A = 0.8 and A = 1.2. This is
no surprise, since the correlation length diverges, which cannot be captured with finite
D. Also, the relative improvement for increasing bond dimension is considerably smaller,
which originates from the same fact.
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Figure 5.6: Excitation gap A of the TFIM as function of A for various bond dimen-
sions D. The upper panel shows the gap itself in comparison to the exact
solution. The curve labeled “D = 3, 1 GS” was computed using a unique
ground state in the Ising regime, where this does not correctly reflect the
physical behavior. The inset is focusing on the QCP. The lower panel shows
the deviation from the exact result on a logarithmic scale.

Figure 5.6 shows the gap A as function of A, with the inset being a magnification of the
vicinity of the critical point. As expected, the gap can be obtained very accurately away
from criticality, with some numerical noise for small A. The closing of the gap at the QCP
is again notoriously hard to capture at finite bond dimension.

The data for D = 3 shows an interesting behavior. Two curves are plotted for this bond
dimension. The first (green) curve was obtained using a single ground state for A < 1, and
the domain wall ansatz for excitations for A > 1. As already observed for the ground state
energy (cf. Fig. 4.5), the critical point appears to be at a value A < 1. Beyond this point,
the gap increases again linearly. At A = 1, there is a sudden jump in when the excitation
ansatz changes. Interestingly, the results are surprisingly accurate compared to those with
higher bond dimensions.

The second curve, labeled “D = 3, 1 GS” was obtained by using the spin-flip ansatz for
excitations also in the Ising phase. This leads to a further increase of the slope of the gap
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to roughly 2. This is easy to understand, since the correct excitations are domain walls
in the Ising regime. Assuming a unique ground state and therefore changing only a single
tensor B and keeping the same A everywhere else means that B must describe fwo domain
walls. Thus, the minimum energy is twice that of the exact excitation.

5.5 The effective model

5.5.1 Definition of the creation operator af

Consider the eigenvector ¥¢ of the momentum space EVP Eq. (5.21). It describes how
the states |Bq,q) are superposed to describe a state that satisfies the eigenvalue equation

H |q) = wq l) (5.64)

where the momentum eigenstate |q) is given by

lq) == a} |GS) => vl [Bag) (5.65)

«

with the components vg of the eigenvector v, Therefore, 7’9 represents a definition for the
creation operator a'. Since this is a single particle state, no statements on the algebraic
properties of a, can be made at this point.

The representation Eq. (5.65) can be transformed into real space by Fourier transformation

G) = ab|GS) = vax|Baj+ 1) (5.662)
a,l
with va0 = Y el . (5.66b)
q

Since the states |B,,7) form a vector space, the sum over « can be carried out on the level
of the B tensors, yielding a distinct new tensor for each distance ¢ from the site j, where
the particle is created

Coi=) vaBa . (5.67)

This makes it possible to define the real space representation of the creation operator af

as the set
al — {Cpl=—-Zr,.... 51} (5.68)

where =7 is the maximum distance from the site 7 where the particle is created, which is
defined by the correlation length of the transfer operator T, cf. Eq. (5.34)

Er

M g (5.69)

Ao

In principle, the tolerance value 6 should be same one which was used to determine the
convergence of the ground state search for consistency, cf. Eq. (4.4). In practice, a larger
value is often sufficient, as will be discussed in Sec. 5.5.3.
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5.5.2 Analysis of the quasi-particle representation

A completely local excitation such as the spin-flips found in the FMHC can be described
by a single tensor B;. The components of the eigenvector v? of the EVP Eq. (5.21) are
then given by

vl = a1 Vg, (5.70)

and the Fourier transform
Vot = 0a,100,0 (5.71)

reflects the local character of the excitation. Excitations which are not completely local,
such as the dressed spin-flips found in the TFIM, generally require more than one B tensor.
Also, the components of ¥'? are not simply flat as function of g, so that Eq. (5.71) no longer
holds.

As seen in Eq. (5.67), the tensor C; is a linear combination of all B, tensors, weighted
with the Fourier coefficients v, ¢ of 4. It describes the polarization cloud of an excitation
¢ sites away from where it is created. The norm of the vector vy

Vi := [|U]| (5.72)

can therefore be interpreted as a measure of the non-locality of the quasi-particle.
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Figure 5.7: Norm V, of the real space representation of the creation operator vy
for the parameter value A = 0.9 and various bond dimensions D. The red
(solid) curve is the function exp(—¢/&ex) with exact correlation length &y from
Eq. (2.48). The thin lines are functions of the type Gp(¢) x exp(—¢/ér.p),
where {1 p is the correlation length as determined by the transfer operator T’
for the given bond dimension D. The inset shows V; for both positive and
negative £.

In Fig. 5.7 Vj} is plotted for A = 0.9 and various bond dimensions D. The red (solid) line
is the function Gyex = exp(—¢/&ex) with the exact correlation length &g from Eq. (2.48).
The thin lines are functions Gy p o exp(—{/&r,p), where {7 p is the correlation length
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determined by the transfer operator T' for the given bond dimension D as defined in
Eq. (3.75). The proportionality factors are chosen such that Gy p matches the long range
behavior of Vp for the respective bond dimension.

Figure 5.7 reveals several noteworthy things. Since by the definition of &7 Eq. (3.75)

exp <—£> = A with A1l <1, (5.73)
&r
the QP representation shows a long range behavior of V; o |A1|¢, which is exactly what
is expected. Therefore, unsurprisingly, the slope of Gy p approaches that of Gy cx, as {7.p
converges to the exact value ey for increasing D. One can also see, that exp(—¢/&ex) serves
as an upper bound for any V; by several orders of magnitude.
Lastly, the inset shows V; for both positive and negative £. The graph is not completely

symmetric, which is a result of the asymmetric gauge of the uMPS. However, it shows the
same decrease proportional to |A1|’ on both sides.

Figure 5.7 shows that even though V; decreases exponentially, for it to reach machine
precision, a distance of several hundred sites from the center of the quasi-particle may
be required. Therefore, when computing quantities in real space using the representation
Eq. (5.67), =7 may be too large to obtain results in reasonable time. Even a cutoff based
on the error estimate 1 may still be too large. Therefore, a cutoff parameter © is introduced
which is an upper bound for the spatial extension of the particle which is tracked, and which
has to be chosen according to available computational resources. The error introduced by
this cutoff is of the order

ne = O(IM[°) . (5.74)

5.5.3 Error estimation

Asg stated in Sec. 4.1, the uMPS found by the ground state search is generally not an exact
eigenstate of the Hamiltonian. The usual estimate for the error is the standard deviation
oy of the Hamiltonian

og =/ (H?) — (H)?, (5.75)

which is zero for eigenstates. However, in the framework of iMPS, this is very challenging to
compute. Consider a Hamiltonian such as the one in Eq. (2.25). Squaring it, as required to
compute the standard deviation from Eq. (5.75), produces products of local Hamiltonians
h; - h; for all possible values of 7 and j including very large ones. This makes the quantity
hard to compute in the iMPS framework compared to MPS for finite systems, where the
MPO formalism allows one to calculate an exact MPO expression for H? which can be
evaluated directly [23].

Therefore, the error matrix element 7 from Eq. (4.1) is used as an error estimate, since it
is by far easier accessible.

Figure 5.8 shows 7 as function of A for various bond dimensions. One can see that it fluc-
tuates rather consistently around 110~ for bond dimensions up to D = 10. For D = 20,
it is about one order of magnitude larger, which is a result of the higher tolerance value 6
required in order for the ground state search algorithm to converge. The jump at the phase
transition is due to the ground state degeneracy, which makes matrix elements coupling
the ground state to the 1QP sector ill-defined. In the Ising phase, the matrix element n
contains the overlap of the two ground states which is a problem in the uMPS formalism.
Refer to App. A.4.4 for details.
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Figure 5.8: Error matrix element n = (0|(H — Ep) |GS) as function of A for various
bond dimensions D.

To analyze the effect of truncating the creation operator representation Eq.(5.67), Fig. 5.9
shows the deviation of the gap A from the exact result as function of the cutoff length ©
at A = 0.5. Since the minimum of the dispersion is at ¢ = 0 for the TFIM, its energy value
is simply given by

A = i tj (576&)

j=—o0
(&)

> (GIH|0) (5.76b)

j=6

e 20 e ~
= >3 Y (it hCn) (5.76¢)

j=—0i=—20 0! =6

Q

where the range for ¢ was chosen such, that there is at least a distance of © between the
operator and the nearest particle location at the boundaries.

Two types of errors can be discussed examining Fig. 5.9. The first is due to the cutoff O,
but it reaches a minimum quickly. After that, the error increases again, which is due to the
deviation changing the sign, and then converges to a constant value. The curves for each
bond dimension end at the cutoff determined by Z7. The vertical lines in corresponding
line style (and color) show the cutoff determined by 7 as

A€ <. (5.77)

As the plot shows, the error does not change significantly beyond these cutoffs any more. It
can be expected, that other properties derived from the quasi-particle description Eq. (5.68)
show a similar error scaling. This supports the choice of 1 to define the cutoff for perfor-
mance reasons.
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Figure 5.9: Deviation of the gap A from the exact solution as function of the cutoff
length © at A = 0.5 for various bond dimensions. The red (solid) line is the
function exp(—¢/&x) with exact correlation length &ex from Eq. (2.48). The
thin lines are functions of the type Gy p o exp(—¢/&r,p) where & p is the
correlation length as determined by the transfer operator 7' for the given bond
dimension D. The vertical lines in corresponding line style (and color) show
the position of the cutoff defined by 7.

5.5.4 Notes on implementation

The EVP Eq. (5.21) not only can, but also has to be, solved for each momentum ¢ in-
dependently. Since normalized eigenvectors are unique only up to multiplication by a
phase factor, the components of ¥¢ are not necessarily smooth functions of ¢q. Figure 5.10
shows some exemplary results. Fourier transforming a function like this requires consider-
ably more coefficients than its smooth counterpart. Therefore, smoothing out the vector
components is an integral part of efficient computation, if transformation to real space is
intended.

The arbitrary phase between eigenvectors is a common problem one faces when diagonal-
izing a Hamiltonian for different momenta independently. In some cases, there are clearly
just sign flips from one g-value to the next. Generally, a phase of the order of O(Agq) can
occur from one momentum point to the next. Therefore, not only sign flips are possible,
but also more general phase relations.

In fact, even after repairing phase jumps such as the ones seen in Fig. 5.10, a phase of +7
can occur between the boundaries of the Brillouin zone. This is known as Zak’s phase [93]
and is an indication of a topologically non-trivial band. However, in cases of the FMHC
and the TFIM no such topological phases are observed, as expected.

Generically, there is one dominant component in ¥¢ which means that one tensor B, carries
most of the information of the elementary excitation. In the Fourier transform Eq. (5.66b)
this component produces most of the weight. For an adequate description of a quasi-local
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Figure 5.10: Real part of some exemplary components of the eigenvector ¥4 corre-
sponding to the dispersion EV of Eq. (5.21). The plotted data was chosen to
illustrate generic behavior of the eigenvector.

excitation, this weight should be at position ¢ = 0. However, due to the ambiguity of v'¢
as an eigenvector of HY,
77 = gleiat

(5.78)

is an eigenvector, too, and moreover also a smooth function of ¢ if ¥¢ is one. But the
largest weight in the Fourier transform is shifted to position £. This example shows, that
the phase relation between ¢ and ¥4 is largely arbitrary but may have great impact on
the Fourier transform v,. Note that in a strict mathematical sense, any “gauge” of v¢ and
also its Fourier transform holds the same information. However, as with any gauge, there
are some gauges that are more convenient for practical application. In the case of ¥¢, the
most useful gauge is that where the component with largest absolute value is chosen real
and positive

—=q,,d

ge =Y Vo with v?, = maxov? . (5.79)
v, @ i
« o4

This ensures that the largest weight in ¥y is at position £ = 0 which matches the physi-
cal intuition. We also find, that this gauge produces the fastest decay of V; as function of /.

As with the ground state properties, numerical problems are observed if the number of
variational parameters is a lot larger than is required to describe the physics in the system.
In a reflection symmetric system such as the TFIM, the Hamiltonian is expected to be
symmetric about ¢ = 0, i.e., that

HY=H™1 (5.80)

holds. Then, after applying the gauge Eq. (5.79), the same must be true for the eigenvector
1. However, for smaller A and higher bond dimension deviations from this symmetry
occur.
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Figure 5.11: The “symmetry measure” V; (solid lines) as defined in Eq. (5.81), the
smallest diagonal element H{, (dashed-dotted lines) and the trace of H? at
A = 0.5 (dashed lines) for several bond dimensions. The curves only serve to
examine the symmetry in ¢ and are shifted and scaled to fit the plot.

Figure 5.11 shows the sum of the absolute values of the components of 79
Vo= il (5.81)
(0%

This quantity is sensitive to any asymmetries in ¢'9, if they are randomly distributed and
do not cancel each other out. It therefore allows us to quickly assess the symmetry or lack
thereof of v79. Plotted alongside V; is the smallest diagonal element of HY, to represent the
behavior of the matrix as function of momentum. Also included is the trace of HY, since
it is invariant under the diagonalization.
For bond dimensions D = 3 and D = 5, the diagonal element is symmetric in ¢, and so are
the other matrix elements that are not shown. Consequently, the phase-gauged ¥7¢ shows
the same symmetry. But for D = 10, H{; shows an unphysical asymmetry, and so do other
matrix elements. This asymmetry is visibly reflected in the resulting eigenvector v7¢.
The violation of Eq. (5.80) can be traced back to the real space hopping elements Hiﬂ
from Eq. (5.23¢). In a reflection symmetric system, hopping in both directions should have
the same amplitude, i.e., ‘ ‘

HCJMB:Haé . (5.82)
This is found to hold true for D = 3 and D = 5, but not for D = 10. The reason behind
this is numerical instability in the computation of the excitation tensors B,. This happens
when the singular values in v are too small. Indeed, different program runs for the same
parameters yield different results for B, as shown in Fig. 6.5 in Chap. 6. This is a strong
indication of random rounding errors impacting the computation.
Therefore, a more stable algorithin to compute the B is required in the future.

Interestingly, the trace of H? is symmetric for all bond dimensions. This explains why the
asymmetry is not observed in the dispersion.
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5.6 One-particle spectral weight

To verify the QP representation Eq. (5.68), the one-particle spectral weight in the xa-
channel

Sip(Q) = (GS[SZ la)a|Sy 1GS) (5.83a)
= (GS|S*a'y|GS)GS|a, ST |GS) (5.83b)
_. |X§|2 (5.83c)
is computed. The matrix elements are given by
Xg = (GS|a,S;|GS) (5.84a)
1 iq(j—m x
= ZZeqU NGS|a, S7|GS) (5.84D)
J,m
= > €(GS|a; S7|GS) (5.84c)
J
= > {Cpj+LISFIGS) . (5.84d)
7,

5.6.1 Results for TFIM

Figures 5.12 and 5.13 show the spectral weight in the za-channel for different values of A
and several bond dimensions each.
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Figure 5.12: Spectral weight S** for the TFIM at A = 0.5.

From Fig. 5.12 it is apparent that away from criticality, the spectral weight can be obtained
to very high precision, even at low bond dimension. Again, as for the dispersion, the devia-
tion from the analytical result is plotted on a logarithmic scale. Here, too, the appearance
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Figure 5.13: Spectral weight S** for the TFIM at A = 0.99.

of dips shows that both positive and negative deviations occur. Directly at the critical
point, the spectral weight diverges for ¢ — 0, because the gap closes (cf. Eq. (2.54)).
Therefore, Fig. 5.13 shows the spectral weight for A = 0.99, i.e., very close to, but not
directly at the critical point. Clearly, the large peak at ¢ = 0 is not captured perfectly at
low bond dimensions. But for D = 30, the deviation is only around 1%.

Interestingly, the asymmetry in ¥'? observed in Sec. 5.5.4 does not seem to have adverse
effects on the results for one-particle properties.

5.7 Efficient computation

While it is instructive to examine the real space representation of the quasi-particle Eq. (5.68),
and the spectral weights can indeed be computed from real space matrix elements, it is far
more efficient to work in momentum space. This section is intended to show why.

In the TDL, the real space matrix element in Eq. (5.84) converges to zero as function of
the distance j from the operator position, which is assumed to be site 0. This convergence
occurs on a length scale of =7, as explained in Sec. 5.2.3. Therefore, to obtain x, requires
computing 2=7 real space matrix elements (j|S§ |GS), each of which consists of 2=7
contributions of the form (Cy,j + ¢|SF |GS).

This amounts to evaluating 4=72 TNs of the form

Cy
corassion- ((Ms] | ] $- o
j+e
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Since the tensors Cy are distinct for each distance £ from the particle center j, none of these
TNs appears more than once. This makes it extremely difficult to reuse partial results in
the process.

However, the following observation from Ref. [92] permits it to compute momentum space
matrix elements much more efficiently

1 . .
|q> — ﬁze_ijK:E’] _|_£> (5.86&)
7,0
1 e )
= ﬁZe*’qM 1Ce.j) (5.86b)
N4
1 o )
- ﬁze*“” > e, (5.86¢)
J l

1 —Z s .
— ﬁZe 9 |Cyyi) (5.86d)
J

where C, is defined as
Cpi=) ety . (5.87)
¢

The index shift j — j — ¢ from line (5.86a) to line (5.86b) is possible, since in principle all
sums run from —oo to co. Restricting them to £=7 in numerics just means leaving out
small numbers below machine precision. Note that the tensor C, defined in Eq. (5.87) is
not the Fourier transform of Cy, but has the opposite sign in the phase factor.

The series of equalities in (5.86) shows that under the Fourier transform the QP repre-
sentation Eq. (5.68) can be reduced to a single tensor C, which represents a particle with
momentum ¢ at site j. Performing the summation on the level of C tensors is much faster
than evaluating and summing TNs of type Eq. (5.85). The tensor C, can be computed
directly from v,

Cp = Y eC =) ety "u,B, (5.88a)
l Y «a

S (Z e+wzva,€> B, (5.88b)
y4

[0}

= > v,%B (5.88¢)

and is therefore independent of any cutoff made in vy. We highlight that v=9 occurs in
Eq. (5.88c) because of the opposite sign of the phase compared to the normal Fourier
transformation mentioned above.

Using the momentum space representation Eq. (5.87), x4, is computed as

1 e
Xe = Zzew<ﬂ—m><esyaj5,§|es> (5.89a)
J,m
1 iy
= Zzefq<ﬂ—m><cq,j\sgg|cs> (5.89b)
7,m
= > {C,jISTGS) - (5.89¢)

J

This requires only O(=7) TN evaluations in contrast to the real space computation in
Eq. (5.84d), which needs O(57?%) TN evaluations.
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The second benefit of using C, is that this tensor is the same for all sites j. This makes it
possible to reuse already computed parts of the TN. In summing over all required positions
j, the following topologically distinct TNs occur:

Cq
(j I I for 7 <0 (5.90a)
J

¢,

TR w0
¢,

Ci SOQCI I D for j >0 . (5.90¢)
J

They are generally evaluated as

Xg =3 et ((TT)U\*l[]lT(C%A)[u”’ g(AA) [v}) I (%Sz(cq;m [v])

Jj<0

+Ze+iqj (SQ;T(A;A)[’LL],Tj_l[]l(Cq;A)[UH) . (5.91)
>0

Note, however, that C, is a linear combination of B, tensors. Therefore, all TNs for j < 0
evaluate to zero in left-canonical gauge, since they contain the expression 11(GA) [u] =0pxpD
as seen in Eq. (5.10). Consider therefore, as an example, the case j > 0. For each distance
J, the contribution of the TN to the matrix element y, is

Cq
Bl 13 - eomar o) o
J
- (SN<A;A>[ULT[U§1_1D (5.92b)

with 0! =TV ?[1A )] (5.92¢)

C, is the same for all j, in contrast to Cy, which is distinct.

Reusing the left boundary matrix U;J 1 from the last step j — 1 is possible, since the tensor

The width of the TNs in Eq. (5.85) is on average of the order =Zp. Therefore, the computa-
tional cost for obtaining x, from real space matrix elements scales as O(Z73). In contrast,
the computation in momentum space scales only as O(Z7?) assuming a momentum dis-
cretization Ly oc E.

Of course, this speed up comes at a price. Once the real space matrix elements (j|S* |GS)
are computed, x, can be obtained for arbitrary ¢ by Fourier transformation, which is very
fast, without the need to recompute any matrix elements. In contrast, Eq. (5.89) must be
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evaluated for each desired ¢ value. Changing the resolution in momentum space requires
either to discard the known results, or to exactly double the number of momentum sam-
ples by computing matrix elements in the middle between each pair of existing g-points.
However, in practice there is hardly ever the need to compute results for arbitrary ¢, if a
reasonably high resolution in momentum space is chosen from the start.

5.8 Chapter summary

In this chapter, the description of excited states in the framework of iMPS was introduced.
It was shown that the tensors B, used to describe excitations have a reduced number
of independent variational parameters, although they are of the same dimension as the
ground state uMPS tensor A. Following this observation, an algorithm was presented
that restricts the search for excitation tensors to the relevant subspace. This canonical
representation of B tensors also proves convenient because it makes the iMPS orthogonal
with respect to the location of the B tensor. However, matrix elements show an asymmetry
in their computation, depending on the operator position. Therefore, the momentum
superposition of the excited states in real space was introduced. Using these Wannier
states, the Hamiltonian matrix in momentum space was constructed and diagonalized to
find the linear combination of excited states with lowest energy.

This lowest eigenvalue of H? was seen to be a very accurate approximation to the one-
particle dispersion. For the TFIM, the dispersion could be obtained equally well in the
disordered phase and the ordered phase.

Next, the Fourier transform for the eigenvector ¥/? corresponding to the dispersion eigen-
value was examined. The Fourier coefficients are a representation of the polarization cloud
which the quasi-particles acquire away from the strong coupling and strong field limits.
The coefficients were shown to decrease as |A|® with distance ¢ from the site where the
particle is created, in full accordance with the expectations.

Further, some numerical details on the computation of ¥? were given, and it was observed
that the components show an unphysical asymmetry for smaller A and higher bond dimen-
sion.

To test the one-particle representation, the spectral weight in the xz-channel was com-
puted. Sufficiently far away from criticality, it was found to be very accurate. Close to the
phase transition, the agreement was not perfect, but for larger bond dimensions still quite
good.

The asymmetry in ¢ was found not to have negative effects on the quality of these results.

In the next chapter, the ansatz is extended to two-particle states and the challenges of
this extension are discussed. Results are provided for the two-particle spectral weight and
the quasi-particle decay amplitude of the TFIM, as well as for the two-particle interaction
matrix for both models.






Chapter 6

Two-particle properties

Everything must be made as simple as possible.
But not simpler.
Albert Einstein

In this chapter, algorithms to obtain two-particle (2QP) properties are presented, along
with a number of results. This represents the main part of the original research of this
thesis. Note that some two-particle results were also found by Verstraete et al. [94, 13, 95]
using a different ansatz for 2QP states.

First, the definition of and various bases for 2QP states are discussed in Sec. 6.1. In
Sec. 6.2, some results on the metric tensor of the TFIM are presented and discussed. Then,
in Sec. 6.3, the two-particle spectral weight in the zz-channel is computed for the TFIM,
for which an analytical result is available to compare the numerical results to. In Sec. 6.4,
the concepts used in efficient 2QP computations are introduced. Section 6.5 presents and
discusses results on the quasi-particle decay amplitude. Finally, Sec. 6.6 holds the main
results, namely those on the 2QP interaction matrix.

6.1 Definition of two-particle states

Now that it is known how a state can be constructed that holds one QP, it seems natural
to construct two-particle states by applying the creation operator found in Sec. 5.5 twice.

6.1.1 Real space basis

This leads to the following definition of a two-particle state in real space

5.k) == |Coj + & Consk +m), (6.1)

lm

where |Cy,j+¢; Cp,k+m) is a state analogous to Eq. (5.2) which has ground state tensors
everywhere except at sites j 4+ £ and k 4+ m, where A is replaced by Cy and C,, as defined
in Eq. (5.67), respectively,

Ce,j + & Gk +m)
= Z Tr(A%1 - - - ASHL O A+ L ASmot Okt ASkem+1 ... ASL)

815e-5SL

X |s1,...,s0) . (6.2)
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Note that for small particle distances the case j+/¢ = k+ m can occur, i.e., both C tensors
fall onto the same lattice site. These contributions are set to zero, which will be motivated
below.

Often, the relative distance d := k — j of the two particles is more useful and the state is
written as

3,5+ d) = |5:k) - (6.3)

On the level of iIMPS as defined in Eq. (6.2), there is no concept of particle exchange.
Interchanging the particle positions j and k produces the same state, i.e.

|3:k) = |k.7) - (6.4)

In this respect, the quasi particles are therefore bosonic. As mentioned in Chap. 2, the
excitations in spin systems are hard-core bosons. How and to what extent this can be
described in the iMPS framework will be discussed later.

Unfortunately, the naive definition in Eq. (6.1) does not generally yield an orthonormal
basis (ONB). Instead, the following behavior is observed

=1, ifd>2=p
7+d7+d 6.5a
(g 3 ) {;é 1, otherwise ( )
g .. =0, ifd>25pANd >25por|j—j|>4=p
! ! ! 9
J+dljg+d , (6.5b
g 3. ) {;ﬁ 0, otherwise ( )

where =7 is the cutoff defined by the second largest EV of the transfer operator, cf.
Eq. (5.34). In summary, the states are orthonormal if the particles are so far apart that
none of the involved representations overlap. If there is an overlap, deviations from or-
thonormality can occur. The deviations are larger for bigger overlaps.

This behavior can easily be understood by the following argument: For a particle distance
larger than 2=7, the C-tensors cannot “see” each other within the iMPS class of that bond
dimension. Therefore, such a state then describes a non-interacting system, which is cap-
tured already by the one-particle dynamics. Hence, the interesting part of the Hilbert
space is also the difficult part which requires additional work.

As mentioned above, for d < 2=57, the case j + /¢ = j + d + m can occur, i.e., the two C
tensors would have to be on the same lattice site. In this case, it is not really clear how
to proceed. Since in spin systems the elementary excitations are generically of hard-core
bosonic type, all contributions of this type are set to zero. Although it may seem arbitrary
in real space, it can be shown that under Fourier transformation omitting states with two
C on the same site can be interpreted as a form of hard-core constraint (cf. Sec. 6.4).

Figure 6.1 shows the squared norm and some overlaps of the states defined in Eq. (6.3),
computed for bond dimension D = 5 at A = 0.6. As can be seen, the state with particle
distance d’ = 0 does not have zero norm, even by numerical standards. This means the
QP representation does not exactly reproduce the expected hard-core property, even if the
contributions with both C tensors on the same site are dropped. However, the norm of
the d’ = 0 state is considerably smaller than that of the d’ = 1 state, and the d’ = 3 state
already has a norm of around 0.8. Since the particles still overlap considerably for small
distances, this is by no means trivial, but rather a sign that the iMPS description, although
not perfect, is quite close to hard-core bosons. The plot also shows that 257 is really an
upper limit for the 2QP basis to become orthonormal. In practice, 1=7 is usually enough
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Figure 6.1: Exemplary overlaps of the 2QP real space states |7,7 +d), also including
overlaps with the 1QP sector [j). Computed for the TFIM at A = 0.6 with
bond dimension D = 5. The numerical tolerance value is 104, for which
Zp = 57 as defined in Eq. (5.34). The thin horizontal line represents machine
precision for 64-bit double computations.

to reach the tolerance value # and even machine precision.

Unfortunately, for d < =7 the so defined 2QP states are also not always orthogonal to the
1QP sector. At least they are orthogonal to the ground state. The reason for this is that
Eq. (5.10) is linear, and therefore holds for any linear combination of B tensors, including
Ce

1@BeiA ) = ¢ 18Ny =0 v B, = 1N =0=1%"%  (6.6)

Note that as done in Eq. (6.5b), throughout this chapter primed letters like j', d’, ¢ etc.
are always used to refer to the bra-state, whereas plain letters j, d, £ etc. refer to the
ket-state.
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6.1.2 Momentum space basis

To overcome the orthogonality problem, one can once more pass to momentum space by
taking the Fourier transform in both real space coordinates

1 i1 —i .
) = =Y iy (6.72)
7.k
1 o
= 3 > erimdem et |5 4 d) (6.7b)
7,d
1 4 o
= 7 Z e~ i(q1+a2)i o —ig2d 7.7 + d) (6.7¢)
J,d

where ¢; is the momentum of the particle at site 5 and g9 that of the particle at site
k = j + d. Unfortunately, the so defined states are not orthogonal with respect to ¢; and
qo either.

However, the argument for one-particle Wannier states (cf. App. A.6) also applies in this
case with respect to fotal momentum

Q:=q+q. (6.8)
The canonical choice of a second momentum coordinate is the relative momentum
q:=q2—q1 . (6.9)

Then, the individual particle momenta can be written as

p=920 wmd g

_Q+a

5 (6.10)

Inserting these definitions into Eq. (6.7¢), the two-particle state in momentum space reads

1 Ot
Qo) = 7Y e Ve E i+ d) (6.11)
j7d
1 —iQj —iQY —iql . .
= ZZG Tem"™2e7"2 |55 4 d) . (6.11b)
j7d

This shows that there are multiple equivalent definitions for a momentum space basis, just
like there are for a real space basis as seen in Eq. (6.3). In order to make use of the relation
(Q',4'|Q,q) x ¢y @, total momentum @ has to be chosen as the primary quantum number.
The choice of relative momentum ¢ as second quantum number is viable, if it is actually
a continuous variable. However, when momentum is discretized as described in Sec. 5.3,
relative momentum becomes an inconvenient choice, because it is the difference of the two
individual particle momenta. This is so for two reasons: First, ¢ can take values in the
interval (—2m,27), half of which lies outside the first Brillouin zone, requiring different
handling of @) and ¢. Second, if Q = ¢1 + ¢o is even, then ¢ = ¢ — ¢go must be even, too,
and the same holds for odd @. This requires different handling of odd and even @-sectors.
Therefore, the basis in Eq. (6.11) will not be used. Instead, one of the individual particle
momenta, qp, is chosen as the second quantum number. The values are then contiguous
and can be taken to sample the first Brillouin zone only. This resulting basis is defined as

|Q’q1> = Z Z e—ZQ]e—ZQd6+lq1d ‘],] + d> (612)

j7d
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which can easily be related to the basis of individual particle momenta |q1,q2) by Eq. (6.7).
Note that conservation of total momentum () is always considered implied. In this notation,
the momentum of the second particle g9 is therefore always fixed by @ and ¢ as

©r=Q-q, (6.13)

and is often used as a shorthand for this expression.

6.1.3 Hybrid basis

So far, two-particle bases in both real and momentum space have been defined, neither of
which proves to be a proper ONB. Moreover, neither basis provides a distinguished state
from which to start an orthogonalization.
Therefore, a hybrid basis of total momentum () and relative particle distance d is chosen.
It is defined as ]

Q.d) = ﬁe*@% ZJ: e |j,j +d) (6.14)
i.e., it is formally obtained by dropping the Fourier transformation in the relative distance
from Eq. (6.11).
Though this basis may seem uncommon, it combines the favorable properties of the real
and momentum space bases. First, states with different total momentum @ are guaranteed
to be orthogonal, and therefore each sector can be treated independently. Second, it is also
clear that the 2QP states are orthogonal for relative distances d > 2=7 as well, and thus
form an ONB in that part of Fock space. Therefore, the state |Q,d = 257) does provide a
well-defined starting point for the Gram-Schmidt orthonormalization scheme. States with
smaller d can then successively be orthogonalized. Since the Gram-Schmidt algorithm does
not change the first vector, it is important to start from a well-defined 2QP state.
Once more, one faces the problem that a representation of the actual states does not exist
in computer memory, and only overlaps and matrix elements are accessible. Appendix A.8
shows how to apply the Gram-Schmidt algorithm using the metric tensor consisting of the
overlaps of a skew basis and operator matrices computed in that skew basis.

In the hybrid basis, each Q-sector holds 1+ # unique states, determined by the relative
distance d = 0, ... ,Lq;l. Since the excitations in spin systems are hard-core bosons, the
state with d = 0, i.e., both particles on the same site, has norm 0 in the limit that the
iMPS representation is exact. Due to the real space periodicity implied by momentum
discretization, the states are Lg-periodic in d and thus only the states with d < Lq2_1
are unique. It is also clear that for bosons the states with +d and —d are the same, see

App. A.7T.

Although the hybrid basis defined above is beneficial in terms of orthogonality and a neces-
sary “detour” for using the Gram-Schmidt algorithm, quantities are not directly accessible
in this basis. Overlaps and matrix elements have to be computed either in the real space
basis |j,j + d) or in the momentum space basis |@,q1) and then Frourier transformed into
the hybrid basis for orthogonalization. The orthogonalized results can then be transformed
again, either into real space or momentum space as needed. See App. A.9 for a summary
of 2QP basis transformations.

To distinguish it from the original, skew iMPS basis Eq. (6.14), the orthogonalized hybrid
basis is denoted as |Q,d) with a tilde.
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6.1.4 Metric tensor

If the two-particle real space states defined in Eq. (6.3) did form a proper ONB, the metric
tensor would simply be given by

(G"3"+ 5.+ d) = 8y j0ar,a + djrrar 0y ja — 205,00 ada,0 (6.15)

where the last term reflects the hard-core constraint. This would straight forwardly trans-
form into momentum space as

2

7 (6.16)

<qu/1|QaQ1> = 5q37q1 + 5q’1,q2 -
as shown in App. A.10. In fact, for pure product states at D = 1 this is true. However, as
seen in Fig. 6.1, for non-trivial bond dimension the 2QP states do not form an ONB. For
increasing bond dimension D, the overlaps of states with small particle distance get larger,
since the site tensors are able to “see” more and more neighboring sites. Therefore, the
metric tensor of this skew basis, or more precisely, its deviation AN from an orthonormal
basis needs to be computed. Transformed into the hybrid basis, this metric tensor is needed
to obtain operator matrices in an orthogonal basis.
As in the case of the matrix element in Sec. 5.7, computations can be done much more
efficiently in momentum space. However, they are more involved and can therefore be
found in App. B.2.
They result in the following metric tensor in the skew momentum space basis |Q,q1)

Q@ _ 1. .yve
Nqi,q1 - quNqﬁ,ql + 5Q’17q1 + 5q1,q2 (6.17)

consisting of a diagonal bosonic part oy 4, + 04 4, and the deviation ANq’lm' The hard-

core property is included in AN;,Q “ to the extent to which it is captured by the iMPS
1

description. In order to obtain operator matrices in a diagonal basis, Eq. (6.17) has to be

transformed into the hybrid basis.

6.1.4.1 Metric tensor representation in the hybrid basis

The ground state uMPS is normalized and orthogonal to all excited states by construction.
One-particle excited states are also normalized and orthogonal to each other; they can,
however, have overlaps with two-particle states. After efficiently computing the overlaps
in momentum space, they are transformed into the hybrid basis using the transformations
in App. A.9. In each @Q-sector, the metric tensor is then representable by a matrix

(GS|GS) 0 - . 0
0 (QQ)  (QlQ,d) (QlQ.d)

NO = ; (Q,d')Q) . (6.18)
: : (@Q.']Q.d)
0 (Q.d'Q)

The Gram-Schmidt algorithm as described in App. A.8 is applied starting with the ground
state, which is not changed, then to the 1QP state, which is not changed either, and then
successively to the 2QP states. For consistency, this process begins with the 2QP state,
which has its norm in the upper left corner of the sub-matrix N Q, 4 Since states with
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sufficiently large particle distance are assumed correct, IV, «@ 4 should therefore be ordered

beginning with the maximum distance dmax = L"Q_l. Then, the matrix N? takes the form
1 0 0 e 0
0 1 G e (Y
NQ — 0 N max NdmaX7dxnax o NdmaX70 . (619)

0 N& Ny N

6.1.4.2 Note on the hard-core property

The state with d = 0 is included for two reasons. First, its squared norm N(i?o is an
indicator of how close the iMPS description is to hard-core bosons.

If the metric tensor is ordered as in Eq. (6.19), |Q,d = 0) is the last state, to which
the Gram-Schmidt algorithm is applied. Therefore, it does not influence any of the other
states. If the element N(?o is found to be smaller than a threshold value, the state can
simply be excluded from orthonormalization.

Second, if there are significant deviations from hard-core bosons, the state may actually
carry physically relevant information.

By definition (cf. Eq. (A.8.1)), the Gram-Schmidt algorithm normalizes all orthogonalized
states to unity. This includes the state with particle distance d = 0, if no special treatment
for it is implemented explicitly.

If N((f,?o is very small in the skew basis, the normalization can result in spurious and very
large matrix elements of the d = 0 state in the orthogonalized basis. Since they do not
influence the computation of any other matrix elements, they can still be discarded before
the operator matrix is transformed back to momentum space or real space. Although this
is physically motivated, it is still somewhat arbitrary.

At this point it is not entirely clear, if the iMPS ansatz allows for a proper description
of hard-core bosons. Even if the diagonal element No?o is significant, the metric tensor

generically has an EV that is much smaller. Also, the overlap <Q/,&\:O|Q,d = 0) between
the d = 0 state in the skew basis and in the orthogonalized basis is much smaller than
No?o in these cases. This suggests, that a hard-core bosonic quasi-particle picture should in
principle be possible with iMPS. However, the results for the two-particle spectral weight
in Sec. 6.3 below indicate, that the matrix elements of the d = 0 in the skew basis carry
significant physical information.

Three alternatives to the generic Gram-Schmidt orthogonalization come to mind. All of
them include a certain bias, since they assume that the quasi-particles are hard-core bosons
and that the basis contains one state that should have norm zero.

First, the state with particle distance d = 0 can generally be excluded from the computa-
tions, regardless of its norm. As shown in Fig. 6.4 below, this can lead to significantly less
accurate results.

Second, the information held by the state with d = 0 in the skew basis could be extracted
during the computation of the operator matrix in the orthogonalized basis. If the state
with d = 0 has a significant norm, it also shows significant overlaps with the 2QP states
with small particle distance d > 0. By projecting the matrix elements of the d = 0 state
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onto the orthogonalized 2QP states with d > 0, the unphysical state can be eliminated
and problems due to division by a very small norm can be avoided.

Third, one could diagonalize the metric tensor and discard the eigenspace corresponding
to the smallest eigenvalue, which is usually closer to zero than the diagonal element NUC?O.
Since the spectrum of N is invariant under the Fourier transformation, this could be
done directly in the momentum space basis without the “detour” through the hybrid ba-
sis. However, since the eigenvectors are linear combinations of the original states |Q,d)
or |@,q1), the interpretation as 2QP states with definite momentum ¢; or definite particle
distance d is lost.

As seen in Fig. 6.2 below, for bond dimension D = 2, the diagonal element N&)O is so
small that the state can be excluded without introducing significant additional errors. For
bond dimension D > 3, other errors are by far predominant. Therefore, a comparison is
only done between including and excluding the state with d = 0 from the Gram-Schmidt
algorithm.

6.2 Results for the metric tensor of the TFIM

As a first result, the metric tensor Né’?d of the TFIM in the non-orthogonal hybrid basis is
analyzed. This is done at the paramezcer value A = 0.5, which is in the disordered phase,
halfway between the trivial strong field limit at A = 0 and the critical point at A = 1. The
focus is set on low bond dimensions D = 2 and D = 3, because these two data sets already
show curiously diverse behavior.

Three quantities are examined in this context. The first is the deviation of the diagonal
part of the metric tensor from exact hard-core bosons

Hdiag(Ngyd) H

Ah b -— 1-—
¢ [ Nheb |l

(6.20)

where diatg(]\qu,2 o) denotes the main diagonal of the matrix N¢ g+ and Ny, the metric
tensor of exact hard-core bosons in the Fock space of the same dimension, i.e.,

thb =1 (621)

. 0 .
dlm(N‘g’d)—l ® O1x1

The second quantity is the off-diagonality ODy of the metric tensor matrix, which is
defined as

oD |30~ ding(N |
N =
| Nneb ||

Both these quantities are defined relative to the norm of the exact hard-core bosonic metric
tensor Npep in order to make them independent of the dimension of N C? 4 By definition,
Anep and ODp both vanish in the limit that Ng 4 describes exact hard-core bosons. The

diagonal elements of IV « 4» Which for an exact iMPS representation should be

0, ford=0
Nia= { (6.23)

(6.22)

1, ford>0"

are the third quantity of interest.
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Figure 6.2: Characteristics of the metric tensor in the non-orthogonal hybrid basis
{|Q,d)} for the TFIM at A = 0.5, for bond dimensions D = 2 as function
of total momentum (). The quantity Ay, is the deviation of the main di-
agonal from exact hard-core bosons as defined in Eq. (6.20). ODy is the
off-diagonality of the metric tensor as defined in Eq. (6.22). The curves la-
beled Nc?d are the diagonal elements of the metric tensor for different particle
distances d, most importantly d = 0 and d = 1.
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Figure 6.3: Same as Fig. 6.2 but for bond dimension D = 3.
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Figures 6.2 and 6.3 show Apcp, ODy and some diagonal elements Nfd for the TFIM at
A = 0.5. Strikingly, the results for D = 2 show very little deviation from exact hard-
core bosons. Both the deviation quantities and the diagonal element NO% are very small,

whereas Nl?l is very close to 1. In the Gram-Schmidt algorithm, all orthogonalized vec-
tors are normalized to 1. This includes the d = 0 state if it is not excluded explicitly.
Therefore, if N(i?o is very small, this will result in spurious and potentially large operator

matrix element Ogo after orthonormalization. Because of that, the results for D = 2 are
not subjected to the orthogonalization process.

For bond dimension D = 3, the situation is quite different. The deviation Ay, is of the
order of 1072 (i.e. 1%), and the off-diagonality of the order 10~!. The diagonal element
Nlc?l is also of the order 107!, and the following NQ% almost reaches unity. The most

critical element Ng,?o shows some modulation as function of total momentum and is on av-
erage of the order 1073. At first glance, this is neither cause for concern about numerical
instability, nor would it appear to be negligible. Therefore, although this is still rather
close to exact hard-core bosons, one would expect quantitative improvements of operator
matrices from applying the orthogonalization scheme.

6.3 Two-particle spectral weight in the TFIM

For the TFIM on a one-dimensional chain, it is known from analytic results [62] that in the
strong field phase all spectral weight of the zz-channel lies in the 0QP and 2QP sectors.
Therefore, the two-particle spectral weight is a good point to continue investigating the
properties of our two-particle states.

The two-particle spectral weight is the projection of the spin-spin correlation function onto
the 2QP subspace, i.e.

SoP(Q) = (GS|S%g Py SHIGS) (6.24a)
dmax
with 5t = Y 1Q.)(Qual = Y 1Q.4)(Q.d| (6.24b)
q€BZ d=0
= ) (@S185"1Q.4)(Q.d|S] |GS) (6.24c)
d
= > 0%(Q) Q) (6.24d)
d
=73 03(Q)P (6.24e)
d

where, however, @ZZ) must be an orthonormal basis of the 2QP subspace. Applying the
Gram-Schmidt algorithm, with o = z, the matrix element in the orthogonalized hybrid
basis is given by (cf. Eq. (A.8.14))

Q3(Q) = (GSIS5 Q) (6.252)

1 z Vi zt A
- T (G155 1Q.d) = 3~ H(GS1SGT Q) (6.25b)
>d

with Vj; := <@i\@,j) (cf. Eq. (A.8.4)). Note that this formulation assumes that the Gram-

Schmidt algorithm is started at the maximal dpax = % and is then applied to states

with successively smaller d.
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This means that the only matrix elements required to compute the spectral weight are
those between the ground state and the 2QP sector

(GSIS51Q.d) = (Q.d|S51GS)* . (6.26)

But to obtain the auxiliary matrix V', which is also needed, the entire metric tensor
NG, = (Q.dQ.d) (6.27a)
NG = (Qd|Q) (6.27b)

of the skew basis including the spurious overlaps of the 1QP and 2QP sectors must be
known.

To compute the matrix element Eq. (6.26), it must be expressed either in the real space
basis or in the momentum space basis

p 1 o4 iQj' —iQUy 2
(Qd551GS) = Le*‘??;e*@e Qi g+ d|SF |GS) (6.28a)
J7
]. i i’ 3 o . . z
= Ee+Q2ZeQ(] O — b5 — 0+ d'|S¢|GS)  (6.28D)
J'e
= Q7S (i + d|S§|GS) (6.28¢)
j/
1 . ~d . /
= —TRT N tad (g oS5 |GS 6.28d
N ; (Q.411851GS) (6.284)
1
.~ d!
= "7 ) Q.48 1GS) (6.28¢)
@

where the last equality holds true due to TL.

6.3.1 Reference result from uMPS

The 2QP spectral weight in the zz-channel for the TFIM in the strong field phase is given
by Eq. (2.55). The ground state correlation function can be computed from the uMPS
representation

S*#(Q) = (GS|S%,5%|GS) (6.292)
= ) (GS|8;S51GS) (6.29b)
J
= Y g (6.29¢)
J
with
(SzT(A;A) [u], TV 1[5 (AA) [vH) , if j # 0
577 = . (6.30)
(1 (592 ¥0)) = & (01 ®Np)) =4, if5 =0

Note, that 57 converges to
(GS|95 |GS)(GS|S5 1GS) = (GS|SG|GS)? = M? (6.31)

for |j| > Zp. It is therefore numerically favorable, to compute the deviation of the cor-
relation function from the ground state magnetization directly and then take the Fourier
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transform to avoid loss of significance. The reference result for the two-particle spectral
weight is given by

W Q) =) (P - M)

J

(6.32)

where the uMPS result for the ground state magnetization is used for consistency.

6.3.2 Results

Despite the efficient momentum space algorithms outlined in the next section, 2QP calcu-
lations are generically more challenging and CPU intensive than those for 1QP. Therefore,
results are only shown for bond dimensions up to D = 10. Since the method is in a proof-
of-concept stage, this is sufficient to assess its advantages and disadvantages.
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Figure 6.4: Two-particle spectral weight S5 for the TFIM at A = 0.5 for various
bond dimensions. In the upper panel, the spectral weight itself is plotted. The
data sets labeled “d # 0”7 were computed omitting the state with particle dis-
tance d = 0 from the orthonormalization. The lower panel shows the deviation
of the uMPS reference from the analytical data (solid line), and the deviations
of the 2QP iMPS results from the uMPS reference (dashed/dotted lines). The
uMPS reference curve was computed using Eq. (6.32) with bond dimension
D = 10. The analytic reference curve was obtained by numerically evaluating
Eq. (7.4.44) of Ref. [57] and integrating over frequency.

Figure 6.4 shows the two-particle spectral weight in the zz-channel at A = 0.5 for various
bond dimensions D, in comparison with both the analytical result and the uMPS reference
result from Eq. (6.32). In the upper panel, the spectral weight itself is plotted. The lower
panel shows the deviation of the uMPS reference from the analytical data (solid line), and
the deviations of the 2QP iMPS results from the uMPS reference (dashed/dotted lines).
The analytical reference curve was obtained by integrating data [96] from numerically
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evaluating Eq. (7.4.44) of Ref. [57] over frequency w. It is apparent that the two reference
results are in very good agreement. The jagged form of the deviation is a result of the
finite resolution in frequency at which comparison data was computed. Due to this good
agreement, the uMPS ground state result is trusted and used as a reference, to which the
2QP calculations are compared, since it can easily be computed.

First and foremost, the plot shows that our approach is capable of producing reasonable
results and therefore the intended proof of concept can be considered successful. The results
for both D = 2 and D = 3 show very good agreement with the reference, quantitatively
comparable even to the 1QP result in Fig. 5.12. Note that for D = 2 there is no need for
orthogonalization, as explained in the previous section.

For bond dimension D > 3, the data is subjected to the Gram-Schmidt orthogonalization
scheme as described in App. A.8.

For bond dimensions D = 3 and D = 5, Fig. 6.4 shows the results both for including and
omitting the state with d = 0 from the process. Although one could argue that any matrix
elements of this state contradict a hard-core bosonic quasi-particle picture, the plot clearly
shows that including this state leads to a better agreement with the analytic solution. It is
apparent that for D = 5, the information carried by the d = 0 state is indeed substantial
and should not be omitted, although the corresponding diagonal element of the metric
tensor N&QO is of the same order of magnitude as it is for D = 3.

This raises again the question of how to consistently handle the hard-core property. On
the one hand, on the basis of the spectrum of the metric tensor one can clearly argue
for a hard-core bosonic quasi-particle picture. On the other hand, these results for the
spectral weight clearly indicate that the matrix elements of the state with d = 0 are indeed
important.
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Figure 6.5: Two-particle spectral weight S5 for the TFIM at A = 0.5 over the whole
Brillouin zone. Several data sets from different program runs for the same
bond dimension D = 10. In the upper panel, the spectral weight result is
plotted. The lower panel shows the dominant component of the corresponding
momentum eingenstate 9. For comparison the data with D = 3 from Fig. 6.4
is also included.



100 Two-particle properties

(L2 (oo
0.20 o, uMPS reference ]
0.18 | ‘
0.16 |
0.14 |
0.12 |
0.10 |
0.08 |
0.06 |
0.04

SZZ

deviation

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Q [7]

Figure 6.6: Two-particle spectral weight Sg5F for the TFIM at A = 0.9 for various
bond dimensions. In the upper panel, the spectral weight itself is plotted.
The lower panel shows the deviations of the 2QP iMPS result from the uMPS
reference. The uMPS reference curve was computed using Eq. (6.32) with
bond dimension D = 10.

Also, the curve for D = 5 computed including the d = 0 state shows a larger deviation than
those for smaller D. Thus, compared to the ground state and 1QP results, the increase in
accuracy for increasing D is less systematic.

The result for D = 10 deviates from the reference to an extent which, unfortunately, must
be considered unacceptable. The reason for this deviation reveals itself in Fig. 6.5, where
the result for D = 10 is plotted over the whole Brillouin zone. There it is apparent that
the curve does not show the expected even symmetry about @ = 0. Since this is clearly
unphysical, the reason must be in the numerics. This becomes even clearer seeing that
Fig. 6.5 contains the results from multiple different program runs, all with bond dimension
D = 10. The data for D = 3 from Fig. 6.4 is also included for comparison. The curves
should lie on top of each other within numerical tolerance, but clearly they do not. The
lower panel shows the dominant component of the eigenstate ¥ for each data set.

While the dominant component of the D = 3 data set holds almost all the weight and
shows the correct symmetry, neither is the case for the D = 10 data sets. Moreover, al-
ready the dominant 9 components of the three D = 10 data sets differ significantly from
each other, although they should describe the same system. Note that these different forms
of 79 are not just phases. The phase gauge introduced in Eq. (5.79) fixes the phase such
that the dominant component is real and positive. The different forms and magnitudes
of this component mean that the description of the elementary excitation is distributed
differently over different B, tensors in each data set. Consequently, these tensors must
vary significantly in the different data sets, even though they are solutions of the same
EVP up to a norm conserving gauge transformation of the ground state tensor A. The
reason is most likely again numerical instability in the computation of the B, due to very
small elements in the boundary matrix v. Considering that a contribution with ¢} = —¢}
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should have two identical C, tensors, it is not surprising that an asymmetric v'¢ spoils the
results.

Figure 6.6 shows the S5 for A = 0.9 and various bond dimensions. Again, the results for
D = 2 and D = 3 show qualitatively good agreement, although the peak height around
@ = 0 deviates to some extent. Since A = 0.9 is already relatively close to criticality,
this is expected for low bond dimensions. At D = 5, the peak height is already captured
more accurately, but there is considerable deviation around 0.27. Still, this supports the
expectation that the results should improve for increasing D. Unfortunately, at D = 10
the effects of the asymmetric ¥? become visible and spoil the result around the gap mode
@ = 0. Note that the effect is far less pronounced than it is at A = 0.5. This supports
the hypothesis that the asymmetry in ¢'? is indeed a result of excess parameters in the
excitation parametrization X,. Therefore, finding a more numerically stable algorithm to
compute X, should be a central step in future research.

6.4 Efficient computation of two-particle quantities

Equations. (5.67) and (5.77) show that in real space, each particle is described by a set of
20 + 1 tensors Cy. Therefore, for instance a two-particle overlap in real space

G+ dlidy =D (Cod' + € Coig’ +d +m'|Copj + & Conpj +d+m)  (6.33)

m!’ £m

needs (260 + 1)* TN evaluations. The same holds for 2QP matrix elements. This puts a
severe limitation on real space computations. See Sec. 6.4.2 below for more details.

Once more, the key to an efficient computation is the switch to momentum space, and the
observation that the “Fourier transform trick” from Eq. (5.86) also works for two-particle
states

R - O ‘ .
Qa) = 7 D> D D e TG, j 44 Cj + d+ m) (6.34a)
j=—00 d=—00,d#0 £,m
j—j— 1 L ) .
gy —t Z Z Z e~ 1Q(I—)—iQd+iq1d Coji Consj — £+ d +m) (6.34D)
7,d £m
— 1 L . )
T L3 UM |Cy i Co o d) (6.340)
7,d £m
1 N ) . ,
= 7 Z e~ 1Qi—iQd+iqd Z e THQ@—q)m+igq1t |Ce,75 Cnoj +d) (6.34d)
j7d Z,m
1 o 4
- Z Z eileiszJrlgld |CQ1 ?j; Cq2 7j + d> ’ (6346)
7,d

with C; in real space as defined in Eq. (5.67) and C,, in momentum space as defined in
Eq. (5.87). As in the one-particle case, the sums over ¢ and m can be carried out on the
C-tensor level now under two Fourier transformations. The result is a single tensor which
can be interpreted as representing a particle with momentum ¢; on a given site.

Note that it is essential that both Fourier transformations are carried out for this to work.
It is therefore impossible to work efficiently in the hybrid basis directly. However, a Fourier
transformation is also required from the real space basis to the hybrid basis, so this does
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not mean a loss of performance.

In this formulation, the only instance of two C tensors falling onto the same site is the
case d = 0. As in the real space description, this contribution is omitted, which now has a
strong resemblance with a hard-core constraint. However, this is not equivalent to omitting
the entire contribution of real space states with d = 0. It still only means omitting all
contributions with two C-tensors on the same site, which can be seen by reversing the index

shift in Eq. (6.34¢)

d—d—/t
et

d=0 d+m=1. (6.35)

For D = 1, both are actually the same, since the particle representation consists of a single
dx1x1 tensor Cy. But in general, as evident from the norm of the 2QP real space state in
Fig. 6.1, there are two important differences. First, the same-site contributions hold most,
but not all of the weight for d = 0, and second, they also have a significant share in states
with small d.

6.4.1 2QP-ground state matrix element

Using the momentum space description of the 2QP state in Eq. (6.34), the matrix element
from Eq. (6.28) can now be computed as

1 . -/ / - gl B .
(Qua1[00|GS) = 7 D e RUFDTIIC, 15 Cpp i + d|00GS) - (6:36)
jl’dl

where ¢ = Q — ¢} and a general operator O which acts on site 0 is considered. An
implementation of the real space matrix element is straight forward, but leaves all the
hard work to the CPU; the momentum space computation is a lot more challenging to
implement. Due to the left-canonical gauge, any contribution with min(j’,7' + d') < 0
vanishes, because it contains the expression from Eq. (5.10). This leaves three topologically
distinct classes of TNs which have to be evaluated. These will be discussed in some detail
below, to illustrate the general procedure of momentum space computations.

In all following calculations, n is the number of sites which the operator O acts on. For
the spectral weight with 0= S#, n = 1. The TNs are drawn for n = 2 for illustration,
but the procedure works for any finite n.

Case i): The operator acts to the left of both C-tensors

an’ C‘]é/
woesonss- IR o
———— e — —_———

n 50 51
where
1, ifd >0 2, ifa=1
o =" 1 and &= 1 “ : (6.38)
2, ifd <0 1, ifa'=2

The distances between the operator and the first C-tensor, dg, and between the two C-
tensors, 41, must be summed from 0 to at least =r each to ensure convergence. The
contributions converge to zero, since for large dyp and/or d;, the TN factorizes and contains
at least one overlap of an excited state with the ground state, which is zero by construction.
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In terms of the distances d; > 0, the particle positions read

§ =n+ do, d = (6 +1), if o’ =1 (d' > 0) (6.39a)
j =n+d +1+0d, d =—(6 +1), ifo/=2(d <0). (6.39b)

Inserting this into the phase factor from Eq. (6.36) yields

+iQ(n+0d0+01+1)—ig) (d1+1 T
B, e HQU ) —igd )€ Z (nt+o+01+1)—ig; (41 A,)’ ?foz =1 (6.40)
€+ZQ(H+50+1+51—(51—1)+Zq1((51+1)7 if a/ —9
eiQ(n+do)+igy(51+1)
T ) £iQ(n+do)+id; (51+1) (6.40b)
— 6¢Q(”+50)+Z’q5¢/(51+1) ] (640C)

Rather than summing over positive and negative d’, it is easier to think of summing over
the possible configurations of C4, and Cg,, which are enumerated by o/. Then, the complete
contribution from case i) is given by

Q44100 GS)|

i)
iQ (n+60)+iq&/(61 +1)

a'=1,2 6p,01=1 X ((TT)(;O [OT (AA) [UH7 ]l(an,;A) [T51 []l(cq&/;A) [UH]) (6413“)
_ < efiQ(n+50)(TT)50 [OT (AA) [u]],
o do

1(CayiiA) {Z o 1i0a(81+1) oy []I(Cq&,;A) [UH} ) (6.41b)
31
due to the sesqui-linearity of the scalar product. Note that when pulled into the first

argument, the phase factor needs to be complex conjugated. This allows the definition of
two summed boundary matrices

Er

o = ZT51[]l(c"a”A)[v]]e”q@’(éﬁl) (6.42)
01=1
Er

“g — Z(TT)éo[OT(A;A)[UHG—ZQ("MO) (6.43)
do=1

in terms of which the contribution is given by just two scalar products

(Qailoo[GS)| = 3 (w1 ) (6.44)

7
a’=1,2

As in the case of the one-particle spectral weight in Sec. (5.7), the summed boundary
matrices can be computed by successively applying the transfer operator.

Case ii): The operator acts on the site of one C-tensor

an’ Cq&’
(Cyd's Cypod’ +d'|00 |GS) = G OUE I D (6.45)
4 ——

——- 0

n
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In this case, there is one absolute particle position, ¢/, and one relative distance, 1, that
need to be summed over. In terms of these, the particle positions read

j=r, d=6+n-1, ifa'=1 (6.46a)
j=n+6 d=—(6+n-1), ifa'=2. (6.46b)

Inserting this into the phase factor again gives

Q€ +81+n—0')—iq, (514+n—L' TSV
P, — TQU ) —igid eHQUEFn—t)—iqy (10— ifa'=1 (6.47)
o e+iQ(n+§17(51+n7€’))+iqi(61+nf€’), ifa/ =2 )
6iqif’+iq’2(n—1)+z'q’2(61+1)
T piahl +idy (n—1)+id} (51+1) (6.47b)
— Wt +iqa(n—1)+iqa(61+1) (6.47¢)
From this, the case ii) contribution follows as
(@aloo[GS)]
i) (Cq_iA)
_ Z Z Z ,Z +zqa n— 1)+an (51+1) < ;Oel CAval [T51 []l(cq&HA) [U]H> (648a)
a'=1,20'=061=
n—1
_ Z Ze+iqa/€’e+iq&/(n—l) u, CariA [Z 701 ]l(Cq " ]]e”q&/“l“)}
a'=1,2 =0
(6.48b)
n—1 (Cq A
— Z Z e+zqa/€’e+zqa/(n—l) <u7 Og/ Aot [,Uo/]> (6.480)
a'=1,20'=0

where the summed right boundary matrix v® defined in Eq. (6.42) was used.

Case iii): The operator acts on the sites of both C-tensors

(s o +a10015) - IEI o0

This case is conceptually the easiest. It consists of a finite number of n? — n contributions
since ¢/ = m/ is excluded. Each contribution is unique and has to be computed in the same
way, in which real space matrix elements of this type are computed (cf. Sec. 5.2.3). The
particle positions are straight forwardly given by

j =17, d=m'-/1, if o/ =1 (6.50a)
j=m d=—(m -1, ifa' =2, (6.50b)

resulting in a phase factor of

. . N gt . /o /
By 1= eHQU )i d _ ptigol tiggm' (6.51)

The contribution to the matrix element from case iii) is thus

(@ q1|00\05\ 3 Z Z e Fidarl +idam’ <u,0§f;;”c%”“)[u]), (6.52)

a'=120=0m'={'"+1



6.4 Efficient computation of two-particle quantities 105

where the expression

(anﬂcq&/%A)
o.m!

(an/?A)

AA (CqpiiN)
(o] = 05+ [0, "+ [0,,7

m

0 - [0 (6.53)
is defined as the application of the operator O to the right boundary matrix v as seen in
the TN in Eq. (6.49). For n = 2, there is actually only one such contribution

(Cq_1Cq_iA) (Cq_siA) (Cq.iA)
Op 1™ " ] =0y " 7Oy " T[] (6.54)

and for n = 1, case iii) does not contribute at all.

Summary

Summing up the contributions from cases i) to iii), the complete matrix element is given

by

Qaloolas) = Y (ug 2N ) (6.55)

a’=1,2

n—1
+ D) ettt etiaainl) (u Oé,c qa”A)[vO"]> (6.55D)

a’=1,20'=0

n—2 n—1
; /o ’ Cq ;iCq_pA
D ID PP DL (u,OEI,Z%’ " )M) - (6.55¢)

a'=120=0m'=0'+1

6.4.2 Complexity analysis

As mentioned at the beginning of this section, O(6*) TN evaluations are required to com-
pute a single real space 2QP overlap. The computation time for each TN scales linearly
with its width, which on average is also of the order ©. Therefore, the complexity of
each overlap scales as O(©°) with the particle representation cutoff ©. In order to take
the transform to the hybrid basis and exploit the orthogonality with respect to total mo-
mentum, an additional sum over j' — j € {—6,...,0} is required. Further, to span the
non-trivial part of the two-particle space, overlaps for distances d and d’ up to at least ©
each have to be computed, raising the overall complexity of the metric tensor to O(6%).

Each step in the evaluation of a TN is the application of an operator, either the transfer
operator 1" or a non-trivial operator, to a boundary matrix ueg or veg that currently repre-
sents the left or right part of the TN, respectively. Each operator application requires 2d>
products of D x D matrices, i.e. O(dD?) complex multiplications (cf. Eq.(3.83)), where d
is the dimension of the local unit cell Hilbert space.

For consistent results, © should be chosen equal to =Z7. But even if 7 is chosen to define the
cutoff as in Eq. (5.77), © could easily be of the order 10? for a moderate bond dimension
of D = 10. In case of the TFIM with local Hilbert space dimension d = 2, this results in
a total of

2-10%- (10%)® = 2. 10" (6.56)

operations to compute the metric tensor. Optimistically assuming 3 - 10° multiplications
per second, one arrives at a staggering

2
g1010s ~7.7-10"d~211a (6.57)
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of computation time on a single CPU. Of course, the computation can easily be parallelized,
but still the @ which can be treated in reasonable time, and therefore the accessible effec-
tive correlation lengths, are dramatically limited.

By contrast, as seen in the previous section and App. B, the complexity of computing any
2QP overlap or matrix element in momentum space scales only linearly with @! This
has two reasons. First, four sums can be carried on the level of C tensors, namely the
transformations from Cy to C,4,. As shown in Eq. (5.88), this can be done directly from
7%, The complexity is therefore in O(dD*) independently of any cutoff ©, and, moreover,
Cy, still describes a system in the TDL up to the choice of L,. Also, the C,, tensors
need to be computed only once for each overlap or matrix element. The second reason,
as mentioned in Sec. 5.7, is that the C,, tensors are the same for all sites, unlike their
real space counterparts Cp. This allows the use of summed boundary matrices such as v®

and ug. The computation of each of them scales as O(O!), as seen in Egs. (6.42) and

(6.43), respectively. But their scalar product corresponds to evaluating ©% TNs as seen
in Eq. (6.41). This enormous reduction makes it possible to sum any distances up to Ep
instead of settling for a potentially far too small cutoff ©.

To properly describe a system with an effective correlation length =7, momentum resolu-
tion must be at least L, = 257, as discussed above. This leads to a total of

O(dD? -~vEZ7 - 57%) (6.58)

complex multiplications to compute the metric tensor or an operator tensor in momentum
space. Here «y is the number of sums over =7 in boundary matrices such as ug and v®,
which is needed to compute each overlap or matrix element, respectively. For the 2QP
overlap, v = 3 for ug/, v® and vg (cf. Sec. B.2.1). Assuming Zp = 2-10? and, again, bond
dimension D = 10 and 3 - 10° multiplications per second, this results in a computation

time of
2-103-3-(2-2-10%)* 1.5-10"
( 0%) ~ 510 (6.59a)
3GHz 3GHz
~ 5-10%s (6.59b)
~ 14h. (6.59¢)

Clearly, this is much more feasible, and since each () sector can be handled independently,
parallelization is very easy, even with distributed memory machines (MPT).

For matrix elements, v is much larger, and there is some additional overhead. Still, these
are constant factors and high resolution data can be produced in a matter of days.

6.5 Quasi-particle decay amplitude

The matrix elements Dgy'® and their complex conjugates from Eq. (1.1), which couple

the 2QP sector to the 1QP sector, describe quasi-particle decay and fusion. The models
from Chap. 2 are particle number conserving. Therefore, these elements must vanish in
the orthogonalized basis, which is another opportunity to test the method.

Assuming total momentum conservation, the D&% are given in the basis {|Q,q})} by

D = D = Q1|1 D alyafy_aq |Q) = VI(QGIH Q) - (6.60)
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Figure 6.7: Quasi-particle decay amplitude DQ for various parameters A, total mo-
menta ( and low bond dimensions D = 2 and D = 3. The upper panel shows
the matrix elements in the skew 2QP basis. For each set of D, A and @Q, the
real part of the factorization Nq?wQ is plotted as thin solid lines in the same
color. The curves for Q = =3, D = 3 and A = 0.5 are scaled down by a factor

of 1 to fit the plot range. In the lower panel, the absolute value of the decay

amphtude after the application of the orthogonalization algorithm is plotted

on a logarithmic scale.

Making use of translation invariance, these matrix elements can be computed as

Dy = ZZ QUi ZQJ<J]+d/Zh

> (6.61a)

g g
— Z Z e’LQ J +d/)—2qld/_lQ] <j/,j, + d/|h0 |j> (661b)
Jjhd g
et Z Z eZQ(]’+d’)_2q/1d’_lQ]<qu ’j/; Cqé 7]'/ _|_ d,‘ﬁo ‘CQ7]> , (661C)
Jhd g

where in iMPS calculations the reduced Hamiltonian H has to be used.

To apply the orthogonalization as described in App. A.8, the Hamiltonian (or any general
operator for that matter) has to be transformed into the hybrid basis and then brought into
the same structure as the metric tensor in Eq. (6.19). As stated before, the Gram-Schmidt
algorithm does not change the first vector w; of the original basis. It also does not change
subsequent vectors w; if they are already orthogonal to the previously orthogonalized ones.
With the structure defined in Eq. (6.19), @ = |GS) and Wa = |Q) holds. Both states are
normalized and by construction orthogonal. Therefore, neither of them is changed, nor is
the operator in the subspace they span. The expression for the 2QP-1QP matrix element
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Figure 6.8: Quasi-particle decay amplitude DQ for various parameters A, total mo-
menta () and medium bond dimensions D =5 and D = 10. The upper panel
shows the matrix elements in the skew 2QP basis. For each set of D, A and
Q), the real part of the factorization Nng is plotted as thin solid lines in the
same color. In the lower panel, the absolute value of the decay amplitude after

the application of the orthogonalization algorithm is plotted on a logarithmic
scale.

derived from Eq. (A.8.12) therefore reads

0.d'| I . d .
QAL L |airie - & @i
H Q') (Q,d'|Q,d")
(@QLNQ) 5
- — 2L (QIH|Q.)| (6.62a)
Z (Q1Q.0) ———
& (QAH|Q) = (QdH|Q)—(QdIQQIHIQ) . (6.62b)

Thus, if the spurious decay elements are to be eliminated by the Gram-Schmidt algorithm,
they necessarily have to be of the form

(Q.dH|Q) = (Q.d1Q)(QIH|Q) . (6.63)

Equation (6.62a) shows that if this is not the case for one d’, the error propagates into
subsequent matrix elements, because the underbraced term does not vanish. This condition
already applies to the skew momentum basis as

(Q1H |Q) = (4t Q)(QIF |Q) = Nwq . (6.61)

The matrix elements D? do not have to be real, since the trilinear terms are not self-
1
adjoined on their own.
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In Fig. 6.7 the matrix element D?i is plotted for various parameters A, total momenta @
and low bond dimensions D = 2 and D = 3. Since they are indeed complex, only the real
parts are shown, but the imaginary parts behave very similarly. For each set of A, D and
Q, the real part of the factorization Nng is also plotted as thin solid lines in the same
colors.

For three of the four plotted parameters sets, the orthogonalization algorithm does not
improve the deviation visible in the upper panel. However, this is expected, since the
deviation is already within acceptable error margins to begin with. In the upper panel,
the curves for Q@ = —75, D = 3 and A = 0.5 are scaled down by a factor of % to fit the
plot range. The matrix element in the orthogonalized basis for that set of parameters is
not scaled, which shows that it is improved by an order of magnitude.

Figure 6.8 shows the real part of D? for various parameters A and total momenta @, this
1

time for medium bond dimensions D = 5 and D = 10. Note that in the upper panel the
curve for D = 10 is scaled up by a factor of 50 for better visibility in the plot interval. All
of these curves show rich features on a relatively large scale. Again, for each set of A, D and
Q, the factorization is plotted in thin solid lines of the same color. It is apparent that for
these curves Eq. (6.64) is fulfilled to quite high precision, which leads to a reduction of the
spurious decay amplitudes by at least one order of magnitude during the orthogonalization.
It is emphasized that expression Eq. (6.61) is completely general and also holds true, if is
quasi-particle decay is possible. Therefore, this is by no means a trivial result, but should
rather be considered as an indication that the method does indeed what it is supposed to do.

Like the other 2QP quantities, the decay amplitude can be computed much more efficiently
in momentum space than in real space. The detailed calculation can be found in App. B.

6.6 Scattering matrix

The interaction matrix elements V 2 ;22 from Eq. (1.1) describe the amplitudes for one 2QP

state being transformed into another under the action of the Hamiltonian. For the models
considered in this thesis, this process happens under the constraints of conservation of
energy and total momentum @, and can therefore only change the relative momentum gq.
The interaction Vj'7? can therefore be interpreted as a potential term which facilitates
scattering from an initial state |¢;) to a final state (¢¢|. The matrix

St = (Ye|V [h) (6.65a)
. yane _ 0
= Vaa = Vi a (6.65h)
= Qv dhaly yagaq_, 1Q.a) (6.65¢)

is therefore also called scattering matrix or S-matrix [94].

Non-vanishing off-diagonal elements in .S mean that the 2QP Fock basis is not an eigenbasis
of the Hamiltonian, which is generically expected when constructing an effective Hamilto-
nian of an interacting system.
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6.6.1 Matrix element computation

The 2QP interaction amplitude is defined as the irreducible matrix element of the Hamil-
tonian in the two-particle subspace [97], i.e., in real space as

VI = (1 + d|H |jj +d) — (' + d|Hip |+ d) — (7§ + d|Eo|j.j +d) . (6.66)

The real space matrix elements on a discrete lattice are also inherently discrete quantities
which are somewhat inconvenient for comparing the numerical results to the exact solution.
Therefore, a momentum space representation

Ve QIE 1) — Q| Hir Q) — C°

I 41,q1 n4q1,q1 (6.67)

is chosen. It provides continuous results within the boundaries of momentum discretization,
and is much better suited to compare the results of the efficient computation algorithms
to analytics. The full matrix element in momentum space is given by

<Q7q/l‘ﬁ ’Q7q1>
- % ZZe-i-iQ(j’-i—d’)—iq’ld’e—iQ(j—i—d)-i—iqld<j/,j/ +d

> hi
i i

1 . o - . . . -
= 7 Z ZQHQ(J +d')—iq; d e—ZQ(J+d)+zq1d<j/’j/ o)+ d) . (6.68b)
j/’d/ J7d

j.j + d> (6.68a)

Like the metric tensor and the decay amplitude, this matrix element can be computed
much more efficiently in momentum space as

<Q7q/l‘ﬁ ’Q7Q1>
_ 1 S eHU )il QU+ iand
L
ird j,d . X = . .
i X(Cyrd's Copod + 70 |Carri Camj +dy - (6.69)

Note that in the iMPS computations the assumption must be made that the 2QP states
do not contain significant admixtures of states with higher particle numbers.
The one-particle contribution consists of two parts

<Q7q/1’H1P |Q7q1> = (5q’1,q1 =+ 5qi,q2)(wqi +wq’2) - % (wa + wg, + Wqy + Wel, — 2t0) . (670)
The first is the diagonal bosonic part, which is just the sum of the one-particle energies.
In spin systems, the hard-core property of the excitations also requires the correction to
the diagonal part derived in App. A.10.2.

In the framework of iMPS, the ground state tensor A is usually not an exact eigenstate
of H, which leads to the error matrix element 7 defined in Eq. (4.1). This is what the
additional correction term Cj, in Eq. (6.67) compensates for.

The 1QP part in Eq. (6.70) appears in the same way, as the diagonal part of the 2QP
metric tensor in Sec. B.2.1. This means it also requires either an a priori fixed summation
range of %, or the thermodynamic limit to be well defined.

As with the metric tensor, a description in the TDL is chosen, up to the momentum dis-
cretization Ly. The 1QP part is therefore handled in the same way as the diagonal part of
the metric tensor. Each TN in Eq. (6.69) contributes to the 1QP part, if it possesses one
or more factorizations into a 1QP overlap and a 1QP matrix element. These factorizations
are subtracted during computation. Note that the hard-core correction part in Eq. (6.70)
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arises from excluding all contributions with d’ = 0 and/or d = 0. Since this type of TN is
not computed in the first place, no special treatment of the hard-core constraint is needed.
The subtracted 1QP corrections already describe the hard-core property to the extent pos-
sible in the current iMPS representation.

The efficient momentum space computation algorithms for 2QP matrix elements constitute
the central result of this thesis. However, their derivation is a fairly involved and lengthy
calculation and a rather dry read. The inclined reader is referred to App. B, which contains
all the details.

6.6.2 Results for the FMHC

Since the model can be described exactly by iMPS at bond dimension D = 1, there is
only one C tensor which is its own discrete Fourier transform, and describes the quasi-
particles completely. Therefore, the 2QP states are already orthonormal in both real and
momentum space. By excluding all contributions with two C tensors on the same site, the
hard-core property is implemented exactly, and no further orthogonalization is required.

iMPS exact ]
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Figure 6.9: Element of the S-matrix for the FMHC at I' = 2.0 and Js = 0.5, for
various values of momenta () and q;, compared to the exact solution from
Eq. (2.19). Note that with odd L, neither m nor § fall directly on the dis-
cretization grid. The corresponding curves are therefore taken from the nearest
momentum sampling point.

Figure 6.9 shows the S-matrix element of the FMHC at I' = 2 and J; = 0.5, as function
of final momentum ¢} for various values of @) and ¢, compared to the exact solution from
Eq. (2.19). Note that for odd L, neither 7 nor 7 fall directly on the discretization grid.
The corresponding curves are therefore taken from the nearest momentum sampling point.
No deviation is plotted for these results, because the ground state energy in Sec. 4.3.1
shows, that the description with bond dimension D = 1 is accurate to machine precision.
This is also true for the 1QP dispersion and the 2QP interaction.
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6.6.3 Results for the TFIM

Next, the results for the much more demanding TFIM are presented.
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Figure 6.10: Elements of the S-matrix of the TFIM for total momentum @ = 0
at A = 0.5 computed with bond dimension D = 2, as function of initial
momentum ¢; and the final momentum ¢}. The coloring in the ¢}-¢i1-plane
shows the absolute deviation from the exact result Eq. (2.42) as a heat map.

Figure 6.10 shows the entire S-matrix for total momentum @ = 0 at A = 0.5 computed
with bond dimension D = 2 as a surface plot. On the z-axis is the first particle momen-
tum ¢} of the scattered state, and on the y-axis the first particle momentum ¢; of the
initial state. The coloring of the ¢}-gi-plane indicates the absolute deviation of the iMPS
result from the exact solution Eq. (2.42). This deviation shows a maximum around the
gap mode at ¢ = 0, but it stays under 1%. Clearly, the agreement with the exact solution
is not as good as it is for the 1QP properties. However, given the small bond dimension,
it is still remarkable. As for the two-particle spectral weight, the D = 2 data is already
so close to exact hard-core bosons that no improvement can be reached by applying the
orthonormalization scheme.

Figures 6.11 and 6.12 show the S-matrix element for several values of total momentum
@ and initial state momentum ¢, also at A = 0.5. The lower panels show the absolute
deviations on a logarithmic scale, which makes it easier to assess them quantitatively.

Figures 6.13 and 6.14 show the same curves as Figs. 6.11 and 6.12, but for the parameter
value A = 0.9. As expected, there are now more pronounced deviations, yet, considering
that D = 2 is the lowest bond dimension which can produce any interaction in the TFIM,
the agreement is still remarkably good.
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Pl iMPS exact

Figure 6.11: Elements of the S-matrix of the TFIM at A = 0.5, for total momentum
@ = 0 and various initial state momenta g1, computed with bond dimension
D = 2. With odd Lg, neither ¢ = m nor ¢ = § are sampled exactly, and
the corresponding curves are taken from the nearest available sampling point.
The lower panel shows the absolute deviation from the exact result Eq. (2.42)
on a logarithmic scale.
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Figure 6.12: Same as Fig. 6.11 but for different ) and q;.
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Figure 6.13: Elements of the S-matrix of the TFIM at A = 0.9, for total momentum
@ = 0 and various initial state momenta g1, computed with bond dimension
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D = 2. With odd Lg, neither ¢ = 7 nor ¢ =

5 are sampled exactly, and

the corresponding curves are taken from the nearest available sampling point.
The lower panel shows the absolute deviation from the exact result Eq. (2.42)

on a logarithmic scale.

Figure 6.14: Same as Fig. 6.13 but for different @ and ¢;.
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Figure 6.15: Element of the S-matrix of the TFIM at A = 0.5, for total momentum
@ = 0 and initial state momenta ¢ = 0, computed with bond dimension
D =3 and L, = 121. In the upper panel, the exact solution from Eq. (2.42)
is compared to the iMPS results in the skew basis, in the orthogonalized basis
including and excluding the state with d = 0. The iMPS results in the upper
panel are scaled to fit the plot range of the exact solution. The lower panel
shows the absolute deviation on a logarithmic scale.

In Fig. 6.15 the matrix element at A = 0.5 for total momentum ) = 0 and initial state mo-
mentum ¢; = 0, computed with D = 3, is compared to the exact solution from Eq. (2.42).
The iMPS results in the upper panels are scaled to fit the plot range of the exact solution.
The lower panel shows the absolute deviation on a logarithmic scale.

Three curves from the iMPS results are plotted. The first is the raw result in the skew
basis. One can see that it is literally orders of magnitude worse than the D = 2 result, and
it does not qualitatively agree with the exact solution, but rather seems inverted about
the z-axis.

The second curve is the result of the orthogonalization including the state with particle
distance d = 0. It is yet another two orders of magnitude further away from the exact
solution than the result in original skew basis. The reasons for this are the very large matrix
elements of the d = 0 state, caused by its normalization to unity in the Gram-Schmidt
algorithm.

The third iMPS curve shows the result of the orthogonalization ezcluding the state with
d = 0. This avoids the very large spurious matrix elements. The qualitative form still
matches that of the result in the skew basis. However, the deviation is even increased by
roughly a factor of four.

Unfortunately, even more advanced orthogonalization schemes, such as the ones proposed
in Sec. 6.1.4.2, cannot be expected to correct the qualitative disagreement, since at A = 0.5
a large portion of the 2QP subspace is already orthogonal.

Seeing that the results for the ground state, the 1QP properties, and even the 2QP spectral
weight for this bond dimension at A = 0.5 are consistently of very high quality, this behavior
is really quite puzzling.
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For other parameter values, the behavior stays qualitatively the same. The data in the
skew basis shows a blatant disagreement with the exact solution which is not corrected
by orthonormalization in any way. Higher bond dimensions unfortunately show the same
problems as D = 3.

6.7 Chapter summary

In this chapter, the ansatz from the previous chapter was extended to describe states
with two quasi-particles by applying the creation operator twice. It was found that in real
space the resulting basis is orthonormal for sufficiently large particle distances d. For small
particle distances, overlaps between the 2QP states and even with the 1QP sector were
found for bond dimensions D > 1.

Examination of a momentum space basis showed that 2QP states are orthogonal with
respect to total momentum (), which allows us to treat each total momentum sector inde-
pendently. However, the states are not orthogonal with respect to the second momentum
quantum number.

Therefore, a hybrid basis of total momentum and particle distance was defined. Since these
states are orthogonal for sufficiently large d, this basis provides a well motivated starting
state for the Gram-Schmidt orthonormalization scheme.

Further, it was shown how the metric tensor in the skew basis is represented, which is re-
quired to obtain operator matrices in a, Gram-Schmidt orthogonalized basis. It was pointed
out why the application of the generic Gram-Schmidt algorithm can potentially produce
unstable results and some alternatives were described.

The analysis of the metric tensor for the TFIM in the skew hybrid basis showed that for
bond dimension D = 2, the iMPS representation is very close to exact hard-core bosons.
Therefore, no additional orthogonalization is required. For bond dimension D = 3, con-
siderable deviations from hard-core bosons were found.

As a first result of physical interest, the two-particle spectral weight for the TFIM in the
zz-channel was computed. For low bond dimensions (D < 5), the results are in very good
agreement with the analytic solution. For bond dimension D = 10, considerable devia-
tions were found, which could be traced back to an asymmetry in the eigenstate v'4. It
was observed, that including the state with particle distance d = 0 into the Gram-Schmidt
orthogonalization improved the result over omitting the state.

The Hamiltonian of the TFIM is particle number conserving; therefore, no matrix elements
of the Hamiltonian should occur in the orthogonalized basis, which couple the 1QP sector
and the 2QP sector. This was found to be case. For these matrix elements, the orthogo-
nalization scheme works as intended. Quasi-particle decay amplitudes found in the skew
basis are reduced by several orders of magnitude.

Finally, the 2QP interaction matrix was examined. For the FMHC, results were found to
be in perfect agreement with the analytic solution, because the model can be described
exactly by product states with bond dimension D = 1.

For the TFIM, results were mixed. The results for bond dimension D = 2 are encouraging
and clearly show the potential of the presented method. However, some more research will
be required to understand why the smallest possible increase of the bond dimension by
only 1 results in the radical change for the worse that we observed.



Chapter 7

Conclusion and outlook

To explain all nature is too difficult a task
for any one man or even for any one age.
Isaac Newton

7.1 Summary of the method

In this thesis, a variational method to derive effective Hamiltonians in second quantization
for one-dimensional spin systems was presented. The method is based on the framework
of infinite system matrix product states (iMPSs) and works by iteratively constructing an
approximate Fock space basis.

First, it was shown that the MPS language is well suited to describe the bulk properties
of translation invariant lattice systems with uniform ground state. By using the transfer
matrix, these systems can be handled very efficiently in the thermodynamic limit if the
boundary conditions do not influence the bulk behavior. In this case, the ground state can
be represented by a uniform MPS (uMPS), i.e., with the same matrices for every site, that
reflects the underlying physics.

A DMRG inspired algorithm was presented to find a uMPS approximation of the ground
state, by repeatedly varying the matrices on a single lattice site to reduce the ground
state energy. After each step, the newly found matrices are used as new guess for the
ground state in the next iteration. As function of the elements of the MPS matrices on
a single site, the energy expectation value can be written as a bilinear form. Minimizing
this form naturally leads to a generalized eigenvalue problem (EVP). When convergence
is reached, the eigenvector to the lowest eigenvalue is used as approximation of the ground
state uMPS. This provides the 0 quasi-particle (QP) sector of the effective model.

The eigenvectors belonging to higher eigenvalues of this EVP describe excitations. The
MPSs that have the uniform ground state tensor on all lattice sites but one form a vector
space which can be interpreted as the tangent space to the manifold of uMPS at the given
ground state. They still describe an infinite system, but are no longer uniform and are
therefore called infinite system matrix product states (iMPS) for distinction.

Although it is possible to use the eigenvectors of the converged ground state search EVP
directly, it was shown that this description introduces spurious variational parameters.
This leads to an overcomplete and therefore not orthogonal basis. A better description is
given by the canonical gauge of excitation tensors which is found by restricting the search
to the nullspace of the ground state tensor. This basis is then orthogonal with respect to
the lattice site where the excitation tensor resides, and therefore greatly simplifies many
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calculations. It also makes numerical computations more efficient.

It is found that in most cases one excitation tensor is not enough to describe the ele-
mentary excitation. Also, the excitations are generally not completely local. Therefore,
the momentum superpositions of the real space iMPS, i.e., Wannier states are used. The
linear combination of Wannier states with minimal energy above the ground state is deter-
mined in a second variational calculation. Minimization again leads to an EVP, the lowest
eigenvalue of which is the variational approximation of the one-particle dispersion. The
corresponding eigenvector describes an eigenstate of the effective Hamiltonian with one
elementary excitation. This provides the basis of the 1QP space and a MPS description
of the quasi-particle creation operator. The basis constructed in this way is normalized
and orthogonal with respect to momentum. It can also be Fourier transformed into real
space, where it is still normalized and orthogonal with respect to the lattice site at which
the excitation is created. From this basis, further one-particle properties such as spectral
weights can be determined.

It was shown that computing results in the one-particle basis is more efficient in momen-
tum space than in real space for two reasons. The first reason is that the momentum space
representation of the creation operator is more compact and allows computation of sums
on the level of site tensors rather than on the level of whole matrix elements. The second
reason is that partial results can easily be reused, so that redundant computations can
largely be avoided. This reduces for the spectral weight from O(Z73) to O(Z7?). The
dispersion relation together with the 1QP basis constitute the 1QP sector of the effective
model.

Seeing that a one-particle state can be described by a linear combination of iMPS with one
excitation tensor each, it seems plausible to construct two-particle states by applying the
creation operator twice. This results in a linear combination of iMPS with two excitation
tensors each. For small particle distances, these excitation tensors can fall onto the same
lattice site. Since the QPs in spin systems are hard-core bosons, these contributions are
set to zero.

Unfortunately, the so constructed 2QP states are orthonormal only for bond dimension
D =1, where they describe product states. For higher bond dimensions, states where the
two quasi-particles are close together are neither orthogonal nor normalized. Ounly for large
distances, the states are orthonormal, because the quasi-particles behave like free particles.
This is as expected for models with a finite interaction range. The non-orthogonality or
skewness is found both in real space and in momentum space. It was shown, that for
2QP computations the benefits of working in momentum space are even much larger than
for 1QP computations. Here, the computational cost reduces from O(Z7%) to O(571%).
In fact, in many cases momentum space computation makes the difference between being
able to obtain results on practical time scales or not.

The 2QP states must still be orthogonal with respect to total momentum, wherefore each
total momentum sector can be handled independently. To overcome the problem of the
remaining non-orthogonality in the second momentum, a hybrid basis of total momentum
and relative particle distance is defined. It allows the application of the Gram-Schmidt
orthogonalization scheme to obtain results in an orthonormal basis. This “detour” is neces-
sary, because states with large particle distances are known to be orthogonal and therefore
provide a good starting vector for the orthogonalization.

The metric tensor and operator matrices are computed in the original, non-orthogonal
basis first. As a second step, they are then transformed into the hybrid basis, which is
still not orthogonal with respect to the particle distance at first. After application of the
orthogonalization scheme, the metric tensor is just the identity and the operator matrices
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can be transformed back into real space or momentum space.
This way, results can be obtained for two-particle properties such as spectral weights,
quasi-particle decay amplitude and the interaction matrix.

7.2 Summary of results

The success of the method was gauged by computing results for two different models. First,
as a simple test case, the ferromagnetic, isotropic spin—% Heisenberg chain in a transverse
magnetic field (FMHC), both with and without ferromagnetic next-nearest neighbor inter-
action. The second model is the Ising model in a transverse magnetic field (TFIM), also
on a one-dimensional chain.

7.2.1 Ground state results

The polarized ground state of the FMHC is a product state, and is therefore found to
be described exactly by a uMPS of bond dimension D = 1. Consequently, the ground
state energy of this model was obtained to machine precision for all parameters, and the
correlation length and entanglement entropy are always zero.

By contrast, the TFIM does not have an exact uMPS ground state representation at finite
bond dimension, except for the limits of vanishing magnetic field (A = co) and vanishing
Ising interaction (A = 0). Close to the quantum critical point at A = 1, the ground
state energy per lattice site, the correlation length and the ground state magnetization
in direction of the Ising coupling all show increasingly good agreement with the exact
solution for increasing bond dimension. This is in accordance with the expectations, since
the correlation length grows larger as A approaches 1. This takes increasingly lager bond
dimensions to encode the increasing entanglement. At the critical point, the correlation
length diverges, which cannot be captured by any finite bond dimension. The maxima
in the quantities or their deviations from the analytic solution, which indicate the phase
transition, are consistently found at parameter values A < 1 for low bond dimensions. For
increasing D, the peaks all move towards the exact location of the critical point at A = 1.
Results were presented for bond dimensions from D = 3 up to D = 30, which are very
accurate over the whole parameter range. Notably for larger bond dimensions and smaller
A, the results show wild oscillations and are considerably less accurate than those for
small D. The reason for this is the excess number of variational parameters at high bond
dimension which leads to numerical instabilities. Analyzing the right boundary matrix v,
which in left-canonical gauge holds the squared Schmidt coefficients of a bipartition of the
the chain, reveals that these become smaller than machine precision for high D and small
A. This corresponds to using a (numerically) overcomplete Schmidt basis and explains the
decreased accuracy of the results.

The scaling of the effective correlation length &7, defined by the transfer operator’s second
largest eigenvalue, with the inverse bond dimension was also examined. In the disordered
phase linear least squares fits extrapolate quite precisely to the analytical values. However,
the distribution of the data points does not allow us to conclusively deduct a linear relation
Er(D) %. In the Ising phase, the extrapolated value is approximately off by a factor
of 2. The reason for this is presumably that the transfer operator of a single ground state
does not properly capture the correlations of domain walls.

The entanglement entropy shows a very pronounced peak in the vicinity of the critical
point. The position of this peak appears to converge to the exact value for increasing bond
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dimension.

Finally, the order parameter, i.e., the magnetization in direction of the Ising coupling
was examined. As with the other results, increasing agreement with the exact solution is
observed around the phase transition with increasing bond dimension. An attempt was
made to extrapolate the critical exponent [ of the order parameter. The exact value is not
contained in the error bracket of the value extrapolated from the available data. However,
the agreement is still very good, with a relative error of only 2 %.

7.2.2 One-particle results

For the FMHC, the one-particle dispersion can be obtained to machine precision at bond
dimension D = 1 like the ground state energy. A very interesting result is the appearance
of the two-particle bound state in the spectrum of the 1QP computation, if the bond di-
mension is increased beyond D = 1. Considering that it is not a 1QP state, its energy
is captured with remarkable accuracy, at least in parts of the Brillouin zone, where it is
well separated from the 2QP continuum. This is easy to understand, since the increased
parameter space allows the variational algorithm to capture also localized multi-particle
states.

The dispersion of the TFIM is also obtained to high precision, in both the disordered and
the ordered phase. This shows that with the propers ansatz, domain walls can be described
just as well as spin-flips. Away from criticality, a minimum in the deviation as function
of bond dimension is observed. Beyond that, the error increases again, signaling that the
numerical instability caused by very small Schmidt coefficients in v outweighs the gains
from an increased number of variational parameters. At the critical point, the accuracy of
the results increases more consistently with increased bond dimension. However, the very
high precision of the D = 3 result over most of the Brillouin zone, except in the immediate
vicinity of the gap, remains unexplained at this point.

The excitation gap, too, is found to be in very good agreement with the exact solution. The
deviation shows behavior similar to that of the ground state energy, with wild oscillations
for larger bond dimensions and small parameters A.

Fourier transforming the eigenvector ¢? belonging to the dispersion yields a real space
representation Uy of the quasi-particle. It can be interpreted as the dressing cloud of the
elementary excitation, i.e., the degree of polarization at a distance ¢ from the central site
of the particle. This dressing cloud is found to decay exponentially. The decay is governed
by the effective correlation length & as expected.

To test the 1QP description, the one-particle spectral weight in the xz-channel is computed
as well. At medium parameters, results are very accurate. As in the case of the dispersion,
a minimum in the error as function of D is observed. Close to criticality, a high peak forms
around ¢ = 0 due to the gap being very small. This peak is consistently better captured
by increasing bond dimensions.

Analysis of the effective Hamiltonian matrix in momentum space and its eigenvector /9
reveals that the problem of excess parameters also carries over into the description of the
quasi-particles. In a reflection symmetric system, even symmetry around the gap mode
at ¢ = 0 is expected. At low bond dimensions or close to criticality this is found to be
true. However, for high bond dimension and small parameters, an asymmetry in both the
Hamiltonian and /7 is observed. The reason behind is probably a numerical instability
in the computation of the excitation tensors due to very small Schmidt coefficients in v.
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In the computation of the one-particle spectral weight, the asymmetry in ¢¢ appears to
compensate for this fact.

7.2.3 Two-particle results

Since the FMHC is described exactly at D = 1, the two-particle basis is exact, too, in
this case. Therefore, the 2QP interaction matrix could be computed to machine precision,
without the need for orthogonalizing the basis. This would also allow for the computation
of the exact energy of the 2QP bound state by diagonalizing the Hamiltonian in the 2QP
subspace.

For the TFIM, the metric tensor was analyzed first. At bond dimension D = 2, it showed
very little deviation from exact hard-core bosons, eliminating the need for further orthog-
onalization. At bond dimension D = 3, the deviations were found to be considerably larger.

Next, the two-particle spectral weight in the zz-channel was computed. At A = 0.5, the
results for low bond dimensions were found to be very accurate. The results for D = 3
and D = 5 show that including the state with particle distance d = 0 which should
not contribute in a proper hard-core bosonic description, nonetheless improves the result
visibly. This rises the question, if and how hard-core bosonic excitations can be described
consistently. As of yet, this question cannot be answered conclusively. Unfortunately,
the result with bond dimension D = 10 shows a very large deviation from the analytic
result, which can be traced back to the problem of asymmetry in the eigenvector ¢'?. This
becomes even clearer seeing that v¢ results from different program runs look qualitatively
completely different.

At the parameter value A = 0.9, results are more consistent. They improve for increasing
bond dimension until at D = 10, again, the problem of the asymmetric ¥¢ manifests itself.

Further, the quasi-particle decay amplitude was investigated. For a particle number con-
serving model such as the TFIM, it must vanish, at least in the orthogonalized basis. This
is found to be the case within acceptable error margins. Surprisingly, the erroneous am-
plitude that results from the skewness of the initial 2QP basis, is reduced by four orders
of magnitude for D = 10 at A = 0.5. Despite the fact that the result for the two-particle
spectral weight from this data set was so far off the exact solution.

The results on the scattering matrix for the TFIM are rather inconclusive. At bond
dimension D = 2 and parameter A = (0.5, agreement is remarkably good, and the results
do not even require orthogonalization. At the same parameter value, the results for bond
dimension D = 3 show very large deviations and do not even qualitatively match the form
of the exact result. Seeing that all other results at this bond dimension and parameter
were very accurate, this is quite surprising.

Closer to the critical point, at A = 0.9, the picture stays qualitatively the same. The
deviations for D = 2 are visibly larger, but that is expected for low bond dimension.

In summary, while the results for bond dimension D = 2 are very encouraging, the radical
turn for the worse at D = 3 clearly calls for further research.
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7.3 Outlook

As discussed in the last section, many interesting, convincing and encouraging results were
obtained. Unfortunately, we encountered a number of problems on the way that are as of
yvet unsolved and require more research.

The DMRG like ground state search algorithm presented in Chap. 4, shows two problems:
First, the generalized EVP becomes unstable if the bond dimension is much larger than
is required to describe the system. This is due to very small Schmidt coefficients and
subsequently small eigenvalues of the norm matrix. Here, an algorithm could be used that
adaptively reduces the bond dimension, when Schmidt coefficients below a certain thresh-
old are detected. The second problem is that for large bond dimensions, close to a fixed
point, convergence can become very slow. Comparison to alternatives such as imaginary
time evolution [84], or the recently proposed VUMPS algorithm [86] may help to identify
better options.

As shown in Chap. 5, the canonical gauge form for excitation tensors has many attractive
features. The resulting states are orthonormal in momentum space and the orthogonal-
ity in real space greatly reduces the computational effort, especially in 2QP calculations.
However, their computation involves inverting the right boundary matrix v, which makes
it sensitive to errors introduced by very small Schmidt coefficients. This manifests in the
problem of the Hamiltonian not having the proper symmetry in momentum space, which
carries over to its eigenvector belonging to the dispersion. Subsequently, 2QP results may
prove unreliable. Using a Lanczos type algorithm that does not require an inversion of v,
but rather uses it to define a scalar product, could help to improve stability.

Another challenge, which did not present itself as such in the context of this thesis, is the
distinction between single-particle and multi-particle states. In the case of the FMHC it
is clear that there is only one type of elementary excitation. Therefore, the two-particle
bound state can be clearly identified a such. However, in more complicated models differ-
ent types of elementary excitations can occur. If their energy is non-degenerate, it may
no longer be clear which eigenvalues of the momentum space EVP describe single-particle
states, and which describe multi-particle bound states.

For very low bond dimension D = 2, the hybrid 2QPs basis is found to describe hard-core
bosons almost perfectly. In this case, no orthogonalization is required. For bond dimen-
sion D = 3, the hard-core property is found to be no longer described very accurately
by only omitting contributions where the two excitation tensors fall onto the same site.
The example of the two-particle spectral weight shows that in this case including the state
with particle distance d = 0 is indeed necessary. The inconclusive results for the scattering
matrix do not allow for a definitive statement if this is generally true at this point. As
an alternative to the Gram-Schmidt algorithm, the metric tensor could be diagonalized,
and the eigenspace to the lowest eigenvalue discarded. The spectrum of the metric tensor
is invariant under the Fourier transformation, since it is unitary. Therefore, the diagonal-
ization could be done directly in momentum space basis, without the detour through the
hybrid basis.

The very accurate 2QP results which could be obtained nonetheless clearly show the po-
tential of the method. However, the puzzling disagreement of the interaction matrix for
bond dimension D = 3 also shows that there are still some unresolved problems. As shown
in App. B, the momentum space algorithms for efficient computation of 2QP quantities
are fairly involved. Errors in the calculations and the implementation cannot be excluded
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completely at this point.
Once the problems have been resolved, the two particle approach can be extended to work
with degenerate ground states. Then, the interaction of domain walls can be studied as well.

Alternatively, real space computation could also be improved. The enormously long com-
putation times estimated in Sec. 6.4.2 are largely based on the naive approach to compute
overlaps and matrix elements one at a time. This results in a vast amount of redundant
computations. If one could compute all overlaps and matrix elements simultaneously,
summed boundary matrices could be reused similarly to the momentum space computa-
tion. However, such an algorithm would be even more involved than the momentum space
calculations in App. B.

The example of the bound state in the FMHC shows that two QPs can behave very similar
to a single particle when they are close to each other in real space. In Ref. [98] the one-
particle approach from Ref. [90] was extended to 2QP states with an ansatz that takes this
into account explicitly, and which in the notation of this thesis is given by

o0

oo o
lq1q2) = D €Y Fyygpod) + Y €9 "eh (d) [Baods Bpj +d) . (T.1a)
J

Jj=—00 d=1 a,p

where Q = q1 + g2 is total momentum. The first term is a one-particle-like state that
describes the two particles when they are close together. The second term describes the
particles when they are further apart, including the free particle limit. In Eq. (7.1) the
|Fq1.q2-J) are states as in the one-particle ansatz Eq. (5.2), and the |B,,j; Bg,j+d) are states
as defined in Eq. (6.2). However, in contrast to the ansatz in Chap. 6, the |Bq,j; Bs,j +d)
use the bare By, which are the one-particle excitation tensors from Chap. 5, and new
variational parameters 3.5, (d) are introduced instead of the already known vi. The
tensor Fy, 4, is left with its entire (d — 1) D? parameters for variation.
Variation with respect to the parameters {Fql,qQ,cg‘l’gz,(d)} leads to another generalized
EVP, which is half-infinite in d. However, the authors find the coefficients cg‘l’%z (d) to
show the asymptotic behavior

cg‘l’fn (d) a2 vl U%Q elazd _ e_i%g%g} elad (7.2)
where ¢ is the scattering phase. In numerical practice, this behavior is reached for d ~
=7, which is the length scale on which the particles become non-interacting. This is in
accordance with our findings in Chap. 6.
This ansatz, although more sophisticated, produces reliable results for higher bond di-
mensions. It is therefore a viable alternative should the problems with our ansatz prove
unsolvable.
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Supplementary material

Never memorize something that you can look up.
Albert Einstein

A.1 The Kronecker identity

One relation that frequently requires special attention when dealing with iMPS in momen-
tum space is

=i =g, (A.1.1)
1

SIS

L

J

which is well known from solid state physics textbooks and will be referred to as Kronecker
identity. If follows straight forwardly from

1 L

7 z_; exp (IQL”(n - m)g) = Smn (A.1.2)

by identifying ¢ = n-Aq and ¢’ = m - Aq with Aq = 2% which is the momentum resolution
on a finite lattice.

Two important remarks are in order regarding Eq. (A.1.1). First, in the thermodynamic
limit, the Kronecker-§ in Eq. (A.1.2) becomes a Dirac d-distribution. However, in numerics
one usually discretizes the Brillouin zone, allowing only a finite number of momenta in
which case one is back at Eq. (A.1.1).

Second, on a finite lattice with discrete momenta Eq. (A.1.1) holds true, also in numerics.
But only, if the summation is done over exactly L sites. This is because for q # ¢ the
exponentials in Eq. (A.1.1) are the L™ order roots of unity, which sum up to zero.

In the algorithms described in this thesis, cases occur where quantities are summed over
as many lattice sites as it takes for them to converge to a limit value. In these cases, Eq.
(A.1.1) is not really applicable, because this number of sites may not be the same as the
number of discrete momenta chosen for the computation.

Instead, everything that is known to contribute to a Kronecker identity is subtracted in
the computation and a contribution of J, , is added in the end. See the calculation on the
2QP overlap in Sec. B.2.1 for an example.
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A.2 Hamiltonian of the FMHC in the 2QP sector

To obtain the energy of the bound state, the Hamiltonian is diagonalized in the two-
particle subspace. Excitation energies are measured relative to the ground state, therefore
the ground state energy is subtracted in this calculation. The matrix element with respect
to the bosonic 2QP basis |q1,q2) is given by

(1,45 (H — Eo) |q1,q2) = (¢1,a5|Hip |q1,62) + (41,42 Hint |q1,42) (A.2.1)
with
1
Hip = Zwkalak and Hiyy = 7 Z VklekBaLIaLQakgalirkaS . (A.2.2)
k k1,k2,k3

The contribution of the one-particle part Hyp is

<q3,q5’H1P ‘QI7QQ> = <q’1,q§! Zwkalak ‘q17q2> (A.2_3a)
k

- wal 5q/17QI + wal 5(13412 + wqé (5qé,q1 + wqé (5(157(]2 (A23b)

= Yy (5(1/17511 + 5%,!12) + Wy, (5q§,q1 + 5q’2,q2) (A.2.3¢)

= (g +we)Op.qn + 0gf.q2) (A.2.3d)

where in the last step total momentum conservation

Ght+aon=a+e=Q (A.2.4)
was used to identify

5‘1&7(11 =

1) 0, and 6, =90

91,92 95,92 a9 - (A.2.5)

qtae2—qi,q1 —

Lastly, to account for the hard-core property of the excitations, the correction derived in
App. A.10.2 needs to be subtracted, so that the complete contribution from the one-particle
part Hyp reads

2
(d1,q2| Hip |q1,q2) = (wqfl—i-wqé)(éqi’ql+5q37q2)—z (wa + wg, +wy + Wy — 2t0> . (A.2.6)

The contribution from the interaction part follows as

<q’1,q§\Hint lq1,92)

1
= <q/17QQ| z Z Vk1k2k3a21 aLQGkiiak1+k2—k{3 ‘q]_,q2> (A.Q.?a)
k1,k2,k3
1
= Z Z Vk1k2/€3 (6qi,k15q’27k2 + 5%7’625%,191)
k1,k2,k3
X(6QI7’€36Q2J€1+/€2—’€3 + 5Q27k35q1,k1+k2—k3) (A.2.7b)
1
- 1 (ting1 T Vaigpee T Vapaiae + Vq’gq’lq1> (A.2.7¢)

where in the last line total momentum conservation is implied. Inserting the expression
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for the scattering amplitude Eq. (2.19) into Eq. (A.2.7) yields
(¢1,92 Hint |q1,42)
1
= —L{J [cos(q] — q1) + cos(qy — q2) + cos(qh — g2) + cos(qy — q1)] (A.2.8a)

+J3 [cos (2(qy — q1)) + cos (2(q] — q2)) + cos (2(¢h — g2)) + cos (2(g5 — ¢1))] }

(A.2.4) 2

t —L{J[cos( —q1) + cos(q] — qg)} + Jo {cos (2(¢7 — q1)) + cos (2(q] — qQ))} }
(A.2.8b)

The energy of the bound state is only a function of total momentum @, not of ¢; and
g2 individually. Since states with different total momentum are always orthogonal, the
Hamiltonian matrix can be computed and diagonalized in each @ sector independently.
In order to avoid the problem of an overcomplete basis, relative momentum ¢ is chosen
as second quantum number with the restriction ¢ > 0. Total and relative momentum are
herefore defined as

Q:=q+q q:=q1 —q2 (A.2.9a)
+ —
= Q= % 92 = % . (A.2.9b)

Using this to express all momenta using @, ¢’ and ¢ yields the matrix element in the form
of Eq. (2.24).

A.3 2QP interaction matrix of the TFIM

To compare the iMPS results for the 2QP interaction to the analytic solution from CUT
[57], the interaction matrix element of the Hamiltonian Hyp is calculated in the |Q,q1)
basis.

As shown in Sec. 2.2, the formulation of the Hamiltonian in string operators allows us to
directly determine the 2QP interaction term as

oco n—1

Hop = —QZ Z Z tn j ]+maj+maj+n + hC) . (A31)

7 n>2m=1

Note that the summation ranges of n and m in Eq. (A.3.1) exclude the creation and
annihilation of two quasi-particles on the same site. Therefore, no special treatment of the
hard-core constraint is required.

In order to derive the expression Eq. (2.42), the real space matrix element of Hyp is
calculated first

<j/7j, + d,‘HQP |jv.] + d>

co n—1

= -2 Z Z Z tnli' i+ d'| agajnama“_n + az_s_najnamaz) 17,7 + d) (A.3.2a)

¢ n=2m=1
oo n—1

= 23 > > t [(51/,é5j/+d',m + 01 m0jrvdr ) (07,0400 +dm + 05mj+d,e+n)
0 2m=1

(85,4004t m + OO 4n) (056055 am + Oimsrar)] - (A.3.2D)
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The expression Eq. (A.3.2) can now be inserted into the momentum space matrix element

(Q, Q1|H2P 1Q,q1)

= <Q ¢i1holsp |Q Q1> (A.3.3a)
jl7j d/7d
1 . -/ / - 7o . . .
= 7LD enQU A T QU (1 1 | Hop,_y |.j +d)  (A.3.30)
3’ d',d
oo n—1
- Z 3 RGN i d QU+ d)iand [ 23 )ty
'y dd n=2m=1

X <5j’,05j’+d/,m5j,n5j+d,m + 951,005/ +d’,m0j,m0j+d,n
+0j1,m0j'+d/,005,n05+d,m + 05/,m0j/+d',005,m0j+d,n

+0j1 00/ +d,m05,005+d,m + 05/ n0j+d' m05m0j-+d,0

+6j1 m0jrdr 095,005 +dym + 5j’,m5j’+d’,n5j,m5j+d,0)] (A.3.3d)

where T1 has been used to set £ = 0 everywhere and to gain a factor of L which cancels out
one power of L™! in the normalization. Carrying out the sums over j', j, d’ and d yields

(Q.q1|Hop |Q,q1)

oo n—1

- Yy

n=2m=1

<e+iQm—iq’1m—iQm+iq1(m—n) + 6+iQm—iq£m—iQn+iq1(n—m)

_’_efiqi(fm)fiQeriql(mfn) + efiqi(fm)fiQnJrim(nfm)

+€+iQm—iq’1(m—n)—iQm+iq1m + e+iQm—iq’1(m—n)+iq1(—m)

_|_€+iQn—ifIi(n—m)—iQm+iq1m+e+iQn—iqi(n—m)+iQ1(—m)> . (A3.4)

For each summand, the values of m run from 1 to n — 1. Therefore, under the sum m can
be exchanged with n — m, which then takes the same values n — 1 to 1 only in reverse
order. With this, the exponentials can be written as cosine functions

(Q.q4|Hop |Q,q1)

= _*ZZ [cos gy(n —m) + qim) + cos (qi(n — m) + gam)

n=2m=1

+ cos (¢ (n —m) + ¢ym) + cos (gy(n — m) + qzm)} . (A3.5)
Lastly, in the TDL the following index mapping can be made
{nm} = {dd} with n=d +d,m=d, d,d>0. (A.3.6)

Inserting this into Eq. (A.3.5) finally yields the matrix element as given in Eq. (2.41).
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A.4 Properties of transfer operator T’

This section provides a more detailed discussion of the properties of the spectrum of the
transfer matrix 1" and the eigenmatrices associated with the largest modulus EV Ag. These
are the arguments used to motivate the iMPS formalism as implemented for the purposes
of this thesis. For a more in-depth analysis see for instance Refs. [21, 22].

A.4.1 Largest eigenvalue

We define T by
T=)T:=) A"®A*, (A4.1)

with A% € CP*P. Some statements can be made about the spectrum of each summand
T?. For the EVs ¢;; of a Kronecker product of two matrices A and B with EVs a; and b;,
respectively, the relation

Cij = aibj (A.4.2)

holds, i.e., the EVs of the Kronecker product are the products of the EVs of the individual
matrices A and B. For T%, B = A* holds, and the EVs of A* are the complex conjugates
of the EVs of A.

Therefore, T has at least D real and positive eigenvalues that are the squared absolute
values of the EVs of A®. Moreover, if the largest modulus EV is unique, it is the square
of the absolute value of the largest magnitude EV of A® and therefore real and positive. If
the largest magnitude EV of A® is n-fold degenerate, then T has n? EVs with the same
modulus. At least one of them is real and positive. All complex EVs come in conjugate
pairs, as can be seen from Eq. (A.4.2). Note that if the largest magnitude EV of A% is
zero, then all EVs are zero and A? is nilpotent and therefore describes the null-vector in
the uMPS class of D x D matrices, since A" =0 withn < D < L.

Unfortunately, there are only few rigorous statements that can be made about the spec-
trum of the sum of matrices. In practice, we find, that this structure of the spectrum of
T*® carries over to the spectrum of the sum 7' = ) T°. However, there is no proof that
this must be so.

Therefore, at this point the statement
A eRT, Aj AN Vi#0 (A.4.3)
must be taken as an axiom or, alternatively, as a necessary condition for the ansatz to work.

If Ag is truly degenerate, i.e.,
AZ‘:A(), izl,...,n 5 (A44)

in the thermodynamic limit the norm takes the form
(@ly) = Tr (Q (Aé > @ﬂ)) = AFY @l Q. (A.4.5)
i=0 i

This can in theory still be normalizeable through @, if ﬁj@z‘fz € R for all ¢ and the sum is

positive. However, since ﬁj@ﬁz = ﬁ}@ﬁj cannot be assumed for ¢ # j, this would require
extended bookkeeping on the normalization for all norms and matrix elements.
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If Ag is degenerate in the absolute value, i.e.,

|Ail =Ao,i=1,...,n, (A.4.6)
one faces another problem the thermodynamic limit. This is because the limit
A ] L 2]
i ia ) [ 05\ L
jim (32) = im () (A7

does not take a defined value for 6; # 0. For a more detailed discussion see Ref. [99].

In general, a degenerate largest magnitude EV is a strong indicator that some of the
premises of the iMPS formalism are violated. For instance, in 1D the ground state of the
Majumdar-Ghosh Hamiltonian [100, 101, 102]

H= JZSJS]'H + % Z S;Sj42 (A.4.8)

J J
is two-fold degenerate, as it consists of singlets forming either on the odd or on the even
bonds. Therefore, the system will favor one or the other ground state, depending on the
boundary conditions. There is, however, a uMPS representation that accounts for both
realizations simultaneously, using matrices of dimension 3 x 3

1

1
0 75 0 ) 00 —5
At=0 0 o, A'={[10 o0 (A.4.9)
1 0 0 00 0
The resulting transfer matrix T
o0 0 0 20 0 00
1
0 0 0 (1) 00 -7 00
00 0 —Z5 00 0 00
0 0 —% 0 00 0 00
=11 0 0 0 00 0 00 (A.4.10)
00 0 0 00 0 00
1
0 5 0 0 00 0 00
00 0 0 00 0 00
1 0 0 0 00 0 00

has modulus degenerate EVs {Ag = +1,A; = —1}. As a result, this ground state uMPS
cannot reliably be determined by the algorithms described in this thesis.

A.4.2 Properties of eigenmatrices

If we assume (A.4.3), we can prove that the corresponding left and right eigenmatrices u
and v must be Hermitian and can be chosen positive semi-definite as shown next.

First note that the relation
T
(T = (Z A%AST> (A.4.11a)
= > Aniat (A.4.11D)

= T[] (A.4.11c)
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holds. Tt follows that if v is an eigenmatrix of 7' to EV A, then v! is an eigenmatrix to EV
A*

Tlv] = Av (A.4.12a)
= (T = A% =T (A.4.12b)
=o' = v if AeR and unique . (A.4.12¢)

The same argument holds for the left eigenmatrix wu.

A matrix v is called positive (negative) definite, if the form f(&) = w v is greater (less)
than zero for all possible arguments @ # 0. If f(&@) = 0 can occur, the matrix is called
positive or negative semi definite, respectively. For Hermitian matrices, this is equivalent
to all EVs being greater (less) than or equal to zero.

To prove that u and v can be chosen positive semi-definite, we note that 7" is an endomor-
phism of the positive or negative (semi) definite matrices. Let v, be the EVs of v and &
the corresponding eigenvectors. Then

FTlw = o <ZAS (Zva(wT) AST)w (A.4.13a)
= ) valutAta) (A.4.13b)

{zovw if v, >0V a

_ : (A.4.13c)
<OVW ifv, <0V a

Next, let v be a positive semi-definite eigenmatrix of T' to EV A. Then, on the one hand
it follows from Eq. (A.4.13) that A must be positive

@ > 0 (A.4.14a)
=  @ITw]w >0 (A.4.14D)
=  AwTvw >0 (A.4.14c)
= A>0. (A.4.14d)

On the other hand, a unique EV determines its corresponding eigenmatrix up to multi-
plication by a scalar. We have shown in Eq. (A.4.12) that eigenmatrices corresponding to
unique, real EVs must be Hermitian. If we assume v to be normalized, then it is uniquely
determined by A up to multiplication by —1. Therefore, the eigenmatrices corresponding
to unique, positive EVs of T must be either positive or negative semi-definite, and can
thus be chosen to be positive semi-definite.

Lastly, it remains to be shown that v > 0 implies v > 0. Since they are left and right
eigenvectors to the same EV, their scalar product is one. Let ug be the EVs and {E} the
eigenvectors of u. Then

(uw) = Tr(ulv) = Tr(uv) (A.4.15a)
= Tr | ughplv (A.4.15b)
B
= > usff (A.4.15¢)
sy
- (A4.15d)

=  ug=20. (A.4.15¢)
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If, in addition to (A.4.3)
A <1Yi>0 (A.4.16)

is assumed, the thermodynamic limit is always well defined and the boundary matrices can
be linked to the singular values of the uMPS. This allows us to conclude, that v and u are
positive definite, i.e. cannot have zero EVs.

Let {I"*,A} be the composite form of a uMPS as defined in Sec. 3.6.4. Then, as shown in
Sec. A.4.3, the norm TN takes one of the following forms

{ Tsi* )\5 s2* )‘*L sc*
|
v
g
1

1“51* )\; FSQ* E F?L* )\L+1*

DBPBE]
— (A.4.17)
¢

s A Ty AL T Ay

where v and v are the left and right eigenmatrices of

Tp=> (AI*)@ (AI*)  and  Tr=>» (TN @ I")), (A.4.18)

S S

respectively. The symbol # denotes that an arbitrary number of rungs is left out. The
matrix A is the diagonal D x D matrix of Schmidt coefficients of the Schmidt decomposition
of the uMPS across any bond. As singular values the elements \; of A are real and non-
negative. Additionally, we can assume them to be Strictly positive A; > 0 V i. Because if
A had n singular values equal to zero, then the state could be represented by matrices of
dimension (D — n) x (D — n), which then would have again only positive singular values.
In the norm in Eq. (A.4.17) one of the matrix products

Al or AUA* (A.4.19)

occurs. Since the rank of the product of matrices cannot exceed the minimum rank of the
factors, v and v must have full rank. Otherwise, there would be one Schmidt decomposi-
tion with an effective Schmidt rank K < D, which would again mean that every Schmidt
decomposition had rank K < D.

Therefore, the boundary matrices u and v are Hermitian, have full rank and can be chosen
positive definite. This proves, that the scalar product Eq. (3.69) is well defined, given the
conditions (A.4.3) and (A.4.16) are met. It also means, that u and v are invertible, which
is a requirement for computing the canonical form of a uMPS.
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A.4.3 TN boundaries in the thermodynamic limit

This section describes the special form of TNs that occur for overlaps and matrix elements
in the thermodynamic limit. As can be seen from Eq. (3.42), the TN for a norm of a state
with PBC is

W) = Y e Cornss (A.4.202)
81 yeeey s
= ) Tr(ATT. AT Tr(A% - AF) (A.4.20D)
81,..4,SL,
A.Sl* ASL*
= (A.4.20¢)
AS1 ASL

i.e. it represents a sum of products of traces. In contrast, the TN

Asl* ASL*
ut v = Z Tr(ut 42T ... Astip 451 45n)
S1,e-ySL
Asl ASL
(A.4.21)
represents a sum of traces of matriz products. In general, these are not the same
Tr(A)Tr(B) # Tr(AB) . (A.4.22)

However, in the thermodynamic limit and only in the thermodynamic limit, given {A%}
represent a properly normalized state, both expressions take the same value, namely 1,
and can thus be identified

(W) = Y Tr(A™ - AT Tr(A™ .. A% (A.4.23a)
—

= Te(Th) (A.4.23b)

Tr(AL D)) (A.4.23¢)

Ay Te(a i) (A.4.23d)

= Aiald, (A.4.23¢)

= 1. (A.4.23f)

The critical step is (A.4.23c), where the TDL is used to reduce T to a dyadic product
using the spectral representation

D?—1
Lh—>H;o Tt = 11_>Ir01O Zz; AF _'ZuJr = Aot ) (A.4.24)

since |A;] < 1 for i > 0 and therefore limy_,, AZ>0 = 0. This makes the argument of the
trace operation already a scalar, and for scalars the product of traces is indeed equal to
the trace of the product, since the trace operation is trivial.
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Since u and v are eigenvectors of T' to EV Ag = 1, the following relations hold

v o= T[U} = = }1} (A.4.25a)
ut = Tl =ul = UT{ (A.4.25b)

and it is easy to see that the entire TN in Eq. (A.4.21) therefore collapses to

UTGU = Tr(ulv) . (A.4.26)

This means, in general the TN in Eq. (A.4.20) corresponds to the matrix interpretation
Eq. (3.54) of T, while the TN in Eq. (A.4.21) corresponds to the superoperator interpre-
tation Eq. (3.67). Since the latter is numerically advantageous, it is chosen for this thesis,
along with the TN type in Eq. (A.4.21).

As shown in Sec. 3.6.4, for a left-canonical uMPS, the left boundary matrix is the D x D
identity matrix w = 1. This translates in TN notation to

Tr(ulv) = Tr(1v) = G C =1. (A.4.27)

Since the left-canonical gauge is the used, the TNs appearing for iMPSs are generically of

L CIEEED e

In the arguments leading up to the TN form in Eq. (A.4.28), the boundary operator Q

was not discussed. The reason is that in the limit L — oo Eq. (A.4.24) also holds for T2 .
Therefore, in the TDL any relevant matrix element or overlap takes the following form

lim TH(QT"OT") = lim Tr(T2QTL0T?) (A.4.29%)
L—oo L—oo
= Tv (T @) Q T @ O Toidl) (A.4.29b)
=1
= @i d 0v (A.4.29¢)
~—~—
=1
= @07 (A.4.29d)

where O is a D? x D? matrix or a rank-4 tensor that holds all information on the finite
number of lattice sites that are different from the ground state. The first equality is due
to the cyclic property of the trace, the second due to Eq. (A.4.24) and the rest follows
from normalization. Therefore, if the uMPS described by A is normalizable, the boundary
operator is irrelevant and can be omitted from the notation entirely.
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A.4.4 uMPS and iMPS

Although uniform matrix product states (uUMPSs) and infinite system matrix product
states (iIMPSs) both describe infinite systems in the context of this thesis, there are differ-
ences. This is why two different acronyms are used.

The class of uMPS discussed in Sec. 3.6.2, that is assumed to describe the ground state,
does not form a vector space, but rather a manifold [92]. This means if two states |¢) and
|¢) can be described as uMPSs, this is not necessarily true for their sum. Especially if

A [0), A o), C |X)=[)+ |¢) # C=A+A. (A.4.30)

Although manifolds are locally isomorphic to vector spaces, not knowing the isomorphism
(and its inverse) makes it very hard to define a scalar product for uMPSs.

Looking at the analysis of the uMPS norm in Sec. 3.6.2, one could think of defining a
transfer operator

T:=Y A"@A (A.4.31)
in terms of which the overlap then reads

($lv) = lim Te(T*). (A.4.32)

Assuming both [) and |¢) are normalized, generically the largest magnitude EV of T is
smaller than 1, and therefore, the overlap vanishes in the TDL. This means, that with
respect to this scalar product, all uMPSs are orthogonal. Alternatively, one could define
the largest magnitude EV of T as the value of the scalar product. However, this is not a
good definition, either. For instance, the two degenerate ground states in the ordered phase
of the TFIM are orthogonal. Yet, the largest magnitude EV of T formed from two uMPSs
describing both ground states is non-zero. Arguably, the uMPSs do not describe the true
ground states, and therefore orthogonality can only be expected in the limit D — oo. In
this case Ag should at least decrease for increasing bond dimension and extrapolate to a
value near zero. However, at least in the case of the TFIM, this is not what we observe.
This problem makes working with degenerate ground states in the TDL challenging.

In contrast, the iMPSs formed by replacing a finite number n of consecutive tensors in a
uMPS do form a vector space. It is of dimension (dD?)" and can be interpreted as the
tangent space to the manifold of uMPS at the given point. Therefore, provided they are
based on the same uMPS, i.e., are elements of the same tangent space, the sum of two
iMPSs is again a iMPS. Also, the scalar product of two iMPSs is well-defined.

Since this type of iMPS is used describe excited states, their overlaps and matrix elements
are well-defined, too.

A.5 Ground state degeneracy

As mentioned in Sec. 3.6.1, ground state degeneracy can be handled to some extent in the
framework of iMPS. This section describes the algorithmic changes necessary to work with
a model that has a degenerate ground state. Some caveats and limitations are discussed.
Also, some considerations explicitly for the TFIM are made.
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A.5.1 Working with degenerate ground states

For instance, the TFIM Hamiltonian Eq. (2.25) has a Zy symmetry for S* — —S% which is
spontaneously broken in the Ising phase A > 1. This symmetry breaking is reflected in the
ground state uMPS as found by the algorithm in Sec. 4.1, since the result describes either
one or the other ground state realization, not a superposition of both. This is due to the
manifold structure of the set of uMPS, meaning that a superposition of the two ground
states is not contained in that manifold, although it has the same energy per lattice site.
In the case of the TFIM, as discussed in Sec. 4.5, the order parameter M, can be used
to determine which ground state the algorithm converged to. This can be generalized to
other models, if ground state degeneracy is expected. Usually, there is an order parameter
by which the different possible realizations can be told apart. Therefore, the algorithm can
be run multiple times with different random initial guesses to find the different uMPSs of
the ground states.

A.5.2 Transformation for ground state uMPS in the TFIM

For the TFIM running the ground state search multiple times is not required. Although the
transverse field introduces quantum fluctuations, the ground state of the Ising phase can
still be understood as all spins aligning in either positive or negative z-direction. There
is a simple transformation that converts one into the other, namely —¢?® which can be
interpreted as a spin-flip operator in the o® eigenbasis.

By expressing the Hamiltonian in spin—%operators,

1
S = 500‘ with «a € {z,y,2} (A5.1)
with the Pauli matrices o®

. (01 s (0 —i . (10
o —<1 0), o _<i 0), o —(0 _1>, (A.5.2)

the eigenbasis of 0% was chosen as basis for the local Hilbert space of each spin. The
eigenstates of o are

n=(p). 1=+t md 10=(]). Fl0=-111) @5y
and those of % are

a) = S50+ 110 = 5 (1)s 0" la) = +1ls) and (A5.40)

Hg\H
[\

1 -1 . -
i) = S5 = 1= 5 (7)) =-1ln) . (Asan)

It is thus easy to see that a multiplication by —¢* turns [¢, ;) into |¢, _) and vice versa

et - (3 Y5 )-h (Dm0 sn
o) = <—01 (1)> \}5 <—11> _ \}i G) — W) . (A55b)

|GST) = é —o7 | |GS™) (A.5.6)

j=—o00

Therefore,
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where |GS™) is the ground state with spin orientation in positive z-direction, and |GS™)
the one with magnetization in negative z-direction. In contrast to the local operators dealt
with so far, this is actually a global operation that acts on all the spins in the same way.
It is one of the rare cases where an MPO can be applied to a uMPS

o0
@ o5 | 1657) =Tr | [ (=0 A% | - | D07, 4% | | 1)) -
jzfoo 5’1 SIL
A5.T)
Applying this operator to the ground state uMPS yields

. / —Al, ifs=1
E —imSY s )
s S’A - y A58
(6 ) s {1427 ifs—=2 ( )

Sl

i.e, ultimately only a relative sign between the two A® matrices
IGS™) : {AL A%} —  |GST):{-A A%} . (A.5.9)

Note that this operation transforms both ground states into each other.

A.5.3 Dispersion for degenerate ground states

If a one-dimensional system has a degenerate ground state, this is of fundamental impor-
tance, because it greatly changes the type of the elementary excitations. With a degenerate
ground state, very often the least amount of energy that can be put into the system is no
longer a local perturbation such as a spin flip or a triplet excitation, but a domain wall
between sections with different ground states. Therefore, a single excitation cannot be
created by a local operation, but rather involves an infinite number of lattices sites being
changed from one ground state to another.

In this case, assuming the same ground state on both ends of the system then implies that
elementary excitations can only be created in pairs. This is easy to see for the example
of the TFIM in the Ising phase, where flipping a single spin means creating two domain
walls, which in the limit I = 0 can move apart at no additional energy cost, cf. Fig. 2.1.

This type of domain wall excitation can indeed be described within the iMPS framework
using the ansatz in Eq. (5.2)

Baj) i= Y Tr(A - AW BI A AT sy, sy (A.5.10)

815ee5SL

where A describes one ground state and A the other. Finding the B, tensors with degener-
ate ground state works the same way as described for a unique ground state in Sec. 5.1.2.3.
The only difference is that when computing the matrix M, the left eigenmatrix u of T
and the right eigenmatrix o of T are used, where T is constructed from A according to
Eq. (3.54).

The same is true for the matrix elements

B,
(Ba.j'|ho [Bg.j) = @:ﬁﬂ} (A5.11)
Bg
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where the open circles denote the A tensor, the open diamond shape denotes v, and the
solid circles denote A. For the example TN, j/ < 0 and j > 0 was assumed. Intermediate
transfer operators on the sites 7/ < k < 0 and n < k < j are replaced by

T =1"M = — T = 1AA) = or T = 1AA) —

(A.5.12)
Since the application of the transfer operator is implemented as an identity operation
anyway, this requires only minor adjustments for 1QP computations.
Note that the orthogonality of the states in Eq. (5.2) with respect to a and j is in no way
influenced by the ground state being degenerate.

The above sketched ansatz captures the dispersion relation of domain wall excitations
perfectly, as evidenced by the results for the TFIM in the Ising regime in Sec. 5.4.2.
However, it requires that the presence of ground state degeneracy is known, and that
uMPS descriptions for the different ground states on both sides of the domain wall are
available. As mentioned above, if a system with ground state degeneracy is treated as
having a unique ground state, the resulting B, tensors describe two elementary excitations
close together. This results in an overestimation of the energy gap by a factor of two,
which can be seen in Fig. 5.6.

As a side note, applying the transformation Eq. (A.5.9) to a ground state uMPS of the
TFIM in the strong field phase and treating the system as having a degenerate ground
state, does not change the results for the dispersion or the creation operator. This can
easily be understood, since the spins are polarized in z direction and the flip in x direction
does not change the nature of the ground state.

In summary, the iMPS formalism is capable of producing very accurate results for domain
wall type excitations. However, it is not capable of determining the nature of the excitations
automatically. For a degenerate ground state, the domain wall character of the excitations
has to be explicitly incorporated into the ansatz for excited states.

A.6 Orthogonality of Wannier states

The following text book argument proves the orthogonality of the one-particle momentum
states. Note that an infinite system with OBC or translational invariance for PBC are
necessary prerequisites, but are assumed throughout this thesis anyway. Let T, be the
translation operator, that shifts the whole lattice by one lattice constant a, i.e. by one
site. It is generated by the momentum operator ¢

T,=¢éd =  Ti=cillo_gida_p (A.6.1)
Let now |j) be a one-particle real space state with the particle located at site j. And let

lq) =Y e " |j) (A.6.2)
j
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be the equal weight momentum superposition of all states |j). It is easily seen, that |g) is
an eigenstate of the translation

Tulg) = Tu)d e [j)=>> e 9T,|j) (A.6.3a)
J J
= Y e j+1)=> U j) (A.6.3b)
J J
= €1y e |j) (A.6.3¢)
J
= ¢q) (A.6.3d)

where the index shift j — 5 — 1 is possible due to TI and the infinite system size. On
the bra state (¢| the operator T, acts in the same way, but yields the complex conjugate
eigenvalue

Tulgl = " (A.6.4a)
= Tig = T algl=e"q|. (A.6.4b)

Now consider the matrix element

WTala) = (@I} la) = (@|(Tula))

= ({1 |q) = ('] ]q)
= 7(d|g) = e"{q]q) (A.6.5¢

given ¢ is a good quantum number which is ensured under the aforementioned assumptions.

A.7 Occupation-number and Hilbert space dimensions

In numerical computations, momentum in the Brillouin zone needs to be discretized into L,
sampling points, even if the system is considered to be in the TDL. However, this effectively
means working on a finite system with L = L, lattice sites in real space, that has periodic
boundary conditions due to the properties of the discrete Fourier transformation.
Choosing L, odd is much more convenient than having L, even, although this may seem
counter-intuitive. This is so because with odd L, each sector with total momentum () con-
tains the same well-defined number of states, and therefore all () sectors can be handled
in the same way.

Consider a bosonic system with a finite number L of lattice sites and PBC. Let |j,¢)
be an orthonormal basis of the two-particle Fock space J» represented in real space. For
distinguishable particles, the dimension of F» is L? since for each particle there are L
lattice sites to put it on. The states with doubly occupied sites

5.4) = alal |0}, (A7.1)

where |0) is the vacuum state, are uniquely determined. However, for bosons every other
state in occupation number space can be created in two ways

5.6) = alaf |0) = afal |0) = |£,5) . (A.72)
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Thus the actual Hilbert space dimension is only

LQ—L:LJFL(L—l)'

dim(Hq2) = L + 5 5

(A.7.3)
Note that due to Eq. (A.7.2) for bosons the dimension of F» is also given by Eq. (A.7.3),
and the distinction between Fock space and Hilbert space is artificial. But allowing both
|7,¢) and |¢,5) is much more convenient for Fourier transformation.

The overlap is given by
<j/,€/|j,£> = 5j’j5€’€ -+ (Sj/g(SZ/j . (A74)

When expressing the two-particle Fock basis in real space, one can also choose the basis of
one absolute and one relative coordinate

9.5 +d) = 15,) (A.7.5)

with d := £ — j where for now d > 0 is assumed. One can now split the Fock space into
sectors F3 labeled by the first particle position j. Each sector holds one unique state |j,7)
and L — 1 states, that can be created in two different ways and therefore also appear in

another sector since A ‘
F o ljj+d)y=|j+dj)eFr. (A.7.6)

Therefore, if each state is attributed with one half to each sector, there are

(L-1)

dim(H3) =1+ 5

(A.7.7)
unique states in each sector. However, this is only an average number.

The important fact to note about this is that if L is even, this number is not an integer.
It is therefore impossible to assign the same well-defined number of unique states to each
j-sector, which is inconvenient for systematic handling of subspaces. For odd L, this prob-
lem does not occur.

As will be shown next, this problem carries over to momentum space and to the hybrid
basis. Let |g1,q2) be a state with two particles of individual momenta ¢; and g2

1 o
@) = 7 > emimimiet|jy (A.7.8)
7l

Total momentum () and relative momentum ¢ of the two particles are defined as in
Eq. (A.2.9) and the center-of-mass coordinate rcy and relative coordinate d as

_itt and d:=——, (A.7.9)

TCM * B B

respectively. With this, the state |g1,q2) can also be written as Fourier transform of the
center-of-mass and relative coordinates associated with total and relative momentum

1 L
lqg) = D eI ) (A.7.10a)
j,l
1 O—q . .
- Eze—@%ﬂ—l%ﬂm (A.7.10b)
j,l

_ % Z o—i(2i+20)-i(4e-4)) 17,6) (A.7.10¢)
I
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1 vl 0y
= Y eE TS (A.7.10d)
Jl
1 . .
= D et |4 d) (A.7.10¢)
j.d
1 ‘H20+d
= < Z Q¥ —iag |5 i 4 ) (A.7.10f)
j,d
1 —iQj—iQ%—iqd | . .
= 7 Ze J 22 |55+ d) . (A.7.10g)

J,d

Now, the hybrid basis defined in Eq. (6.14) is simply obtained by dropping the Fourier
transformation in d.

Using TT and the real space overlap in Eq. (A.7.4), the overlap of two hybrid states is given
by

(Q1Qd) = TN Ui 4 d0d) (A.7-11a)
j/
_ e,iQd;d/ €+in’ Sir 00t 7481 0 _ A.7.11b
§7,00d ,d T 0j".d0d’,—d
jl
_ it (€+iQ05d/7d 1 etiQds,, d) (A.7.11c)
= 6_1'@%550,(1 + 6+iQ%éd’,—d . (A711d)

Equation (A.7.11d) shows that the states with +d and —d are the same, since they have
an overlap of 1. Two states require special attention. Using this overlap definition, the
d = 0 state has norm v/2 because for d = d = 0 both Kronecker deltas contribute. This is
usually fixed by normalizing the bosonic creation operator af

T
a:
n+1) = ———1n; A7.12
e+ 1) = < ) (A7.12)
where n; is the number of particles already present on site ¢. For hard-core bosons this is
not required since (aj)2 = 0. See Sec. A.10 on how the hard-core constraint is handled for
the purposes of this thesis.
The second state with special properties is the one with d = % which can only occur for
even L. Then, with PBC, d = % sSd= —%. This means that as for d = 0 both Kronecker
deltas are 1. However, the phases are non-trivial. Note that the discretized momentum
can be written as

P
Q:nQAQ:nQ%, no €1{0,....L—1} (A.7.13)

where the set of ng was chosen for convenience. The norm of the state \Q,% is

<Q,§' Q,f;> _ i@b(58) 4 tiQb(5+h) (A.7.14a)
= 14 9% (A.7.14D)
= 1+¢meT% (A.7.14c)
= 14¢mQm (A.7.14d)

2, if
D S (A.7.14e)
0, if ng odd
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Therefore, there are % states in even ng sectors and % — 1 states in odd ng sectors. This
is consistent with the average half-integer number of unique states in each j sector found
in Eq. (A.7.7). With é odd and é even values for ng, the overall number of unique states

is still I I I I LL—1)
Z(1+2)+2 (142 1) =L+ 22— ATl
2<+2)+2<+2 ) 2 (A7.15)
ng even ng odd

However, the alternating number of unique states makes an even L, an inconvenient choice,
since it requires different handling for even and odd @ sectors. This is the reason, why for
this thesis L, is always chosen odd. This choice also avoids the problem, that the d = %
state has norm v/2 where it exists, which would require additional normalization.

Obviously, there are L = L, possible values for the total momentum in the first Brillouin
zone. In each @) sector, there is one unique state with d = 0. Since the states for 4+d and
—d are equivalent as expected for bosons, there are then % more unique states in each

@ sector for odd L,. This amounts once more to

L(1+L2_1> :L+L(L2_1) (A.7.16)

unique states total, in accordance with Eq. (A.7.3).

A.8 Gram-Schmidt orthonormalization without vectors

The Gram-Schmidt orthogonalization algorithm is a well known tool to orthogonalize a
skew set of vectors. Given a set {w;} of skew vectors, an orthogonal set {v;} can be
constructed from it iteratively by the following scheme

[v1) = |w1) (A.8.1a)
n—1
Ua‘wn
N n . A.8.1b
) = o) = 3 (20 (As.10)

This means, each next orthogonal vector |v,,) is constructed by taking the vector |w,) and
subtracting contributions that are parallel to the orthogonal set {v;j<,}. Each orthogonal
vector can be normalized easily in the end.

The 2QP states defined in Sec. 6.1 are orthonormal for large particle distances. As seen
in Eq. (A.8.1a), the first vector in the Gram-Schmidt sequence is not changed. Therefore,
the natural idea is to start with an orthonormal 2QP state for sufficiently large d and
build an orthonormal basis of the 2QP sector by successively adding states with smaller d.
Operators can then be evaluated in this new orthonormal 2QP basis.

However, unfortunately there is no vector space representation of the 2QP states in mem-
ory, and therefore the algorithm as it is stated in Eq. (A.8.1) cannot be used directly.
Overlaps and matrix elements in the skew basis can be computed though. Therefore, a
version of the algorithm that works with the metric tensor G

Gij = (w;|w;) (A.8.2)

and the operator matrix O .



A.8 Gram-Schmidt orthonormalization without vectors 148

in the skew basis must be formulated.
In order to keep the following calculations a bit tidier, an auxiliary matrix V is defined

<’Ui”l)z'>, ifi :j
Vij = S (viwy), ifi<j (A.8.4)

0, otherwise

i.e., the diagonal elements are the squared norms of the orthogonalized basis. The elements
for i < j (upper triangular part) are the expansion coefficients of the old basis {w;} in the
new {v; }. It will become evident below that the lower triangular part (: > j) must be zero.
In terms of the elements of V, Eq. (A.8.1b) reads

|1)n> = |wn> - Z “//}n j> . (A85)

j<n 23

To find the required algorithm, the normalization of the orthogonalized basis of Eq. (A.8.1)
is examined first

Vi
Un|Un) = ( wp — LYy A .8.6a
J
j<n VJJ j'<n Vj’j’
Virn Vin Vi Virn,
:<w”‘w">_<wnz‘/],, A>_<Zv.vj >+<ZV- U-ZVHU/>
j'<n j<n 13 j<n i j'<n
(A.8.6b)
V‘/n n n V’n
= (walwn) = > _ 72 (walvy) _Z i ijwn ED PR Vin 7 {vjlog)
j'<n 7Y j<n j<nj'<n Vig Virs
(A.8.6c)
. VirnViim VinVin VinVin
:Gnnfz Virji 72 Vi JrZTV”
j'<n j<n ]<n JJ
+y ) v]|uj /) (A.8.6d)
J<n §'<n,j'#j Vis V,J 0
Vinl?
_ Z | ‘; (A.8.6¢e)
<n

where in line (A.8.6d) the terms of the double sum with j' = j were separated from those
with j # j. Now one can see that separating the i = j case in Eq. (A.8.4) is somewhat
artificial, since actually

vy
(vjlw;) = <wj_ZVk]Uk > (A.8.7a)
k<j kk
Vi
(wjlwg) = > 5= {(oxlws) (A.8.7b)
k<j KK
J
v,
= Z‘ Cli (A.8.7¢)
k<j

= (vjlvy) - (A.8.7d)
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From this and Eq. (A.8.5) follows that the vector |w,,) from the skew basis can be expressed
as an expansion in the new basis { |v;)} as

Vin Vin
lwn) = |vn) + Z L lvj) = lvj) (A.8.8a)
— Vi — Vi;
j<n ji<n
Vin
= > L) (A.8.8b)
= Vjj
J
The last equality holds since by construction the subsets { |w1), ..., |w,)} and { |v1),...,|vn)}

span the same vector space. From this follows that all expansion coefficients V;; with ¢ > j
must be zero (cf Eq. (A.8.4)).

It thus remains to be shown what the coefficients V;; for i < j look like. Since Eq. (A.8.1)
is an iterative scheme, only a recursive definition can be given

V*
Vij = (vilwy) = (wilw;) =) Vkl (vk|w;) (A.8.9a)
k<i | FF
(wilws) = Vi Vs (A.8.9b)
i VR
with (vi|wi) = (vi|vr) = (wi|wy) . (A.8.9c)

This means that V' can be computed iteratively column-wise, from left to right and from
the top down to the diagonal element.

Then, the matrix elements of the operator in the orthonormal basis are given by

10 Jv; Z Vies
<U |O|U]> o kl Vk Uk’> (ASlO&)
k'K’

[Fwa) [l o)l \/VanJ< Z Vick ot

1 - vE Vi
= —1|0;; — fklva-—E jinv/
‘/“‘/j]|: J ;ka< k‘ ’ ]) o= Vk’k’< ’ ’ k)

+ZZ V"“V’” |O|vk/>} : (A.8.10b)

k<i k'< ka/kl

O|w

UV

With a second auxiliary matrix W defined as

Wij = <wz‘OA ‘?)j) (A.S.ll)
and O;; = (v;|O |v;) being the elements of the operator in the orthogonalized basis this
becomes

= Oij — LW Wik kL Ol
el el ViV ; Vs kz Vo kzkz Vi e
(A.8.12)
The elements W;; are given by
A Vi
Wy = <wz Olw; =3~ M > (A.8.132)
— Vir
J
. Vii
= (wilO|wj) = VJ(%O g ) (A.8.13b)
kej @ FF
- 053w
= 1] ik s (A813C)

k<j
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i.e., they can be computed row-wise, recursively. For ¢ = 1 the computation simplifies
considerably, yielding

O _ Lo,y g, | | (A8.14)

Honll el ViV, = Vin

As stated in the beginning of this section, in iMPS computations no direct vector space
representation of the states is available, that would allow the application of the orthogo-
nalization scheme as defined in Eq. (A.8.1). But, by first computing the auxiliary matrices
V and W, the Gram-Schmidt orthogonalization can be applied using only overlaps and
matrix elements computed in the skew basis. These can be computed in the iMPS formal-
ism.

A.9 2QP basis transformations

This section provides a reference summary of the different bases used to describe 2QP
states, as well as the transformations for overlaps and matrix elements between them.
Note that in all Fourier transformations L is the number of lattice sites. Since all numerical
momentum space computations require a discretization of momentum, a finite system with
PBC is implied for which

L=1, (A.9.1)

holds, where L, is the number of momentum intervals in the first Brillouin zone (cf.

Sec. 5.3).

The real space basis is obtained by “applying the creation operator twice”. It can be
expressed using two independent coordinates j and k

5.k) == alal |GS) (A9.2)
or equivalently with one absolute coordinate j and the particle distance d =k — j

j.j +d) ==alal |GS) . (A.9.3)

Taking the Fourier transform in both coordinates yields the momentum space basis of
individual particle momenta

1 —iquj —i .
lg1,q2) = Zze e q2k|],k‘> (A.9.4a)
i,k
1 o
= LY e e Ut 51 d) (A.9.4D)
7,d
1 . . .
= Y emrmieied|jtq). (A.9.4c)
7,d

The last equality naturally leads to the definition of total momentum

Q=q+¢ (A.9.5)
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and the basis of total momentum and one particle momenium

1 L
|Q,q1> = Z Z e*lQ]g*Z(Qf(II)d ‘j,j + d> (A96a)
7,d
1 P .
= LY e etetind |4 ). (A.9.6b)
j,d

Introducing also relative momentum

9=G¢ —q (A.9.7)

and inserting the resulting expression for ¢

g = % . (A.9.8)

into Eq. (A.9.4c) yields the basis of total and relative momentum

1 U
Qo) = Y e Ve E i+ d) (A.9.92)
LS Qi i —iad | 4
= EZG e "®2e 2|54+ d) . (A.9.9b)
j,d

Note, that relative momentum gq is associated with % rather than d. Finally, dropping the
Fourier transformation in relative distance d defines the hybrid basis

Q.d) == ﬁ e ije Q05,5 +d) . (A.9.10)

The inverse transformations from momentum space and the hybrid basis to real space read

Gi+d) = E : +QUFd) g —imd | o)) (A.9.11a)
QCI1
1 : .
_ - Z o TiQ4 o TiQj 1Q.d) . (A.9.11b)

Inserting Eq. (A.9.11a) into Eq. (A.9.10) yields the transformation from momentum space
to the hybrid basis

1 .
Q) = e @iy e | 3T QUi | (A9.122)
J Q1

1 . ~d 1 Py ) o

— - Q% - Q' =Q)j | (i@ —a)d |y

= Le 2 QE, 7 gj e Tle WeQq1) (A.9.12b)
»q1

=0q,q
1

= —etQEN emimd | g)) A9.12¢
e Y e (A.9.12¢)

which is easily inverted to

|Q.q1) \F Z e Qs tind | d) . (A.9.13)
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For the purposes of this thesis, the metric tensor N and operator tensors O are computed
either in the real space basis

N = G d0d) (A.9.14a)
01" = (g +d100ljj +d) , (A.9.14b)
or in the (Q,q1)-basis
chiql = <Q7q/1|Q7q1> (A915a)
OF o = (Quil00|Q.a1) - (A.9.15b)

A note on the number of indices is in order at this point. Due to TI, the real space overlap
actually only depends on three relative distances, not four coordinates, which allows to fix
one of the absolute indices 7/ or j. In Eq. (A.9.14a) j was fixed to 0. In contrast, the
real space matrix element potentially depends on the relative distances of all four particles
from the operator position. Now consider the transformation of a matrix element from real
space to the (Q,q1) basis

1 e .
O(?l w = ﬁZZeJﬁQ] +iQd' —iq}d 67@QjﬂQd+lqld<jl,j/—i—d/\Oo g +d) (A.9.16a)
3hd" j,d
= LY QU idid tind o' & (A.9.16b)
L 9
jd" j,d

Apparently, one index was “lost” in the transformation. Actually, it went into the assump-
tion, that the operator is total momentum conserving, and therefore () must be the same in
both states. This is, what allows to use the orthogonality argument to treat each Q-sector
independently, and it is the reason why total momentum is chosen as the primary quantum
number. This means, that the matrix element Eq. (A.9.14b) can in fact not really depend
on all the distances independently for momentum conserving operators O. However, the
relation is not apparent from the definition. And especially in the case of a non-orthogonal
basis, the transformation Eq. (A.9.16) is not generally invertible.

But, this is not a requirement for the matrix elements of the Hamiltonians under consid-
eration here. Since they are translation invariant themselves, their matrix elements only
depend on three distances, like the overlap

L = (G + d|Hjj+d) = (5 + d|H|0,d) = HY , . (A.9.17)

In order to apply the Gram-Schmidt algorithm in a well defined manner, these results need
to be transformed into the hybrid basis using

1 . —d’ ] .
Ng,d = Zesz > Z elnd e_“hd]\fq?’q1 (A.9.184a)
q1,q1
1 .Hd-d - gt :
0Fy = 7973 Y cidermio | (A.9.18b)

q/17q1
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and
1 .Hd-d L
NdQ,’d = EeszQd ZezQ(J _])<j/,j/+d,]j,j+d> (A.9.192)
J'i
j/
= eiQ% Zein'Né:d (A.9.19¢)
j/
1 .Hd-d N
0F4 = 793 Y Uor (A.9.19d)
3’3

respectively, where in Eq. (A.9.19) again TT was used to fix j = 0.
Following the application of the Gram-Schmidt orthonormalization, the operator tensor
can be transformed back to real or momentum space as needed by

1 A d — 1l ;
Oc?l,ql =7 Z QT it d g tiqnd Ogd (A.9.20)
&'.d
and 1
-/ c~d —d oyt
Oya=7 2 ¢9 7 ¥ 03, (A.9.21)
Q

Matrix elements coupling the 2QP subspace to the 1QP subspace, and also the spurious
overlaps between these subspaces

ol = (j +d|0olj) (A.9.22a)
N = (g d0) (A.9.22b)
Offl = (Q,q1/00|Q) (A.9.22¢)
Ng = (Qq|Q) (A.9.22d)

need to be transformed in the same way. With the one-particle momentum eigenstate
1 —iQj |.;
Q) = — E e A9.23

the transformations from momentum space to the hybrid basis and vice versa are

Q@ _ 1 —iQL iq)d \Q
Ny = \E%:e N (A.9.24a)
1
1 ~d
05 = =) e @m0 (A.9.24b)
q
\/Z qi 1

1 . ~d 7]
oY = — etiQy gminid' 0% , A.9.24¢
n VL zd,: d ( )
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and from real space to the hybrid basis and back

1 d s
ch? _ ze—HQ% Z eTRU' =N (5 i + d'|) (A.9.25a)
'3
— TiQ% Ze+in’Nde’ (A.9.25D)
j/
1 . / . o -1 gl
09 = Z€+zc2% Zeﬂ% ﬂoj d (A.9.25¢)
'
] 1 ; ! 1014
oi'd  — s Ze—z@%e—z@ Of}’, ) (A.9.25d)

Note that there is no need to transform the metric tensor back from the orthogonalized
hybrid basis, since in this basis it is simply the identity.

A.10 Hard-core bosons in momentum space

In real space, the hard-core constraint
(a))?10) =0 (A.10.1)

is completely local and easy to interpret. However, in momentum space it is not as trans-
parent.

A.10.1 Hard-core bosonic metric tensor in momentum space

A momentum space representation of the hard-core constraint can be found by noting
the following. Instead of directly applying the constraint Eq. (A.10.1), one can carry out
calculations with ordinary, unnormalized bosons, and subtract all contributions from states
with doubly occupied sites “by hand”. For instance, the overlap of two 2QP states with
hard-core bosons is then given by

<j/,€,‘j,£> = (53‘/7]‘(55/75 + (sj'/’g(Sg/,j - 25j’,j5j’,€’6j,f (A.10.2)
or in the formulation with particle distance d as
(33" + dj.g + d) = 65 j0ar.a + 05 jradar,—a — 205 j0a,004 0 - (A.10.3)
Now, one can again take the Fourier transform in both coordinates yielding
1 g
<qaaQQ|Q1,CJ2> — ﬁ Z Z 6-‘!—1‘11] +Z(I2€ e iq1j—1iq24 (5j/7j5£’7£ + 6]'/73(55/ 26 5 . 51(5] 4)
]/75/ j7é
(A.10.4a)
— % Z {e-kiq’lj-&-iqéfe—iqm—iqz@ + i@t Fids] o —iqri—igzt
Jt
fgeif/ljﬂqéje—iq1j—iq2€5j74 (A.10.4b)

_ %Z [ a1 =i gilaz=a2)t  pila1—a2)i gi(a2— QI)Z]
7,
B % Zei<qg+q;—q1—qz)a‘ (A.10.4c)

= 0¢;,019, +5qi,q25qé,q1 5’

q1,91 745,92 L q1+qé,q1+q2 . (A104d)
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In each of the contributions the Kronecker deltas ensure the conservation of total momen-
tum, i.e.,
ht+o=a+e=Q. (A.10.5)

If this condition is considered to be implied in all overlaps, Eq. (A.10.4) can be simplified
to

2
<q/1,QIQIQ1,QQ> = 5q£,q1 + 5q’1,q2 - Z . (A106)
One can now identify the correction term —% as the momentum space formulation of the

hard-core constraint.

The basis |q1,q2) can be made unique by the condition g2 > ¢;. The metric tensor of
this basis including the hard-core constraint has one eigenvalue (EV) equal to zero, which
accounts for the reduced dimensionality of the Hilbert space of hard-core bosons. But, the
state corresponding to this zero EV does not have a simple or intuitive form.

A.10.2 Hard-core corrections for bilinear Hamiltonians

In order to determine the 2QP interaction matrix elements from evaluating the Hamiltonian
in the 2QP subspace, the contribution from the 1QP part of the Hamiltonian must be
subtracted (cf. Eq. (6.66)). See also Ref. [97] for a detailed discussion. While in the
1QP subspace the particles behave like normal bosons, in the 2QP subspace the hard-core
constraint becomes important. Again, calculations can be carried out with normal bosons,
if all the contributions from states with double occupancies are subtracted.

In this section, these hard-core corrections for a generic bilinear Hamiltonian are derived,
because in any particle-number conserving model this is what the 1QP part of the effective
Hamiltonian is. Let the one-particle Hamiltonian be

1 *
Hip =33 5 (tﬁalam + ta@La%) (A.10.7)
i

where a! (a ) creates (annihilates) an effective particle and ¢4 is the hopping amplitude for
distance 9, i.e. tg is the local on-gsite energy, t41; is the nearest neighbor hopping element
etc. The hopping amplitudes are the Fourier transform of the dispersion and vice versa

1 iqs
ts = qu:e+ D (A.10.8a)

wg = Z ety = tg + 2 Z R(ts5) cos(qd) + I(t5) sin(qd) . (A.10.8b)
) 6>0

In equilibrium, the relation
t_s=t; (A.10.9)

must hold, since otherwise the system would favor hopping in one direction. Reflection
symmetry even yields ¢t_s = t5, which simplifies Eq. (A.10.8b).

To determine the momentum space hard-core correction, all matrix elements from states
with double occupancies in real space must be found first. In a translation invariant system,
the sum over all lattice sites (index ¢ in Eq. (A.10.7)) only yields a factor of L, therefore
it suffices to do the calculations for ¢ = 0.
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In an orthonormal 2QP basis |7,7 + d) the first term yields
g 1 .
G+ 1Y Stsabag | + d)
6

1 . . . .
= 35t (' + 100+ Vo) (85517 + ) + 8551ali))] - (A10.10a)
é

1
= > 5t (80,706,507 +a g+ + 80,5205 j+adj+a g
é

+300,j7+a05,j0j j+d + 00 j'+d 05, j+adj j] - (A.10.10b)
Evaluating the second term analogously yields the full matrix element as
(§"d' + d|Hip |75+ d),_,
= % ? [ta (80,5 (06,4051 4 jd + 955+d0jr +a.5)
+ 00+ (95,305 jra + 05 5+adjr j))
+5 (0,6(07.00j+dr jrd + 0jd,005+a,)

+ 8jrsar6(05005 jd + Oja.0051.5)) ] . (A.10.11)

The matrix elements relevant for the hard-core correction are those with d = 0 or d’ = 0.
For d’ = 0 the expression in Eq. (A.10.11) becomes

g .. 1
('3 + d'|[Hip |j,j + d) ‘z‘:O,d’:O = 3 Z [ta 200,51 (05,505 j+d + 0j1+d,60; ;)
5
—Hfg 25j’,d(50,j5j/,j+d + 50,j+d(5j’,j> (A1012)
and ford =0
g . 1

(7" +d|Hpljj+d)|,_g 4 = B > [td 20j,5(00,5:0jr+ar,j + O0,5+ar0jr )

5

+t5200,§ (051,505 var j + Ojr-+ar.50j5) |-
(A.10.13)

However, summing both contributions overcounts the matrix elements with d' = d = 0,
since they appear in both cases. Therefore, they must be calculated and subtracted once

_<j,,j/ + d/|H1P |j7] + d>}Z:0,d,:d=0

1

= _5 Z |:t6 (50,j/(5j7(55j/,j + 6j,55j’,j) + 5j,5(507j/5j/7j + 507]‘/6]'/7‘74))
1
45 (0305 (Bo0,907. + 8030103) + 00,400 035 + O.507,5)) | (A.10.14a)

1 *
= 3 25: [(t5 + £5)400,0;.60;7 5] (A.10.14b)
= —4todo,;10;,60j (A.10.14c)

where the last equality holds since the on-site energy tg must be real. Taking the Fourier
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transform of Egs. (A.10.12), (A.10.13) and (A.10.14) yields

(q1.95/ H1p |q1,92)

d'=0,d=0

_ % s Z{ § it igh ) i —iaa(+d)
1)

i dd
X [té (80,5+0a,0(0,504,—5 + 00,j04,5) + 65,504,0(80,5/0ar 5 + ;1 500 —5))

+t5 (65,504 ,0(80,50a,6 + 65.60d,—5) + 00,j04,0(8j 564, —s + 50,j’5d/,6))}

—4t 50,j/50,j5d',05d,0} (A.10.15a)

_ 1 —iq10 —iq2d +ig50—i(q1+q2)d +iq} 6—i(q14+q2)d

= ts | e +e +e +e

L
5

. <e+i<q3+qg)é—z‘q26 1 eTildi+ay)0—iq1d | o +ig;d +e+iqga)} _4t0}

(A.10.15b)
. 2 ; : ; ol ;o
(A.109) L{Zt5 (e_“h(s el 4 pmiad e_qu(s) - 2t0} (A.10.15¢)
o
2
- 2 (wa gy + Wy Wy — 2t0) . (A.10.15d)

In the step from (A.10.15b) to (A.10.15¢) conservation of total momentum, i.e., relations
of the type

N+tep-G=Q-¢=4q¢ (A.10.16)

were used in addition to Eq. (A.10.9) to bring all exponentials to the form e, so that
the expressions can be identified as dispersion relations by means of Eq. (A.10.8b).



Appendix B

Efficient computation of 2QP
quantities

Die Miihsal ist eine ErhaltungsgréRe.
traditional, cited after Joachim Stolze

This appendix shows in detail how to compute the 2QP metric tensor and the matrix
elements of the reduced Hamiltonian H efficiently in momentum space. Although this is
the main result of this thesis, it is a lengthy calculation and a rather dry read, wherefore
it is not contained in the main text.

The basic techniques are the same described in Chap. 6 to compute the 2QP-ground state
matrix element. The reader is therefore encouraged to read sections 5.2 and 6.4 first,
to familiarize with the concepts and notations. Sections B.2.1 and B.2.2 show in some
detail how to compute the metric tensor. The matrix element is much more involved than
the overlap, due to the additional relative distance, and because the operator thwarts the
benefits of the left-canonical gauge when it acts to the left of all involved particles.
Section B.4 of this appendix also shows how to compute the 2QP-1QP matrix element.
Albeit this matrix element vanishes for the particle-number conserving Hamiltonians under
investigation, confirming this is a good way to assess how well the method is working.
Note that although the Hamiltonian is considered here explicitly, this scheme can of course
be applied to any operator that has a matrix element of the same form.

B.1 General approach

In order to efficiently compute matrix elements in momentum space, one first needs to
identify all types of topologically distinct TNs that can occur. Because there can be quite
many of them, similar TN types are grouped together in so-called cases. For the 2QP
matrix element, these cases are defined in Sec. B.3.3, and for the 2QP-1QP matrix element
in Sec. B.4.2.

Each topologically distinct TN type from every case then needs to be analyzed, using the
techniques from Sec. 6.4.1.

As always, primed letters j/, d’, q. etc. refer to the bra-state, i.e., the upper “rail” of the
TN ladder. Plain letters like j, d, g5 etc. refer to the ket-state, i.e., the lower rail.

In the Fourier transformations the relative particle distances d’ and d are summed over
both positive and negative values. This results in the same TN appearing four times, with
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different configurations of the four C, tensors. For instance

Cyd +d Copod +d

fh J q2v] +d q1h7 q27j +d
Copod' +d' Copod +d

Cpj+d Caind Cpnj +d Carnd

All four TNs can be addressed by the sum

Cyor
d ho (B.1.2)
0/—1 2a—l ,2
Cqs
where
a:=<"’ 1 “ and &' :=<{"’ 1 “ . (B.1.3)
1, ifa=2 1, ifd=2

This allows the distances d; (see for instance TNs in Sec. B.3.3) between the operator and
any particles or between any two particles to be defined strictly non-negative. They can
therefore be described by powers of the transfer operator

T =1"A (B.1.4)
where T is defined as not applying 7" at all, i.e.
T°[m] :=m (B.1.5)

for any D x D matrix m.

For the 2QP overlap and the 2QP matrix element, the algorithm to determine the contri-
bution of most TN types is therefore as follows.

1. Determine the particle positions j’, 7'+d’, 7 and j+d as functions of the non-negative
distances d; for the momentum configuration o/ = o = 1.

2. Insert the particle positions into the phase factor from the Fourier transformation,
to express it in terms of the d;.

In order to write the contributions as sums over o’ and a as in (B.1.2), the phase factor
& o must be known as function of o’ and . In Sec. B.2.1, it is calculated explicitly for
all four momentum configurations for one type of TN. Equation (B.2.9) shows that
the form of the phase factor is the same for all momentum configurations. Therefore,
the general form @,/ can be determined from the configuration o/ = a = 1, simply
by replacing ¢} with g/, ¢4 with g ete. in @q;.

3. Write the TN evaluation as a scalar product of an effective u, that describes the left
part, and an effective v, that describes the right part.
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4. Pull the summations over distances d; into the scalar product, so as to minimize the
number of operator applications needed to compute the TN value.

5. Identify parts of the TN that were already calculated before.

Many effective v and v matrices appear in several different TN types. They can then
be computed once and used whenever needed, which greatly increases the overall
efficiency of the computation.

The TN types that require a slightly different approach are those, where there are one or
more C tensors on sites that the operator acts on. Note that the operator (in a product
of local operators the first one) always acts on site i = 0, and, as always, n is the number
of sites the operator acts on. For C tensors on these sites, absolute site indices (") and
m") are used, that each can take values from 0 to n — 1. They have to be included when
determining the correct phase factor.

For the 2QP-1QP overlap and the 2QP-1QP matrix element, the procedure is in principle
exactly the same. The only differences are that there are only three particle positions 75/,

j'+d and j instead of four, and only two momentum configurations enumerated by o’ for
each TN.

B.2 Metric tensor

The metric tensor in the skew momentum space basis consists of the 2QP overlaps (Q,q]|Q.q1)

and the spurious overlaps with the 1QP sector (Q,¢}|@). For proper orthonormalization
of operator matrices, the ground state must be included as well, but this is trivial since it
is orthogonal to both 1QP and 2QP states in left-canonical gauge.

B.2.1 2QP overlap

The overlap of two two-particle states is given by

1 NI LA YT . o L.
(Qat|Quar) = 75 D eHOUINTIETQUIDHRA( G 1 d|jj+d)  (B21a)
jl7d/ ]}d
_ % Z Z QU +d)—id}d’ ,~iQ(j+d)+iqrd
L A4l q
i jd x(Cyr s Cqod’ + d'Cqy 55 Copoj +d)  (B.2.1D)

1 . -/ / - 1o . .
= YD ereUiddQttadic, il Cy i+ d'|Cyy 0; Copad)
- d (B.2.1¢)
For this overlap, the use of left-canonical gauge implies that the left C tensors must be on

the same site
min(j'j' + d') = min(j,j +d) . (B2.2)

otherwise there is no contribution due to Eq. (5.10). This leaves three topologically distinct
types of TNs, distinguished by the sign of

§ = max(j',j +d') — max(j,j +d) . (B.2.3)
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Case i): 0 >0

This case has the following characteristic TN

an/ Cq&/
<C<1£’j/; CQé’j, + d,‘clhaj; CQQaj +d> = d I I I I D ’
Cq. o —

~—_—————
61 2

530
(B.2.4)
which would not contribute in an orthogonal basis. For large d; and/or dy, the value of

this TN converges to zero, since it then factorizes in one of the following ways

<Cq’1 7j/; Cqé 7j/ + d/’Cq1 7j; Cq2 7j + d>

NZFT (o 01C,0) (Cyunba + 1]C,,,0) (B.2.5a)
=0
2ZET (Cynd |Cqindi Canrd + d) (Cq 0|GS) (B.2.5b)
=0
025, 101G, ,0) (GSC,0) (C,0GS) (B.2.5¢)
=0 =0

Since now both states are two-particle states, in contrast to Sec. 6.4.1, there are four C,
tensors with in general different momenta involved. Again the distances d; and do are
defined to be non-negative. With o and @ defined analogously to o’ and @ (cf. Eq. (6.38))

as
1, ifd>0 2, ifa=1
a:={ 0 "= and  a:=4{ _ ¢ , (B.2.6)
2, ifd<0 1, ifa=2

there are 2 - 2 = 4 possible momentum configurations

=1 a=1, d>0,d>0 (B.2.7a)
=1, a=2  d>0d<0 (B.2.7b)
o =2 a=1, d<0,d>0 (B.2.7¢)
=2 a=2d<0,d<0 (B.2.7d)

to sum over. Similar to the matrix element in Sec. 6.4.1, to carry out the summations over
61 and 09, the particle positions must be expressed in terms of these distances, and the
result inserted into the phase factor from Eq. (B.2.1). Using translation invariance, the
position of C, can be fixed to 0. The positions follow as

ifo/=1 Si+l4d+1, ifa/=1
f:{Q tha J:{1+ to+l,  Ha (B.2.8a)

S1+14+6+1, ifa/=2" —(01+1+02+1), ifa'=2

ifa=1 01 +1 ifa=1
=10 a=1 g=J0th ta=l (B.2.8b)
nh+1, fa=2 —(014+1), ifa=2
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and the resulting phase factors are

- o T1Q(0+81+1482+1) —ig] (§1+1+02+1) ,—iQ(0+01+1)+ig1 (61+1)
— o HQOLHY)—iQ(S1+1)+i(Q—a}) (S2+1)—igf (81+1)+iqi (51+1)
= tila—a1)(61+1)+igy(2+1) (B.2.9a)
By = e TROFIFHI+0+1)—ig) (S1+1+82+1) ,—iQ0—ig1 (51+1)
— otilea—d})(01+1)+igh(82+1) (B.2.9b)
By = o T1QU+iq} (31+1+62+1) ,—iQ(0+61+1)+iq1 (51 +1)
etila1—a3)(G1+1)+ig) (62+1) (B.2.9¢)
Boy = o H1QO+iq] (81 +1+02+1) , —iQ0—iq1 (61+1)
= e iQOH1)+iQ(S1+1)+iq) (51+1)—iqr (51+1)+iq] (32+1)
—  tile2—a5)(61+1)+ig) (92+1) (B.2.9d)
= Dy, = ellam%)O1t)tige(62+1) (B.2.9¢)

With this, the contribution from the case § > 0 can now be denoted as

ANY

Q17q1

i)
Er
- Z Z 10000/ (01+1)+igs/(52+1)
o/,a=1,2 61,00= . . .
0=1,201,02=0 % ((TT)‘SI[]IT(an”an)[u]],]l(A’an)[T52[]I(an”A)[v]]]> (B.2.10a)
=r

— Z Z (TT)(SI []lT (anNCqQ) [U,Heii(qafqa/)(alJrl) 7

a/,a=1,2 \§1=0
1(AsCag) [Zﬂ? 1 (CagriA ]}e”qa@?“)] (B.2.10b)

- ¥ (ug’, 1(A:Ca,) @@’}) (B.2.10c)

with v@ as defined in Eq. (6.42), and

=r
0o = Z(TT)cSl [HT(an,;cqa)[u]]e—i(qa—qa/)(&ﬂ) . (B.2.11)
61=0

Again, the phase factor e/ (%—%)01+1) i complex conjugated when pulled into the first
argument of the scalar product.

Case ii): 6 <0
The TN class for this case has the form

(Cqrd"s Caod’ + d'[Cyy 55 Copof +d) = (:I I I I I D
qa%/_’ \ﬂr—’

1 2

6<0
(B.2.12)
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which, like the one from case i), only contributes in a skew basis and converges to zero for
large ;. From the TN it is immediately clear, that for this case the positions (j',d’) and
(7,d) in Eq. (B.2.8) are simply interchanged. The phase factors are calculated analogously
to Eq. (B.2.9) and result in

B = Tl0a=0a) 01+ =ig5(5241) (B.2.13)
The complete contribution from case ii) is thus

AN©

91,91

ii)

_ Z i eJri(qafqa/)(51+1)7iq&(52+1)
a’,a=1,2 61,00= . . .
1,201,82=0 % ((TT)61 []lT(an“an)[u]],]l(Cq&"A)[T52 [H(A’Cq&)[v]]]) (B.2.14a)

S

= 3 |ug 1 G [Z 732 [1 (ACag) [y]] e~ a2 +D) (B.2.14b)
CX’,CX:LQ 5220
- ¥ (ug', 1(CagriA) [u@]) (B.2.14c)

a/,a=1,2

where the summed left boundary matrix vg is defined by

Er
Vg = Z 702 [1AiCaa) [y]]e~4alo2tD) (B.2.15)
62=0

Case iii): 6 =0

The TN for this case takes the simple and symmetric form

an/ an/
<qu 7j/; Cqé 7j/ + d/’qu 7j; ng 7j + d> = d I I D , (B216)
an — an

01

and this is the only kind that contributes in an orthogonal basis.
Note that in both of the above cases the phase containing Jdo relates to the rightmost C
tensor. From the TNs it is clear that in the (excluded) limit o = —1 both cases transition
into case iii). Therefore, the phase factor follows from that of either case by inserting
0o = —1 as

B oo = €700 G1+1) (B.2.17)

However, despite the simple form, this case requires special attention. In contrast to the
other two cases, the value of the TN does not converge to zero for large 6;. It rather
factorizes into two 1QP overlaps like this

. . . . 0>=
(Cypod"s Cqpud’ + d'[Cqy55 Copod +d) "7 (Cy,,01Cy, ,0)(Cy,.,,01Cy,,,0) - (B.2.18)
For convenience, a shorthand for the one-particle overlap is defined as

Joter i = (Cq,01Cq, 0) = (1, 1o o)) (B.2.19)
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It shows the following behavior
1 if g =
Fom=1" , "t = o (B.2.20)
z € C, with |z] <1, if qu # ¢a
In the thermodynamic limit, the expression
|2 1 &
dim = YTy = dim =Y (fae e 0) (B.2.21a)
d=-L d=0
1
lim — Y 1=1, if gp = qu
= (Lo f = (B.2.21b)
P LT o)~ P e
= bpa (B.2.21¢)

represents a Kronecker delta. However, for finite L, it is zero for o # qo only, if L = L,
(cf App. A.1). In numerical practice, this is hard to ascertain, as 1 is summed up to
=7, which may not be equal to % The solution to this problem is, to subtract the limit
value Eq. (B.2.18) from each TN. With this, also the contributions from the diagonal TNs

converge to zero for large d;.

In summary, since the 2QP states are orthogonal for large particle distance, the metric
tensor does contain a diagonal, bosonic part
Q _

Nbosqi,ql = 5qi=‘h + 5q’1,q2 (B.2.22)
in the thermodynamic limit. By subtracting everything that is known to contribute to this
part during the computation, the result is only the deviation from AN from orthogonal
bosons. However, in the computation one diagonal TN is left out, namely that with
d' = d = 0. But in order for the limit in Eq. (B.2.21) to hold, the subtracted part needs

to include the d = 0 contribution, which is given by the sum of all factorizations of the
theoretical 4C TN with d' =d =0, i.e.

ANgbqg,ql = funfa2 + frafor - (B.2.23)

In general, this contribution is a function of the momenta @, ¢} and ¢1, as apparent from
the definition of fu in Eq. (B.2.19). In the limit, that in the iMPS representation the
elementary excitation is described fully by a single tensor By, for instance for product
states at D =1,

Cq=C—0=Bg Vg (B.2.24)

follows. In this case, fora =1V qu/, qa, and Eq. (B.2.23) therefore exactly implements the
hard-core constraint, hence the denotation as A Nycp.

For D > 1, it can be interpreted as desribing the hard-core constraint to the extend implied
by omitting contribtions with two tensors on the same site.
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The corrected contribution from the case iii) TNs is thus

AN©

41,91

iii)

= Z iT: eT(da—907)(51+1)

a,a=1,261= . .
1,201=0 X <<TT)61 []IT(an”an)[u]],]I(an”c‘?c‘v)[v]> (B.2.25a)

Er
_ Z Z etilta=aa) O+ ¢ £ (fi1f22 + fi2f21) (B.2.25b)

o/,a=1,2 61=0
- ¥ (ug’, 1<anf%cqa)[v]> (B.2.25¢)
o/ ,a=1,2

Er
B Z Z 671(qa—qa/)(51+1) (TT)51 []lT (an/;cqa) [u]] ) f&’d (B.2.25d)
a/,a=1,2 \§1=0

—(fi1faz + fr2f21) (B.2.25¢)
= Z (Uglv ]l(cq@’;cq&)[v] - Ufa’a) — (fi1fo2 + fizfo1) (B.2.25f)
o/,a=1,2

where the properties of the scalar product and the fact, that v is an eigenmatrix of T, i.e.

foa = (u,ll(c“a”c‘fa)[v]) (B.2.26a)
= (1)), v) (B.2.26D)

= (01 ), 70 o)) (B.2.26¢)
(et o)), v) v 6y > 0 (B.2.26d)

were used to pull most of the corrections into the scalar product, instead of computing the
sum of scalars in Eq. (B.2.25b) explicitly.

Summary

At this point, the summed contributions from all three cases are the same, up to the
effective v matrix that represents the right half of the TN. Therefore, the complete overlap
can be written down very compactly as

ANQ, — Z (ua/ ]l(cq&/?cq&) [’U] + ﬂ(cq&HA) [’U&] + ]l(A?an) [UO_/] _ Ufa/@)

q1,91

—(finfoz + fraf1) - (B.2.27)

With this, the metric tensor in the 2QP subspace is given by

N9 = LAN? 45

qi,ql Lq q1,q1 q’le + 5q’1,q2 (B228)

where the hard-core property is now included in ANqC,2 ” to the extent that it is captured by
1

the iMPS description. One could also think of dropping the correction in Eq. (B.2.23) from

the computation of AN, and instead use the exact hard-core bosonic expression Eq. (6.16)

rather than Eq. (B.2.22) as analytic part of the metric tensor. However, this can lead to
an imaginary and therefore unphysical norm of the state |Q,d = 0) when transformed into
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the hybrid basis. Therefore, implementing AN, from Eq. (B.2.23) presents itself as

hcb 4
the better choice. It is also less biased, since it does not impose additional assumptions
on the statistical properties of the quasi-particles. Furthermore, it is also compatible with

any approach to handling TNs with d’ = d = 0 other than leaving them out.

Note that by choosing =7 as summation cutoff in the computation, AN still describes a
system in the thermodynamic limit. The transition to a finite, periodic system happens
only through the choice of the number L, of momentum sampling points. Therefore, Liq is

indeed the correct normalization.

B.2.2 2QP-1QP overlap

As stated above, in an ONB there is no overlap between the one- and two-particle sub-
spaces. However, Fig. 6.1 shows that in the iMPS description overlaps exist for small
particle distances. Therefore, the one-particle state must be included in the orthogonal-
ization process, to ensure that the corrected two-particle basis is orthogonal to it, too. In
momentum space, the overlap is given by

NG = <@q;|@> (B.2.2%2)
= SZZ HRUA) S d Qi (5 51 4 ) (B.2.29b)
/d/ ]

= W,ZZWQH HQU—id (i Gy dl0)  (B.2.29)
/d/ ]

— ﬁ S etRUd) i (it C i+ dCa) - (B.2.29d)
j/’d/

Again, due to left-canonical gauge, min(j’,j' + d’) = 0 must hold. The TNs are therefore
all of the form

(Cqrd"s Cypd’ +d'[Cop) = d I I D (B.2.30)

CQ%,_/
01

Following the methods used to calculate the two-particle overlap, it is straigh forward to
show, that the overlap is given by

\/» 3 (11T 7S y), v ) , (B.2.31)
o'=1,2

with v® as defined in Eq. (6.42).

B.3 2QP matrix element

As already stated in Sec. 6.6.1, the term “2QP matrix element” refers to the operator
matrix element in the 2QP subspace, corrected by any contributions from the 0QP and
1QP parts of the operator. Specifically for the Hamiltonian this means

Ve = (QalH Q) — (Qdi | Hip 1Qar) — (QuailEo |Quan) — CF, - (B.3.1)

q1,91
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The 0QP part, i.e., the ground state energy, is taken care of by using the reduced Hamil-
tonian H.

The matrix element <Q,q’1]f~l |Q,q1) then still contains contributions from the 1QP part
and is therefore referred to as the raw or reducible 2QP matrix element. Using the repre-
sentation Eq. (6.34), it is given by

<Q7Qi|}~[ ’Q7Q1>
1 LN . L .
= 7YY ereUnTAd mQUED A iy | hg |+ d)  (B.3.2a)
]l7d/ ]7d
1 ; N ANV ] : (A :
— Z Z Z e+lQ(j +d')—iq}d e—zQ(j+d)+zq1d
i % (Cypd’s Cpod’ + A0 |Cop s Carf +d) . (B3.2D)
As explained in Chap. 6, in the computation of this matrix element any contributions with
d' = 0ord = 0 are excluded. Each sub-matrix element (Cys,j"; Cgy .5’ + d'[h0|Cyy .55 Cgyf + d)

is therefore represented by a TN with four C tensors on distinct sites, which is thus called
the 4C contribution.

To obtain the irreducible interaction matrix element Vq;Q . the raw matrix element needs
1

to be corrected by the 1QP contribution (Q,q]|Hip |Q,q1), and the correction term C’?q, o
1

that compensates for the fact, that in iMPS computations A is not usually an exact eigen-
state of H. Both of these corrections are described in detail in the following two sections.

B.3.1 1QP contributions

The contribution of the 1QP part of H to the 2QP matrix element is given by summing
up all possibilities to factorize the 2QP matrix element into a 1QP matrix element and a
1QP overlap

(Q.d11Hip Q1)
_ % $ 3 U ) iaid QU ) +ind
L

jd j.d x(j,§ + d/‘z hi . 5,7 + d) (B.3.3a)
i
]. . -/ /! - 1o . . .
_ = ZZ +Q(j'+d)—ig d' ,—iQ(j+d)+iq1d
= e (&
L Jhd jd x (5", + d'| h; |7, + d) (B.3.3b)
9 1P ?
— 1 Z Z o HQU +d) —igqyd’ ,—iQ(j+d)+iqid
L
j/7d/ ]7d

< (GG + d'lho i +d) + (' + 1 + )5 o)
('l + d) G+ d o) + (7 + 1) (7' lholj + ) (B3.30)

where in the last form the restriction to one particle can be dropped, since by definition
only the 1QP part of the operator contributes to the matrix elements.

For regular bosons, assuming a bilinear one-particle Hamiltonian

Hyp = ZZ@; alaiﬂS (B.3.4)
i 4§
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with real hopping amplitudes tg, it can straight forwardly be calculated as
(Q.q1|Hip |Q,q1)

_ % S5 S e HQU i iU +iand

i gd s S . . . . .
(51306 + dabas |5 +d) + {5 + d1j + d) (7 laas )
+(5'17 + d) (i + dlabag 7) + G+ d'15) (' |abag |5 + d>) (B.3.5a)
-7 Z Z Z tseTIQU ) —iqd’ o —iQ(j+d)+igid
Jd jd
(5 3051+ 005+d,5 + Ojrar j+ddjr,005,6
+051 j+d0j+ar 0056 + 5j'+d/,j5j',o5j+d,6> (B.3.5b)

- Z tﬁ{z +iQ0—iq} (— —1Q5+zq1 (6—9) Z e+iQ(§+d)—iq'l(5+d)e—iQ(5+d)+iq1d

d
+ Z e TiQ0—iq) (—j') ,—iQj +iq1 (5'—0) + Z o HiQd —igid’ ,~iQé+iq1 (6~ d’)}
d/
(B.3.5¢)
— Z t5{ <i eZ(flim)J’) o420 | <i Z 6i(q’gqrz)d> 1410
5 j d
+ (; Z ei(q'l—QQ)j’> et | <i Z ei(qé_ql)dl> e_ti‘S} (B.3.5d)
j/ d/
= Zt(s{(sqi,q T8 Gy g€ Oy e 5y e —’q25} (B.3.5¢)
5
= 3t (BT 4 T by (7 4 o)) (B.3.56)
5
= (Ogp.q1 T 0g)q2) (W1 + wgs) - (B.3.5g)

Since the one-particle Hamiltonian derived in Chap. 5 is of the form Eq. (B.3.4), this
analytical result can be used to determine the full 1QP contribution if needed.

Note that the result in Eq. (B.3.5) requires to drop the restriction d’,d # 0. If this hard-
core constraint is kept, the result is Eq. (B.3.5g) minus the hard-core correction derived in

App. A.10.2, i.e.,
2
(Q.q1|Hip 1Q,q1) = (5(1/1,(11 4—(5(1/1,(12)(%1 +wg,) — 7 (wa + we, +wy +wy, — 2t0) . (B.3.6)

In terms of C,, tensors Eq. (B.3.3) becomes

QQ1

\Q q)

1 Z 3 HQU ) idld i@ Hiard

jhd j,d
( q 7.7 ’Cq17j><cq 7.7 +d ‘hO ‘qu] +d

(C
+< a] +d,‘cq27] +d>< qia] ’h0|CQ1a]
+(Cy;od'|Caani + dN(Cyyi + o |Cyy.5
(C

)
)
)
H(Copod + ) Cyp 10 o +)) - (B3.Ta)
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In left-canonical gauge this simplifies to

Q.4 \Q q1)

7 Z Z e 1R +d")—ig) d’  —iQ(j+d)+iqrd
jlvd, .77d i /171 .
X (fl,l‘sj’7j<cqé>] + d'lho [Cgp,5 + d)

+f2205 varj+a(Cq o' [ho [ Car.5)

+f1,25j’,j+d<cqé 7j/ + d/|h0 |CQ1 7j>

a8 4a05(Cap "o | Cans + D)) (B.3.82)
with fu/, as defined in Eq. (B.2.19).
Note, however, that as in the case of the diagonal part of the metric tensor in Sec. B.2.1,
the analytical result in Eq. (B.3.6) relies on the Kronecker identity to produce the &, , 4
expressions. Therefore, again, the factorized value from Eq. (B.3.8) has to be subtracted
directly from any 4C TN that contributes to the diagonal part. Since all 4C TNs where

two C tensors fall onto the same site are omitted, there are also no contributions to the
1QP part with d’ or d = 0 that need to be subtracted.

Due to the orthogonality of the 1QP basis, which is reflected in the Kronecker deltas
in Eq. (B.3.8), as a general rule a TN contributes to the 1QP part if the following two
conditions are fulfilled.

1. It contains at least one “rung” with C tensors on both ends, and

2. the remaining part with the C rung replaced by the transfer operator 7' is non zero
in left-canonical gauge.

an/ Cfla’
(:I I i E ho I (B.3.9)
C, Cq.

contains a rung with C tensors on both ends and factorizes into a 1QP overlap and a 1QP
matrix element like this

Cq,, Cqp
(:I:} X CI I E EBUI D (B.3.10)
C, Cy.

It contributes to the 1QP part, since the TN remaining after factoring out the C rung can
have non-zero values in left-canonical gauge. In contrast, the TN

Cq,. Cop
d I I i i ho (B.3.11)
Cq. o

For instance, the TN
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does not contribute, since in its factorization

Cqo Cq
(:I:}x CI I I i Eﬁo (B.3.12)
an

the remaining part is always zero in left-canonical gauge.

Although Egs. (B.3.3) and (B.3.8) are straight forward about them, a note is in order on
contributions that fulfill two of the d-conditions in Eq. (B.3.8). These contributions make
up the local on-site energy to in Eq. (B.3.5), and the corresponding TNs are of the form

I1iEE o

This allows for two non-vanishing factorizations

- dllees
CI:}G:D oy

SNSEIZHE00ENE,
IS (e

While in a completely local basis clearly only the first one would contribute, in the iMPS
description both must be taken into account, since the operator can “see” the C tensors over
a range of =7 sites away. This argument even holds, if the operator does not act directly
act on any sites with a C tensor.

and

B.3.2 Ground state-1QP matrix element corrections

As mentioned in Chap. 4, generally the ground state uMPS A is only an approximation, and
therefore not an exact eigenstate of the Hamiltonian. As a result, the Hamiltonian couples
the approximate ground state to excited states, starting with the one-particle sector as

n:= (j|H|GS) = (GS|a; H|GS) #0 . (B.3.16)
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Of course, this property carries over to momentum space under the Fourier transformation
ng = (q|H|GS) #0 . (B.3.17)

And it also poses a problem for the computation of 2QP matrix elements, due to the
non-orthogonality of the basis. Consider for instance the matrix element

HYS = (0.d'|H[0,d) . (B.3.18)
For small d and large d’ it factorizes into a 2QP-1QP overlap and a 1QP-GS matrix element

HYY VAT (0]0,d) (d|H |GS) (B.3.19)
N ——
20 n

These contributions should vanish, but do not. And since in the Fourier transformation
many of them are summed up, this can lead to significant errors.
In the efficient momentum space algorithms of Sec. 6.4, all relative distances are summed
up to =7, because beyond that, C tensors and operators cannot “see” each other. Therefore,
any TN is then equivalent to its factorization. However, this computation scheme relies
on the assumption, that one of the factors is zero to machine precision. In the case of the
diagonal overlap TN Eq. (B.2.16), this was achieved by subtracting the factorized limit
value for 07 > =7 from each contribution.
Now consider the following TN, that contributes to the 2QP matrix element

(Cyrod's Copod’ + |10 |Cqy 13 Copn + d)

Co, Con
Jenasesezoea
Cop ~— G4, ——

(51 62 (53

Assuming left-canonical gauge, the value converges to zero for both large §; and large Js,
independently of the other distances. But, if both §; and 3 are small, for large do the TN
factorizes like this

<Cq’1 7j/; Cqé 7j/ + d/‘ﬁo ‘qu 7j; qu 7j + d>

where, however, neither factor is zero. Therefore, the total error from this type of TN is
roughly B
1ox & (Cqund |Ca s Capnd + d){Capnd’ + 0 |GS)Zr (B.3.22)

where the factor Zp results from the sum over d5. The problem is not only the absolute
error, but also the fact, that it does not converge as function of =Z7p.

To prevent this type of error from spoiling the matrix element result, the 4C contribution
must be corrected by this factorization as well. Not all 4C TNs have a non-vanishing fac-
torization of this type in left-canonical gauge.
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In a strict analysis, C;, takes a form analogous to the 1QP part. This means, it is given by
the sum over all possibilities to factorize the 2QP matrix element into a 2QP-1QP overlap
and a 1QP-ground state matrix element

Q _ l +iQ( +d)—igd  —iQ(j+d)+ig1d

ng.qn Z;Z;e J ad o J q
Jd' g,

(( "+ d'|))(GSho |j + d) + (5" + d'|j + d)(GS|ho |5)

(515 + A+ d o |GS) + (' + d'ljuj + d) (o |GS) )

(B.3.23a)
_ 1 S Y eHAU )il QU+ Hiand
j/’d/ ]7d y y , ~ -
% ((Cqpod's Cpod” + /1y )G S [Coj + )
+<Cq 7.7./. Cq’ 7j/ + d,|CQQ j+d> <G5’B0 |qu a.]>
+<Cq’ ! ‘qu J qu:] + d) <Cqéyj/ + d/\ilo ‘GS>
H(Cop s Carofis Casd + d)(Cpo IR0 [GS) ) . (B3.23D)

In this formulation, many TN types actually contain contributions to Cj, even if they
converge as function of all §; or if the non-convergence is remedied by the 1QP corrections.
However, these contributions do not grow with =7. For a fully consistent computation
they would need to be included. However, the expected change in the results is of the
order of 1, i.e., very small, so that they are considered negligible for now.

B.3.3 Different TN types

Depending on the location of the operator in relation to the C tensors representing the
particles, five basic types of TNs can be distinguished. Most of these TN types can then
further be split into sub-types, depending on, e.g., how many C tensors the operator acts
on, and the positions of the C tensors relative to each other. First, the main types are
introduced, showing exemplary TNs for each case.

i) The operator acts right of all C tensors

<Cq’17j/; Cq’ 7j/ + d/“tLO |CQ17j; ngaj + d>

ISessssss =1t

01 02 03

ii) The operator acts in between the C tensors

<Cq’1 7.7‘/; Cqé aj/ + d/|iL0 |Cq1 7.j; ng 7.j + d>

Cq.,
d I I i EEO (B.3.25)
Cq —_——

61 52 53
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iii) Transitions between the cases i) and ii)

(Cyrd"s Cqpod’ + |10 |Cyy 5 Conod + d)

qu/ C‘Za’
SESEE DTS
C, C

(51 52

iv) The operator acts left of all C tensors
(Cgy-d"s Capnd” + 'l |Coy 3 Cano + )

JEznesssssec

qa \\,_/ \v/ \\/-/ qa
0 01 02 03 (B.3.27)

v) Transitions between case iv) and the other cases

(Cqrd"s Cqpud’ + /110 |Cqy 15 Canof + d)

Cq., Cq,
G * ho I I I D (B.3.28)
C, Cq.

o1 d2

Beginning with Sec. B.3.4, each case is examined in detail and its contribution to the
irreducible 2QP matrix element is calculated. Section B.1 describes the general approach
to evaluating each case.

A summary of all the contributions can be found in App. C.

B.3.4 Case i)
B.3.4.1 4C TN contributions

Looking at the example TN for this case

CIIIIIII%’

qa \\/-’ \\/-’%f—/
01 d2 03
6>0

suggests that the calculation should be very similar to that of the 2QP overlap in Sec. B.2.1.
In fact, a short calculation shows, that the result is exactly the same up to switching out
the bare right boundary matrix v with a summed effective boundary matrix

v o= vy = i T3 [RAA ] (B.3.29)
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To see this, consider the case o/ = a = 1. For the TN shown above, the particle positions
are defined analogous to Eq. (B.2.8)

§ ==+ 1486 +1+d3+1), d =01 +1+6+1 (B.3.30)
j=—O4+1+&+1+0+1) =7, d=6+1 (B.3.31)

which, inserted into the phase factor, yield

By = etiQ(8—1)=iq (141+8241) —iQ(—=F2—1=05—1)+iqi (31+1) (B.3.32a)
e~ 101 (91+1402+1)+iQ(62+1)+iq1 (51 +1) (B.3.32b)

— i1 (01+1)Figh(S2+1)+iqu (61+1) (B.3.32¢)
(a1 —a1)(31+1)+igy (d2+1) 7 (B.3.32d)

i.e., exactly the same as the phase factor @1 from the overlap computation (cf. Eq. (B.2.9)).
Therefore, the contribution from this case is clearly given by the result in Eq. (B.2.10), with
the substitution v — v; from Eq. (B.3.29) above. The other momentum configurations
can be calculated analogously and yield corresponding results.

The cases § < 0 and § = 0 follow exactly as shown in the overlap calculation, too. The
combined 4C contribution from case i) is thus

Q o o &
HE gl = 2 (g 087 (B.3.33)
a/,a=1,2
where

v;"& — ﬂ(ch,;cqa)[vﬁ] +]l(c‘1a'?A)[v;L&] +1(A;cqa)[vg/] (B.3.34a)

Er
with vg‘, = ZT52[]I(an/;A)[vﬁ]]e"'iq&’(éﬁl) (B.3.34Db)

62=0

=T )

and v;, = ZT52[]l(A;an)[vﬁ]]e_lq&(‘sﬁl). (B.3.34c¢)

62=0

B.3.4.2 1QP corrections

Although in case i) the operator does not directly act on any sites where a C tensor is
located, it can still “see” them several sites away. Therefore, this case does nonetheless
contribute to the one-particle content of the matrix element, which must be subtracted.
In left-canonical gauge, the only non-vanishing factorizations are those with 6 = 0, where
both the types from Egs. (B.3.14) and (B.3.15) occur.
From the first TN factorization in Eq. (B.3.14) one can see, that the contributions follow
from the 4C TN results by replacing

]lT(Cq&,;an)[u] N w e, - (B.3.35)
For the second, shown in (B.3.15), the correction follows from the 4C calculation by re-
placing

1(CaqriCay) — T faa - (B.3.36)

Since the phase factors are the same for the 4C TN and the 1QP factorizations, the con-
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tribution from case i) amounts to

Er

e 5 (s,

o/ ,a=1,2 \01=0

+ ¥ ( )faa (B.3.37a)

Q
HIP Q1 »q1

o/ ,a=1,2
= Z (’LL aasoaa, hl ) + Z (Ug/jT[UiL]> f@’& , (B337b)
a/,a=1,2 ola=1,2
where @/, is defined as
=T
o = Z eti(da—aa)(01+1) (B.3.38)

B.3.4.3 Ground state-1QP matrix element corrections

Case i) does not require contributions to the C), correction term, if left-canonical gauge is
used. Any TN factorization that includes the operator and a single C tensor vanishes. For
example, the 6 > 0 TN factorizes like this for large d9

T

01 ) 03

Cq

Cq
. CI I § .(B'g.?,g)

an S—— an
(51 53

Although the left factor can be finite for small é1, the right factor is always zero in left-
canonical gauge. Therefore, this type of TN is convergent for all §;, and does not contribute
to the error matrix elements 7. The same is true for the TN in the § < 0 case. The § =0
TN does not contribute by definition. It does not converge as function of ds, but this is
already taken care of by subtracting the 1QP corrections.

B.3.4.4 Summary

Taking together all the results from this section, the final, 1QP corrected contribution of
case 1) to the 2QP matrix elements reads

i) = Z (’U,g ) Ugd> - Z (u f:;’a sz’cw U%d)

a/,a=1,2 o ,a=1,2

N Z (ug/’T[vﬁ]) faa (B.3.40a)

VQ
91,1

a’,a=1,2
= Y (wper) — (4Tl S (B.3.40b)
a/,a=1,2

with the 1QP corrected summed left boundary matrix

! I

Ug1pe = Uy — U [ P - (B.3.41)
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B.3.5 Case ii)

This case consists of three subcases, depending on the operator position.

B.3.5.1 Subcase iia)

The first one, with two C tensors left, and the other two right of the operator has TNs of
the following type

TTEEIIID

qa \r-/%/—/\/-/ qa
01 n 02 55

5>0

which, depending on §, can actually be seen as three subcases. However, the example of
the § > 0 case will show, that all three can be handled in a way very similar to case i)
above.

With a = o/ = 1, the particle positions for the TN (B.3.42) are given by

' =—(61+1), d=0+n+d+1+d+1 (B.3.43)
j=—@1+1)=7, d=6+n+0+1. (B.3.44)

Inserting this into the phase factor from Eq. (B.3.2) yields

b, = e TiQ(n+02+03+1)—iqy (51+n+02+1+03+1) ,—iQ(n+d2)+iq1 (51+n+52+1) (B.3.45a)
— o tiQ(s+1)—igq) (d1+n+da+1+03+1) o Figr (51+n+02+1) (B.3.45b)

— oty (03+1)—ig) (S1+n+0a+1) o +igi (51 +n+da+1) (B.3.45¢)

—  eTila—q)(01+1)+i(q1—q1)n+i(q1—q1)d2+ig5 (83+1) (B.3.45d)
etila—a)(O1+1)+i(q1—qy) (n—1)+i(q1 -} ) (d2+1) +ig5(d3+1) (B.3.45¢)

The phase factors for the other momentum configurations follow analogously, wherefore
Do = 6+’i(qafqa/)(51+1)+i(qa7qa/)(n71)+i(qafqa/)(52+1)+iq&/(5g+1) ) (B346)
Again, for the § < 0 case, the positions (j/,d’) and (j,d) from Eq. (B.3.43) are simply
interchanged. The general phase factor follows analogously as
By = €10 001+ D) +i(0 =0 (M= 1) +i(d0 =) (G2+1) —iga(d3+1) (B.3.47)

The 6§ = 0 case is again the so far excluded limit d3 = —1 of either of the other two cases.
From this, the 4C contribution can be determined as follows

Q
H4C ‘h q1

iia)

Er Er Er

= Z Z Z Z e Ti(2a=00/) (014 1) +i(d0 =40 (n=1)+i(90=40/) (02+1) o +igar(93+1)

o/,a=1,2 §1=0 §2=0 §3=0
% ((TT)61[]1T( a,:Cq )[ 11, BA; A)[T‘S2[ (A;Cq&)[T&‘[]l(c"&”A)[v]]]H)

Er Er Er
(40 =00 (01+1)+i(q,—40/) (n—1)+i(q,—q47) (62+1) ,—igs(d3+1)
DD Z ¢
a’,a:1,251:052: :
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x (P [ Coartan) ], ROA 2 1 o [ (1) ] )

Er Er

+ > D Zeﬂ 9= %) (O14H1)+1(da—0a) (= 1) (g0~ 1ar)(92+1)
a/,a=1,2 61=0 d2=

((Tf)al[]lt( 70iCae) [y H,;L(A;A)[Téz[n(cqa/;cqa>[v]]]) (B.3.48a)

= Z e+i(qa_qo¢/)(n_1)

oa=1,2
{(szﬁmﬂfq~ [l TN,
j,(AA) [i T2 [11 {Z 7% [0 Coar ]]€+iq‘”/(53+1)”€+i(qa_qa/)(62+l)]>
52=0

Er
+<§Zﬂﬂ%m“q” o [ul]e™ e aa)O1FD),
51=0

7 (AA) [i 732 []l(A;Cq@) {i T3 AiCag) [v”e—iq&(&;-l-l)] } €+i(qa—qa/)(52+1)]>
52=0 03=0

Er
*(EZG%%M“QN o [ul]e™ g O,

61=0
AA)[ T52 []1 [ 153Cay )[,UHHe+i(qa—qa/)(6z+1)})} (B.3.48b)
= 3 e (O u® h(AA z:T‘;2 (AiCos) [ e7(00—4a) 52“)
o’ ,a=1,2
ng[ 1(Cag ,;A)[U le +1(0a—90") 52+1
52 0
( RAA) Zsz CqiC [H +i(26—qa/)( 52+1 )
(B.3.48c¢)
= Z eTi(da—0a)(n—1) (ug/, B(A;A)[Ug’D (B.3.48d)
o ,a=1,2
with vg/ defined as
gzzij 521 Coa M [ug] + 1450 [p] + 1 CoariCoa) ] ila—0)GHD (B 3.49)

In Eq. (B.3.48), three previously defined summed boundary matrices are used to express

the TN evaluations: ug,, v and vg.
The unsurprising yet important to note fact about this is, that parts of a TN that look the
same also evaluate to the same expressions, including even the phase factors. For instance,
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the left end of a TN in left-canonical gauge

Cq

o

an a/—/
o1

always produces the summed boundary matrix ug/, and the right TN boundaries of the

type
Cour
N ——’ qu

53 (53

vield the summed boundary matrices v® and v, respectively.

The TN (B.3.42) also contributes to the 1QP corrections. Again, there are two types of
non-vanishing factorizations. First, the one analogous to Eq. (B.3.14). This type can be
handled in the same way as in case i) by the substitution ug/ — U+ forn. The second type
results from the factorization Eq. (B.3.15), which only appears in the § = 0 TNs. As in
case 1), it can be computed by the substitution 1(CaarCan) . fa'a, thus yielding a total
1QP correction of

Q
1P ¢} ,q1

iia)

= 3 e (y g o RAMRE])

o ,a=1,2

+ 3 et )<u3’7 LA T[] - fd,d%,a) . (B.3.50a)

o,a=1,2

When taking into account the one-particle corrections, this type of TN converges to zero
as function of all §; independently, and therefore the contributions to C;, are neglected.

B.3.5.2 Subcase iib)

This case is defined by the following TN type

IR

qa \/-/%/—/R/—/

01 02 n 3

The particle positions and phase factor for o/ = a = 1 are given by

—(61+ 1452+ 1), d=6+1+0+n+63+1 (B.3.52)

j
j=—=(6+140+1)=7, d=6+1, (B.3.53)
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and
By, = eTiQM+d3)=igy(S1+1+02+n405+1) ,—iQ(=02—1)Fiqi (d1+1) (B.3.54a)
e (a1 —41) (1+1)+igy (n+62) +igy (33+1) (B.3.54b)
eti(@—a) (O1+1)+igy (Sa+1)+igy(n—1)+igy(85-+1) (B.3.54c)

from which the general phase factor can be read off to be

B, = €900 (O1+1)Figs(62+1) Fige(n—1)+iga(9s+1) (B.3.55)
The 4C contribution follows as

Q = Z i €+iqa/(n—1) <(TT)52]1T(A;Cq&)[ug/]e_iqa,(52+1)’ B(A;A) [U&’D

H
ACq a1 |+
o fib) a/,a=1,2 62=0
=: Z eTida/(n—1) (ug/@’ B (AA) [U&/]) : (B.3.56a)
a/,a=1,2
with ug(; defined as
/ =7 ’ .
uly = Z(TT)éz]lT(A;an)[ug]e—zqa/(ég-s-l) ’ (B.3.57)
d2=0

In left-canonical gauge, there are no non-vanishing factorizations of the TN (B.3.51).
Therefore, there are no 1QP corrections for this case.

However, there are contributions to the Cj, correction, since this case is exactly the example
from Sec. B.3.4.3. The relevant TN factorization is therfore the one in Eq. (B.3.21). Its
value must be subtracted once for each possible o, weighted with the corresponding phase
factor. The correction is thus

Q
n (1’17(11

iib)

> Ze—i—zqa n— 1)+zqa/(52+1)( 1A Ca) ]) (u’ fL(A;A)[U&’]) (B.3.58a)

o/,a=1,2 62=0

= 3 et (ug/,nm%%)[v]) : <u R(AR) [v@’]) Gar (B.3.58b)

o/ ,a=1,2
where @5 is defined as

Ep
por =y eTaOtl) (B.3.59)

B.3.5.3 Subcase iic)
The TN type for this case is

SESSEEIEIEE

61 (52 53
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which is symmetrical to subcase iib). The 4C contributions are then given by

Z ¢~ Ha(n=1) <ug,5‘/, iL(A;A)[UO—L]> (B.3.61)

o/ ,a=1,2

4C Q1 sq1 ]1C

and the contribution to the Cj, correction by

= 3 et ( 1<an~A>[v])-(U,ZL(A;M[U@])@;. (B.3.62)

o/ ,a=1,2

,r] ql »q1 l]C

The boundary matrix ug/&/ is defined analogously to ug/& as
=r

ug® = 3 (1121 G [y ] etiaalat ) (B.3.63)
d2=0

B.3.5.4 Summary

The combined contribution to the irreducible 2QP matrix element from case ii) is thus

Q
q/17q1

if)
- z ittt 1>{(uz,’1pc,ﬁ“‘*‘>[vz’1)—(uz’ﬁ““[@] fawa'a)}

(B.3.64a)
Z o Tida/(n—1) {<u3;7B(A;A)[Ua']>
7 - (ug/, ]l(A;an)[vD . (u, hAA) [vdlD cp@/} (B.3.64b)
LY e { A

oho=12 . (ug/7 ]l(Cq&HA) [UD . (u, RAA) [Ud]) @Z}' (B.3.64c)

B.3.6 Case iii)

This case describes the transitions between cases i) and ii) and consists itself of five sub-
cases, each with a distinct TN form.

B.3.6.1 Subcase iiia)

This is the case of the operator acting only on the right, ket-side particle C,_, and the right
bra-side particle is located to the right of the operator. The corresponding TN is

TR e

1 2

The absolute position of the C,_ is defined as £. For o/ = a = 1, the particle positions are

—(61 + 1), d=6+n+6d6+1 (B.3.66)

J
j=-@1+1)=7, d=056+1+¢. (B.3.67)
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which yield a phase factor of

By = eTREN-1+0dnt6a+])—ig (S1+n+d2+1)

—iQ(—061—14614+14+€)+ig1 (51+1+0) B.3.68a

B.3.68b
B.3.68c¢
B.3.68d

X e
— a1 (0141)—ig) (n—1)+ig5 (62+1) o +iqi (51 +1)—igal

—~

etila1—=a1) 01+ 1)+igy (n—1)—igal+igy (62+1)

—~
e e N

= &, = etillata)(G14]) iga(n—1)—igsl+igs(02+1)

—~

Now the 4C contribution can be calculated as

/o~ A'Cq, ~/
Z Z +igg(n—1)—iggl (Ug,hé ) a)[va}) . (B369)

a’,a=1,2 £=0

Q
H4C qll »q1

iiia)

This case does require 1QP corrections, namely from the factorization of the type

Cy., Cy.
(e
o« . C —_—
81 02
an/ CQ&
— X ho . (B.3.70)
Cq., Cq, ——

02

These can easily be accounted for by using the left boundary matrix ug:ch defined in
Eq. (B.3.41). The TN value is then convergent, and the contributions to C, are neglected.

B.3.6.2 Subcase iiib)
This case is defined by the TN type

qq/7

( I I I E i I w3

01 02

which is symmetrical to subcase iiia) and therefore produces contributions symmetrical to
Eq. (B.3.69)

Q
4C q17q1

—iggz(n— igsl ’N(C #A)
iiib) Z Ze daln )it < h[ o [U&]> . (B.3.72)

o’,a=1,2 '=0

The 1QP corrections follow the same scheme as in the subcase iiia), and are therefore
covered by using ugllpc.
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B.3.6.3 Subcase iiic)

This subcase is similar to iiia), but with max(j/,j’ +d') <0, ie., the TN type

SEOSEE IS

qa S—~— S~—~— Cq A
51 82

For o/ = o = 1, the particle positions are

§= (01 + 1482+ 1), d=6+1 (B.3.74)
j==01+1+0+1) =7, d=0+1+0+1+0, (B.3.75)

which result in the phase factor
By = o HiQ(—02—1)—iq] (5141) , —iQ(O)+igq1 (1+1+2+1+) (B.3.76a)
— i (61+1) ,—iga(S2+1)+iqu (51 +1) —ig2t (B.3.76b)
—  tila1—a})(d1+1) —iga(62+1) —ig2t (B.3.76¢)
= By = eTillamtb)1H])—igs(2t1)—igsl (B.3.76d)

Using the already defined left boundary matrix ug/‘j‘l, the 4C contribution can be written

as 5 Z it <aa ), ]> ' (B.3.77)

o/,a=1,2 £=0

Q
H4C ql »q1

111C

In left-canonical gauge, there are no non-vanishing factorizations of TN (B.3.73) that would
contribute to the 1QP part. But, contribtutions to the C;, correction are needed, since the
TN value does not converge to zero for large o, if §; is small. The corrections follow the
scheme of case iic) and are thus given by

- ¥ Ze st (o, 1Ca o] (u,hg‘“c"a)[@ ot (B3.8)

o/ ,a=1,2 =0

77 ‘h q1 111C

B.3.6.4 Subcase iiid)

This subcase is again the counterpart of subcase iiic) with the operator acting on a bra-side
C tensor. Its TNs have the form

an, Cq&,,e’
C, C

o1 02

With the absolute position of the tensor C,_, defined as ¢, the positions are again simply
given by interchanging (j/,d’) and (j,d) from case iiic). This results in the following 4C

contribution
K // (C /7A)
D Ze”‘”( i) (B.3.50)

o/,a=1,2 0'=0

Q
H4C q1 ,q1

and the (), correction

n—1

- -y ¥ +zqa,e( 1A )M) <u fté%””@]) . (B3SD

a/,a=1,2 £'=0

Q
n quih
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B.3.6.5 Subcase iiie)

The final subcase is that of the operator acting on both the right C tensors, i.e., TNs of
the type

qan

CI I E ’ 3

Cyoil

1

Looking at the resulting phase factors from the last two subcases, the 4C contribution can
directly be read off as

Q
H4C Q1 »q1

= > Z et agt ( a, ﬁé )[v]> : (B.3.83)

iiie) '
o/,a=1,2 ' £=0

This subcase also contributes to the 1QP part. The factorization of type Eq. (B.3.14) are,
as in the other cases, taken care of by using ugllPC. The factorization of type Eq. (B.3.15)
is non-zero only, if ¢/ = £. The resulting correction is then

= > Z Hla) (4e RONR]) S (B.3.84)

o/,a=1,2 £'=0

Q
HlP Q1 »q1

1116

With these 1QP corrections the TN values are convergent, wherefore contributions to Cj,
are neglected.

B.3.6.6 Summary

With all the subcases analyzed individually, the complete, corrected contribution of case
iii) to the irreducible 2QP matrix element is given by

VQ
1501 Jii5)
/ AsCq ), A
= Z vt “’“z< Y pes By "‘)[va]> (B.3.85a)
o/ ,a=1,2 /=0
+ D Ze a(n 1) +iaat <ua1Pc 132 o )[va]) (B.3.85h)
o/,a=1,2 =0
Sy S (AiCy,)
St (g R )
a/,a=1,2 £=0
n—1
; / . ~(A;Cqy_
Z Ze—lq(if (ug ; ]l(cq&/’A) [U]) (u, hé qa)[’l)]) gpg (B385c)
o ,a=1,2 =0
=(Cq A
- 3 e (a )
o/ ,a=1,20'=0

S Z it (gl 145}y (u B}C%”A)[UD os  (B.3.85d)

o/ ,a=1,2 /=0
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n—1
+iq- ' —iq-f / ”(an/?ca)
n Z Z o Hiaat'—ia, (ug,lpc,he,;g [v]

o’ ,a=1,2 0/ 4=0

n—1
- Y Y et (ug’,i}(’**\)[z}]) faa - (B.3.85¢)

o/ ,a=1,20'=0

B.3.7 Case iv)

This case is quite difficult to deal with, since the operator acting to the left of all the
C tensors thwarts the benefits of the left-canonical gauge as Eq. (5.10) is not applicable.
Due to this lack of gauge induced simplifications, this case consists of a total of 13 subcases.
They can be divided into three categories, distinguished by how two particles can be
grouped together. Because the TNs resemble a ladder, these categories are called “rung
grouping”, “rail grouping” and “transition cases”.

The TNs of the rung grouping category look like the example TN in Eq. (B.3.27) and allow
the group each pair of two C tensors in a rung type structure

qu/ qu'/

GED 3w

an S—— an
L | S L |

Accordingly, the rail grouping category holds TNs where each pair can be grouped on one
rail like this

SEDEe 3 e

N—— an C‘I&
P - -

And lastly the transition cases, that allow neither the first nor the second grouping, have
TNs of the type

qu/ CQ*/
SEdesesec S
an an

B.3.7.1 Left TN boundary matrix

Before all the different subcases are analyzed, a closer look at the left boundary of the TNs
is in order. For case iv), independently of the actual particle positions, the left boundary

of the TN always has the form
EEDE
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Note that the operator width n and the distance dy between the operator and the first
C tensor only enter into the reference particle positions j/ and j, not into the particle
distances d’ and d. Let

j=n+8+a and j=n+d+=x, (B.3.90)

which is always possible regardless of the signs of d’ and d. The pase factor from Eq. (B.3.2)
can then be written as

b — QU +d)—igid ,~iQ(j+d)+iqid (B.3.91a)
e HiQI +i(Q—q1)d' —iQj~i(Q—q1)d (B.3.91b)

_ o TiQ(n+do+a’)+ighd —iQ(n+do+a) —igad (B.3.91¢)

o TiQa' +igyd —iQr—iqad (B.3.91d)

This means, the phases related to n and &g always cancel out. Therefore, n and dy do not
need to be taken into account explicitly when determining the particle positions.
This also allows to define a summed left boundary matrix

uj, = i(TT)‘S“ (A1 AN [u]] (B.3.92)
60=0

that is the same for all groupings and subcases.

B.3.7.2 Subcase iva): Rung grouping category

This category is by far the largest. Each block in square brackets in (B.3.86) has three
topologically distinct states

: and ‘ (B.3.93)

——
>0 6<0 L 6=0 J

depending on whether the bra-side C tensor is located left, right or on the same site as the
ket-side C tensor. This results in a total of nine subcases in this category.

However, recall that parts of TNs that look the same, also evaluate to the same expressions.
Therefore, the right block in (B.3.86), including both the boundary matrix v and the block
marked d9, is described in all its three states by the summed boundary matrix vg/ defined
in Eq. (B.3.49). This will be demonstrated on the example TN

FEIIIIIII o

qa \'v-’ \V-’ \V-’ q&
31 02 d3

O
Noting that n and §p can be neglected, the relevant particle positions for o/ = o = 1 are

given by

jr=06+1, d =d+1 (B.3.95)
j =0, d=064+1+086+1+083+1. (B.3.96)
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They yield the phase factor

b, = o Q1 +1+02+1)—ig] (52+1)
w " 1Q(O1+1+02+1463+1)+iq1 (61+1+02+1+53+1) (B.3.97a)
— et (014+1)+i(gh—g2)(924+1)—ig2 (53+1) (B.3.97D)
—  etia(01+1)+i(q1—q1)(92+1)—ig2(d3+1) (B.3.97¢)
= @a/a — e+iqa(61+1)+i(qa—qa/)(62+1)—iq&(63+1) ) (B397d)

As always, the phase factor can be split into separate factors related to each individual
distance ¢;.
The summed 4C contribution from this TN is thus

Q
H4C ql »q1

ival)

Er Er Er

— Z Z Z Z F146(61+1)+4(d0—4ar) (62+1) —igs(83+1)

a/,a=1,2 §1=0 §2=0 d3=
x (Tt [n““w[uﬁn,n“w\) T S TBECIR)  (B.3.95)

Er
_ Z <Z (TT)él []1T(A;an)[uB”e—zqa(éﬁl) :

a/,a=1,2 \d1=0
Zr
ﬂ(cqa”“)[z T52[ Cagrih [Z T [1 A€ e —zqc—x(ésﬂ)” €+i(qa—qa/)(62+1>]>
92=0
(B.3.98Db)
= Z uha, q HA [Z T(52 q #A ]]e+i(qa—qa/)(52+1):| <B398C)
o a=1,2 62=0
where uj  is defined as
Er ‘
uj = Z (TT)& []lf(A;cqa)[uﬁﬂeﬂqa(élﬂ) . (B.3.99)
61=0

Note that the rightmost part of the TN can directly be identified as vg; and the expression

S
Z T2 []l(cqaﬁA) [va]] eT1da=9a7)(62+1) (B.3.100)

is the contribution of the 6 < 0 case to Ugl as defined in Eq. (B.3.49). It is left to the inclined
reader as an exercise, to convince themselves that the results for the other configurations
of the right rung block are consistent with the use of vg‘,.

The example TN in (B.3.94) shows the ¢ > 0 case of the left particle group (cf. (B.3.93)).
As seen in Egs. (B.3.98) and (B.3.99), the left particle in the group and the distance d;
can be absorbed into a new summed boundary matrix u;, .. The § < 0 case of the left rung
group results in another summed boundary matrix

Er
u =y (1) [T CoarP gy et (B.3.101)
61=0

and in the case = 0 there is no summation over 1, which yields the left boundary matrix

17 (CoariCan) ] (B.3.102)
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Taklng all three cases together, allows us to define the left side analog of U~ from
q. (B.3.34), namely

u® = 11 (CauiCa )[ ]_1_]1T( a9,/ )[u;l ]+1T(A;an)[u9'

9 . o (B.3.103)

Now, the entire 4C contribution from the rung grouping category can be written very

compactly as
= 3 () (B.3.104)

o/ ,a=1,2

Q
4Cq1,q1

iva)

This subcase also contributes to the 1QP part of the matrix element, namely for either of
the rung groups having 6 = 0. The contributions to the 1QP part where the right rung
is factored out is easily obtained from the 4C result by replacing vg/ with v - faa@aa (cf.
Eq. (B.3.120) below). The contribution where the left rung is factored out is also simply
retrieved from the 4C result by substituting the rung group with T - fo. The complete
1QP correction is then given by

= (ug’a,v . f@/agoa/a> n (uE,T[vg/D oo (B.3.105)

a/,a=1,2

Q
HlP ql »q1

iva)

Including these 1QP corrections, all TN types from this subcase are convergent, thus the
contributions to €, are neglected.

B.3.7.3 Subcase ivb): Rail grouping

This category contains only two types of TNs. The one shown as an example in (B.3.87),
and its horizontally mirrored counterpart. Only the latter is discussed in some detail, since
it is then immediately clear, how to derive the contribution from the TN (B.3.87). The
mirrored TN is thus

G*;IIEEIE

0 01 o2 03

from which the relevant particle positions for o/ = a = 1 follow as

J=0+1+686+1, d=63+1 (B.3.107)
Jj =0, d=6+1. (B.3.108)

The resulting phase phase factor is

By = eTRETIFRAIHG ) —ig) (05+1) —iQ(G1+1) +ia1 (01 +1) (B 3.109a)
e Tia1 (6141)+iQ(62+1)+ig5 (53+1) (B.3.109b)
o By = etia(OrHDHQOH) Figa(Gs+1) (B.3.109¢)
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The 4C contribution is then

Q
4C qi?‘]l

ivb),(B.3.106)

Er Er Er

— Z Z Z Z eT14a(0141)+iQ(2+1)+iga/(d3+1)

aa=1,2 §,=0 63=0 65=0

x (0 AsCoa) [ty [T o) g ], 22 [1 oM [T 1 S ]]]) - (B.3.1100)

= Z <1T(A;Cq&) [i(TT)él []IT(A;an)[uﬁ]]e—iq&(él—q—l)} 7

o/,a=1,2 61=0
ET ET
Z T52 |:]1(an/§A) |:Z []l(cq&/QA) [U]]€+iq&/(53+l)i| ] e+iQ(52+l)> (B3110b)
62=0 53=0
. (ﬂt (A;Cq&>[uﬁa]7va’a') (B.3.110c¢)
o ,a=1,2
with v defined as
11 = ~/ .
v = 3 102 [ Canr N [ QD) (B.3.111)
02=0

The contribution from the TN (B.3.87) follows analogously as

Q o <]1T(an/;A) o _> B.3.112
4Ca1a [ivh),(B.3.87) a’aZIQ ]+ voa (D311
with -
Er
Voa 1= 3 TR LA o] ]~ Q02D (B.3.113)
62=0

The TNs for this subcase do not have any non-vanishing factorizations, and therefore
contribute neither to the 1QP part nor to the C), correction.
B.3.7.4 Subcase ivc): Transitions between iva) and ivb)

This subcase, too, holds two types of TNs. The one shown in (B.3.88), which can be seen
as the do = —1 limit case of the rail grouped TN (B.3.87). And the counterpart with the
positions of the ungrouped particles interchanged

Cq, Cqy
SE36S88SEINN
~—~— an ~—~— an ~—~—

o0 31 03

which in turn can be interpreted as the do = —1 limit case of (B.3.106). The interpretation

as 9 = —1 limits allows us to read off the 4C contributions immediately as
Q Q Q
/ - / + H /
4Cq1.a1 i) 4C 91,01 |i5c),(B.3.88) 4C 91,01 |iyc) (B 3.114)

= 3 (] 4 D (g 1) L (B.3115)

o/,a=1,2 o/,a=1,2
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18/
This subcase also contributes to the 1QP part of the matrix element with TN factorizations

of the type

Cy

FEIIIIIL e

03

) 01

CGEnnD

03

do 31

From this factorization it is evident, that the contributions to the 1QP part are once more
given by simply replacing 1(€00riCas) with T - fora in the 4C result

— Z {(u%,,T[va]) fara + (uﬁa’ T[vdl]) fa,a} '

(B.3.117)

He
1p qll »d1

ive) [
a/,a=1,2

Lastly, the TNs of this case also allow for decompositions of the type

qu/ CQ&’
an an S—~—

3

o0

which stay finite for large d1 if both §p and d3 are small, and therefore require contributions
to the C,, correction. The contributions are given by the TN product times the summed

phases for ¢; as defined in Eq. (B.3.59), i.e

-y (uﬁ’ﬂcqa,;m[v]).(%1(%&/;%&[@&]) ot

Q _
i live) o’,a=1,2
+ Y (uh, Acqa)[v]) : (u,]l(c‘la’;c@) [u@’]) oo . (B.3.119)
a’,a=1,2

B.3.7.5 Summary
Defining a 1QP corrected right boundary matrix vgllpc analogous to u$ p. as
(B.3.120)

—y _
Ug,ch = g - v faa¢ao¢>
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the complete contribution to the irreducible 2QP matrix element from case iv) is

q?v‘h iv)
- = {<U%/""vg’/1pc) a (“B’T[“glm fa'a} (B.3.121a)
o/a=1,2
+a,’a:1’2 {114 o) + (17 CwP ] ve) ) (B3.1211)
" {<“%/’]l(cq o )[Ua]) - (ug,T[ ]) faa}
a/,a=1,2
¢ 3 (oo ©eewt) - (et o)
o',a=1,2
_O/’a:m (uﬁ 1(CaiP) [U]) _ (%]l(cq 1iCq )[ ]) o
_a/,a:m (uE,n(A;cqg[v]) : (u,ﬂ(cqa/;ca) [U&']) Do - (B.3.121c)

B.3.8 Case v)

This case covers the transitions from case iv) to the other three cases. Depending on how
many and which C tensors the operator acts on, this case falls into six subcases and is
quite involved, too.

B.3.8.1 Subcase va)

The first subcase considered is that of the operator acting on all four C tensors. The
corresponding TNs are of the form

q /ag Cq /7m

.IIB (B.3.122)

Cq, ot Cq,im

In this case, the concept of a reference site j and relative particle distance d is of no
particular help. Instead, the restrictions £ < m and ¢/ < m’ are made. The phase factor is
then straight forward to determine as

B, = €1l Fiarm/ ~igol—igsm (B.3.123)

and the 4C contribution follows as

n—2n—2 n-—1

— E E E E E : +zqa/f +zq(¥/m g l—igsm
va)

o/,a=1,2 0'=0 =0 m'=0'+1 m=(+1

Q
H4C ql »q1

<u hé, oy ”an’c‘za)[uo . (B.3.124)

m’;l,m

This subcase also contributes to the 1QP part, namely if any one, or two compatible, of
the following conditions are met

V=1, m =m, !'=m, t=m', (B.3.125)
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in other words, whenever there is at least one “rung” in the TN ladder, that has C tensors
on both ends. Due to the lack of gauge induced simplifications, TNs of the type (B.3.122)
allow a lot of different factorizations, for instance

which all occurred before, but never all in the same subcase. This makes the 1QP contribu-
tions of this subcase the most complex ones of all. Here it is helpful, to abandon the rule,
that the C tensors with barred momenta C,_, and C,_ are always right of the non-barred
ones. Instead, the momenta ¢, and ¢, are fixed to the C rung that is factored out, and
which is given the site index j. The remaining particles are designated by absolute site
indices ¢’ and ¢ which are summed over values both larger and smaller than j, and ¢ # j
and £ # j is implied. The phase factor can then be determined as

@CMIO( — e+iqa/j+iq&’€,€_iqaj_iqﬁg (B 3 1 27&)
e+7;(‘1a/_‘1a)j+iqa’£/_iqa£ (B3127b)
etH(Q-0'-Q+a)j+igat'~iqst (B.3.127¢)
e Fitali—0—iaa(i—t) (B.3.127d)

Note that in this description each set {j,¢',¢} forms a unique TN, and therefore the sums
over o’ and « are still required to count all necessary contributions.
The contributions the 1QP pare are then

— Z nil nil nz_:l e—&-iqa(j—@)—iq&/(j—f')

oja=1,2 j=0 £=0,0'4 (=0,(]

g
1P ¢} ,q1

va)

x (mﬁéfga”c‘]a)[v]) foa . (B.3.128)

Although non-vanishing factorizations of some TNs of this type into a 2QP-1QP over-
lap and a 1QP-ground state matrix element are possible, these contributions to the Cj,
correction are neglected, since their number is very small compared to the other cases.

B.3.8.2 Subcase vb)

The second subcase is that of the operator acting on two C tensors, described by TNs of

the type
Co?! Cy.
q EFLOI I I : (B.3.129)
N—— Cq

Cq(x7£ SN—— a
01 02

Again, the positions of the C tensors that the operator acts on are labeled ¢ and ¢, and
the right part of the TN, including the é; block, is actually described by the compound
boundary matrix vg,. The particle positions for o/ = o =1 are
j =17, d=n—-1-0+6+1 (B.3.130a)
j ={, d=n—-1—0+66+1++1. (B.3.130Db)
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The resulting phase factor is
b, = e HIQUHn—1—0"+5141)—ig; (n—1—€'+51+1)
Xe—iQ(f—i—n—1—€+51+1+52+1)+iq1(n—1—£+51+1+52+1) (B 3 131&)
— €+iqi€’+iqé(n—1)+iqé((51+1)€—iq1€—iq2(n—l)—iq2(51+1+(52+1) (B 3. 131b)
—  etial—iqut+i(gy—g2)(n—1) o +i(a—g2) (61 +1)—iga (62+1) (B.3.131c)
— etial—igtti(ai—q;)(n—1) o +i(a1—q;)(61+1)—ig2(62+1) (B.3.131d)
= Qo/a — 6+iqalf’—iqaf+i(qa—qa/)(TL—l)€+i(qa—qa/)((51+1)—iq&((52+1) (B 3. 1316)

and can be split into a first factor that relates only to the operator part of the TN, and
a second factor that relates only to the right part. The second factor is indeed again
consistent with vg’. Now the 4C contribution can be determined easily as

n—1ln—1
Q +igol'—iq l+i(q,—q,) (n—1 (q/vq)
H gl = X XS ermmtiacno) (u i Sg)) - maim)

o/,a=1,2 0'=0 (=0

The TN of this case, (B.3.129), is the mirror complement of case iiie), and therefore also
contributes to the 1QP part with both the factorization types from Egs. (B.3.14) and
(B 3.14). The contribution where the right C rung is factored out is taken care of by using

Ug1pc- Lhe contribution where left pair of C tensors is factored out is non-vanishing if
¢/ = ¢ and reads

e = Y Z (4a=tar) (n—1=0) (u A3 }) fua . (B.3.133)

1P a1,01 |yb) (B.3.15) =
a ;o= =

Taking into account the 1QP corrections, the TN values of this subcase all converge to
zero, and the contributions to C,, are neglected.

B.3.8.3 Subcase vc)

This is the first of two subcases where the operator acts on three C tensors, described by
TNs of the type

/
q /7£ Cq /7m

G E hOI . (B.3.134)

51

Obviously, this is just a mixture of the previous two subcases, where the right part of the
TN is now described by v5. This allows us to write down the 4C contributions immediately
by using the corresponding phase factors from subcases va) and vb)

Z Z Z Ze+zqa/€ +igsm' —iq f—iqs(n—1) <u hélcq /”gcq +Ca,, )[U@]> .

o/,a=1,2 /=0 m’=0'+1 {=0

Q
H4C q17q1

VC .
(B.3.135)

Like in the previous subcases, there are also contributions to the 1QP part. Non-vanishing

factorizations exist for ¢/ = ¢ or m' = /.

The proper technique is therefore the same as for subcase va), where the momenta ¢, and

o are fixed to the position of the factored out C rung, which is named j. The postion ¢
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of the remaining particle that the operator acts on is then summed over values both larger
and smaller than j. This results in a 1QP contribution of

Z Z Z 1(¢ar—4a)i—iq5(n— 1)+an’£'< hi,cq&';A)[vaD Jota -

a/,a=1,2 7=0 0'=0,0'#£j
(B.3.136)

As with subcase va), factorizations into 2QP-1QP overlaps and 1QP-ground state matrix
elements are possible, but are neglected, since none of them are finite for large ;.

Q
HIP q1,q1

VC

B.3.8.4 Subcase vd)

This is the second subcase where the operator acts on three C tensors and is the vertically
flipped counterpart of subcase vc)

qam
Cy .l Cy, mw_,

Both the 4C and the 1QP contribution therefore follow analogously as

n—1n—-2 n-—1
Q et l'+iq5(n—1)—ig l—igzm (Cq,siCa,Cay) &
Bl = X L0 3 ctitins (g )

o/,a=1,2 0'=0 (=0 m=~¢+1
(B.3.138)

and

Q
1P q,q1

. Z Z Z —H(qa/ 1q,)J—iq50+igs(n— 1)< h( )[UO/]> Jalar -

o/, a=1,2 j=0 (=0,#7j
(B.3.139)
In this case, too, the contributions to C), are neglected.

B.3.8.5 Subcase ve)

This is the first of two subcases where the operator acts on a single C tensor and the other
three are located to the right of the operator

EEdessseciit

1 52 53

Actually, this subcase further splits into three sub-subcases, depending on the relative
positions of the three C tensors that the operator does not act on. The first is shown in
(B.3.140). Once more, the left end of the TN will prove to be describable by vg/. The
particle positions for o/ = a =1 are

j =1, d=n—-1-0+5+1+86+1 (B.3.141a)
j=n—140+1, d=0+1+d3+1. (B.3.141b)
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Inserting them into the phase factor yields

by = e FIQUAN—1—'+81+1+05+1)—ig] (n—1—L+01+1+d2+1)
o o~ IQn—1481+1+82+1+63+1)+iq (G2 +1+33+1) (B.3.142a)
— i1 (n—1=0+0141)+igy(52+1)—ig2(S2+1+d3+1) (B.3.142b)
e~ 141 (n=1=+61+1)+i(q1—¢1) (024+1) —ig2(d3+1) (B.3.142¢)
= Py = e—iqa/(n—I—Z’)—z’qa/(51+1)e—i—z’(qa—qa/)(52+1)—iqa(63+1) ’ (B.3.142d)

where the second factor is consistent with the § < 0 part of vg/, as expected. The 4C
contribution from this TN type then follows as

Q
H4C 91,0

ve),(B.3.140)

n—1 ET

DD ID I <<T*>5l[h2(c"a”“)[un,11<A?%>[vg:’])

o/ ,a=1,20'=01=0

(B.3.143a)
! A;C %
= 2 (“%Z,’ 1t q“)[ng 7 (B.3.143D)
a’,a=1,2
where 12" is defined as
e/
Er n—1 —4(Cq A . '
u%y = Z (TT)51 |:Z h@/ dn!? [u]€+lqa/(n—1—€):| 6+an/((51+1) . (B3144)
61=0 =0
This type of TN requires 1QP corrections, which arise from the §3 = —1 boundary case

. . ~' . =/
contained in vg . They can therefore be taken care of by using v3,p.. There are no non-
vanishing C;, type factorizations, hence no corrections are needed.

The second type of TN in this subcase is the do = —1 limit case of (B.3.140), where C,_,
and C, form a C rung. The correct phase factor is obtained by inserting d2 = —1 into
Eq. (B.3.142), and the rightmost part of the TN is still described by vg. This results in a
4C contribution of

Q - Qél (anﬂcqa) _
H4Cq{,q1 ve),§2:—1 T Z <,uhé/7]l [’UCJ) .

o ,a=1,2

This TN type requires both 1QP corrections and contributions to C;. The 1QP corrections
are obtained by replacing 1(€aCa0) with T - fara in the 4C result.

The contribution to (), arises from the TN value not converging to zero for large 01 if 3
is small. The corrections are therefore given by replacing the 61 block with ¢7, as

Q /
M99 |ve),do=—1
n—1 A
= Z Zefiqa/(nflfé/) <ﬁ;l( a,r )[U],'U> . (U,]}_(an’;(:qa)[va]> QDZ/ . (B3145)
a’,a=1,2 0'=0

Complex conjugation is required due to the definition of ¢,/ with positive sign.
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The last type of TN in this subcase results from (B.3.140) by swapping the positions of
Cq, and Cy,

EEEdeseesc i

01 d2 03

i.e. there is now “rail grouping” of the particles on the ket-side. For o/ = a = 1, the particle
positions are

j =1, d=n—-1-0+85+1 (B.3.147a)
j=n—-1+6+1+6+1, d =63+1, (B.3.147D)
from which the phase factor follows as
by = e+iQ(€'+n—1—€/+51+1)—iq’l (n—1—£"+81+1)
x e~ IHOH O L0 )i (95-+1) (B.3.148a)
— iy (n—1=l+01+1)—iQ(d2+1)—ig2(63+1) (B.3.148b)
S By = e ia(nm 1) —igg(0141) Q2+ 1) —igs(93+1) (B.3.148¢)

As expected, the second factor is consistent with the summed boundary matrix v,g defined
in Eq. (B.3.113), which describes the right part of the TN. The 4C contribution follows as

Q = 9‘/ (anHA) _ )
H4C qlpql Ve)v(B'3'146) ‘ a/azl 2 (uhlﬂ l [Uaa] ’ (B3149>

Thankfully, this TN type does neither contribute to the 1QP part nor require C;, correc-
tions.

B.3.8.6 Subcase vf)

This is the vertically flipped counterpart to subcase ve), i.e. the operator acts on one
ket-side C tensor

Cqo Cou
GEEIIIIID e
Cq, ot Cq,

01 02 03

The calculations are completely analogous to case ve) and yield three 4C contributions, two
1QP corrections and one contribution to Cy. With u; , defined analogous to Eq. (B.3.144)

as
n—
T (A; C . .
Uy o = Z (T [Zh Je~4a(n=1=0) | =ita(G1+1) (B.3.151)
1
the complete contrlbutlon of this subcase can be written down very compactly as
Q
q/17q1 Vf)
= 2 (0 P Ripe] 1 ] = TR o+ 1A )
o/ ,a=1,2

n—1

T3 el <BZ(A;C%)[U],U> (w1 D) oo (B31522)

o/,a=1,2 =0
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B.3.8.7 Subcase vg)

The last type of subcase can be seen as a transition from subcase vc) to ve) and from vd)
to vf) respectively. It is described by TNs with the operator acting on two C tensors of

the same state, i.e.,
6

2 03

The particle positions for o/ = o =1 are

j =1, d=m'-V (B.3.154a)
j=n—14+0d+1 d =063+1, (B.3.154b)

which yield the following phase factor

By = etIQUHM —O)—igy(m'—) ,—iQ(n—1+02+1+d3+1)Fiq1 (9a+1) (B.3.155a)
etial+igom’ ,—iQ(n—1462+1)—ig2(83+1) (B.3.155b)
- By = et Fiaam —iQ(n—1)—iQ(02+1)—q5(03+1) (B.3.155¢)

The second factor is clearly consistent with the use of the summed boundary matrix v.g
for the right part of the TN. The 4C contribution thus follows as

Z Z 2 o Tt Figzm’ —iQ(n—1) (hgr(C7 /7cqa/;A)[u]aUaa> :

a’,a=1,20'=0m/=0+1
(B.3.156)
Like the related TN (B.3.146), this case does require neither 1QP corrections nor a contri-
bution to C,.

Q
4Cq1,q1 |,

B.3.8.8 Subcase vh)

The last subcase is again the vertically flipped counterpart of the previous one. Its TN is

SEIDOSSCINTE

Cq N Cq NN ——

and the 4C contribution is given analogously to subcase vg) as

n—2 n—1

S XYY ety (fz;;’;‘?cqw%)[u],va'a) (B3159)

a/,a=1,2 (=0 m=0(+1

Q
4C q1 »q1

B.3.8.9 Summary

Due to the vast amount of subcases and contributions, no intermediate case summary is
given at this point, but the reader is referred directly to the summary in appendix C.
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B.4 2QP-1QP matrix element

As matrix element of the Hamiltonian, the quantity
DY = (Q.i|H |Q) = (d).a5|H|Q) (B.4.1)

and its complex conjugate describe the amplitudes for quasi-particle decay and fusion
processes, that can occur if particle number is not a conserved quantity.

For particle number conserving models, such as those described in Chap. 2, these matrix
elements should vanish in the orthonormalized basis.

With the momentum space description Eq. (6.34) for the 2QP state, and the 1QP state

Q) = \1@ ZJ: e 9 |Cq.5) (B.4.2)

the matrix element is given by

Q_ 1 QU'+d)=iaid' ~iQi (€, i1, C , i 1 d'lfo |Coi) — CO
in = \/zzd:zez J e J<Cq’17j ) Cqév] +d ’ho |CQ7]> qu/l : (B43)
Jhd g

In contrast to the 2QP matrix element, the 1QP part of the Hamiltonian does not con-
tribute anything here. Therefore, no 1QP corrections are required. However, a correction
ng, for A not being an eigenstate of H is needed.

1

B.4.1 1QP-ground state matrix element correction

In analogy to Eq. (B.3.23), the correction term ng/ is given by factorizing D? into a 1QP
1 1
overlap and a 1QP-ground state matrix element

ng'l — \% ;d, ZJ: QU +d")—iqyd'—iQj
% ((Co;.'1CQu) (Capd’ + 0 |GS) + (Cpof’ + d'1C:3){Cyp 'R0 |GS) )
(B.4.4a)
1 QU +d')—id| d ~iQj
X ( $108575(Cqd’ + d' 1R |GS) + fadirrar ;(Cqr ' o |Gs>) (B.4.4b)

with foig defined as the overlap
fug = (Cq,,0/Cq.0) = (u,n“w%)[v]) . (B.4.5)

Again, this includes TN types that do either converge as function of =7, or add only a
fixed number of contributions.

In case of this matrix element it was found, that including all of these contributions to
ng,l considerably reduces the magnitude of the residual decay amplitudes after orthonor-

malization.
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B.4.2 Different TN types

Like for the 2QP matrix element, first the different types of TNs that occur in the calcu-
lations are introduced. In the following sections, the cases are then analyzed in detail one
by one.

i) The operator acts to the right of all C tensors
<Cq’1 7j/; Cqé?j/ + d/|h0 |CQ7.7>

Sesesiz

(B.4.6)
CQ —— ~——
01 02
ii) The operator acts in between the C tensors
(Cqrod's Copod’ + |10 |C.4)
Cq., Cq.

CO e e
o1 n 02

iii) Transition between cases i) and ii)

(Cqrod's Copod’ + |10 |C.4)

Ca Co
- (] I E B

CQ ——
01

iv) The operator acts to the left of all C tensors
(Cyrod's oot + 110 |C 1)

GEIIIID -

N — N~ —— CQ ——
n 5() 61 52

v) Transitions between case iv) and the other cases

an, qu,
(qu,j’; Cqéaj/+d’|B0|CQ7j> = G EEOI D (B.4.10)

CQ ——
o1

Although there are five different types of TNs for this case, too, compared to the 2QP
matrix element, calculating the 2QP-1QP matrix element is a cake-walk.
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B.4.3 Case i)
As can be seen from the TN

TrITEE e

this case is simply the overlap calculation with v;, from Eq. (B.3.29) as right boundary
matrix instead of v, just as for the 2QP matrix element. However, it is beneficial, to chose
a different way of computing it. The particle positions for o/ = 1 are given by

j’:_(51+1+52+1)7 d,:51—|—1 (B412a)
j=—-0i+1+6+1)=] (B.4.12Db)

from which the phase factors follows as

H; = HQ(0-1-80-1+81+1)=ig)(81+1) o—iQ(-d1-1-02-1) (B.4.13a)

_ iah(141) (B.4.13D)

L G = etawlhit) (B.4.13¢)
_ rigald] (B.4.13d)

The last form of the phase factor @,/ is actually universal for any 3C TN with the left
boundary seen in (B.4.11), and is therefore also valid for cases ii) and iii).
The 3C contribution is then given by

Q
H3C q;

i)

— eTidar(01+1) ((TT)(M []lT (Cq,iCQ) [u]], 1 (Caqri®) [T52 U}(A;A) [vm)

(B.4.14a)
ET ET
- ( (Th)% []lT(an/%CQ)[u]]e—iqa/(éﬁl) ’H(Cq&,;A) {Z 792 [B(A;A) Mﬂ)
a'=1,2 \§;=0 62=0
(B.4.14b)
_ (ug, 1(Cogi®) {vﬁ]) (B.4.14c)
a’'=1,2
with v; as defined in Eq. (B.3.29), and ug defined analogously to ug/ as
’ Er :
ugy = 3 (TP Con Sy i) (B.4.15)
51=0

The advantage of using this newly defined summed boundary matrix instead of vg/ from

Eq. (B.3.34b) is that ug also appears in the following cases ii) and iii).
No non-vanishing factorizations of the TN (B.4.11) exist, hence there are no contributions
to C,.
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B.4.4 Case ii)
For the 2QP-1QP matrix element, case ii) consists of a single TN type

SOEEDOEINTE

|d|=0+1+n—1+d+1 (B.4.17)

Inserting

into the phase factor Eq. (B.4.13d), allows to write down the 3C contribution directly as

H:?qu i)
=r =7
= z Z 2 e+iqd/(51+1+n—1+(52+1)
o/=1,2 §1=0 6,=0
> ((TT)51 []lT(an/;CQ)[uHJ}(A;A) [T52 []l(qu,;A) [v]H) (B.4.18a)
= Z etitar(n=1) (ug, E(A?A)[vé‘/}) (B.4.18b)
a’=1,2

with v@ as defined in Eq. (6.42). This type of TN does require contributions to Cy, since
it may stay finite for large d;, if 2 is small. The contributions are readily derived from the

3C result by replacing the TN with the factorization
Coo Cqu
(:I:} X CE E ho I D (B.4.19)
Co ——
62

and the §; block with @5 as defined in Eq. (B.3.59). It then reads

oud

!
N4y |

= S etiawln-) (u, i (AA) [Ua’]) Far Par (B.4.20)
a’=1,2

B.4.5 Case iii)

This case, too, consists of only one TN type, namely

Co Col!
S B2 (B.421)
CQ —~—
01

With
|d|=6+1+7¢ (B.4.22)
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inserted into Eq. (B.4.13d), the 3C contribution follows as

= > Ze“qcﬂ’( E,,C” : )[v]> . (B.4.23)

a'=1,2 0=

3C ql 111

Like the previous case, it requires contributions to (), which follow in the same way and
are therefore given by

77 ql 111

= Zeﬂq '€l< (/Cq ’A)[ ]) farQ ear - (B.4.24)

/ 1 2617

B.4.6 Case iv)

This is again the case, where the operator acts to left of all the C tensors, and therefore
no simplifications arise from left-canonical gauge. There are three subcases, that can be
identified by the positions of the C tensors relative to each other as “rung grouping”, “
grouping” and “transition case” (cf. Sec. B.3.7).

rail

B.4.6.1 Subcase iva): Rung grouping

The rung grouping case is the one shown in the example TN for case iv)

GEITIITL

S—— CQ S—~—
n 8o L (51 P!

where the two rightmost C tensors can be grouped in a rung type structure. The particle
positions for o/ = 1 are

3 =n+ o, d=06+1+5+1 (B.4.26a)
j=n+d+d0+1 (B.4.26D)

which result in a phase factor of
By = TSI+ +1)—ig] (51+1+02+1) —iQ(n+d0-+51+1) (B.4.27a)
— i (B1 1) +igh(52+1) (B.4.27D)
—  ti(@—Q)(d1+1)+ig5 (52+1) (B.4.27¢)
= @y = etilta—@@+D)+ige(62+1) (B.4.27d)

Unsurprisingly, the phases related to n an §y cancel out completely, which allows the use
of uj as defined in Eq. (B.3.92) to describe the left part of the TN up to C, ,. The 3C
contribution is then

Cq A, &
HY. ., - 3 <u,~l7]1( o )[UQ]) (B.4.28)
a'=1,2
where vg is defined as
Er
vg = Z Td1 []}_(CQ&HCQ)[,U] Jr]l(cq&’;A)[UQ] Jr]l(A;CQ)[U&/He—i-i(q&/—Q)((Sl—l—l)

61=0

(B.4.29a)
Er

with vg = Y TR[1AC) )@+ (B.4.29b)

62=0
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which is nothing but vg/ with gz = Q. As apparent from the definition in Eq. (B.4.29), ’Ug
contains the d2 = —1 limit case of the TN (B.4.25). That type of TN can have a finite value
for large 61, if g is small, wherefore it requires contributions to C),. Inserting do = —1 into
the phase factor yields them as

Er
o2 — +ilaa—Q)(01+1) (4. 1(CayiP) - B.4.30
n4qy iva) a§2c512:l]e <uh’ [UD f Q ( a)
Er A
=YY e (uﬁjﬂ(cqa,;m[v]) fa0 (B.4.30b)
a/'=1,261=0
= 3 (w1 ) fa ety (B4.30¢)
a'=1,2

with ¢, as defined in Eq. (B.3.59).

B.4.6.2 Subcase ivb): Rail grouping
This subcase is defined by the TN type

SR

| — N — CQ —— ——
n ) 01 d2

For o/ = 1 the particle positions are

j =n+6 +6 +1, d =68 +1 (B.4.32a)
Jj =n+do. (B.4.32D)

They result in the phase factor

H; = etiQnFdo+d1+1)=igy(82+1) —iQ(n+d0) (B.4.33a)
— ¢ TiQ1+1)+igs(52+1) (B.4.33b)
= Py = e Q@) +iga(2t1) (B.4.33¢)

and subsequently, using v from Eq. (B.3.111), in a 3C contribution of

. 3 (uﬁ,IL(A?CQ)[va’@']) . (B.4.34)

As in the 2QP matrix element calculations, this type of TN does not have non-vanishing
factorizations. Therefore, no contributions to C,, are needed.

B.4.6.3 Subcase ivc): Transition case

The transition between the previous two subcases is where C,; , and Cg from a rung, i.e.,

the TN type
an/ CQ@/
G i ho I I I D . (B.4.35)

N — N~ CQ N——
n 5() d2
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The 3C contribution can immediately be read off the TN to be

= -y (u 1(CanriC)py /}) . (B.4.36)

a'=1,2

SC q;

This TN type allows the following non-vanishing factorization

Con Cy,
SEDeeec e IIEE
Ca

~——
n 60 52

that requires contributions to C,. As apparent from the factorization, they are given by
replacing 1(€0iC@) with T farq in the 3C result

= Z (uE,T[vdl]) fog - (B.4.38)

a’=1,2

B.4.7 Case v)

This case consists of five subcases, depending on how many and which C tensors the
operator acts on.

B.4.7.1 Subcase va)

This is the case of the operator acting on all three C tensors, described by TNs of the type
q G Cq m’
' 'B (B.4.30)
Col

With the restriction m’ > ¢/, phase factor and 3C contribution can be read off straight
forwardly as

3C q1

Z Z Z Ze+zqa/£’+zqa/m zQE( iL(Cq ”Cq ’CQ)[ ]) . (B.4.40)

a'=1,20'=0m'=0'+1 {=0

If either £ = ¢’ or £ = m’ holds, this TN has a factorization that contributes to C,. Like for
the 1QP corrections for case va) of the 2QP matrix element, to describe the corrections,
momentum ¢, is fixed to the position of the factored out C rung, which is given the site
index j. The position ¢ of the remaining bra-side particle is then summed over values both
larger and smaller than j, to account for all possible TN forms. The corresponding phase
factor for this summation scheme is

By = eTilaitigalt'—iQ) — otiga(t'=3) (B.4.41)

)

which results in the correction

Z Z Z _an,(é —7) < hE/CaHA)[,U]) fo/Q' (B442)

a'=1,2 j=0 0'=0,0'4j

nql va)
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B.4.7.2 Subcase vb)

This case deals with the operator acting on one bra-side C and one ket-side C, i.e., TNs of
the type

an

Co .l
52

The particle positions for o/ = 1 are
j =7, d=n—-1-0+6+1 (B.4.44a)
j =4, (B.4.44Db)

resulting in a phase factor of

B, = TIRUAN—1-L+b2+1)~igy (n—1-L'"+b2+1) ,—iQL (B.4.45a)
e Tiq1+igy (n—1+62+1)—iQL (B.4.45D)
= &, = e—&-iqa/(’—i—iqa/(n—1)+iqa/(62+1)—iQ€ ) (B445C)

As expected, the right part of the TN is described by v®, which leads to a 3C contribution

of
n—1n—1
19, .1 (2 n— 7 (C /7C) 071
3Cq1 Vb Z ZZ€+ qaerq(, 1) Q@( h q Q [U ]) ) (B446)

a'=1,20'=0 £=0

This TN type, too, allows a non-vanishing factorization for ¢ = ¢, and therefore contributes
to Cy. The corrections are readily derived from Eq. (B.4.46), by setting ¢ = ¢’ = j and
factoring out the resulting C rung as fa/Q

-y Z +ida/(n—1-7) <u RAA) [ ]) oo - (B.4.47)

a’=1,2 =0

CQ
n q1

vb)

B.4.7.3 Subcase vc)
This case is the 3C analog of subcase vg) of the 2QP matrix element, i.e.

/
q l7£ Cq /7m

G EhI D e

2

Therefore, the phase factor for the operator part of the TN has the same form as Eq. (B.3.155),
and the 3C contribution is

Z Z Z +z’qa,£/+z'qa/m’—iQ(n—1) (’LL, ;LE/CZ;”C%';A)[UQ]) (B.4.49)

a'=1,20=0m'=0'+1

3C q1

where vg is defined analogous to vg as

Er
vg = TR[AACQ) e @+1) (B.4.50)
d2=0
No contributions to C), are needed for this case, since the TN does not have any non-
vanishing factorizations.
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B.4.7.4 Subcase vd)

This subcase covers TNs where the operator acts one C tensor on the bra-side

FEIIID

CQ N——
1 02

For o/ = 1 the particle positions are

j=1, d=n—-1-0+66+14+6+1 (B.4.52a)
j=n—-1+6+1, (B.4.52b)
yielding a phase factor of
b, = e HQUHn—1—0'+81+1+05+1)—ig) (n—1—L"+01+1+d2+1)
x ¢ IQn—1+01+1) (B.4.53a)
—  tial+i(a—Q)(n—1) o +i(g5—Q) (51+1)+igy(d2+1) (B.4.53b)
= &, = et tilda—Q)(n—1)otilda—Q)(01+1)+iga(02+1) (B.4.53c)

The second factor is consistent with the use of vg as defined in Eq. (B.4.29). The 3C
contribution is therefore given by

8 = > Zeﬂqa’é“ 9ar=Q)(n—1) (u,ﬁg/cq“';A)[ng : (B.4.54)

a/=1,2 '=0

3C q;

Due to the d5 = —1 limit case included in vg, this subcase does require contributions to
(), since the TN can then retain a finite value for arbitrarily large 4;. Similarly to the
correction for the related TN in case iva), the contribution to C,, is given by

n—1
o ~(Cq A
) = Z Z e+zqa/£ +i(g5—Q)(n—1) <’LL, hé/ qa )[U]> f&’Q gp:’;, . (B455)

a'=1,2 =0

Q
n4q;

B.4.7.5 Subcase ve)

The last subcase is the 3C analog of subcase vh) of the 2QP matrix element

SR e

Co.t

1 2

The right part of the TN is therefore described by v®®, and the phase factor for the
operator part can easily be derived from Eq. (B.3.156), by dropping the second particle at
site m and setting g, = Q. The 3C contribution therefore reads

s Z —iQl+iQ(n—1) (  RNC e ]) . (B.4.57)

a’'=1,2 £=0

3C q1

Like the analog case vh) of the 2QP matrix element, this TN type does not require contri-
butions to C,.



Appendix C

Summary of TN calculation results

This appendix contains all the results of the TN calculations of appendix B. It is what
needs to be implemented to run actual 2QP computations.

In appendix B, the matrix elements of the Hamiltonian were considered explicitly. However,
the results hold for any operator that has a 2QP matrix element of the form Eq. (6.68) or
a 2QP-1QP matrix element of the form Eq. (6.61), respectively. Therefore, the results are
denoted here with a general operator 0.

C.1 Shorthand definitions

In order to write down the contributions to the two-particle matrix element more com-
pactly, a number of shorthands is defined. Unless otherwise stated, all sums in these
definitions run from 0 to =Z7.

Note that they do not only help to write down the results, but many of these quantities
occur several times. Therefore, it is also numerically more efficient to compute them once
in the beginning of the matrix element computation and use them whenever needed.

C.1.1 Scalars

fa’a — (u’]l(cqa/;cqa)[v]> (Clla)

fug = (u,n(cqa/;CQ)[vD (C.1.1b)

o = Ze+iqa(5+1) (C.1.1¢)
6

o = Ze+i(qa—qa/)(5+1) (C.1.1d)
é

C.1.2 Summed left boundary matrices

W = Z(TT)51[]ﬂ(anncqa)[u]}e*i(qa*qa/)(‘;l“) (C.1.2a)
0

ug’o‘/ - Z(TT)52 []11' (CqpA) [ug/]]6+i‘1a(52+1) (ClQb)
2

ul = Z(TT)62[]ﬁ(A,Cq&)[ug’]]e—iQaf(52+1) (C.1.2¢)
!

! ’
« o o
ua,ch = u u

(C.1.2d)

* *
« ala Pola
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Summary of TN calculation results

01

0

ug = (TN
do

u%, o Z(TT)& []lT (CqpA) [ué]]e+iqa/(61+1)
31

Up = Z(TT)51[]lT(A:an)[uo]]efiqa(&Jrl)
01

| o= ]Mc%ﬂﬁuqué]+1MCu~Awuéa]+]MAﬁaMug]

anW — ZTT 51 [ZOZ/ A
01
Up,a = Z

+’an (n—1— Z)} +iq,/(61+1)

é/_

51[2 Z (ACq,,

O

—iqa(n—l—Z)} o~ 1o (61+1)

ug = ([ @ ey

C.1.3 Summed right boundary matrices

ZT%M(Cq »Cq )[ ]_|_]1( a5 )[ &] _‘_H(Ach

02
Ug - a'a Pala
> TB0RA ]
d3

[v]le +igs(63+1)

1ACa) [y e~ 9a (05 )

Z T2 {]I(CQ—/VA)[ OA”e+iqaf(52+1)

ZTE (ACq,

]l(Cq&,,Cq )[ ]+]1(Cq /A)[

Z T(S q ,,A)
E}ﬁm“@ﬁw
d
A e
d

S o) 1
d

H —igqg(0+1)

o F1AC e

H +iQ(6+1)

a]]efiQ((Prl)

—iQ(5+1)

(anlvA) [UQ] + ]]_(A7CQ) [vdlﬂefiQa/((;‘i’l)

(C.1.2¢)
(C.1.2f)
(C.1.2g)

(C.1.2h)

(C.1.21)

(C.1.2j)

(C.1.2Kk)

(C.1.3a)

(C.1.3b)

&) [u¥ et 9a=9a)(0211) (C.1.3¢)

(C.1.3d)
(C.1.3¢)
(C.1.3f)
(C.1.3g)
(C.1.3h)
(C.1.3i)
(C.1.3))
(C.1.3k)

(C.1.31)
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C.2 Summary of 2QP matrix element contributions

/ ) B (ugl’T[%]) fara (C.2.1)

Case i)
Q . o &
Vq’l,q1 Ny Z <u0471P07vO&
o/ ,a=1,2
Case ii)
Q?vql ii) - /Zl ) €+i(qa_qa/)(n_1) { <ug,/1PC? OA(A;A) [Ugl]) - (ug,7 OA(A;A) [U] f&’& @a’a) }
(C.2.2a)
4 Z e-i-iqa/(n—l){ (ug’_, O(A;A) [’U&I]>
a’,a=1,2
_ (ug',]l(A’Cq’)[“D (u,O(A;A)[va/D (p,} (C.2.2b)
+ Z e—zqa(n—l){ (ug’a’,O(A,A) [U ])
o/ ,a=1,2
— (g’ 1N ] ) (w0, 0AM g ) go;} (C.2:20)
Case iii)
n_l . . (AsCq ). ~
(1?7!11 i) Z %eﬂqa/(n—l)—zqaf <ug,1Pc,Og g [ch]> (C.2.3a)
o/ ,a=1,2 {=
= —iqz(n—1)+iggt’ o A (CqiiA)
+ Z Ze “ « ua,chvOg/ 07] (C.Q.?)b)
o/ ,a=1,20'=0
n—1
b Y e (w0 )
a’,a=1,2 £=0
n—1
; / . A (A;Cq "
- Z Zeﬂq@f (ug ,1(Caari) [v]) (u,Oé “)[v]> = (C.2.3c)
o/ ,a=1,2 =0
n—1
. " 1 ~(Cq_y;
+ Z Z €+zq5/€ <ug, Oé/ 95/ A) [U])
a/,a=1,2 0'=0
n—1
. / ’ . ~(C N
- Y e (ug 1% ) (w0 ) w230
a/,a=1,2 £=0
o (o)
(ua 1Pc>» OZ/;Z [U]>

+ Z nil e-l-iq&/é’—iqaé
(C.2.3¢)

a’,a=1,2 ¢/ (=0
n—1
. _ / VO .
= Y et (ug,0MN) f

a/,a=1,2 0'=0
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Case iv)
V(Z?»ql iv) ’231 2{(16&0/&7 gllpc) (uo, [vd ]) fcx’a} (C.2.42)
+a/7a:172 { (]IT(A;ch[uoa],va’d) + (m( an )[U%’],va@)} (C.2.4b)
i {(”aolvﬂ(cq " )[Ua]> - (uo‘/ ] ]> fm}
o/,a=1,2
3 (00 19 0%]) — (450 T0]) fo
o/,a=1,2
_alva:w (“o 1(Capsi )[U]) . (m]l(cq 1:Cq )[ ]> o
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