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Zusammenfassung

Die vorliegende Dissertation behandelt den Einfluss neuer Physik auf die Messungen aktueller
Neutrino-Oszillations-Experimente. Insbesondere wird eine neue modellunabhiangige Metho-
de zur Analyse der CP-Verletzung in Neutrino Oszillationen entwickelt, die auf Unitaritats-
Argumenten beruht. Es wird gezeigt, dass aktuelle Experimente wie T2K oder NOvA in der
Lage sind, den Parameter-Bereich fiir viele Modelle stark einzuschrénken. Durch Einbeziehen
der Materie-Effekte in diese neue Methode ergeben sich zahlreiche Herausforderungen, die tief-
gehender behandelt werden. Aufierdem wird der Einfluss eines leichten sterilen Neutrinos auf
die Bestimmung der Massen-Hierarchie beim JUNO Experiment untersucht. Zuséatzlich wird
das erste stringente Modell entwickelt, das alle aktuellen Anomalien im Neutrino Bereich er-
kldren kann und gleichzeitig konsistent ist mit Messungen von atmosphérischen Neutrinos
und Neutrinos aus Beschleuniger-Experimenten.






Abstract

In this thesis we explore several new physics models and their implications on current neu-
trino oscillation experiments. In particular we develop a novel model-independent method to
analyze the CP violation in neutrino oscillations, based on the unitarity constraints for the lep-
tonic mixing matrix. We can show that current experiments like T2K or NOvA have sufficient
sensitivity to restrict new physics models significantly. The inclusion of matter effects into
this new approach leads to new challenges, that are studied in more detail. Additionally we
analyzes the impact of a light sterile neutrino on the determination of the mass hierarchy at the
JUNO experiment. We also propose the first stringent model that can explain all current neu-
trino oscillation anomalies and is consistent with atmospheric and accelerator based neutrino
experiments.
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Part I.

Introduction



1. Overview

This thesis is structured as follows. In part I we give an introduction to the current status
in neutrino physics including a brief historical overview and a conclusive introduction to the
Standard Model of particle physics (SM) with a focus on neutrino physics.

Part II is based on the work done in [1] and deals with a new proposed method to analyze
neutrino oscillations. We introduce a model independent method to describe neutrino oscilla-
tions, followed by analytic predictions for the newly introduced CP violating amplitudes and a
numerical analysis in Chapter including an analysis for different experimental setups based on
the GLoBES package. We also includes matter effects into the new approach and a point out
the arising challenges.

In Part III the method of the JUNO experiment to determine the mass ordering is presented,
and we show the impact of a light sterile neutrino on this determination.

Part IV of this thesis is based on [2] and introduces a specific model with additional sterile
neutrinos and altered dispersion relations which can consequently explain all current experi-
mental neutrino anomalies.

In Part V we conclude with a short summary and an outlook for possible further studies.



2. Historical Introduction

The history of neutrino physics begins with the measurement of the electron energy spectrum
in nuclear 3-decay. The energy spectrum turned out to be continuous in contrast to the discrete
spectrum of o and 7y decays. In a simple 1 — 2 reaction, where the neutron decays into a proton
and an electron, a discrete spectrum is expected due to energy conservation and the huge mass
difference of proton and electron. The measurement of a continuous /3 decay spectrum could
not be explained in that framework and resulted in two different theoretical approaches. Niels
Bohr stated the assumption that energy conservation does not hold in the 8 decay processes,
while Wolfgang Pauli introduced a neutral yet undiscovered particle.

In his famous letter from 1930 to the “Gruppe der Radioaktiven” in Tiibingen Pauli first sug-
gested this light and weakly interacting particle (then called neutron). From today’s perspective
the prediction of a new particle seems rather straightforward compared to abolishing energy
conservation, but in 1930 Pauli was still very cautious about his claim, did not even publish his
idea but wrote in the aforementioned letter:

“Ich gebe zu, dass mein Ausweg vielleicht von vornherein wenig wahrscheinlich erscheinen mag,
weil man die Neutronen, wenn sie existieren, wohl lingst gesehen hdtte. Aber nur wer wagt,
gewinnt [... | Darum soll man jeden Weg zur Rettung ernstlich diskutieren.” [3]

Pauli was aware that his newly introduced particle was not the most appealing due to the
lack of any experimental evidence. Since the neutrino had to be light compared to the electron,
electrically neutral and had to have a tiny interaction rate with normal matter, a direct detection
was experimentally challenging [4].

The experimental solution came up by using a fission reactor power plant instead of simple
radioactive materials. Due to the enormous number of decays in the power plant, the tiny
interaction rate is compensated by the number of produced antineutrinos. Those antineutrinos
were detected directly via an inverse (3- decay in 1956 [5] and therefore provided evidence for
Pauli’s claim of a new neutral particle. The Nobel Prize was awarded to Frederick Reines for
this discovery almost 40 years later in 1995.

Using the Alternating Gradient Synchrotron in Brookhaven, it was possible to prove the
existence of a second flavor of neutrino. The synchrotron accelerated protons, which were
dumped into a target to produce pions, which in turn decayed into muons and neutrinos. It
was shown in [6], that these neutrinos did in turn produce only muons in the detector but no
electrons. Leon M. Lederman, Melvin Schwartz and Jack Steinberger won the Nobel prize for
the discovery of the muon neutrino in 1988.

Since the doublet structure of the leptons was established with the discovery of muon and
electron neutrino, it was expected that the tau lepton, also called tauon, has a corresponding
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partner - the tau neutrino - which was eventually discovered in 2000 by the DONUT collabora-
tion [7]. The collaboration also used a proton beam dump experiment like in the discovery of
the muon neutrino, but used a much higher proton energy of 600 GeV to produce Ds-mesons
instead of pions, which also decay into tauon and tau neutrino.

Apart from direct detection, the discovery of neutrino oscillations is a major breakthrough
in neutrino physics. This conversion from one neutrino flavor to another is evidence of non
zero masses of neutrinos and will be discussed in detail in chapter 3.2. The starting point for
discovering neutrino oscillations is the significant deficit of electron neutrinos coming from
the sun known as the solar neutrino problem: The Homestake experiment [8] was the first to
measure the neutrino flux from the sun with an extremely low background in the Homestake
Gold Mine. Due to the chemical detection process of the transition from 3"Cl to 37 Ar induced
by the inverse beta decay, the experiment was only able to measure electron neutrinos. They
reported a deficit of around a third with respect to the standard solar model during the runtime
of 24 years of measuring. A mistake in the solar model as well as experimental failures were
discussed as the source of this deficit, but eventually both turned out to be correct and the
deficit of electron neutrinos could be explained by the MSW-effect [9] based on non zero neu-
trino masses so that oscillations can occur [10]. This theoretical explanation was eventually
confirmed by the SNO experiment[11] which was able to measure all three neutrino flavors.
Together with the Super-Kamiokande experiment measuring solar and atmospheric neutrinos,
the hypothesis of neutrino oscillations has been verified, resulting in the Nobel Prize 2015 for
the heads of SNO and Super-Kamiokande, Arthur B. McDonald and Takaaki Kajita.

Neutrino oscillations were confirmed by several other experiments with different sources,
like nuclear reactors, accelerators or cosmic rays leading to atmospheric neutrinos and estab-
lished a picture of at least two non vanishing neutrino masses and large leptonic mixing angles
compared to the quark sector.

Apart from oscillation experiments, neutrinos and their properties are studied in experi-
ments searching for the absolute neutrino mass scale or neutrinoless double beta decay (see
also Section 3.3.1). Since neutrinos play a significant role in the early universe, some properties
can also be deduced from cosmological observations e.g. of the cosmic microwave background
(CMB).

The history of neutrino physics shows a fruitful interplay among theorists and experimen-
talists. The combination of having tiny mass, being electrically neutral and interacting only
weakly with other particle makes it challenging to experimentally test theoretical hypothe-
ses. Nevertheless, as the past shows, growing experiments and technological progress made it
possible to discover all SM predictions so far.

Currently, apart from the CP violating Dirac phase and the two Majorana phases, the mass
ordering and absolute mass scale, and the octant of 23, all parameters are well determined and
a lot of experiments are running, under construction or in planning to close these gaps. Nev-
ertheless, there are some open questions and several theoretical predictions from new physics
models concerning neutrino physics. In the tradition of Pauli, the founder of neutrino physics,



it is the perfect field of research to consider new ideas, brave predictions and experimental
challenges, since “nur wer wagt, gewinnt.”



3. Neutrino Oscillations as an Open
Window to Physics Beyond the Standard
Model

3.1. The Standard Model of Particle Physics

3.1.1. Definition of Fields and Forces

The SM of particle physics is a renormalizable quantum field theory that explains the funda-
mental particles as excitations of quantum fields and the interactions, governed by the local
gauge group SU(3)c x SU(2)1, x U(1)y, which is broken down to the gauge group SU(3)¢ X
U(1)gm after electroweak (EW) symmetry breaking. While SU(3)¢ describes the strong in-
teraction or Quantum chromodynamics (QCD), SU(2)1, x U(1)y corresponds to the EW inter-
action, which is broken spontaneously via the Higgs mechanism to U(1)gy corresponding to
electromagnetic interaction, or Quantum electrodynamics (QED).

The fundamental constituents of matter are fermionic with spin % and are divided into the
two subgroups of quarks (Q), ugr and dr) and leptons (L and /), which each appear in three

so-called families:
i_ [ (uL CL [49
= () (5)-(n): o
(@) e

uf = (uR, cr, tR), (3.3)
dR = (dR, SR, bR) , (3.4)
= (

€R; UR> TR) - (3.5)

The left handed fields are combined in SU(2)-doublets. The representations and hypercharges
of the fermion fields are shown in Table 3.1. We use Dirac spinors for the fermion fields and
the subscripts L and R indicate the chirality with 750, = —Uy, and 75V = Ur. While the
quarks are accommodated in triplets under SU(3)c and therefore interact via QCD, leptons
are uncharged under SU(3) and do not participate in QCD.

In addition to the fermionic fields, the bosonic spin-1 gauge fields B, W; and Gf} arise from
the gauge groups U(1)y, SU(2)1, and SU(3)c, respectively. The superscript a runs over the 3
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Field SUB3)c SU(2)L Y
_ (UL 1
Q( dL) 3 2 !
UR, 3 1 %
dr 3 1 -3
_ (VL _1
() 2
IR 1 1 -1

Table 3.1.: Particle Content and their representations under the gauge groups SU(3)c and
SU(2)1, as well as the hypercharge Y.

generators of SU(2)r, and A runs over the 8 generators of SU(3)c. The field strength tensors
are defined as

By, = 8,B" — d,B" (3.6)
Wi, = 0,W — 0,W + g f§0) WoWs, (3.7)
G, = 0uGy — 0,G + g5 4115 Gr Gy, (3.8)

with the coupling constants g and g, and the structure constants ¢ defined via the commu-
tator

[ta, ty] = if % te., (3.9)

with the generators ¢t of the corresponding group.
The complete SM Lagrangian can be written as

Lsm = Liin + LEw + L£QcD + Liiges + Lyukawas (3.10)

where Ly, describes the kinetic part for the fermionic fields, Lrw the EW interaction, Lqgcp
the strong interaction, Lyjggs the self interaction of the Higgs field and the interaction with the
gauge bosons and Lyykawa includes the Higgs-fermion interaction resulting in the mass terms
after spontaneous symmetry breaking.

The QCD-Lagrangian reads

= 1
Lqcp = Z —iWg,GLT* T — 5m«GWGW, (3.11)
U={Q,u,d}

and will not be considered further in this work.
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The kinetic and the EW Lagrangian can be written as

_ 1 1
Lim + Low= Y  iUDPT- G B B — St W, W, (3.12)
v={Q,u,d,L,(}

with the trace in the last term over the intrinsic indices a of W}j,,. The covariant derivative is
defined via

D, =8, —igWit* —ig'Y B, (3.13)

with ¢’ being the coupling constant of U(1)y, and Y being the hypercharge of the correspond-
ing field (see Tables 3.1) and 7% = % as the generators of the SU(2)y, and the Pauli matrices
o’

Apart from masses, all interactions and the propagation of all fields are covered within Lrw

and Lqcp. Dirac mass terms like
Lmass,e = MeCLER (3.14)

are not SU(2)r, gauge invariant and therefore forbidden. The Higgs field H and the corre-
sponding Higgs sector Lyjggs is needed to generate mass terms via the Lyiiawa terms. This
Higgs mechanism and the generation of masses and flavor is presented in the following section.

3.1.2. Mass Generation via Higgs Mechanism and Flavor Physics

The Higgs field H is a complex scalar SU(2)y, doublet. The kinetic term for the Higgs boson
and its self-coupling is described via

f 2 prt trr)?
Lhiggs = (D, H)' (D, H) + p"H'H — (H H) . (3.15)

VHigES(H )

Since the Higgs field is an SU(2);, doublet and has a hypercharge Yy = % the covariant
derivative reads

1
D,H = 0,H —igWir*H — §ig'BMH. (3.16)
Due to the Higgs potential Viiges(H ), the Higgs field acquires a vacuum expectation value
(VEV)v = % which breaks the EW symmetry. By expanding the Higgs field around the VEV

as

0
H = v h > (3.17)
VR
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the mass terms for the gauge bosons are generated via the covariant derivative

2 / 2
2 _ 2V 1)2 2)2 9 3
IDuH|" = 9" 5 [(W#) + (W3 + <gBM—WH> ] (3.18)
We do not discuss the Higgs interactions with the real scalar A in this case, since we focus only
on the mass terms.

The first two terms in Equation (3.18) represent the masses for the charged bosons of weak

interaction W+ = % (Wl} F 1W3) with masses myy = %

X
Diagonalizing the third term via a rotation with the Weinberg-angle tan 6w = %/ yields the
mass eigenstates, the photon A, and the neutral boson of weak interaction Z;:

A, = sin OwWi + cos Ow B, (3.19)
Z,, = cos HWW/::’ —sinfw B, (3.20)
This leads to a mass for the Z-boson of mz = 5 g;”ew = szg"w and a vanishing mass for the

photon.
Using the definitions in Equation (3.20) for the neutral part of the covariant derivative

D, =0, —ieA, (T®+ Y1) —ieZ, (cot OwT™ — tan OwY1), (3.21)

with e = gsin fy, reveals the definition of the electric charge Q = T2 + Y.
The mass of fermionic fields is generated by the gauge invariant Yukawa term

Lyukawa = ~YiIQ Hdy — YiQ Hul, — YL HE, + h.c. (3.22)

with H = ioco H* and the dimensionless 3 x 3 Yukawa matrices yd/u/t,

This thesis deals mostly with leptons, nevertheless at first we demonstrate the mass gen-
eration in the quark sector and show afterwards the differences and challenges in the lepton
sector. After symmetry breaking the quark mass terms of Lyykawa become

v
Egass = - E

The Yukawa matrices can be diagonalized via

[diYadr + urYyur] + h.c.. (3.23)

Yy =UsMK', Y, = UMK, (3.24)

with the diagonal matrices M/, and the unitary matrices U/, and K 4,. Using this diago-
nalization and redefining the fields via d, = Kqdr, u = Kyur, dj, = Ugdy, and up, = Uyur,
yields the Lagrangian in the mass basis

re

mass

= —m?czgdg — myagug + h.c., (3.25)
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with the diagonal entries m;l/ Y= \”[M é;u In this basis the kinetic terms and the interaction
terms with the gauge bosons read

0 BN d (i i
Lin —SmHWZ Wil +eAud” ™m; (dﬁdé—kdédﬁ) —my (“LUR+“RUL>
B (3.26)
e . ii i —w iJ
t entn Wiaiy® (Vexw)” di) + W, din" (V&(M) “’4
with the neutral currents JEM = 3, Qi (Vi + bhyrug), I3 = Y, AP T3y and

J 5 = 9W (J 3 sin? Oy J EM) The neutral currents are not affected by the basis transfor-
mation performed, unlike the charged currents. Here, the unitary matrix mixing matrix

Verwm = UjUy (3.27)

arises. In general Vi is not restricted besides being unitary. This means that the mixing ma-
trix does not need to be diagonal and therefore can potentially lead to flavor changing charged
currents. If Vogy was the identity matrix, the so called flavor basis and the mass basis would
be the same and all families would be completely separated.

In general a unitary 3 x 3 matrix has 9 independent real parameters, three angles and six
phases. The number of phases can be reduced to one, since each quark field can be redefined
by an arbitrary U(1) symmetry transformation.

The procedure followed in the quark sector can also be performed in the lepton sector with
one important difference. Since there is no right handed neutrino vy in the SM, we only have
one Yukawa matrix Yy to be diagonalized:

Lih = _\%ZLYMRa (3.28)
Y, = UMK, (3.29)

Using a redefinition analogously to the quark sector, ¢; = U/, and ¢; = K/ /R, and writing
the resulting kinetic leptonic Lagrangian in the mass basis leads to a diagonal structure in the
neutral currents as well. Furthermore, due to the lack of neutrino mass terms, the left handed
neutrino field can be redefined freely with an arbitrary transformation v{ = U,vy,. Setting
U, = Uy, all flavor changing charged currents are removed in the lepton sector, since the
resulting mixing matrix satisfies Viepton = UJU[ =1.

The essential result of this is that without a mass term in the neutrino sector, there are no
flavor changing charged currents in tree level processes in the lepton sector. In other words, if
there are no neutrino masses, the mass basis in the neutrino sector is not well defined and can
always be matched to the charged lepton mass basis.

In the next chapter we discuss the experimental evidence of neutrino oscillations and its
interpretation as a necessity of neutrino masses. The theoretical description of neutrino mass
generation is discussed in the succeeding chapter
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3.2. The Experimental Evidence of Neutrino Oscillations and its
Conclusions

The experimental discovery and direct detection of the neutrino was performed via inverse (3
decay. The different flavors of the neutrinos were determined by the produced charged lepton,
which in turn could be distinguished via the different masses.

Neutrino oscillations were discovered by the SNO [11] and Super-Kamiokande [12]. Figure
3.1 shows the Feynman diagram for a neutrino flavor conversion. While the produced neutrino
flavor is determined by the charged lepton at the source, the charged lepton at the target deter-
mines the neutrino flavor after a travelling distance or baselength L. The deficit of the initial
neutrino flavor at the target (disappearance) or an excess of one of the other flavors at the tar-
get (appearance) indicate a flavor conversion. This flavor conversion can only be explained by

d

e /ﬁ'

Figure 3.1.: Feynman diagram for antineutrino flavor conversion as measured e.g. in reactor
neutrino experiments (this and all following Feynman diagrams are generated with
TikZ-Feynman [13]).

introducing neutrino masses. If the neutrino mass basis and the charged lepton mass basis is

not the same, flavor changing charged currents naturally arise analogously to the quark sector.
For simplicity we introduce a right handed neutrino vg, which is a singlet under the SM and

therefore impossible to detect directly. With this vg, a mass term can be introduced like

o=

mass \/i [ZLWER + DLYVI/R] . (3.30)

The generation of such neutrino mass terms will be handled with more detail in Section 3.3.
Analogously to the quark sector, we transform the Yukawa matrices via a bi-unitary diagonal-
ization

Y, = UMK/}, Y, =UM,K], (3.31)
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with the diagonal matrices M/, and the unitary matrices Uy, and K/,. Redefining the fields
via 0, = Kglr, vy = Kyvg, {;, = Ugly, and v; = U,vy, yields the Lagrangian in the mass
basis

Ll/

mass _mftﬁ[w;]{ - m;ﬂng + h.c.. (3.32)

with the diagonal entries mj/ Y= %M g/jy. Similar to the quark sector we can reformulate the

kinetic terms of the Lagrangian in the mass basis yielding

{gﬁss :Sineew ZMJL% + GAMJSM — m§ (ggfg + Zggg) — m;' (ﬂgl/g + 9%’4)
(3.33)
(& + =t i — 9l b T /7
+ 7\/§sin9w {W# ey (U)ij b+ W, by (U y vi | s

Again, flavor changing charged currents are generated via the unitary mixing matrix
U =UU, (3.34)

also known as the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) named after Pontecorvo who
predicted neutrino oscillations [14] and Maki, Nakagawa, and Sakata, who introduced this
matrix [15].

As we can see in (3.33), the neutral currents are independent of any choice of basis for the
leptons. The charged currents, on the other hand, depend on the choice of basis but only in
the combination of both transformations, Uy and U, (see Equation (3.34)). Therefore, we can
set without loss of generality U; = 1, so that U,, = UT. With this definition two distinct bases
for the neutrinos arise. The mass basis, in which the mass term for the neutrinos is diagonal
v; = 5iju’j and the flavor basis, where U is absorbed so that the charged current becomes
diagonal, v, = Uajuij .

From here on, every time we use the Dirac notation for the neutrino states, Latin indices
indicate the mass basis, and Greek indices indicate the flavor basis. The transformation from
one basis to the other is performed with U.

va) = (U)gi i), I = (U1) o). (339)

Figure 3.2 shows the Feynman diagram for neutrino oscillations in the above introduced def-
inition. In contrast to Figure 3.1 here we focus on neutrino oscillations instead of antineutrino
oscillations. In the limit of small neutrino masses compared to the momentum, and the long
distance interaction, the propagator S¢(p, L) of a neutrino v; can be written as [16]

.m2 —p2

L L

Si(p, L) = i;;oel 2171 (3.36)
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Figure 3.2.: Feynman diagram for general neutrino oscillations v, — v3.

With the help of the propagator it is straightforward to write out the amplitude of the pro-
cess, when the heavy gauge boson is integrated out, and summed over all three neutrino mass
eigenstates.

G2 S L oamirt o .
M=—iZE%" [UaiUﬁie 207 Da(k)y? (1 - %) pr* (1 =) v(@)iV |, (3:37)

where ¢ and k are the momenta of the charged lepton at the source and at the target, re-

spectively, and ],(L ) and ]( )

currents.

correspond to the matrix elements of the charged weak hadronic

The resulting squared amplitude averaged over the polarizations of the incoming and summed
over the polarisations of the outgoing hadronic parts reads

4G4
<1M] > o fW(l)Aﬂ”P"W< )Py suss (3.38)
with
1
A = Lt (1=) (1= ma) 2 (1) 9 (=)
(F+mp)y" (1—7)],
and

W) = < D () > w2 =< @ (JS,’)T>- (3.40)

The angle brackets denote the averaging and summation of incoming and outgoing particle
polarisations. The first part in (3.38) can also be factorized. For more details see [16].
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In the following focus on the last part Py —vs; = Pap which we will call the neutrino oscil-
lation probability. This part is only dependent on the neutrino properties like mass and energy,
the leptonic mixing matrix U and the baselength L. Using the above definition leads to

3 2_ 2
* * ik
Pra—vy = Z (UakUﬂkUajUBj e > : (3.41)
k,j=1
This oscillation probability is the starting point of all further calculations in this thesis.
It is also possible to calculate the above oscillation probability with basic quantum mechan-
ics. The oscillation probability is then calculated via

Prosvy = [(vslva(L))? (3.42)

as the probability of a neutrino starting with the flavor « and travelling the distance L ending
up with the flavor 3. The state |v, (L)) is a linear superposition of the mass eigenstates |v;)

va) = (U)y [vi) (3.43)

which are also the propagation eigenstates. The propagation of the mass eigenstates are deter-
mined by the plane wave solution

vi(1)) = e PP 1(0))
(3.44)

.m

2
~ e iz L |1(0)).

where we used the ultrarelativistic limit of p; > m; and neglect common phases which do not
contribute to the oscillation probability. Note that here we use the oscillation distance L and
the travelling time ¢ interchangeably due to a travelling speed close to light speed and the use
of natural units.

The oscillation probability now reads

2

3 m2
Pag = Posy = [vslva(D) 2 = |3 Up U e a2 -
j=1

2o

3 m 2
S (000 )
koj=1 (3.45)

3 (m2 —m?

j— * * . ]

= 5055 —4 klg> ' Re (Uak‘UﬁkUa]Uﬁ]) S <4E'L>
J

3 mi —mj
+2) Im (U}, Ug U, Up;) sin <4EJL> ‘
k>j

This basic neutrino oscillation probability shows some significant features we want to high-
light:
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« The oscillation probability is solely dependent on the mass squared differences Am% ;=
mi — m? and independent of the absolute mass scale as long as the kinematic approxi-

mations are valid.

+ The dependence on % is tested by various experiments with either variable baselength,
variable energy or both and among different experiments. The oscillatory behaviour
with the different frequencies Am3 ; gives rise to the name neutrino oscillations.

+ The energy and baselength scale for experiments to detect neutrino oscillations is de-
termined by the mass squared differences: If % < Am% ;» the argument of sin becomes
small compared to 1 and therefore the oscillatory feature will vanish. If % > Ami >
the argument becomes large compared to 1 and the oscillations will become too fast to
be resolved experimentally and the oscillation will be “averaged out” due to the limited
resolution of detectors in either £ or L or both. Integrating over the bin width or spa-

tial expansion of the detector makes it is possible to approximate sin Ami j& ~ 0and

2 2 L 1
Sin Amk‘jﬁ ~ 3.

The leptonic mixing matrix U can be parametrized in numerous ways. The standard parametriza-
tion reads

U = Uy2U13U23

1 0 0 C13 0 Slge_iécp cli2 s12 0
= 0 C23 S23 0 1 0 —S12 C12 0
0 —S8923 (€23 —8136+i6CP 0 C13 0 0 1 (3.46)
C12€13 $12€13 s1ze 0P
= | —s12023 — c125235139CF  ciaco3 — 1252351361007 523C13 ,
12893 — C12023513€°CF  —c2893 — S12023513€9CP  cozcis

with s;; = sin6;; and ¢;; = cos 0;;. The current global best fit values are shown in Table 3.2.
Note that we do not use historically introduced parameters like ,¢m, G501, Oreactors Amgtm_or
Am?2, .. The actual definition of these parameters are changing throughout the literature and
the above parametrization is more intuitive and clearer.

As mentioned before, the neutrino oscillation probability is only sensitive to mass squared
differences Ami ; and not to the absolute mass values. In the standard three neutrino approach,
there are only three independent masses, and therefore only two independent mass squared
differences. As we will see later in III, the neutrino oscillation probability is only at higher
orders sensitive to the ordering of the neutrino masses. Without information about the relative
sign of Am3, or Am3, it is impossible to deduce whether m? < m3 < m%, called normal
ordering (NO) or m% < m? < m3, called inverted ordering (IO). Current global fits report
a preference for normal ordering at a significance of more than 3o [17-19]. The different

possibilities of orderings also provide different values for the parameters in the global fits,
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which is also indicated in Table 3.2. We did not include a value for the Dirac phase dcp, since
there are only first indications for cp # 0 at the 2 o level [82].

Parameter value
sin? 619 0.297
sin? fa3 (NO) 0.437
sin? 653 (I0) 0.569
sin? 63 (NO) 0.0214
sin? @3 (10) 0.0218
A21[10_5 eVQ] 7.37
As31[1073 eV?] (NO) 2.50
A32[1073 eV?] (10) —2.46

Table 3.2.: Standard parameters used in throughout this thesis, with different values for normal
(NO) and inverted ordering (IO). Values taken from [20].

Figure 3.3 shows all different probabilities P, in dependence of % Due to the large dif-
ference between the two mass squared differences Am3, and Am3, one can clearly see the
different regimes of the oscillation modes. For small values of % only the oscillation triggered
by Am, is relevant and the oscillation frequency Am3, can be neglected, while for larger
values of % the oscillation is driven by Am3; and the fast oscillation over Am?2; averages out.

3.3. Neutrino Mass Generation in the Standard Model and
Beyond

This section is based on the review articles [21] and [22]. Since neutrinos are the only elec-
trically neutral fermions in the SM, additionally to the common Dirac-mass term, a Majorana
term is also possible. The most general mass Lagrangian then reads

El/

mass

= —mpULIR —MRajﬁ(uR)C +h.c. (3.47)
—_———

m.

Dirac Mass Term  \fajorana Mass Term

where the superscript C' indicates the charge conjugation of the Dirac spinor defined as

Y = Cy = iy, (3.48)
To conserve electric charge, the Majorana mass term is only allowed if the Majorana condition
PpC =9 (3.49)

is satisfied. The Majorana condition is also often referred to as the particle being its own
antiparticle.
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Figure 3.3.: Neutrino oscillation probabilities for normal ordering and parameter values taken
from Table 3.2.

A possible Majorana term for the left handed neutrino Mr%lajﬂ (VL)C is not allowed in the
SM due to conservation of hypercharge.

Equation (3.47) also indicates that the mass eigenstates are linear combinations of the right
handed and left handed neutrinos. The mass eigenstates can be found by diagonalizing the
total mass matrix

M= (W?D ]\ZLRD ) (3.50)

maj

This also shows that the often used terms “heavy right handed neutrinos” or “light left handed
neutrinos” are not exact. Those terms are used in the case that mp < Mgaj so that the heavy
mass eigenstates are “mostly” right handed and the light eigenstates are “mostly” left-handed.
This will be handled in more detail in Section 3.3.2 about the Seesaw mechanism.

Due to the Majorana condition (3.49) a general neutrino Majorana term violates Lepton num-
ber. Lepton number is only an accidental symmetry in the SM and therefore in general not
guaranteed. Several Experiments are looking for signals of lepton number violation, for exam-
ple in the search for neutrinoless double beta decay.
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Another approach to generate a neutrino mass without specifying new particles in the UV-
completion is the introduction of an effective dimension 5 operator

.~ ~ AT
ﬁWeinberg = _Mij (LZH> (HLZ) > (3.51)

the so called Weinberg-Operator. This effective operator is generated for example by integrat-
ing out the right handed neutrino in Equation (3.47).

3.3.1. Implications of Majorana Mass

As already mentioned, a Majorana mass term breaks the accidental symmetry of lepton number
by two units. A process generated by this Majorana mass term is the neutrinoless double beta
decay, shown in Figure 3.4. Two electrons and no neutrinos are produced and therefore the
lepton number is not conserved. A detailed review about neutrinoless double beta decay can
be found in [23, 24]. In [25] and later in [26, 27] it is shown that a black box argument can be
made regarding this process: If one detects neutrinoless double beta decay, there is a nonzero
contribution to a Majorana mass term for neutrinos. This argument also holds “the other way”:
If a Majorana mass term for neutrinos exists, a neutrinoless double beta decay is, possible unless
specific parameter combinations are realized. The essential parameter involved in neutrinoless

u u
d d
d U
Uei
w (&
Mmaj
(&
Uei
d U
d d
u u

Figure 3.4.: Feynman diagram for Ov33-decay

double beta decay is the effective mass

mpp = UZ | my|, (3.52)

3
> e
i=1

where &; are the so called Majorana phases. These phases arise, since the Majorana condition
(3.49) fixes the neutrino fields, and a redefinition by a U(1) symmetry transformation is not
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possible. Therefore, only three phases of the lepton mixing matrix can be absorbed in the
charged lepton fields, and three phases are left, instead of only one in case of Dirac neutrinos.
The two additional phases are the Majorana phases, which affect neutrinoless double beta decay
but have no impact on neutrino oscillation processes.

As can be seen in Equation (3.52), due to the Majorana phases, it is possible, that parts of
the sum cancel, which is also shown in Figure 3.5. We use the current best fit values from
Table 3.2 and calculate the largest and smallest possible mass mgs dependent on the lightest
neutrino mass Miightest- Lhere is a significant difference between the possible orderings, due to
the different admixtures of v, in the different mass eigenstates. For large myjgntest, there is as
expected, no difference between the mass orderings. In the normal ordering a vanishing mgg
is possible for 2 - 1073 eV S Miightest S 6 - 1073 eV, since for these masses, it is possible with
significant fine tuning that the sum in (3.52) cancels out exactly. If this is the case, no neutrino-
less double beta decay will be measurable although there is a Majorana mass term. Measuring
the neutrinoless double beta decay and determining mgg can also be used to determine the
mass ordering.

Currently several experiments are searching for neutrinoless double beta decay, like CO-
BRA [28], CUORE [29], EXO-200 [30], GERDA [31], and KamLAND-Zen [32]. The process is
yet unobserved, but all experiments set lower bounds on the lifetime of the process. Theo-
retical calculations of the matrix elements depend on non trivial nuclear physics and different
methods come to different results. Therefore, the upper bounds for mgg are often presented
as an interval depending on the calculation method of the matrix elements. The strongest
bound is currently set by KamLAND-Zen with the isotope 2°XE to a 90% C.L. upper limit of
mgg < (61 — 165) meV [33]. This upper limit is not far away from the interesting parameter
space, where normal and inverted ordering are distinguishable. The lightest neutrino mass
Miightest can be restricted by cosmological experiments, where an upper bound on the sum
of all neutrino masses my = mq + mo + mg can be extracted from the cosmic microwave
background. The Planck collaboration released the most current upper bounds in [34]. Since
the upper bound is highly dependent on the cosmological model and the actual analysis, we
only use the most conservative bound of my, < 0.54 eV at 95% C.L. This bound, converted
to a bound on Mjightest, depends on the ordering, but the difference at current significance is
negligible. Both bounds are shown in Figure 3.5.

One of the most appealing arguments for looking for neutrinoless double beta decay, and
therefore for a Majorana mass term, is the possibility of solving the longstanding cosmological
question of the origin of the baryon asymmetry of the universe, which cannot be explained in
the SM. A Majorana mass could fulfill one of the Sakharov conditions [35] since a lepton num-
ber violating process could induce a lepton asymmetry which can be transferred to a baryon
asymmetry via SM sphaleron processes.
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Figure 3.5.: Possible values for mgg depending on the lightest neutrino mass Mm;ghtest for nor-
mal ordering (NO) in blue and inverted ordering (IO) in orange. The horizontal
grey lines correspond to the bounds from KamLAND-Zen [33], while the dotted and
dashed lines correspond to different theoretical calculations of the nuclear matrix
elements. The vertical solid line correspond to the most conservative cosmological
bound on my from the Planck collaboration [34].

3.3.2. Beyond Standard Model Realization of Neutrino Masses

The already mentioned absence of neutrino masses in the SM is a theoretical issue which needs
explanation. Additionally the experimental values for the neutrino masses turn out to be orders
of magnitude smaller than all other fermionic particles. If the neutrino masses are also gener-
ated via the Higgs mechanism as a Dirac mass by introducing the undetectable right handed
field vR, this would yield a Yukawa coupling for the neutrinos of 31, ~ 10713 compared to the
Yukawa coupling of the top quark of y; ~ 1. Although possible, such a small coupling seems
unappealing. Therefore, lots of beyond standard model (BSM) approaches of neutrino mass
generation also try to explain the smallness of neutrino masses by the mass mechanism itself.

The most popular neutrino mass mechanisms are the so called Seesaw mechanisms [36-
40]. They provide a renormalizable tree-level realization of the non-renormalizable Weinberg
operator (3.51) by introducing new heavy particles. The three different types, shown in Figure
3.6, differ in the newly introduced particle. Type I introduces a right handed neutrino vg with
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a large Majorana mass, Type II and III each use a heavy SU(2), triplet, the bosonic A° for
type II and the fermionic X for type IIL

For each type of Seesaw mechanism, the light neutrino masses can be determined by inte-
grating out the heavy particle and diagonalizing the resulting mass matrix. For Type I See-
saw the mass matrix is given by Equation (3.50) and diagonalization leads to light neutrino

1
masses of m, ~ —mp <Mh}}[aj> mlT). The Type II and III masses read m,, ~ )\AYA]\%Z and

my ~ —mDMglmg, respectively.

It can be seen that for all Seesaw mechanisms the light neutrino masses are suppressed by the
heavy masses of the newly introduced particles. Generating a neutrino mass in the eV-range
and using natural couplings and Dirac-masses at the EW-scale automatically leads to masses of
the heavy particles around the GUT-scale, which are undetectable by the Large Hadron Collider
(LHC). A rough estimate from basic principles in [41] gives an upper bound for the scale of

Maaj < O(10'6) GeV. In contrast to the Seesaw-mechanisms, renormalizable realizations of

(@) (@)
3 3 A0
| | |
vy VR VR vy, vr vy
(a) Typel (b) Type II

(c) Type II
Figure 3.6.: Feynman diagrams for Seesaw Mechanism Type I, IT and IIL

(3.51) at loop-level generate the small neutrino masses via loop suppressions. The most famous
models are the Zee- [42, 43], the Zee-Babu- [44, 45] and the scotogenic [46] model. The Zee-
and Zee-Babu-model do not propose right handed neutrinos, but extend the scalar sector by
either an additional doublet @, and a singly charged singlet A" (Zee model) or two additional
singlets h™ and k* (Zee-Babu model). The generation of the neutrino masses occur at one-
and two-loop level, respectively. The scotogenic model in contrast introduces right handed
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neutrinos with a large Majorana mass and an additional scalar doublet. The neutrino mass
is generated at one loop level and the new neutral scalar serves as a potential dark matter
candidate. The corresponding Feynman diagrams generating the neutrino masses are shown
in Figure 3.7. In general, the above mentioned neutrino mass models can explain the smallness
of the neutrino masses, but lack additional testable predictions. The newly introduced particles
are either too heavy or too weakly coupled to be tested at a current collider like the LHC. Most
mass generation mechanisms also predict a Majorana mass, but as shown in Section 3.3.1 a
null result for neutrinoless double beta decay does not rule out these models due to possible
cancellations of the Majorana phases.

Predictions for values or patterns in the leptonic mass or mixing matrix can only be made by
imposing additional constraints like flavor symmetries, which are covered in the next section.

3.3.3. Predictions for Leptonic Mixing via Discrete Symmetries and Texture
Zeros

In every mechanism generating fermionic masses, the specific entries in the mass matrices are
in general determined by free coupling parameters, e.g. the Yukawa couplings yg. Without
imposing restrictions on the specific coupling parameters the mass matrices are expected to
lack any structure. Looking at the experimentally determined values of the masses and mixing
matrices in the quark and lepton sector the naive expectations are not met [20]. While the
quark mixing matrix is almost diagonal and can be written in the Wolfenstein parametrization
with the Wolfenstein parameter Ay ~ 0.22 as

-2 gy A 0.974 0.225 0.004
Verm| = | Ay 1- 2% 22, + 0Oy~ (0225 0974 0.041], (3.53)
N2 1 0.009 0.040 0.999

the leptonic mixing matrix does not show structure at the first glance

0.829 0.539 0.146
[Veains| ~ [ 0.490 0.576 0.654 | . (3.54)
0.268 0.614 0.742

A possible explanation for a structure among the different generations arises from imposing a
horizontal flavor symmetry on the corresponding fields. Starting with a flavor symmetry, most
generally an SU(3), all fields are assigned to multiplet representations of this symmetry. Typ-
ically the structure is imposed by charging the different generations differently. Additionally
so called flavon fields are introduced, which are typically singlets under the SM-gauge group
but charged under the flavor symmetry.

Except for the Yukawa terms, all terms in the Lagrangian are automatically invariant un-
der the new flavor symmetry. To make Yukawa terms invariant under the flavor symmetry,
different powers of the flavon fields are needed. If the flavon field acquires a VEV, the flavor
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symmetry is broken, and the Yukawa terms for different fields are suppressed by different pow-
ers of the VEV of the flavon according to their charges. A hierarchical structure in the Yukawa
matrix can therefore be imposed.

The more democratic structure in the leptonic sector cannot be explained by such an abelian
group. Before the measurement of #1353 a common approximation of the PMNS matrix was the
so called tri-bi-maximal mixing

R
yIBM _ [ 1 N (3.55)
Yoo i '
V6V V2
first proposed in [47] corresponding to sin §7PM = %, 635M = T and 01PN = 0. This

mixing matrix is automatically generated if the neutrino mass matrix in flavor basis takes the
form

T ) Y
M,=1ly z+v y—v (3.56)
Yy Yy—v T+v

Such a structure of the neutrino mass matrix can be generated e.g. by charging the neutrinos
under the discrete symmetry group Ay, a subgroup of SU(3) [48]. Several other approaches
were proposed to generate this kind of structure, e.g. structure zeros, but all models had to be
extended due to the measurement of nonzero 6;3.

In general flavor models predicting the structure of the mixing or mass matrix make precise
predictions that can be tested in experiments but all simple models fail to explain current data
and more general extensions usually lack predictability.

3.4. Experimental Hints for Neutrino-Physics Beyond Standard
Model

Apart from theoretically motivated models to explain either the neutrino mass generation itself
or the values of the masses and mixing parameters, there are currently several experimental
anomalies that cannot be explained by solely three massive neutrinos.

The LSND experiment was an accelerator based experiment and searched for 7, — 7, os-
cillations, with a baselength of ~ 30 m and neutrino energies between 20 and 60 MeV. Due to
the setup of the experiment it was sensitive to mass squared differences of Amgg ~ 1eV2. In
2001 the collaboration reported a significant excess of electron events in the detector [49] and
interpreted this as an oscillation from muon antineutrinos into electron antineutrinos. Since at
this setup, oscillations with Am3, or Am?%, are negligible, it can be interpreted as a third mass
squared difference, and therefore a hint for a fourth neutrino species. To further investigate
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this so called short baseline oscillation the experiments MiniBooNE and MicroBooNE has been
developed, which are also accelerator-based and sensitive to such mass squared differences.
Recent results by MiniBooNE also show a significant excess which can be interpreted as such
oscillations [50]. We will focus on this result in Part IV.

In addition to the LSND experiment, the Gallium-anomaly also provide hints for a mass
squared difference of Amgp ~ 1eV? at around 2.7 [51]. To test the solar neutrino exper-
iments GALLEX [52-54] and SAGE [55-58] artificial radioactive sources made of °'Cr and
37 Ar have been placed into the detectors. The measured number of events turned out to be
significantly lower than predicted. One possible explanation is that the electron antineutrinos,
produced in the radioactive decay of the sources, oscillated into another flavor.

A third hint for short baseline oscillation is the reactor anomaly [59], where the flux of elec-
tron antineutrino from fission reactors show a deficit of ~ 5% compared to the predictions.
The Daya Bay collaboration claims to find a correlation between the different fuel components
in the reactor and the flux deficit and suggests that the anomaly may be explained by an in-
correct calculation of the spectrum of 233U [60]. Nevertheless, this interpretation has been
contradicted by the global analysis in [61].

All anomalies combined seem to hint in the same direction of a fourth neutrino state. On the
other hand this simplest explanation is inconsistent with several other neutrino experiments
like atmospheric or accelerator based experiments. This issue is handled in more detail in Part
IV,

Additionally a fourth neutrino state is highly unmotivated from a theoretical point of view.
There is no evidence of a fourth charged lepton and therefore the fourth neutrino would not
fit in the doublet structure of the SM. Additionally, the precision measurement of the decay
width of the Z-boson [62] determines the number of neutrinos coupling to the Z to three and
excludes a light neutrino participating in the weak interaction. Therefore this additional fourth
neutrino has to be sterile.

Summarizing, theoretical and experimental approaches in neutrino physics currently pro-
vide lots of open questions for further research: On the one hand there is no experimental
evidence for theoretically well motivated mechanisms that could explain the origin of neu-
trino masses, on the other hand there is no theoretical approach to explain all current neutrino
data and anomalies.
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(c) Scotogenic model

Figure 3.7.: Feynman diagrams for different models generating neutrino masses by loop effects

[13].
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Part Il.

A Novel Approach to Analyze
Neutrino Oscillations in the Light of
New Physics
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4. Model Independent Description of
Neutrino Oscillations

In the beginning of neutrino oscillation physics approximations , e.g. a two neutrino scheme,
were used to simplify the analyses. Due to increasing number of neutrino experiments and their
increasing sensitivity, neutrino oscillation physics in recent years approaches the era of high
precision physics. Becoming more and more precise, more exact analytical formulations for the
oscillation probability are needed. For example the analysis in [63] from the T2K collaboration
uses the following probability for the neutrino and antineutrino channel

- - Am2, L
Pl =) =sin b sin® 20y sin? S
(+)sin 2014 sin 20 Am3, L Amg, L
DS 201 SN 2003 L AMy Lo 2 2015 sin? 31 sindcp + ... (4.1)

2sinf; o 4E AE
Note the second term, which provides non-leading contribution to the oscillation probability,
but is sensitive to the CP phase §cp, whose measurement is one of the main goals of T2K. This
analysis adopts the three neutrino paradigm without any potential sources of new physics be-
yond the SM. Since there is no stringent evidence for BSM physics, the approach is of course
justified and the first step to discover CP violation in neutrino oscillations. Nevertheless, sev-
eral authors already claimed that new physics models can introduce “fake” CP violation spoiling
an analysis based on the three neutrinos paradigm [64-68]. Such analyses are therefore highly
dependent on the specific underlying model.

Moreover, experiments like T2K or NOvVA rely on parameter inputs from different experi-
ments like reactor or atmospheric neutrino experiments. This ansatz can be made if no new
physics is involved, but it is not clear whether the measured parameters at different experi-
ments coincide with each other when new physics is applied.

Taking above mentioned discussion into account, in this part of the thesis we introduce a
novel approach to analyze neutrino oscillations, which is independent of a specific model of
new physics and also independent of other experimental results. Due to the smaller number of
parameters we focus on CP violation in neutrino oscillations but the approach can in principle
also be extended to other neutrino experiments.

New physics can impact predictions of the SM in various ways. Here we focus solely on
implications, which manifest themselves in deviation from expectations in neutrino oscilla-
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tions. Therefore we start at the underlying Lagrangian responsible for neutrino oscillations,
the charged current interaction:

Locox Y D AU =PWaniW,  + 71—+ )UiblaW,)  (42)
ae{eu,7} k=1

The coupling of the charged leptons with the physical neutrino mass eigenstates is described
by the mixing matrix U and plays a significant role in this part.

While the mixing matrix U in the SM is a 3 X 3 unitary mixing matrix, this assumption does
not hold for all BSM models. The unitarity of the mixing matrix can be violated in two different
ways:

« direct unitarity violation is generated by introducing additional light sterile neutrinos.
The kinematically accessible neutrino mass eigenstates are more than three and the neu-
trinos can actually oscillate into these states. As a result, the enlarged mixing Njjgpn ¥
Nigny is still unitary, but not the reduced 3 x 3 mixing matrix.

« indirect unitarity violation is generated by additional heavy right handed neutrinos e.g.
in a Seesaw mechanism which are kinematically forbidden in typical energy ranges for
neutrino oscillations. Therefore the 3 x 3 mixing matrix is also not unitary, but additional
constraints are not obvious.

We assume in any case, that the complete high energy theory fulfills basic quantum mechani-
cal principles. The low energy effective theory in contrast, might violate quantum mechanical
principles like a non-unitary mixing matrix, a non hermitian effective Hamiltonian or a fla-
vor basis, which is ill defined. Our approach is based on the search for these violations. The
neutrino mass eigenstates are still physically well defined and so

(vilvj) = di (4.3)

holds, while the same is not true for the “flavor states” described by the interaction with the
charged leptons. The flavor states do not built up a complete eigenbasis. A transition from
the mass eigenbasis to the “flavor space” is generated by the (in general) non-unitary mixing
matrix U:

Vo) = Uy i) (val = (| UL, (4.4)
= (Uslva) = (UTU) o 7008 (4.5)
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With this relation it is straightforward to deduce the neutrino oscillation probability analo-
gously to Section 3.2, but with the emphasis of not using unitarity implicitly.

Nlight Nlight Amz L
Py = Y (UipUskUajUsy) =4 > Re(UnUsiUa;Us;) sin® <]> (4.6)

k,j k>j 4k
- R
zero distance effect
Nlight Am2 L
* * . kj
k>j

kj
Ans

The first term reduces to d,4 in case of unitarity or direct unitarity violation due to basic uni-
tarity conditions. Since it is independent of baselength, it is often referred to as a zero distance
effect. We do not focus any further on this specific effect, since most experiments are not sen-
sitive to this, but it has to be taken into account as a flux normalization effect independent of
the energy.

Most approaches for SM or BSM physics currently use specific parametrizations of the mix-
ing matrix U or use approximations suitable for specific experiments. We will be more general
and focus on the newly introduced parameters AZJB and RZJB’ describing CP conserving and
CP violating processes. These parameters are in fact observables and hence independent of
any parametrization, as already pointed out in [69, 70]. Nevertheless, there are strict and spe-
cific predictions for these parameters in case of the SM or direct unitarity violation. Analytic
predictions will be covered in the following section.
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5. Analytic Predictions for CP violating
Amplitudes

In Chapter 4 we introduced the CP conserving and the CP violating amplitudes

arxUstUajUs;)
Acty =m0 (UaUsiUa,Ug;) -

REL = Re (U,

From the definition it is easy to deduce some general relations among the amplitudes.

The CP conserving amplitudes are symmetric under interchange of indices

kj
R Rﬁ]a,
ik

while the CP violating amplitudes are anti-symmetric under interchange of indices

Aaﬁ - 7/4504’
ik

Consequently, the CP violating amplitudes vanish for two identical indices,

Al =0,
At =0.

(5.7)
(5.8)

These relations reduce the total number of possible amplitudes of an N x N mixing matrix from

2
N* of CP violating and N* of CP conserving amplitudes to only (W) CP conserving plus

(e

2
) CP violating amplitudes. Note, that these relations are independent of whether the

mixing matrix U is unitary or not. They are simply deduced from the basic definition of the

amplitudes.

To determine further analytic relations among the amplitudes it is necessary to be more
model dependent. The most obvious approach is to assume a unitary mixing matrix, which

will be done in the following section.
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5.1. General Constraints due to Unitarity

If one considers the free low energy Hamiltonian to be hermitian, it is possible to diagonalize
it with a unitary matrix U. The unitary matrix U is considered to be an /N x N matrix, without
specifying NV directly in this step. Usually N corresponds also to the number of light neutrinos

in this context. The basic condition for unitarity U ! = UT can be rewritten as

vut =1,

=3 U, (m)w =3 UhUsi = bas.
k k

as well as

Ul =1,

> S, 00 St =0

«

From these relations it is easy to see that the relation
ZAaﬁ = Zlm akUsrUaiUss)
N
=Im <Z (UarUas) UﬁkU§j>

= O,

(5.10)

(5.11)

holds. Generalizing these constraints for each index and also to the CP conserving amplitudes

we end up with following relations:

N

Al =0, ZA'” =0,
N N

d oA =0, > AY =0,
k J

ZRag = 0k [Ugel”

o
ZRaJﬂ = b [Uajl”
k

ZRO&/B = 5jk |Uak‘2 >

SR, = o U
j

(5.12)

(5.13)

(5.14)

(5.15)
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From these unitarity relations for amplitudes it is straightforward to calculate the specific re-
lations for a specific number of V. Keep in mind, that the relations are directly deduced from
unitarity of the mixing matrix and that they are exact.

5.2. Two Neutrinos

Since there is already evidence for three neutrinos, the two neutrino case is not realistic. Nev-
ertheless it is instructive to stress some details.

From Equations (5.12) and (5.13) it is easy to see that all AZJB vanish. Therefore no CP
violation can be measured in case of only two neutrinos and unitary mixing. This behavior
is well known and also corresponds to the missing CP phase in the typical parametrization.
Additionally, from Equations (5.14) and (5.15) all CP conserving amplitudes are determined by
only one free parameter corresponding to the single mixing angle in a two neutrino scheme.

5.3. Three Neutrinos

The first proof of only one independent CP violating amplitude in the case of three generations
has been presented in [71] by Jarlskog via the commutator of mass matrices in the quark sector.
We will come back to this method in Section 7.3. The method of invariant amplitudes also
provides a simple proof of a single uniform CP violating amplitude. Using Equations (5.12) and
(5.13) and implying the basic relations from Equations (5.5) and (5.6) directly leads to

21 32 31 21 32 31 21 32 31
AL = AR = Bl = AP = AR = AP = 2L = AR = A3 (516

Apart from the sign, all amplitudes are the same.

This uniform CP violating amplitude corresponds to only one CP phase in a 3 x 3 unitary
matrix. A direct consequence from this is that the magnitude of CP violation is the same for all
neutrino oscillation channels and modes. A direct comparison between different experiments
is therefore a stringent test of the three neutrino hypothesis. This relation is independent of
parametrization or actual mixing angles and has to be satisfied regardless of specific values.
One test for this uniform CP violating amplitude is the famous CKM unitarity triangle in the
quark sector. Similar analyses have also been worked out in the lepton sector [72-77]. While
this provides a precise test for the unitarity of the 3 x 3 mixing matrix, the insights of unitarity
triangles are limited in cases where the triangle does not close. The source of unitarity violation
cannot be determined.

With this analysis we focus at sums and ratios of the CP amplitudes itself and show that the
emerging correlations depend on the specific BSM model and therefore provide a useful test
for new physics.
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5.4. Analytic Treatment of 3+1 v/

As mentioned before in Section 3.4 the introduction of a light sterile neutrino is motivated by
several experimental hints and currently under investigation. Albeit a light sterile neutrino
lacks theoretical motivation the tensions among different experiments have to be taken seri-
ously. Therefore in this section we focus on adding exactly one light sterile neutrino to the
standard model content.

Considering an additional light sterile neutrino, the assumption of hermiticity of the free
Hamiltonian, results in unitarity of the 4 x 4 mixing matrix. Note especially that now the
3 x 3 mixing matrix is not unitary anymore. The conclusions we draw in the previous section
do not hold anymore, so in general we have more CP violating amplitudes than just a single
one. By exploiting these relations in the context of the quark sector it has been shown for
four flavors that all amplitudes can be reduced to only three independent CP violating and six
CP conserving amplitudes [78]. In the following, we follow these arguments translated to the
notation commonly used in neutrino physics. All relations rely on [78] where these relations
have been proven for general unitary 4 x 4 matrices.

In total there exist 4 x 4 x 4 x 4 = 256 (o, 5 € {e,u,T,s} and k,j € {1,2,3,4}) different
CP violating amplitudes AZJ =Im(U,UprUq;sU, i j). Due to the general relations (5.5) - (5.8)

it is sufficient to only consider AZJB where o < B and k > j, which reduces the number of
CP violating amplitudes to 36. These 36 amplitudes are not independent due to the unitarity
relations (5.12) and (5.13) and can be expressed via only nine amplitudes (see Appendix A).
Again, these nine amplitudes can be expressed by three remaining amplitudes via the following

expression
A% RE A
Al RitAL
A2l . R2L 421
i l1=M Ky 8 , (5.17)
A3 R32 43
uT TSY TS
o e g
‘ATS (R;w + REM)A,LLT
with M~! defined by the inverse of
—(RZ+RZ) RZ 0 0 0 0
0 Rz 0 —(RZ+RE) 0 0
21 21 21
M — 0 0 _(Ruu + Reu) 0 R% 33O "
0 0 0 RTS _(RTS + RTS)
R32 0 0 0 0 —Rfﬁ
0 0 —R3 —R¥ 0 0

(5.18)

The amplitudes Rijﬂ = Re(U;.UprUa;UR;) correspond to the CP conserving amplitudes in
neutrino oscillations. These relations therefore provide a connection between the CP violating



34 5. Analytic Predictions for CP violating Amplitudes

and the CP conserving processes.
To emphasize the differences between 3v and 3 4+ 1v we want to highlight the following rela-
tions:

AY = —A + A (5.19)
AL = —A2 + A (5.20)
Al = —AZ - AT+ AT (5.21)

The relations reduce to the 3v case, if no mixing with the sterile neutrino takes place, corre-
sponding to vanishing non diagonal elements in the fourth line and column of U. Consequently,
all amplitudes vanish if &« V § = s or k V j = 4. Due to the expected smallness of mixing with
sterile states, the deviations from uniform amplitudes in the 3 x 3 sector could be treated in a
perturbative approach.

5.5. Two Sterile Neutrinos

In general this method can be extended for an arbitrary amount of additional light sterile neu-
trinos. Before starting rather annoying calculations one has to consider whether comparable
relations might be interesting at all.

The weak Eigenbasis is determined via the weak interaction with the charged leptons. Since
there are no additional generations of charged leptons, it is impossible to define a weak Eigen-
basis in the sterile sector. The transformation from mass to weak Eigenbasis is determined via
the mixing matrix U

Va) = Uai Vi) - (5.22)

Due to the arbitrariness in the sterile sector, one can always rotate the mixing matrix U in the
4-5 plane by an arbitrary angle 645 without changing the physics. The unitarity conditions for
U then read for example

AL+ AL+ AL+ AL =0 (5.23)

Since all Aijﬁ with o, 8 € {e,u, 7} and k,j € {1,2,3} are invariant under a rotation in the
4-5 plane, we can deduce

ALl (045) + ABL (045) = AZL(015) + AL (035) (5.24)

This sum of the additional amplitudes can be renamed so that the original unitarity relations
from the 3 + 1v model emerge. This argument can be made for all other unitarity relations,
and by renaming the involved sums we end up at exactly the same relations as in the chapter
before.
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There are a few annotations to the above made argument. First of all, unless additional
interactions of the sterile neutrinos are found, it is impossible to differentiate between the
two different sterile neutrino states. Therefore it is experimentally impossible to distinguish
P(ve — vg,) from P(v. — vs,) and therefore to distinguish e.g. the amplitudes 42! and
A2§2 where vy, and vy, indicate the two sterile states (not to confuse with the additional mass
eigenstates 14 and v5 which are actually well defined).

In contrast, it is generally possible to measure the difference between e.g. Aﬁi and Agb if the
additional frequencies in the % spectrum induced by the additional independent mass squared
differences Am3, and Am?2, are determined. Currently some short baseline experiments are
taking data looking for such a direct proof of more than three light neutrino generations. In
this thesis we want to focus on the case where these additional frequencies do not show up in
the experiments. Most of the current experiments are not sensitive to additional frequencies
in the range of Am? > 0.1 eV?, due to the long distance between source and detector. In
such experiments the additional frequencies would be averaged out and the only measurable
amplitudes would be Azjﬁ witha, § € {e,u, 7} and k, j € {1, 2, 3}. In this case the amplitudes
Aﬁlﬁ and .Af;lﬁ are only measurable in combination.

Focussing on only the amplitudes with «, 5 € {e,u, 7} and k,j € {1,2,3}, there is no
difference between models with one additional light neutrino or more additional light neutri-
nos. The naively expected larger freedom for the amplitudes due to the higher number of free
parameters in the larger mixing matrix, is hidden in the sterile sector.

5.6. General Non-Unitarity-Approach

In general a non-unitary 3 x 3 matrix Uny can be described by a matrix product of a unitary
matrix Uypitary and a triangular matrix (1 — o) (see for instance [79-81])

1 — e 0 0
Unu = (]l - Oé) Uunitary = Qe 1- e 0 Uunitary’ (5.25)
Olre QT 1—oa,r

where o, a,, and o, are real and o, o and o, are complex parameters. If all o vanish,
the resulting matrix is unitary. By varying the parameters o, it is possible to generate a general
non-unitary quadratic matrix. For suitable parameter combinations it is also possible with this
approach to mimic a mixing matrix from a 3+1 v model, where also the above analytic relations
follow. We want to be most general and do not apply any restrictions on the parameters o and
therefore no general analytic predictions for the amplitudes can be made.

By applying total freedom on all parameters « it is possible to violate probability conser-
vation. In the case of direct unitarity violation mentioned above it was only possible that
probability seems to vanish in the 3 x 3 region since the sterile state is not measurable. Simi-
lar effects can also happen in the general non-unitarity approach, where new effects like new
heavy neutrino states or non standard interactions at production or detection can be the cause
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of loss of probability. For suitable combinations of « it is also possible to seemingly generate

probability, if the inequality 3~ cr. , 1 [(UNU )4
tum mechanical rules on this level, it might be possible to effectively generate such an effect
by rather speculative models like neutrino decay. Therefore, we distinguish between the two
different cases of general non-unitarity, with and without possibility to effectively generate
probability.

Since general analytic relations are not deducible the following chapter follows a numerical
approach.

2
> 1 holds. While by violating basic quan-
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6. Numerical Analysis

As pointed out in the previous chapter it is not possible to find analytic constraints for the
framework of general non-unitary mixing matrices. Therefore we focus in this chapter on a
numerical approach.

6.1. A Numerical Method to Predict Amplitudes

One of the basic goals for this new method to analyze neutrino oscillations is to achieve the
highest independence possible . Especially we want to establish a method to analyze experi-
mental data without using external data from different experiments. For instance, the signifi-
cance of the determination of the CP phase dcp at T2K increases substantially by including the
measurements of the mixing angle 613 from reactor experiments [82]. This method works fine,
if both analyses use the same underlying model. But if T2K wants to look for the CP phases in
a 3 + 1 model, the results from reactor experiments have to be used with a lot of care.

For a model independent analysis it is also necessary to be as independent as possible from
assumptions made in previous analyses. If these analyses made intrinsic unknown assumptions
the new analysis can be corrupted and lead to incorrect results.

Without imposing any constraints on the elements of the mixing matrix we can achieve a
maximum of independence. Depending on the model, the absolute values of the linear indepen-
dent amplitudes .A];Jﬁ are not bound and not correlated at all. Therefore it is impossible to find
constraints apart from the analytic constraints in case of direct unitarity violation presented in
the previous chapter.

Following this approach on the other hand, would totally ignore all previously made experi-
mental discoveries in the neutrino sector. Fortunately in [83] a global analysis for the elements
of the mixing matrix is performed without implying unitarity or a specific new physics model.
These bounds on elements of the mixing matrix play a central role in the numerical analysis.

0.76 — 0.85 0.50 — 0.60 0.13 — 0.16
U3 =021 =054 0.42—0.70 0.61 — 0.79 6.1)
0.18 = 0.58 0.38 — 0.72 0.40 — 0.78

To find numerical relations among the in general independent amplitudes we perform the anal-
ysis based on the different models. For each model we pick random numbers for all involved
parameters in the specific model, the SM parameters sin® 019, sin? 013, sin? fy3, and ds; are
drawn from a flat distribution in the range [0, 1] and [0, 27|, respectively.
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If the resulting mixing matrix U satisfy the bounds in Equation (6.1), the parameter combi-
nation is considered viable and for each viable parameter combination all accessible amplitudes
AZJB are calculated and extracted. For each model we extract 100, 000 viable combinations.

We compare six different approaches of neutrino physics beyond the three neutrino paradigm:

(i) a 3 + 1v model with a light sterile neutrino participating in the neutrino oscillations.
The additional angles sin? 0,1, sin? f49 and sin? 043, as well as the CP phases 641 and d43
are sampled from a flat distribution in the range [0, 1] and [0, 27], respectively.

(ii) a 3 4+ 2v model with two additional light sterile neutrinos similar to the case (i). The
additional angles and phases are drawn accordingly. The main reason is to check whether
the analytic prediction made in Section 5.5 that a 3 4 nv model behaves like a 3 4 1v
model holds in the numeric analysis.

(iii) a 3 + 1v model with the best fit constraint from the recent analysis in [84] respecting
recent results from NEOS and DANSS collaborations. The extracted constraint on an
additional element of the mixing matrix reads

|Uesq| = 0.012 £ 0.003. (6.2)

(iv) the general non-unitarity approach introduced in Section 5.6 without any additional
bounds. The parameters are drawn from flat distribution in the range [0, 1] for the abso-
lute values and [0, 27| for the phases of the off-diagonal elements.

(v) the general non-unitarity approach introduced in Section 5.6 with the additional bound
of > nefery (Uaj 2 < 1 corresponding to no emergence of probability.

(vi) a non-unitarity approach according to (iv) and (v) but with additional constraints deter-
mined from rare decays and EW precision observables presented in [85], called minimal
unitarity violation (MUV),

Qee <1.3-1073, lae] <6.8-1074
Qpp <2.0-1074) lovre| <2.7- 1073, (6.3)
rr <2.8-1073, laz,| <1.2-1072.

The absolute values of the parameters are drawn from a flat distribution in the range
corresponding to the above constraints. The phases of the off-diagonal elements are
drawn analogously to (iv).

For all of the above models, we create a scatter plot of all viable combinations of the cor-
responding amplitudes. As an example, Figures 6.1 - 6.6 show the resulting scatter plots in

the (Agi - Aiﬁ)— (Ai}i + AZ’Z) plane, as well as in thJAilT / AZQT)— (AilT/ Afﬁ) plane. The
exact SM predictions are single points (0, 0) and (1, —1) in these plots, due to unitarity.
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As can clearly be seen there is a significant difference among some of the scenarios. In
particular the analytic result from Section 5.5 can be confirmed, since no difference between
the 3+ 1v and the 3+2v model can be observed. Therefore from here on, we neglect the special
case of the 3 + 2v model. As expected the region of viable amplitudes for the NEOS/DANSS
case is smaller compared to the free 3 + 1v model, due to the constraint on |Ue4].
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Figure 6.1.: Scatter plots of viable parameter combinations for the 3 4+ 1~ model. On the left
(right) the differences (ratios) of the three different CP violating amplitudes in the
Ve — vy-channel (v, — v,- channel) are shown. The SM exact prediction is the
single point (0, 0) (left) and (1, —1) (right).
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Figure 6.2.: Scatter plots of viable parameter combinations for the 3 4+ 2v model. On the left
(right) the differences (ratios) of the three different CP violating amplitudes in the
Ve — vy~channel (v, — v,- channel) are shown. The SM exact prediction is the
single point (0, 0) (left) and (1, —1) (right).
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Figure 6.3.: Scatter plots of viable parameter combinations for the NEOS/DANSS scenario. On
the left (right) the differences (ratios) of the three different CP violating amplitudes
in the v — v,-channel (v, — v,- channel) are shown. The SM exact prediction is
the single point (0, 0) (left) and (1, —1) (right).
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Figure 6.4.: Scatter plots of viable parameter combinations for the general non-unitary ap-
proach. On the left (right) the differences (ratios) of the three different CP violating
amplitudes in the v, — v,-channel (v, — v;- channel) are shown. The SM exact
prediction is the single point (0, 0) (left) and (1, —1) (right).
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Figure 6.5.: Scatter plots of viable parameter combinations for the bounded non-unitarity ap-
proach with ), |U;; |2 < 1. On the left (right) the differences (ratios) of the three
different CP violating amplitudes in the v, — v,-channel (v, — v;- channel) are
shown. The SM exact prediction is the single point (0, 0) in this plane.
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Figure 6.6.: Scatter plots of viable parameter combinations for the MUV approach with bounds
from EW precision measurements. Note that the scale is adjusted compared to the
other plots in 6.1 to 6.5 due to the strict constraints on the parameters. On the left
(right) the differences (ratios) of the three different CP violating amplitudes in the
Ve — vy~channel (v, — v,- channel) are shown. The SM exact prediction is the
single point (0, 0) in this plane.

For a better comparison we calculate the kernel density estimations (KDE) from the above
scatter plots and show the 95% CL regions in Figures 6.7 and 6.8. As can be seen clearly for
the scenarios with additional light neutrinos and non-unitarity without constraints from EW
precision measurements, the corresponding parameter spaces allow for significant deviation
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from the SM prediction of uniform CP violation. The MUV scenario albeit provides only small
allowed regions due to the strict constraints on the parameters.

The difference between the general non-unitary approach and the approach with bounded
matrix elements via ), \Uij|2 < 1 is not extreme. Due to the constraints in Equation (6.1),
there are not many viable parameter combinations, where the condition ) _, |Uj; |2 < 1isnot
fulfilled. Nevertheless, current uncorrelated bounds on the matrix elements still do not rule
out emergence of probability yet.

The main result from the numerical analysis is the huge differences of the viable parameter
spaces for the general non-unitary approach and the scenario of additional light sterile neu-
trinos. Since the direct unitarity violation due to light sterile neutrinos still imply unitarity
of the (3 + Niight) X (3 4+ Niight) mixing matrix, the viable parameter space is significantly
smaller compared to the general non-unitary or indirect unitarity violation approach, where
these restrictions are not present. Also there are large areas in the general non-unitary ap-
proach, which do not align with the additional light neutrino scenario.

In conclusion, it becomes obvious that there is plenty of room for new physics models, not
only to rule out the SM prediction of uniform CP violation, but also to differentiate among
direct and indirect unitarity violation for suitable parameter combinations. On the other hand
a determination of a unique CP violating amplitude would be in agreement with both, the three
neutrino model but also with specific parameter combinations of the new physics models and
none of these models could be rejected completely.

In the next section we show, that current experiments are sensitive enough to actually dis-
criminate between different models with this novel approach.

6.2. Analysis with GLoBES

To demonstrate the potential of this newly introduced approach, we perform a pseudo data
analysis with the General Long Baseline Experiment Simulator (GLoBES) [86-88]. The Sim-
ulation calculates the cross sections based on [89, 90] and we use the pre-built experimental
setups for T2K, based on [91, 92] and NOvVA, based on [93, 94]. With the GLoBES package
we are able to simulate data at T2K or NOvVA with the previously introduced approach. We
assume rather extreme values as “true” input parameters in the general non-unitary approach
as presented in Table 6.1. The resulting mixing matrix reads

0.85 0.56 0.07 4 0.11i
Uste = [ —0.14+0.35  0.63+0.23i  0.69 + 0.06i | , (6.4)
—0.14—0.19i —0.29 — 0.35i 0.41 — 0.28i

fulfilling the bounds set by Equation (6.1).
The probability engine in the GLoBES program is modified to suit the proposed approach at
this stage, for example the matter effect is turned off by hand. With these inputs we generate
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Figure 6.7.: Kernel density estimates for the different scenarios: 34+1v inred, 34-1v with bounds
from NEOS/DANSS in blue, general non-unitarity in orange, non-unitarity with
the bound 3, |U;;|* < 1 in green and minimal unitarity violation in purple. The
colored areas correspond to the 95% CL of the KDE. The SM prediction corresponds
to the point at (0,0). Due to the strong constraints for MUV, the viable region is
extremely small and deviations from the three neutrino predictions will be hard to
measure. Shown are the differences of the three different CP violating amplitudes
in the v, — v,-channel.

pseudo data, that would resemble the data measured by T2K or NOvA, if the parameters in
nature actually have the above shown values.

In the following analyses all neutrino masses are fixed to the current best fit values from
Table 3.2 and are not marginalized. Additionally, we restrict ourselves to normal ordering.

This generated pseudo data is then analyzed by the inbuilt SM fit and by a fit to the param-
eters in the novel model independent approach. The SM fit leads to an extremely large value
for the x? at the best fit point of X12)est q/dof = 367, which would automatically lead to the
conclusion that the three neutrino SM model cannot be used to explain the generated pseudo
data. This result is expected, since the mixing matrix we used is highly non-unitary.

The analysis, in case of the general approach, is performed by scanning over all values of Aﬁ,ﬁ,
A2}, and A2 in the region [—1;1]. We marginalize all other CP violating and CP conserving
amplitudes, that are contributing to the oscillation probabilities of the considered experiments.
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Figure 6.8.: Kernel density estimates for the different scenarios: 341v inred, 341 with bounds
from NEOS/DANSS in blue, general non-unitarity in orange, non-unitarity with
the bound 3", |U;;|* < 1 in green and minimal unitarity violation in purple. The
colored areas correspond to the 95% CL of the KDE. The SM prediction corresponds
to the point at (0,0). Due to the strong constraints for MUV, the viable region is
extremely small and deviations from the three neutrino predictions will be hard to
measure. Shown are the ratios of the three different CP violating amplitudes in the
v, — vry-channel.

Figures 6.9 and 6.10 show the x? regions corresponding to 68%, 95% and 99% confidence
level intervals in the corresponding plane with the KDE plots from the previous chapter in the
background.

The analyses of both experiments show the significant feature of a band, restricting the sum
A2+ .A‘Z’Z but not restricting .Agi — Az’i at all. This effect can be explained by the setup of the
experiments. Both, T2K and NOvA aim to measure CP violation in the SM case and therefore
have a baselength and energy combination suitable for measuring the oscillation driven by
the large mass squared differences Am3, and Am3,. Therefore it is possible to determine
the corresponding amplitudes. The term in the oscillation probability driven by the smaller
mass squared difference Am3; can be approximated to zero for these setups, and therefore the
amplitude Agi cannot be restricted much by T2K and NOvA.



6.2. Analysis with GLoBES 45

Parameter value Parameter value
sin? gie 0.3054  abs(all®)  —0.4481
sin? Qe 0.5876  abs(alf™®)  —0.5017
sin? g5 0.0166  abs(aff™®)  —0.3435
irne 52809  arg(agl©) 4.0291
atrue —0.0238  arg(al©) 0.9736
e 0.0644  arg(aj) 2.1732
afrue 0.6215

TT

Table 6.1.: Input parameters for the GLoBES analysis in the general non-unitary approach.

While both analyses share similar features, there is a huge difference between the T2K and
NOVA analysis. While T2K does not restrict the viable parameter space, since they all lie in
the 68% confidence level region (see Figure 6.9, NOVA is able not only to exclude the SM but
also to distinguish between direct and indirect unitarity violation. At the best fit point, the
analyses leads to x4 = 0.105 which indicates overfitting due to the large amount of free
parameters in the proposed approach. For the actual true input values used to generate the
data, the difference to 3 is determined to AxZ,, = 1.5. The SM can be excluded due to
the large value of AX%M = 31.5. The significantly better sensitivity of NOvA compared to
T2K can be explained by the general setups of these experiments. Both experiments are off-
Axis accelerator experiments, which results in a narrow energy spectrum for both experiments.
While both experiments are designed to measure the oscillation driven by Am3;, the location
of the peak energy differs. At T2K, the peak energy is designed to be near the first oscillation
maximum [95], where

Am3 LT ¢

~ 6.5)
T2K (
AE Joak 2
N . ( Am2, LT .
Comparing this to Equation (4.7), leads to small value for sin 3ETIK ~ sin(m) = 0
pea

governing the impact of the CP violating amplitudes. On the other hand, the peak energy and
baselength at NOvVA is designed as [96]

2 71NOvA
Amg L

NOvA
4Epeak

~ 1.1, (6.6)

2 1 NOvVA
o
v
2E'peauk

leading to a large value of sin ~ sin(2.2) = 0.8. Therefore the contribution of

the CP violating amplitudes to the probability is significantly higher at NOvA, resulting in a
higher sensitivity to Agi + .AZ’I% for NOVA compared to T2K.

For a further restrictions of these amplitudes, other experiments are necessary. We concen-
trate on accelerator experiments, since they are the only experiments providing both neutrino
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Figure 6.9.: Confidence level intervals for the new proposed method to analyze T2K data gen-
erated with the input values indicated by the red dot. The GLoBES-package is used
to generate the pseudo data and calculate the y2-values.

and antineutrinos with the source under human control. To be sensitive to Az}t, the oscilla-
tion driven by Am?2, has to contribute significantly to the oscillation probability. Therefore,
either the energy or the baseline has to be adjusted. The energy is difficult to adjust, due to
the production process from Pion decays. Therefore we artificially create an experiment in the
GLoBES framework with the same specifics as T2K but enlarged baseline by the factor of 17,
corresponding to a maximization of the oscillation driven by Am3;. The running time is also
adjusted accordingly by a factor of 172, which is of course unrealistic, but necessary to get the
desired number of events in the detector, since the flux in the detector scales with % We are
aware of the problems due to running time and logistics of this setup, but want to emphasize
this as a proof of concept. The resulting confidence levels for the analysis can be seen in Fig-
ure 6.11. The SM prediction can be excluded, and, comparable to the NOVA analysis, also a
large part of the viable parameter space for direct unitarity violation. Combining both anal-
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Confidence Levels for BSM analysis for BSM generated data @ NOVA
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Figure 6.10.: Confidence level intervals for the new proposed method to analyze NOvA data
generated with the input values indicated by the red dot. The GLoBES-package is
used to generate the pseudo data and calculate the y2-values.

ysis, NOvA and T2K with longer baseline, can therefore restrict the CP violating amplitudes
consequently.
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Confidence Levels for BSM analysis for BSM generated data
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Figure 6.11.: Confidence level intervals for the new proposed method to analyze T2K-like data
generated with the input values indicated by the red dot. In contrast to Figure 6.9,
the baseline is expanded by a factor of 17 and the running time by a factor of 172
to be sensitive to AE; For details see the text. The GLoBES-package is used to
generate the pseudo data and calculate the x2-values.



49

7. Matter Effects

7.1. Introduction

The method introduced in the previous chapter investigates CP violation of neutrino oscil-
lations in vacuum. Current oscillation experiments, which are sensitive enough to measure
a (possible) CP violation usually use long baselines. Therefore the neutrinos travel through
Earth’s matter and interact weakly with the constituents, also affecting the effective mixing
matrix and therefore the CP violating amplitudes. The analytic relations presented in Sec-
tion 5 still hold for a specific experiment and energy. The constraints presented in Section 6
on the other hand are based on vacuum values for all mixing parameters and therefore these
constraints do not apply anymore, once matter effects are taken into account.

In this Section we examine how matter effects impact the previously introduced novel method.

7.2. Oscilllation Probabilities in Matter or Other Additional
Potentials

The effect of matter on neutrino oscillations with unitarity violation has been studied previ-
ously in [97]. We follow the general approach and apply the formulation to our method.

In any model of BSM physics, only light neutrinos, active and sterile, participate in the actual
oscillation. Therefore the resulting Hamiltonian in flavor space reads

1
HITTL‘;;CL) = ﬁUanManUTTLXn + (UanU'rTLXn> 14 <Un><nUrTL><n> > (7'1)

where n is the number of light neutrinos. Again, the impact of, for example, heavy neutrino
states is indirectly taken care of in the non-unitarity of the n X n mixing matrices.

In case of only direct unitarity violation the mixing matrix U, x, is unitary and U, ., U, l n =
1,,%xn holds.
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The Potential V' for matter effects, e.g. in the earths mantle, can be described as

Vee + Ve 0 0

0 Ve 0 .
V= 0 0 Vyo - (7.2)
: : : 0
2
Voo = V2GEN,, Vne = —\Q[GFNn (7.3)

with the Fermi constant G and the electron- (neutron-) density N,(,). The charged current
interaction with the electron is described by Vo, while the neutral current interaction with
protons neutrons and electrons is described by Viy¢. In SM approaches with three light active
neutrinos the neutral current potential is often neglected because it is proportional to the unit
matrix and is therefore not measurable. By introducing direct or indirect unitarity violation
the neutral current cannot be neglected anymore and has to be taken into account

For antineutrinos the effective potential flips its sign, resulting in an intrinsic CP violation
due to the matter effect. The potential V' can also be generalized for BSM effects like non
standard interactions (NSI) during propagation (see [98] for a review). Nevertheless we suppose
the potential is given in flavor space.

Following the standard approach with the Hamiltonian in the flavor eigenbasis leads to

d 1
dt Vo) = E(UnngnxnUan) Vo) + (UnxnUan> 14 (UnxnUan> Vo)
1 n
= 55 2 (Un)ai(Mn)i5 (UL) 5 V) + D (UaUD)ap(V)oo (UnUi)os [v8) (7.4

i,5,8 Bpo

= QEZ n)ag [V8) -

To calculate the transition probability it is necessary to diagonalize the non-diagonal n x n
matrix K. If at least one heavy neutrino is involved, K, is not even hermitian . Especially, the
transformation to the vacuum mass eigenbasis does not diagonalize this Hamiltonian anymore,
and therefore the propagation eigenstates do not match the vacuum mass eigenstates.

To find the eigenspace in matter we, have to diagonalize the matrix K. We use an invertible
matrix S, which rotates K into the new propagation eigenspace. These propagation eigen-
states are denoted by a capital Latin letter as |vs). The new effective masses are given as the
eigenvalues of K, or the diagonal entries D; of D = S~'K S, which leads to the Schrodinger
equation in propagation eigenspace

.d 1
i lva) =5z Drlvs) (7.5)



7.2. Oscilllation Probabilities in Matter or Other Additional Potentials 51

So far neither U nor S are assumed to be unitary. If U is unitary and the effective potential is
hermitian, the new mixing matrix .S will be unitary as well. Since we found an eigenspace of
the Hamiltonian, we can follow the usual way to calculate the oscillation probability:

2
Prosvg = [(wslva (D) P = D (va] S5 Sar lvr(D))
17 (7.6)
AD
= S5S0sSsK St - o(HEHL),
TK

with ADg; = Dg — Dj. This probability can be rewritten to a more common form for
neutrino oscillations

AD AD
Py =Po—4 Y RE] sin? < >+22Aaﬁsn< 2;%) (7.7)

K>J K>J
Po = (SixSprcSarShs) (7.8)
K,J
Raﬁ = Re [S;KS/J’KSaJSEJ] (7.9)
ASF =Tm (S} 10951547554] (7.10)

where P, denotes the zero-distance effect which only arises in case of indirect non-unitarity.
The limit of vanishing effective potential can be obtained by setting the matrix V' to zero. In
that case the mass basis corresponds to the propagation basis and the transformation matrix .S
is equal to the vacuum mixing matrix U. Having that in mind, the corresponding amplitudes
R and A can be reduced to the vacuum case and the oscillation probability reduces to the well
known vacuum case, as expected.

For large potentials, i.e. high densities or high energies in matter, the first term in Equation
(7.1) is negligible and the transformation matrix .S reads

SHigh Energy = (UUT) : (7.11)

In case of only direct unitarity violation S becomes the unit matrix and the electron neutrino
is completely decoupled.

The derivations above hold for neutrinos and antineutrinos separately. Nevertheless, due
to the possibility of non-unitarity of U, the diagonalization performed in Equation (7.5) for
neutrinos does not match the diagonalization for antineutrinos.
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Hiass # Hass (7.12)

Hyoe = —— |+ @)1 v (U‘f) (7.13)

|
Hitoss = — :M + UV ((U*)T) 1}

(7.14)

= o [M+ )V (0T

K

Only if V =V and U is real, both Hamiltonians match and the same diagonalization S can
be used for neutrino and antineutrino and the same eigenvalues D arise. In this case, it follows
that neutrino and antineutrino behave exactly the same and no CP violation is observable.

For complex values in U, neither S nor D match for the neutrino and antineutrino cases.
Moreover, the potential V' does not have to be the same for neutrino and antineutrino, for ex-
ample in the case of matter effects in earth or sun. The diagonalization of H\ass is performed
analogously to the neutrino case with the invertible matrix S and the diagonal matrix D sat-
isfying D = S'KS. Therefore, the rather simple calculation for CP violating amplitudes in
vacuum becomes significantly more complex:

Pl/aﬁ)ljg - PvaHV5 :PO _PO

0Dk ) =%7 .2 (DK
-4 REJ sin ( L) —REJ sin? ( L>>
2 ( ’ 4L g 4L (7.15)

K>J
0Dk, 0Dk
2
+ Z (Aag sin ( ) -Aag sm( 5E L),
K>J
with the definition for the antineutrino parts as
Po=>" (SaxSoxSarShs) (7.16)
K,J

RgBJ = Re [SaKgﬁKgajgz;J} (717)
6Dkj=Dkk —Dyy, (7.19)

similar to the neutrino case. The energy spectrum of the CP violation Pua—w;; -F, " differs
significantly from the vacuum case. For non-unitary U, we expect six (instead of three) terms

proportional to sin ( %L) and six (instead of zero) terms proportional to sin? (%L).
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Investigating the differences of probabilities from neutrino and antineutrino in vacuum had
the advantage of cancelling real parts of U and the sin? terms. Since these terms do not cancel
anymore due to different D and different R, an exclusive focus at CP violating amplitudes is
not adequate.

To conclude we want to highlight three main differences between vacuum oscillations and
oscillations with an effective potential induced e.g. by matter effects.

« the amplitudes and mass squared differences are in general energy dependent. Due to the
different energy dependence of the mass term and the potential in the Hamiltonian, the
diagonalization differs for different energies. Therefore there are no uniform amplitudes
and mass squared differences for the whole energy spectrum of an experiment.

+ the diagonalization for the neutrino and antineutrino Hamiltonian is different and there-
fore an intrinsic CP violation. A measured difference in the probabilities of neutrinos and
antineutrinos is not necessarily a proof of CP violation on the fundamental level.

« the amplitudes are not independent of the vacuum values of the mass squared differences
or the mass ordering anymore.

7.3. Commutator of Mass Matrices Applied to Non-Unitarity

The aforementioned energy dependence of the amplitudes and the effective mass squared dif-
ferences in case of matter effects has already been studied analytically in [71, 99-102]. In
contrast to this work those analyses focus on the three neutrino case and unitary mixing. A
relation between the amplitudes, effective mass squared differences depending on the energy
and effective potential has been found. This kind of relation would make it possible to use the
above introduced general approach also in the context of matter effects to deduce the vacuum
values for the amplitudes and mass squared differences from the measured ones and compare
them among different experiments. We follow the approach in the above publications without
assuming unitarity of the 3 x 3 mixing matrix Usys.

The already introduced Jarlskog invariant J was originally determined in the quark sector
by the commutator of the up type and the down type mass matrices since the commutator
quantifies the alignment of both bases. Transferred to the lepton sector, we define the Jarlskog
invariant with the charged lepton mass matrix M, with eigenvalues {m.,m,, m,} and the
neutrino mass matrix M,, with eigenvalues {m1, ma, ms} via the determinant of the commu-
tator

det [MZMJ ,MZ,MJ} = %iJvag, o0, (7.20)
withvy, = (mg —m7;) (m —m2) (m? —mg) andvy, = (mi —m3) (m3 — m3) (m3 —mi

and the Jarlskog invariant

J =1Im (U}, Ug, U, Us;) . (7.21)
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This definition holds as long as unitarity of the 3 x 3 mixing matrix is imposed. On the one
hand, the commutator is not defined, if we want to add an additional light neutrino due to the
different dimensions of the mass matrices. On the other hand, by using a generalized non-
unitary 3 x 3 leptonic mixing matrix, the determinant does not factorize anymore

det MKMJ,MVMj] —ug, - me 3 - (U UiU UL U Uty — UUsU UL U U

7]7

—uu, - Zzi mim? (Ual® AL = Uil Al = U AT, )
i

i#j#hA

(7.22)

As expected, the commutator becomes much more complicated, due to non-unitarity, but nev-
ertheless we follow the arguments to find out whether relations between the vacuum and mat-
ter can be deduced.

Without loss of generality we start in the flavor basis, which means we set the mass matrix
of the charged leptons to be diagonal i.e. M, = diag{m.,m,, m,}. In this basis, the mass
matrix for the neutrinos can be deduced from the free Hamiltonian

vac

1
Hye = 52U diag{mi, m3, m3}U", (7.23)
while the effective Hamiltonian in matter reads
1
Hi® = U diag{m3, m3, m3}UT + (UUT> 1% (UUT>

— 7Meff (Meﬁ) )
2F

(7.24)

with the potential V' and the mixing matrix U being the generally non-unitary 3 x 3 mixing
matrix parametrized by

1-— a1 0 0
U= (]1 - a) Uunitary = Q21 1—ag 0 Uunitary- (7-25)
) Q31 agz 1 —ags

With this parametrization of U it is possible to generate any 3 x 3 matrix by a unitary matrix U
and the non-unitary term A = (1 — «), similar to the approach of general unitarity violation
in Section 6.
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The effective potential V itself is, in case of matter effects, diagonal in flavor space:

Vee+ Ve O 0
V= 0 Vie 0 (7.26)
0 0 Vae
2
‘/cc = \/§GFN67 Vnc = _iGFNn (7'27)

2

This leads to a general diagonal term in the effective Hamiltonian in case U is unitary, and a
non-diagonal term in case U is not.

The commutator now reads

[1\@1\4*,1\4;eff (Msﬁ)q - [MgMT, U diag{m2,m2,m3}U" + 2E . (UUT ) v (UUT )]

_ [MKMT, M (MVV“)T} +2F - [MZMT, (AAT) 1% <AAT>}
(7.28)

For AAT = 1 and a diagonal potential V, one can relate the effective masses and mixing
parameters to the vacuum ones via Equation (7.20), reproducing the Naumov relation [103]

JOm3,0m3,0m3y = Jom3 013, 0mm3,, (7.29)

which is the basic result of the above mentioned papers.

For general non-unitarity the term (AAT) V (AAT) is not diagonal in flavor space and gener-
ates additional terms in the relation. The resulting system of nonlinear equation is not solvable
in all generality. A further analytical study of the parameters in matter has not been performed,
although for specific parameter setups it might be possible to calculate the dependencies of the
masses and mixing parameters.

7.4. Numerical Analysis of T-Violation in the presence of Matter
Effects

One of the main features of the new approach to analyze CP violation in vacuum neutrino oscil-
lation introduced in Section 4 was that all CP conserving amplitudes cancel. This cancellation
reduces the number of free parameters significantly and clear predictions can be made. As
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shown in the previous section, this is not possible anymore, once matter effects are involved.
A possible way out is focussing on T violating instead of CP violating processes, which read

Pua%ug _Puﬁﬁua :PO _Pg

0Dk g .9 (0DKy
—4 Z <R 4 sin ( 1L L) —Rga‘]sm2 <4EL>>
K>J
7.30
w23 (ot () st () 7
K>J
=+4 Z <Aa5 sin (6DKJL>>
K>J

Note that the difference between T violation and CP violation in the presence of matter effects
is not a violation of the CPT theorem. Since the considered matter in earth or sun is made
almost purely out of matter and not antimatter, the background itself already violates CP and
this extrinsic CP violation generates the difference between CP and T violation. The CPT
conservation becomes obvious comparing the probabilities P, ., in matter and Ppﬁ_,pa in
antimatter, which is experimentally impossible. In the vacuum case, CPT is conserved and
therefore the T violation and the CP violation is equal, which can also be seen in Equation
(7.30). While the CP violating oscillations become significantly more complex if matter effects
are taken into account (see Equation (7.15)), the T violating processes preserve the cancellation
of the real amplitudes. Therefore a focus on the amplitudes Agﬁ‘] is possible, but due to the

energy dependence of Afﬂ‘] and 0D s, a more careful analysis is needed.

While being theoretically simpler, the T violation (7.30) is experimentally challenging. An
analysis would require sources, that produce neutrinos with different flavors with comparable
energies at sufficient rates which is hard to realize due to the huge differences in the masses
of the charged leptons. Additionally, a complete model independent analysis requires a fit of
the amplitudes for each energy bin separately. This fit is only possible if the probabilities are
measured at sufficiently many different base lengths, corresponding to multiple detectors with
a high spatial resolution at different distances from the source.

To analyze the imaginary amplitudes AIZZB in greater detail, one has to examine the effect
of the matter potential further. Due to the different potentials for v, and v, /., the possibility
of resonant mixing arises. For neutrinos, the electron neutrino becomes effectively heavier
for larger energies, while the muon and tau neutrino become lighter, due to the different pre-
factor in the potential. With this behaviour also the mixing with the mass eigenstates changes.
For large energies, the electron neutrino decouples completely from the other two and the
heaviest propagation eigenstates corresponds to the electron neutrino. Depending on the mass
ordering this results in different possibilities of resonant mixing. At the resonance, the mixing
is maximal, i.e. the off- dlagonal elements of the mixing matrix become large, which causes
large values for the amplitude A ] with v}, and v; as the corresponding resonant propagation
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eigenstates. Figures 7.1 and 7.2 show the energy dependence of the mass eigenvalues and
the corresponding amplitudes A'éﬁ between 10 MeV and 100 GeV, for normal and inverted
ordering and for neutrinos and antineutrinos. To demonstrate the effect, we used vacuum
mixing values with large unitarity violation, but still satisfying the bounds in Equations (6.1).
The electron density is set to the value of the earth mantle N, énantle ~ 2.2cm 3N 4 with N4 the
Avorgadro number. In all cases the lightest neutrino mass is set to zero, and the dashed lines
in the plots correspond to negative values for the effective masses mj2 For different setups,
different possibilities of resonant mixing occur, which also results in different behavior of the
amplitudes.
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Figure 7.1.: Energy dependence of imaginary amplitudes of one specific setting for neutrinos
with normal (left) and inverted ordering (right). The squared masses are shown as
m? in blue, m3 in orange and m3 in green. The dashed line for m3 for inverted
ordering corresponds to negative values of the squared effective mass.

Figures 7.3 and 7.4 show the dependence of energy of the amplitudes over an energy range
from 10 MeV to 100 GeV for different vacuum parameter combinations in the (AZ}L - Ag’ﬁ) -
(.Agi + Ai’i) plane. Again, the vacuum values satisfy the constraints given in Equation (6.1).
For large energies all parameter combinations show the same behaviour. As expected for large
energies, no oscillation will be measurable since the flavor states correspond to the propaga-
tion eigenstates. This translates to all amplitudes approaching zero and the point (0, 0) in the
considered plane.

The different possibilities of resonant mixing result in different general features. If there
is no resonant behavior (neutrinos with inverted ordering, and antineutrinos with normal or-
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Figure 7.2.: Energy dependence of imaginary amplitudes of one specific setting for antineutri-
nos with normal (left) and inverted ordering (right). The squared masses are shown
as m? in blue, m3 in orange and m3 in green. The dashed line for m? for normal

ordering corresponds to negative values of the squared effective mass.

dering), all amplitudes slowly converge to zero for large energies. With resonant mixing the
corresponding amplitude (A‘;’z for neutrinos with normal ordering, and Ai,ﬂ for antineutrinos
with inverted ordering) approach large absolute values before reaching zero eventually. While
this resonant enhancement for neutrinos with normal ordering or antineutrinos with inverted
ordering depends on the specific parameter combinations, the possibility of enlarged unitarity
violation due to the matter effect is an important feature. ‘

In general, the experimental determination of the energy dependent amplitudes Alzgg with
included matter effect is not trivial and out of reach of current experimental setups as described
above. Nevertheless, due to the possibility of resonant enhancement at specific energies, it may

be possible to detect unitarity violation more easily than in the vacuum case.
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8. Summary

In this part we have introduced a new model independent method to investigate CP violation
in neutrino oscillations. Due to the high sensitivity of current neutrino oscillation experiments
it is possible to compare these experiments in an independent way without implying a specific
model or parameters determined by other experiments. Our method relies on the observable
CP violating amplitudes Algﬁ instead of specific parametrizations.

We have shown that there is a generic difference between the minimal model of three light
active neutrinos and extensions like additional light sterile neutrinos or non-unitarity mixing
due to heavy neutrinos or non standard interactions. Specifically the strong prediction of a
uniform value for all amplitudes (the Jarlskog invariant) in the minimal three neutrino case,
does not hold for any extension of a unitary 3 x 3 mixing matrix.

For direct unitarity violation we have deduced analytic relations among the amplitudes for
the 3 4 1v case and have also shown, that the addition of even more light sterile states can
always be reduced to the special 3 + 1v case.

To compare direct and indirect unitarity violation, we have performed an extensive numer-
ical analysis, where possible combinations of different amplitudes has been calculated based
on bounds for the elements of the mixing matrix without implying unitarity. We have shown
that the viable combinations of amplitudes differ significantly for different sources of unitarity
violation.

With the help of the GLoBES package we have simulated the current experiments T2K and
NOvVA looking for CP violation in neutrino oscillations. The simulated pseudo data has been
generated by the assumption of extreme but still allowed unitarity violation. Analyzing this
generated pseudo data by the newly introduced method has led to the possibility of not only
excluding the minimal three neutrino case but also direct unitarity violation as the source.
With this proof of concept we are confident that this newly introduced method is a powerful
tool to investigate CP violation in neutrino oscillations.

To also include matter effects we have shown the difficulties arising due to the different
effect on neutrinos and antineutrinos. Due to the energy dependent effective potential, also
the CP violating amplitudes become dependent on the mass squared differences and the en-
ergy. Without implying any model dependent relations, this leads to a huge number of free
parameters. We have investigated the approach of commutators of the mass matrices with the
aim to find a generalized version of the Naumov relation, which has failed in all generality.
An extensive reduction of free parameters can be made by focusing on T violation instead
of CP violation. Albeit being experimentally more challenging, theoretical predictions can be
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made, and we have shown the energy dependence of the CP violating amplitudes for different
parameter combinations.

To summarize, the newly introduced method provides a powerful model independent tool to
analyze neutrino oscillations already with current experiments. With the presented approach
it is not only possible to reject the standard three neutrino hypothesis but also to determine the
source of the new effects for specific parameter combinations. The inclusion of matter effects
leads to challenges for the method and opens a path for further investigation.
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Part IlI.

Impact of Light Sterile Neutrinos on
Determination of the Mass Ordering
at Juno



64

9. Determination of the Mass Ordering at
JUNO in the 3v Case

Aspointed out in Section 3.2 one of the yet undetermined properties in the neutrino sector is the
mass ordering of the three mass eigenstates m7, m3 and m3. While each mixing angle and mass
squared difference can be in the leading term of oscillation probabilities at suitable baselength
and energy, the ordering has always only a sub-leading contribution. Oscillation experiments
therefore need a high sensitivity to determine the mass ordering. The JUNO experiment is a
reactor based experiment designed especially for this determination. Sensitivity studies have
shown that JUNO can achieve a median sensitivity of ~ 3o after six years of running time.

[128]

In this part we will shortly review the significant features of JUNO and its searches and
show afterwards whether a light sterile neutrino can impact the search so that a simple three
neutrino analysis leads to a wrong determination of the mass ordering. The JUNO experiment
is measuring the survival probability of electron antineutrinos (7):

N F.. = Al
2 2 1.2 : 1y =
Py =1—4 E |Uei|*|Uej|” sin” Fj;, with » :4:12 ’_ i 9.1)
i<j mt] = MG = Mg,

with N being the total number of light neutrinos (active or sterile) involved in the neutrino
oscillation processes and the mixing matrix U is a N X N unitary matrix.

The analysis in [128] relies on the standard case with N = 3. The mass ordering is only a sub-
leading effect in the probability and cannot be seen directly in the above form. The following
parametrizations and redefinitions are used to highlight the impact of the mass ordering: We
use the standard parametrization from Equation (3.46) so that

P
U, = ci2013, U = 512013, Ues = 573, (9.2)

where 3;; = sijei‘;ij and s;; = sinb;;, ¢;; = cos 0;; with the mixing angles ¢;; and the CP-
phases d;;.
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We also define F, = AgL with Am2 = Am3; + Am3,. The survival probability follows
as

P35 =1 — 4|Uc1*|Uca|? sin® Foy — 4|Uc1|*|U3|? sin® F,
— 4|U2|?| U3/ sin? F3y
=1- cilg sin? 26014 sin? Fy; — sin® 26,3 (C%Q sin? Fyp + 8%2 sin? ng) (9.3)
=1- 64113 sin? 26019 — sin® 2015 + sin® 20,3 cos F cos Foy

+ sin? 2613 sin F, cos 261 sin Fby.

The impact of the mass ordering becomes visible in Equation (9.3): Normal ordering (NO) (i.e.
msg > mg > my) results in A, > 0, while inverse ordering (IO) (i.e. ma > m; > mg3) results
in Afn* < 0. Therefore, all terms in (9.3) which are proportional to cos F} are not sensitive to
the mass ordering, but the terms proportional to sin F} are. So only the last term is responsible
for JUNO being sensitive to the mass ordering. Note, that this effect is a non-leading effect and
a high energy resolutions and high statistics is necessary to determine the mass ordering.

The difference between the two mass orderings can be seen in Figure 9.1 where we used the
values for the mixing parameters from Table 3.2 and a CP phase of dcp = 0. As can be clearly
seen, the different mass orderings result in a shift of the fast oscillating mode. Due to a high
energy resolution and a peak in the energy spectrum at 3 — 5 MeV, JUNO is able to measure
this shift and therefore determine the mass hierarchy.
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Figure 9.1.: Electron antineutrino survival probability at relevant energies for JUNO for normal
ordering (red) and inverted ordering (black).
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10. Addition of one Light Sterile Neutrino

The 3 + 1v case can now be examined by a analogue treatment. With the corresponding

elements of the mixing angles and a redefinition of the new mass square differences Am/? =
/2
Am3, + Am3, and accordingly F, = AZ%* L the survival probability can be written as

P ey =1 = 4[Var |*[Veo|* sin® Foy — 4|V [*| Vs | sin® Fa1 — 4[Vea|*| Vea|* sin® Fa

(Ve—ve

standard terms

—A|Ver [*|Vea|? sin® Fyy — 4|Veo|*Vea | sin® Fip — 4|Ves|?|Vea|? sin® Fis

light sterile terms
=1 — ¢j3¢i, sin? 2015 — ¢, sin? 2013 — 35 sin? 2014 — 535 sin? 26014.
+ 0%4 sin? 26043 cos F cos Fy1 + 0%3 sin® 2614 cos F! cos Fyy
+ 874 sin” 2014 cos F. cos F,
— (c‘ﬂ sin® 263 sin F, + 0%3 sin? 261, sin F;) cos 26019 sin Fyq
+ 575 sin” 2014 sin F! sin F,.
(10.1)

Again, the term sin F} is sensitive to the mass hierarchy. In contrast to the simple 3v case, in
the 3 + 1v case, there arises an additional term proportional to sin F, which can in principle
cancel out the standard term.

For a suitable parameter combination, it is possible that the additional term not only cancels
out the standard term but generates a term that can spoil the mass hierarchy. This is the case
if

2. ¢t sin® 2015 sin Fl, = —c?. sin® 2014 sin F. 10.2
14 13 *

Note that this relation can in principle be fulfilled with numerous parameter combinations
and depends on the energy due F, and F). Nevertheless, JUNO does not measure this term
separately but can only deduce the complete survival probability (10.1), which we focus on in
the following.

To show the actual impact of such a light sterile neutrino, we show in Figure 10.1 the survival
probability (10.1) in the energy region JUNO is sensitive to. We used different values for the
mixing parameters of the fourth neutrino. For the standard mixing parameters, we used the
best fit values shown in Table 3.2. It can be easily seen, that the actual impact of the light sterile
neutrino is highly dependent on the mixing angle and the mass squared difference.



67

To investigate whether a misinterpretation of the mass ordering is possible in case of one
additional light sterile neutrino, we define the quantity

NO/IO 10/NO

Q(E) = |- 1(34?2)/_10(2”) (E) (10.3)

to measure the deviation of the survival probability with one additional sterile neutrino (Py,)
from the survival probability without any additional light sterile neutrino (Ps,) calculated by
Equation (10.1) for opposite orderings of the three neutrinos v, v and v3. This quantity ob-
viously depends on Am?;, 614 and the energy. Figures 10.2 and 10.3 show @ as scans over
the mixing parameters for different combination of the orﬁrings.ﬁr specific energies, it is
possible to find specific combinations of 614 and Am?; so that the relative deviation @ be-
comes small (< 5%). A naive guess could be, that if 614 becomes closer to 0, also () becomes
negligible due to decoupling of the sterile state. However this effect can be observed, even for
sin?(2614 = 1073, the deviation due to the additional sterile state is significant and expected to
be measurable by JUNO. The minima in parameter space are indicated by the dark blue region
and have a not trivial shape depending on the energy. In general these region also do not align
for different energies, as expected due to Equation (10.2).

Due to the broad energy spectrum at JUNO, it is possible to test the hypothesis of a specific
mass ordering at different energies at the same time. A weighted analysis with the actual
spectrum at JUNO is not done here due to lack of insight into the specifics of the experiment.
Therefore we simply calculate the averaged value of Q(E) for Npi,s = 200 equal sized bins in
the energy region from 1.8 MeV to 8.0 MeV, matching the analysis in [128] as

> QE), (10.4)

with the energy E; of the i-th bin.

Since the specifics of the used reactors and detectors are not publicly available, it is not
possible to deduce whether JUNO can resolve the difference between 3v and 3 4 1v for param-
eter combinations where Q is large. Nevertheless, if there are parameter combinations of 64
and Am?, where Q s negligible, JUNO is not able to measure any deviation to a supposed 3v
analysis, and therefore might claim a wrong mass hierarchy without being able to notice.

Figures 10.5 and 10.4 show the two different possibilities of combination of the mass or-
derings for Q. The averaged deviation is for all parameter combinations at least 3% and for
a huge parameter space even significantly bigger. We therefore suspect that JUNO is able to
detect these deviations.
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Figure 10.1.: Survival probability Py, _,5,) for four neutrinos with different values of
sin? (2614) and Am?; in the relevant energy region for Juno and for different
orderings for the standard neutrinos (NO in green, IO in blue). For comparison
also the probabilities for 3 neutrinos are shown (NO in red and IO in black).
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10.2.: Relative difference QQ(E) of the survival probability defined by Equation (10.3) for
different energies dependent on the mixing angle sin? 26,4 and the mass squared
difference Am32,. The three neutrino probability is based on normal ordering,
while the four neutrino probability is based on inverted ordering. The dark regions
indicate parameter combinations where there is no difference between the two
considered probabilities.
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Figure 10.3.: Relative difference of the survival probability defined by Equation (10.3) for dif-
ferent energies dependent on the mixing angle sin” 2614 and the mass squared
difference Am?,. The three neutrino probability is based on inverted ordering,
while the four neutrino probability is based on normal ordering. The dark regions
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Figure 10.4.: Contours of the averaged relative difference Q) of the survival probability defined
by Equation (10.4) dependent on the mixing angle sin? 2614 and the mass squared
difference Am3,. The three neutrino probability is based on normal ordering,
while the four neutrino probability is based on inverted ordering. For all consid-
ered parameter combinations, the averaged relative difference is larger than 3%.
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Figure 10.5.: Contours of averaged relative difference Q of the survival probability defined by
Equation (10.4) dependent on the mixing angle sin® 2014 and the mass squared
difference Am3,. The three neutrino probability is based on inverted ordering,
while the four neutrino probability is based on normal ordering. For all considered
parameter combinations, the averaged relative difference is larger than 3%.
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11. Summary

To summarize, we have shown that it is theoretically possible that an additional light sterile
neutrino can spoil the determination of the mass ordering at the reactor neutrino experiment
JUNO. Due to interference of the terms sensitive to the mass ordering, the additional terms
caused by the light sterile neutrino can lead to cancellations. This observation has raised the
suspicion whether a 3 4+ 1 model can fake the signal of a 3v model with the opposite mass
ordering and therefore lead to a false conclusion by the JUNO collaboration.

We have demonstrated that this cancellation is indeed possible for specific energy values.
The relative difference between the survival probability of 3 + 1 and 3 can become negligi-
ble for specific parameter combinations. Nevertheless, the energy dependence of the survival
probabilities is non-trivial and therefore, for each such parameter combination the difference
in the survival probability can also become large at other energies. Due to the broad energy
spectrum and the high energy resolution of JUNO there is no combination for 614 and Am3;
where the 3 4 1v probability fakes a 3v probability with the opposite mass ordering over the
complete energy spectrum. A quantitative determination whether the effect of the additional
sterile neutrino is in fact measurable by JUNO has not been done due to the limited information
publicly available about the experiment.
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Part IV.

A Stringent Model to Explain All
Current Anomalies in Neutrino
Oscillation Data
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12. Introduction to Conflicting Appearance
and Disappearance Data

In this part we examine a new model of neutrino oscillations with sterile neutrinos and altered
dispersion relations to explain all currently conflicting oscillation data thoroughly. To our
knowledge this model is the first and only model based purely on oscillation effects which
achieves this task [2].

In this chapter we introduce the current problems of conflicting experimental data, before
we show in chapter 13 how simple models fail and eventually in chapter 14 we develop a
complete model explaining all current anomalies in neutrino oscillations without spoiling data
from different experiments.

As already mentioned in Section 3.4 anomalies in neutrino oscillations are a long stand-
ing issue. The excess reported by LSND [49], the deficit in reactor flux [59], and the deficit
in Gallium based experiments [51] can all be explained by a short baseline oscillation corre-
sponding to a third mass squared difference Amgp ~ 1eV?2. Nevertheless, the sterile neutrino
hypothesis had a statistically low significance, lacks of theoretical motivation, is in conflict
with cosmological data[34] and other oscillation experiments in global fits [104].

To further investigate the LSND anomaly, the MiniBooNE experiment searched for " p =

(1;)6 transitions at a different baseline and energy as LSND, but the setup corresponded to the
same mass squared difference of O(1)eV2. The collaboration recently reported a 4.8 o excess
in the low energy region compared to the standard three neutrino hypothesis [50], and com-
bined with the LSND results, the significance rise to 6.1 o for new physics beyond the Standard
Model. This anomaly therefore cannot be interpreted as a statistical fluctuation but has to be
systematic. It is still possible that this excess stems from an underestimation of the background
or a wrong analysis. Several other explanations for the MiniBooNE data has been proposed
[105-110] but none of them are able to explain all anomalies. Nevertheless until the follow up
experiment MicroBooNE is able to clarify the controversy, we take these results seriously and
examine weather this excess might be explained by new oscillation physics corresponding to
a new sterile neutrino state.

While all these anomalies hint into the same direction, experiments like atmospheric neu-
trino experiments [111, 112] or accelerator experiments [113-115] are searching for v, disap-
pearance at these neutrino mass squared difference scales and do not show any deviation from
the standard three neutrino model. These experiments provide high statistics and constrain the
simplest additional sterile neutrino hypothesis consequently. The global fit in [104] excludes
the simplest 3 4+ 1 model at the 4.70 level.
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Experiment FE L channel Am? g
LSND ~20—60MeV  ~30m YV v
MiniBooNE ~~0.2—3GeV  ~54lm V0V v
Gallium ~ 400 — 800 keV ~2m Ve — Ve v
Reactor ~1—6MeV ~ 10 — 100 m Ve — Ve v
MINOS (acc) ~ 7 GeV ~ 735 km V=V X
atmospheric  ~ 0.6 — 100 GeV  ~ 15 — 13,000 km (;>u — (;>/~t X

Table 12.1.: Current status of conflicting neutrino data. The last column indicates whether an
additional sterile neutrino is favored (v') or in conflict (X) with current data.

A summary of the current conflicting neutrino data is shown in Table 12.1. Since all experi-
ments measure different channels, it needs a closer look why these experiments are excluding
each other in the most simple 3 + 1v model:

As already pointed out in section 3.2, the transition probability of neutrinos from one active
flavor « to another flavor 3 can be written as

Nlight AmQ L
Pyosvy =0ag —4 Y Re(UlUgU,,;Uj;) sin? ( u )

_ AE
k>j
Night Am2. T,
* * . kj
+2 ) Im(UakUﬁkUajUﬁj)sm< Vo ) (12.1)
k>j

with Njjgn being the total number of active and sterile light neutrinos, U the Nyjjgns X Niight
mixing-matrix. Here we focus solely on BSM extensions with light sterile neutrinos which
makes U unitary. We also neglect possible CP violation due to simplicity which is justified by
MiniBooNE data showing almost the same effect in neutrino and antineutrino data. Therefore
we consider only real elements of the mixing matrix U, so the last term in Eq. (12.1) vanishes.

The proposed additional mass-squared difference AmZ; is in the ~ 1eV2-region and the
mass-squared differences Am3,, Am%, and Am3, are experimentally tested to be orders of
magnitude smaller (see Table 3.2). Therefore it is possible to neglect Am3,, Am}; and Am3,
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at suitable baselength and energies. A common approximation for the transition probability
from one active flavor to another at those values of % reads

3 2
. .o Amy. L
Pyosvy R6ag —4 2 ‘Re(U},Ug, U, Ujp,) sin® < 4EJ )
J

Am2.L\ <& 12.2
—00 — 4sin? <7ZSEB> 3 UaaUpsUqUs; . (122
J

—% sin? 20,3, for a#pB

Here we used the unitarity of U, specifically Z;’ U,jUpg; = —UnUpy + dap. This form
resembles a simple two neutrino model with an appearance angle sin? 20,5 = 4|U44/?|U g4/?
and a disappearance angle sin” 20, = 4/Uqa|?(1—|Ua4/?), which makes it possible to analyze
phenomena of the simplest 3 + 1 model as a basic two neutrino model.

. .. . (=) (=)
The appearance experiments LSND and MiniBooNE show an excess in the v, — v, tran-
sition, and therefore demand a large value of sin? 26, to explain their data. On the other hand,

the v/ . disappearance experiments do not show a significant deficit at this oscillation mode.
This leads to a small value of sin?26,,,, = 4 |U ,4|*(1 — |U44|?) ~ 4|U 4|2 for |U ,4|? small.
Comparing the different amplitude we end up with the following relationship

1
sin? 26, = 4|U 42 [Upy)? = Z(sz 20, + 4[U ") (5i0% 2000 + 4| U |?)

. (12.3)
~ 1 sin? 20, sin? 26,..

Since the inequality sin® 0.3 < 1 holds for all «, 3, both disappearance angles for v, and
v,, have to be large, to accomplish a significant appearance probability. Therefore appearance
experiments and disappearance experiments contradict each other in the simplest 3+ 1 model.
This problem is well known and exhibits the basic problem of current short baseline results. It
is shown, that it even persists in models adopting more than one additional sterile state [116].

The above relationship holds as long as one considers the elements of the mixing matrix to
be constant. If this condition is given up and the elements are allowed to become energy or
baseline dependent (as is the case for CP-violating matter vs. antimatter effects), this tension
can in principle be avoided.

As shown in Table 12.1 the relevant experiments are indeed all sensitive to a mass-squared
difference of ~ 1 eV? due to similar values of % but they operate on different energy and base-
length scales and so an altered dispersion relation (see the following chapter) could be useful
to resolve the above mentioned problem. In this case the energy dependence has to be fairly
strong, since the energy regime for MiniBooNE almost overlaps with the low-energy range of
atmospheric neutrino experiments.
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In summary, to relieve the tension between appearance and disappearance experiments, a
model is required which allows for a small |U,4|? at high energies (GeV) and a sufficiently
large |Uc4|?|U,4|? at low energies (MeV).
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13. Altered Dispersion Relations for a
Single Sterile Neutrino

Effective potentials in the Hamiltonian in flavor space can generate additional terms in the
usual relation between energy E and momentum p, so that the normal dispersion relation
E? = |]ﬂ2 + m? is altered. One typical example for such altered dispersion relation (ADR)
is the matter effect already covered in Section 7. As mentioned in that section, the matter
effect differs for neutrino and antineutrino due to the earth consisting solely of matter. Since
MiniBooNE reports anomalies in neutrino and antineutrino mode and such a large signal would
require unusually large couplings to matter, the typical matter effect cannot provide a solution
of the anomaly. Inspired by matter effects we develop a different formalism to explain the
anomaly. Note, that we do not take the standard matter effect into account, since the impact is
expected to be small.

One scenario which can be applied to neutrinos and antineutrinos in the same way allows
a Lorentz violation of the sterile neutrino. Since Lorentz violation is based on the spacetime
itself, there is no difference between particles and antiparticles. In [117, 118] a model is pro-
posed, which adopts one additional sterile neutrino taking a shortcut via an asymmetrically
warped extra dimension [119-121] (see also [122-125]). In a semi-classical picture, the sterile
neutrino oscillates on its geodesic in the warped bulk surrounding the brane, and thereby a
running time difference is generated between active and sterile neutrinos. This running time
difference manifests itself as an additional negative potential in the Hamiltonian proportional
to the relative time difference % =: ¢, the so-called shortcut parameter (always entering the
Hamiltonian as multiplied by the energy E). Although the semi-classical picture may not be
truly accurate, its predictions regarding the form of the potential are correct to leading order

in the shortcut parameter [126].

The resulting Hamiltonian in flavor space can be written as

mi 0 0 0 0000

1 0 mjy 0 0 | 0000
Hoy=55Y o o mz o |Y " Elo 00 0 (13.1)

0 0 0 m? 000 ¢



80 13. Altered Dispersion Relations for a Single Sterile Neutrino

Using the aforementioned approximation m? = m3 = m3 = 0 and m3 = Am3 leads to
0 100 0y /0 0O 0 1000
o~ \% 0|11 (0100|000 0 01 00
(F) ™~ of 2B |0 0 , 000 0 00 or
000 1 00 ) \0o o0 0 AmZy) \o 0
(13.2)
0 000 0
0000 Vi
o000 0]
0001 0001
with the energy F, shortcut parameter €, and
0 1 000
U - A% 0 o 01 00 ’ (13.3)
0 0 0 R
0001 oo

being the full 4 X 4 unitary mixing matrix. Here, V is the unitary 3 X 3 mixing matrix cor-
responding to the standard Upyng and R34 is the rotation in the 3 — 4 plane generating the
sterile admixture of mass eigenstate v3 with the mixing angle 034:

_ [ cosf3s sinfzy
Ry = <— sinfl3y cosfzs )’ (13.4)

As already calculated in [118], the eigenvalues of the Hamiltonian become

A1 =0, A2 =0,

2
Am? E\? E\?
)‘:I: = % 1 — cos 2934 <ﬂ%> + Sin2 2934 + cos? 2934 [1 — <E’R>

[ Am3 260
Ep = w (13.6)
£

Below we follow the arguments given by [118] with one exception regarding the reasoning

why the probability P, _,,,, with a being an active flavor, should vanish. One has

LAy —X0)
2

with the resonance energy

P, ., =1—4U2- [Sin2 ( ) sin? 0 cos® 0 U2,
L ~
+ sin? (%‘”) sin? 6 (1 — UZ,) (13.7)

+ sin? (L(;)) cos?f (1 — Ugg)] :
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Here, 0 denotes the effective mixing angle defined via

22
_ 20
sin? 20 = s : (13.8)

2
s 2 _ 2EZ2¢
sin” 2034 + <cos 2034 Am§B>

According to [118], while sin? § does not vanish, the eigenvalue A} vanishes and therefore
P,
as one considers only a single experiment with a fixed base-length L. However, various ex-
periments now observe neutrinos in a wide energy range above the resonance. For example,
for atmospheric experiments not only the energy becomes larger than the energies at LSND or
MiniBooNE, but also the base-length can be as large as 15,000 km, which results in a value of
% which is up to 4 magnitudes larger than the one probed in MiniBooNE.

Therefore, the relevant quantities to be examined are the mass-squared eigenvalues rather
than the Hamiltonian eigenvalues. The mass-squared eigenvalues are

—su,, should vanish as well. Technically, this is a correct statement which applies as long

mi =2E - Ay, (13.9)

which give rise to the oscillatory term sin? (mi%) in the probability in Eq. (13.7). Adopting
this more familiar form we continue to analyze the oscillations of atmospheric neutrinos. While
it is true that A o 1/E becomes zero for energies much larger than Eg, mi as defined herein
does not:

1-— 20
lim m%r = Am%B L oSz (13.10)

E—oo 2

Note that, although the effective mass-squared eigenvalue mi can become small for extremely
small mixing angles 34, it is still governed by the vacuum mass squared difference to the 4th
eigenvalue, in this case Am%B. This value is still large compared to the standard mass squared
differences. Therefore, even above the resonance there is still a non-vanishing oscillation mode,
which becomes accessible experimentally if the oscillation length is large enough. Such is the
case for atmospheric and astrophysical neutrinos.

For a better understanding we plot the effective masses for this scenario in Fig. 13.1. As can
be seen in Fig. 13.1, at the resonance a level crossing occurs and the Hamiltonian eigenstates
swap their flavor content. While the predominantly sterile state decouples above the resonance,
the now heavier predominantly active state approaches a constant value that due to the level
crossing gap is different from its initial value. This behaviour implies a large effective Am?,
that gives rise to large and fast active-to-sterile oscillations, e.g. in atmospheric neutrinos.

This argument can be generalized to mixing with 614, 624, or a combination of the two. Also,
the case where all standard mass-squared differences do not vanish can be treated accordingly.
For illustration, we show the probabilities at different experiments and different settings in
Appendix B.
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Am? snp=1.59 eV?, sin2654= 0.0, e=5.x107"
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Figure 13.1.: Effective mass-squareds as a function of the energy F in the 34+ 1v model including
an effective potential due to sterile neutrino shortcuts.

Although the sterile neutrino decouples from the active ones above the resonance, the im-
pact on the disappearance experiments is significant. In any possible mixing pattern the atmo-
spheric experiments or MINOS should notice a deviation from the standard three neutrino case
(especially for longer baselines such as the MINOS far detector, or upward going atmospheric
neutrinos). One could possibly argue that MINOS might miss the deviation from standard 3
neutrino case due to its narrow energy spectrum at around 7 GeV (see Figures B.4, B.8 and
B.12), but atmospheric experiments like IceCube or SuperKamiokaNDE or KM3NeT have not
only high statistics but also a wide energy spectrum and high resolution for the azimuth angle
and the energy (see Figures B.3, B.7 and B.11). Therefore, these experiments should be highly
sensitive to this significant deviation. Atmospheric neutrino experiments also tested the %—
dependence of the oscillation probability, finding no observable deviations from the 3v case. A
simple 3+ 17 model even with an altered dispersion relation for the sterile neutrino is therefore
ruled out by current data.



83

14. A Realistic 3+3 Model

14.1. 3 + 3v with a Common Sterile Neutrino Potential

The emergence of a large mass-squared difference in the energy regime far above the reso-
nance described above can be avoided by adding three sterile neutrinos instead of a single
sterile neutrino. In the following we assume that each sterile state mixes with exactly one
of the predominantly active mass eigenstates, respectively. Therefore all mass eigenstates be-
come affected by the common sterile potential. If all sterile neutrinos are affected by the same
potentials, the mass differences among the predominantly active states will not be altered even
though their masses change as the E-dependent potential and mixing change. This mecha-
nism removes the ‘unwanted’ mass difference which spoiled atmospheric neutrino oscillations
in the 3 + 1v case.
The resulting 6 x 6 mixing matrix is parametrized as

U0 = Uy3U13U12U14 U5 Us6. (14.1)
The vacuum masses read
Am2, = Am2 (14.2)
my mggp» :
AmE = Amip + Am3,  —  Am2, = Amig, (14.3)
Ami, = Amip +Am3,  —  Amdy = Amig. (14.4)

Assuming universal shortcut parameters () for the three sterile neutrinos the effective poten-
tial becomes

000 0 0 0
000 0 0 0
000 0 0 0

Vi =10 0 0 cE 0 0 (14.5)
000 0 ¢E 0
000 0 0 eE

Every mass eigenstate 11 2 3 has its own sterile state admixture. Therefore, the results from
[118] remain applicable. The resulting mass eigenvalues are denoted by m?,, m3,, m3_, which
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correspond to the m% mass eigenstates in the previous section. Considering also the non-

vanishing small masses m?, m3 and m3, the eigenvalues read
2 _m% +m3 B Am%B
=T 2
2 (14.6)
E \? E \?
X | cos20q4 (ER> F sin? 2014 + cos? 2014 [1 — <E1~21> ) ,
o m3+mi  Amdy
2+ 2 2
2
E \? i ) B \2 (14.7)
X | cos 2695 Era F 4| sin® 2095 4 cos? 2095 |1 — o ,
o _mi+mg  Amgy
) 2
2 (14.8)
E \? E \?
X aﬁ2%6<£&g> F sm22%6+wmﬁ2&%[1—-<Ek3>

with the corresponding resonance energies

ol — / Am%B cos 2014 Beo— / Am%B cos 2055 Bee e / Am%B cos 203¢
R1=\ — o > R2=\—" 57— R3=\— o — -
2¢e 2e 2e

(14.9)

All mass-squareds m?_ approach minus infinity and decouple in the limit £ > Epr;. The
mass-squared eigenvalues of interest are again m? ', whose values in the limit £ > Fg; are

. 1
EILH;O mi, = 3 (m% +m3 + Amdg - cos 2014) , (14.10)
1
. 2 2 2 2
Eh_r})go Mo =5 (mg + ms + Amgg - cos 2925) , (14.11)
1
. 2 2 2 2
PJILII;O M3y =5 (m3 + mg + Amgg - cos 26s5) (14.12)

while the relevant mass-squared differences far above the resonance become

2
m3, —mi, = Amj + T'sp (cos 2014 — cos 2035) , (14.13)
2 2 2 mép
ms, —mi, = Am3z + (cos 2614 — cos 203¢) , (14.14)
2 2 2 m&p ;
m3, —ms, = Am3y + (cos 2625 — cos 203¢) (14.15)
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If these mass-squared differences are all assumed to lie in the same region as the mass-squared
difference in the 3 4 1v case, a corresponding oscillation should be measurable in atmospheric
neutrino experiments. Such an “extra" oscillation is not seen.

The only way to avoid the generation of such a mass-squared difference, is by imposing a
common mixing in addition to the common potential, i.e. by setting all new mixing angles to
the same value: 614 = 625 = 035 = 6. In this case the second terms in Equations (14.13)-
(14.15) vanish for all mass-squared differences, and one ends up with the same mass-squared
differences as in a standard three neutrino scenario (see Fig. 14.1). Consequently, it is possible to
avoid the constraints by atmospheric neutrino experiments. However, as long as the resonance
energies for the three sterile neutrinos are assumed to be universal, a new problem arises in
the form of a vanishing amplitude for the MiniBooNE experiment in the resonant region.

E=0 E — 0o E

Figure 14.1.: Schematic overview of mass eigenstates and their flavor content depending on the
Energy E.

At MiniBooNE or LSND the oscillation probability is governed by the terms where the mass-
squared difference is in the AmZy region. These are the mass-squared differences (Am?,,
A3y, A3y), (Am, Am,, Am2,), and (A2, Am2,, AnZ;). Approximating these effec-
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tive mass squared differences to be equal to Amgp The transition probability can be factorized
as:

. L - -~
Py, s, ~ —4 sin? <Am%B2E> U,; U Z U,;Ug |, (14.16)
j:17273 ]:4,5,6

where U and Aﬁﬁj indicate the effective mixing matrix and effective mass squared differences
diagonalizing the effective Hamiltonian with the additional potential. For simplicity, we define
the mixing matrix as

U%0 = (Ug3U13U12)(U14U25 Use)
—_—

Uy
¢g 00 s; 00 1 0 00 0 O 1 0 0 00 O
0O 1.0 0 0O 0 ¢ 0 0 s3 0 01 0 00 O
—6-001000001000 00 ¢ 00 s
0 s, 00 ¢ 0 0[]0 0 01 00|00 0 100
0O 00 0 1 0 0 —s5 0 0 ¢ O 00 O 01 0
0O 00 0 01 O 0 00 0 1 00 —s5 00 ¢
— 0, < cg-laxs  SG- 13><3> ‘
=85+ 13x3 c5-13xs
(14.17)

Democratic mixing in vacuum with ¢ and the same potential for each sterile state also leads to
a common effective mixing angle 8 = 614 = 025 = 634. Since Ug only describes a rotation in
the upper left corner, it can be written as

Uy = <183><3 23><3> . (14.18)
3x3 3Ix3

Any submatrix formed from rotations alone is orthogonal, and therefore unitary. So the sub-
matrix Asxs is unitary. The Equations (14.17) (14.18) lead to the full mixing matrix

- A s - A
Ubx6 — <09 3x3 0 3x3> ' 14.19
—sp - 13x3  cp- L3xs (14.19)
The oscillation probabilities for LSND and MiniBooNE then reads
) L
Py, v ~— 4 sin” (AmgB2E> X
X (fj,ulfjel + 6#2]362 + fj,u?)ﬁefi) (ﬂu4ﬁe4 + ﬂ,u,5ﬁe5 + ﬂuﬁﬁe(i) . (14-20)
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Since the ~subrr~1atrix Agxg itself is unitary and the unitarity conditions ZZ ﬁ#kﬁek =0 as
well as 22 A kA = 0hold, it is readily seen that both brackets have to vanish when all new
mixing angles ¢;; are the same. Consequently, a 3+ 3 model with three additional sterile neu-
trinos and a common resonance energy also fails. On the one hand it is indeed possible to avoid
the constraints from atmospheric neutrinos above the resonance, if all three sterile neutrinos
mix with the same mixing angle. This democratic mixing removes the additional mass-squared
differences in the considered region and thereby immunizes the model against constraints from
high energy atmospheric neutrinos. On the other hand, however, the democratic mixing simul-

taneously implies a vanishing transition amplitude for " w = <1;)e oscillations at MiniBooNE
or LSND and consequently invalidates the desired main feature of the model. As we show
next, the issue can be resolved by assigning different resonance energies to the different sterile
neutrinos.

14.2. Different Effective Potentials for Different Sterile
Neutrinos

14.2.1. Treatment of Short Baseline and Atmospheric/Accelerator
Experiments

From the previous discussion it becomes clear that both the low energy limit £ — 0 and the
high energy limit ' — oo are independent of the specific values of the effective potentials of
the different sterile neutrinos. What matters is only that the energy is well below or well above
the respective resonance energy. However, there exists the possibility of assigning different
resonance energies to the sterile neutrinos (e.g. by tying each sterile neutrino to its own extra
dimension). The potentials for the neutrinos do not necessarily have to be the same for each
sterile neutrino. If the effective potentials differ, we still expect a resonant behavior around

the resonance energy also for (;)u — (1;)6 transitions: In the intermediate energy region the
arguments made in the previous chapter no longer hold since the effective mixing angles differ
for the different sterile neutrinos as a consequence of to the different effective potentials. As
long as the vacuum mixing angle is the same for all sterile neutrinos, we nevertheless end up
with the aforementioned low and high energy behavior.

According to the current best-fit reported by MiniBooNE, we adopt the new mass-squared
difference to be Amiy, = Am3; = 1.59eV?, the vacuum mixing angle to sin? § ~ 0.0063
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and the shortcut parameter to ¢ = 5 - 1017, resulting in a resonance energy of roughly Er ~
120 MeV. The effective potential with different shortcut parameters can be written as

000 0 0 0
000 0 0 0
000 0 0 0

Vet =10 0 0 c8 0 0 (14.21)
0 00 0 K-eF 0
000 0 0 ¢-eE

Due to the larger effective potential for the sterile states v, o and v, 3 states, the resonance
energy becomes smaller and the decoupling of these states happens at lower energies. We
chose a rather large factor of k = £ = 100 to generate a resonance not only at MiniBooNE but
also at LSND in the energy region of ~ 20 — 50 GeV to explain also the excess reported for
LSND [49].

In the numerical analysis we adopt the best-fit values from [20] for the standard 3v mixing
angles and mass-squared differences, and assume normal ordering and vanishing CP violation.
We also neglect matter effects, since they do not solve the problem we intend to address. Such
matter effects are known to exist, and they make a significant difference in the few GeV realm,
but the sterile neutrino is already completely decoupled above the highest Er o 1/4/, due
to the ADR potential. The best-fit values for the SM parameters are taken from Table 3.2. Nu-
merical calculations for the oscillation probabilities are shown in Figures 14.2 - 14.6 and the
effective squared masses are shown in Fig. 14.7. As can clearly be seen, we can achieve

(= .. . .o S
: w 1/>e channel at MiniBooNE with no significant deviation from

three neutrino mixing in atmospheric data: The oscillations amplitudes for W p = (1;)6 /- at
MiniBooNE (Fig. 14.2 (a)/(c)) feature the same resonance pattern. One observes a resonant
enhancement of the transition probability in the sub ~ 120 MeV region, combined with a sup-
pression in the energy region above ~ 120 MeV. The latter behavior results from the decoupling
of the sterile neutrinos, as can be seen in the oscillations amplitudes for the individual sterile
flavors, % w— 0% s1,2,3 (Fig. 14.4 (d)-(f)). The disappearance oscillation probability 0% w 0% "
at MiniBooNE (Fig. 14.2 (b)) exhibits a characteristic behavior at the resonance, since the tran-
sition into sterile neutrinos dominates in this energy region. A measurement of the survival

.. (=
resonant behavior in the v

probability i w— " . at energies at MiniBooNE could thus provide a good test for this model:
a depletion of the survival probability significantly higher than the transition to (1;)6 or (77 ,
would be a clear sign for a transition into sterile neutrinos (i.e. B, ., # 0).

Taking a look at atmospheric experiments in Fig. 14.5, one can observe that in the realm
E > GeV, the predictions of this model are exactly the same as in the standard 3v paradigm,
due to the complete decoupling of the sterile states above the highest Er ~ 120 MeV. This de-
coupling leads to perfect satisfaction of the current fits at these kind of experiments, in contrast
to the standard 3+ 1 models. A discussion of the sub-GeV region is presented in section 14.2.3.
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The same high energy properties as in atmospheric experiments can also be found at MINOS,
where one can see the same strong convergence to the 3v probabilities. MINOS, however, has
a neutrino beam with a distinct peak energy at about 7 GeV, and so is blind to the low energy

effects to be discussed in Sec. 14.2.3.

14.2.2. Behavior Below the Resonance

... (=) (=) . (=) (=)
Although the transition v, — v/, / vanishes far below the resonance, v, — V4123

(=)

. .. . (=) =
does not vanish due to the vacuum mixing. The same is also true for v, — 5123 and

(=) (=) L. . . . . .
V'r — V1,23, which is particularly interesting for reactor experiments, which usually oper-

ate in the MeV-region, since this model predicts a deviation in the . — 7, channel. A good

. . (=) (=) . . ..
approximation for v’ — V', in the low energy region well below the resonances is given by

(compare Eq. (14.20)):
.2 o L 2 2 2 2 2 2
Pyesve ~1 —4sin” | Amgp o (Ue + Ué + Uzs) (Ugy + Ugs + Ugg)
=1 — 4sin? [ Am3 L cos? §sin? 0
SB 2F
.2 o L\ . o
=1 —sin <AmSB2E) sin”“ 20, (14.22)

where again the unitarity conditions are used. This expression resembles a simple 3 + 1v
model for disappearance experiments in the low energy region, which is actually favored by
the Reactor- or Gallium anomalies.

14.2.3. Open Questions

As can be seen in Fig. 14.5, the proposed model resembles three neutrino oscillations far above
the resonance (in this case above the GeV region). However, due to the desired resonance at
around 120 MeV for explaining the MiniBooNE data, this resonance will also have impact on
the sub-GeV neutrinos at atmospheric experiments. The corresponding oscillations in this en-
ergy region are plotted in Fig. 14.8. As expected, the model predicts a significant deviation from
the simple three neutrino model. Nevertheless, without access to the actual data it is hard to
judge whether these oscillation patterns are excluded by current experiments. Previous anal-
yses [111, 112] searched for sterile neutrinos without altered dispersion relations. Oscillation
probabilities within the standard 3 neutrino scenario for the range of these searches are also
shown in Fig. 14.8 for comparison. While the difference to the probability for the proposed
model is obvious, exclusion limits in the literature cannot be adopted for the present case. To
either exclude or confirm the model proposed in this article, we recommend a reanalysis of the
current sub-GeV data in atmospheric experiments.
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In addition, this model can be constrained by cosmology which is addressed in [2] based on
previous calculations in [117, 125, 127].
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Figure 14.2.: Probabilities P, and P, at MiniBooNE for different scenarios: The standard
three neutrino case (black), the proposed scenario with three additional light ster-
ile neutrinos, democratic mixing and effective potential due to shortcut effects
(red), a scenario with three light sterile neutrinos and democratic mixing without
effective potential (blue), and a simple 41 scenario with one additional light sterile
neutrino (green).
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Probabilities @ MiniBooNE
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Figure 14.3.: Probabilities P,,; and P,s1 at MiniBooNE for different scenarios: The standard
three neutrino case (black), the proposed scenario with three additional light ster-
ile neutrinos, democratic mixing and effective potential due to shortcut effects
(red), a scenario with three light sterile neutrinos and democratic mixing without
effective potential (blue), and a simple 41 scenario with one additional light sterile
neutrino (green).
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Figure 14.4.: Probabilities P, 52 and P,s3 at MiniBooNE for different scenarios: The standard

three neutrino case (black), the proposed scenario with three additional light ster-
ile neutrinos, democratic mixing and effective potential due to shortcut effects
(red), a scenario with three light sterile neutrinos and democratic mixing without
effective potential (blue), and a simple 41 scenario with one additional light sterile

neutrino (green).
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Figure 14.5.: Different Probabilities at atmospheric neutrino experiments for different scenar-
ios: The standard three neutrino case (black), the proposed scenario with three
additional light sterile neutrinos, democratic mixing and effective potential due
to shortcut effects (red), a scenario with three light sterile neutrinos and demo-
cratic mixing without effective potential (blue), and a simple 4v scenario with one

additional light sterile neutrino (green)
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Figure 14.6.: Different Probabilities at MINOS for different scenarios: The standard three neu-
trino case (black), the proposed scenario with three additional light sterile neu-
trinos, democratic mixing and effective potential due to shortcut effects (red), a
scenario with three light sterile neutrinos and democratic mixing without effec-
tive potential (blue), and a simple 4v scenario with one additional light sterile
neutrino (green). The vertical line indicates the peak energy in the spectrum.
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Figure 14.7.: Effective masses squared m? depending on the energy E in with linear (top) and
logarithmic (bottom) vertical-axis. The effective mass squared m? _ is not visible
in the bottom plot due to its vacuum value m? = 0.
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Figure 14.8.: Different Probabilities at atmospheric neutrino experiments: The standard three
neutrino case (black), the proposed scenario with three additional light sterile neu-
trinos, democratic mixing and effective potential due to shortcut effects (red) and
a scenario with three light sterile neutrinos and democratic mixing without effec-
tive potential (blue). In contrast to Figure 14.5 here we highlight the Sub-GeV to

10 GeV region.
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15. Summary

In this part we have examined in detail the recently reported MiniBooNE anomaly and the
discrepancies with other high sensitivity atmospheric and accelerator based neutrino experi-
ments. We have shown that the simplest 3 + 1~ model fails to explain all current data, and
also an additional effective potential is not sufficient to explain the high experimental data at
experiments with higher energy than MiniBooNE.

Eventually we have developed a 3 + 3v framework with an altered dispersion relation that
indeed is able to explain not only the MiniBooNE anomaly but also the LSND, reactor and
Gallium anomaly while not being in conflict with atmospheric or accelerator neutrino exper-
iments. To our best knowledge this is the first framework which successfully can explain all
current neutrino oscillation data.

The altered dispersion relation in the presented framework can be caused by shortcuts of
the extra sterile neutrinos via extra-dimensions as pointed out in [126], but it is also possible
to generate a similar effect by other new physics involved. The key feature in this approach
is the democratic vacuum mixing of each of the three sterile states with one of the predom-
inantly active mass eigenstate and the equality of the corresponding mass difference Am3,,
AmZ2, and AmZ;. This setup leads directly to to the possibility of describing the oscillation
phenomena of disappearing experiments like reactor experiments or GALLEX and SAGE in the
low energy region with an effective 1 4+ 1v model, explaining the reactor and Gallium anoma-
lies. Simultaneously, in the high energy region of atmospheric and accelerator experiments,
the sterile neutrinos affected by the altered dispersion relation decouple completely without
changing the standard mass squared differences or mixing angles among the active neutrinos,
resembling the standard 3v model.

In intermediate energy regions the altered dispersion relations cause level crossings among
the active and sterile states, implying resonance energies. Due to different effective potentials
for the different sterile states, also the resonance energies differ. Therefore, despite democratic
vacuum mixing, the transition probability P, ,,, can be enhanced, explaining the resonant
feature in MiniBooNE data. The second resonance energy causes the excess in the LSND ex-
periment. Currently the MiniBooNE collaboration is working on a fit of the proposed model
to their current data.

Albeit being speculative and inevitably introducing new parameters via the sterile neutrino
sector, the proposed approach is capable of solving all current neutrino anomalies at once.
While it is possible that these anomalies are due to our limited understanding of experimental
backgrounds, the proposed data by the MicroBooNE experiment will clarify this issue at least
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for the MiniBooNE data. Additionally, the presented framework is testable by the MicroBooNE
and ICARUS experiments and may reveal itself also in sub-GeV atmospheric neutrino data.
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Part V.

Conclusion
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16. Conclusion and Outlook

In this thesis we have addressed several issues in neutrino oscillation physics. After reviewing
the current status of the standard model and the derivation of neutrino oscillations in part I,
we have developed a new method to analyze the CP violation in neutrino oscillations in part
II. Since current experiments have reached the sensitivity to measure CP violation generated
by the CP phase in the leptonic mixing matrix, we have investigated the effect of new physics
models on these measurements. The new model independent approach is not bound to unitar-
ity of the 3 x 3 leptonic mixing matrix and therefore more general than the standard approach.
We have focussed on the observable CP violating amplitudes AZJB and have determined specific
analytic relations among them. We have stressed, that in the standard three neutrino scheme
a uniform value of all amplitudes AZJﬂ is predicted, and that any deviation from that will be a
sign for new physics. With the presented numerical analysis it is also possible to discriminate
between different sources of new physics, i.e. direct or indirect unitarity violation. With the
help of the GLoBES package we have performed different analyses for the accelerator exper-
iments T2K and NOvA. We have assumed a large unitarity violation to generate the data and
analyzed it within this approach. We have shown that NOvVA can constrain the combination
Aﬁ,ﬁ + AZ’Z significantly and, for suitable parameter settings, may exclude the standard pre-
diction of a uniform amplitude as well as direct unitarity violation. Due to the different setup,
T2K is not able to determine this combination. We have also shown, that by using a similar
experiment with larger baseline, so that the oscillation driven by Am3; can be measured, it
is be possible to determine the value of the amplitude Agi We have also analyzed the role
of matter effects and have discussed the challenges arising due to the different potentials for
neutrinos and antineutrinos. The matter effect not only leads to energy dependent amplitudes,
but also to a non-cancellation of different terms in the probabilities. We have investigated the
energy dependence of the amplitudes and provide perspectives for further research. If current
experiments come to contradicting conclusions concerning CP violation, we are confident, that
the proposed model independent method will provide a powerful tool to determine the source
of this effect.

In part IIl we have investigated the impact of a light sterile neutrino on the determination
of the mass ordering at the reactor experiment JUNO. The additional light sterile neutrino
generates additional terms in the oscillation probability that influence the sensitivity to the
mass ordering. For specific energies it is possible, that the additional terms not only cancel the
standard terms sensitive to mass ordering but mimics a term with the opposite mass ordering.
This effect requires specific parameter settings which differ depending on the energy. Since the
JUNO experiment has a broad energy spectrum and a high energy resolution we have deduced,
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that there is no combination of the mixing angle 614 and the mass squared difference Am3,
that can fake a false mass ordering without generally being detectable by JUNO.

In Part IV we have examined the long existing short baseline anomalies and the currently
reported results of a low-energy excess in the MiniBooNE data. It is well known that the
simplest explanation for these anomalies, the addition of a single sterile neutrino, is not in
agreement with the negative results of accelerator and atmospheric neutrino experiments. We
have shown that this disagreement can not be solved by adding an effective MSW-like poten-
tial for the sterile state, since it induces additional oscillations in the high energy region. Based
on these findings we have developed a model with three additional sterile neutrinos each mix-
ing exclusively with one of the predominantly active mass eigenstates. The angles generating
this mixing have same value and the new mass eigenstates are separated from the correspond-
ing predominantly active mass eigenstates by same mass squared difference. If the additional
sterile states experience an effective potential, e.g. by extradimensional shortcuts, the sterile
states will completely decouple in the high energy limit and the standard three neutrino oscil-
lation is regained, explaining data from atmospheric and accelerator experiments. In the very
low energy region, the disappearance probability mimics a 1 + 1 neutrino scenario, which is
favored by the Gallium- and reactor anomalies. In the intermediate energy region, at LSND
and MiniBooNE, resonant amplification of the oscillation probability can explain the reported
excess of electron neutrino events. The resonances are generated by different effective poten-
tials for the different sterile states. Currently, the MiniBooNE collaboration is working on a fit
of this model to their data. This model can be falsified by investigating the low energy data
of atmospheric experiments, since the resonances generating the excess at MiniBooNE, also
impacts the disappearance probability in this energy region. The upcoming data release of
MicroBooNE will also be a test for the MiniBooNE anomaly and for this model as well.

In general current neutrino oscillation experiments will provide a significant increase in data
and therefore new possibilities to search for new physics. With the work done in this thesis
we provide new testable models and new tools to examine these data.
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Part VI.

Appendix
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A. Analytic relations of CP violating
amplitudes

The following analytic relations have been taken from [78] and translated into the notations
used for this paper. All 36 amplitudes can be reduced to a linear combination of the nine
amplitudes Ag}“ A‘zi, Aﬁi, Ai}r, Ai%, Aﬁi, AL A32 and A2,
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B. Probabilities for 3 + 1v with Altered
Dispersion Relation.

For illustration we show different probabilities at different energies and baselines in the model
with altered dispersion relation and one additional sterile neutrino explained in Section 13.
We consider different mixing schemes of the sterile neutrino, either only via the mixing
angle 014 (Figures B.1-B.4), o4 (Figures B.5-B.8) or 034 (Figures B.9-B.12).
and B.10), atmospheric neutrino oscillation experiments (Figures B.3, B.7 and B.11) and the ac-
celerator experiment MINOS (Figures B.4, B.8 and B.12). While the probabilities at MiniBooNE
show a significant resonant feature as reported by the collaboration, the deviations at atmo-
spheric and accelerator experiments are large compared to the three neutrino case for each
mixing.
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Figure B.1.: Probabilities at P, and P,,, MiniBoone for only 4-mixing
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Figure B.4.: Probability P,,, at MINOS for only 61 4-mixing, the vertical line indicates the peak
energy in the spectrum.
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