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CHAPTER 1

Introduction

Invariance under a group action is a central theme in mathematics. It is can
be observed that on a homogeneous space M ~ G/K for some locally compact
group G and some closed subgroup K a Banach subalgebra of bounded measures
in M,(G/K) which are invariant under the group action of K can be identified
with the Banach algebra of bounded measures My(G//K) on the double coset
space with a convolution * inherited from the measure algebra M,(G). We call
the pair (G//K,*) a double coset hypergroup. The above identification has an
important consequence for time-homogeneous Markov processes on G/K with in-
variant transition probabilities under actions of GG or simply G—invariant Markov
processes: They can be identified with time-homogeneous Markov processes on the
hypergroup (G//K, ) via the canonical map from G/K to G//K. If the double
coset hypergroup (G//K, %) is commutative, i.e., the convolution * on M(G//K)
is commutative, then important tools of Fourier analysis are available, which allow
to analyse the distributions of time-homogeneous Markov processes on (G//K, *),
in particular to derive some limit theorems.

In fact, (commutative) hypergroups have been studied in more generality en-
compassing properties of the double coset setting above. They have been idepen-
dently introduced by Dunkl [D] in 1973, Spector [Sp| in 1975 and Jewett [J] in
1975. The study of limit theorems on some particlular hypergroups began even
in 1960’s with Haldane’s [H2| and Kingman’s [Ki|, where they studied methods
which allowed the investigation of rotation invariant vectors and generalized them
into non-integer valued ”dimensions”. With this goal they have introduced Bessel-
Kingman hypergroups on [0, 00), which are closely related to the product formula
for Bessel functions. Zeuner [Z1], |Z2] studied random walks Sturm-Liouville hy-
pergroups on [0, 00), which are closely related with invariant random walks on the
hyperbolic spaces. Limit theorems on various hypergroups was also derived by
Voit, see [V1]- [V7].

In this thesis we present several limit theorems for G-invariant random walks
on the non-compact Grassmann manifolds G, ,(F) = G//K over the (skew-) fields
F = R, C or quaternions H with rank ¢ > 1 and dimension p > ¢, where, depending
on I, the group G is one of the indefinite orthogonal, unitary or symplectic groups
SOo(q,p), SU(q,p) or Sp(q, p) with K = SO(q)xSO(p), S(U(q)xU(p)) or Sp(q)x
Sp(p), as subgroups. The double coset space G//K with convolution * can be
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identified with some subset C’f of R? called the Weyl chamber of type B carrying
certain convolution *,,. For p,q € N with p > 2¢ these convolutions on *,, on
the space ./\/ll(Cf ) are associative, commutative, and probability-preserving, i.e.,
convolution of two probability measures is again a probability measure, and they
generate commutative hypergroups (C’f, %, ,) i the sense of Jewett, Spector and
Dunkl with 0 € C’f above. There are two important observations which have been

made about hypergroups (C’f, *p )

(1) The convolutions x*,, of measures can be extended to p € [2¢ — 1,00) in
a way that the hypergroup structure of (C’f, %p4) 18 preserved.

(2) Asp — oo the hypergroup (Cy, *,,4) tends to the double coset hypergroups
structures of GL(q,F)//U(q,F) in some way.

For both of the above observations the main tools are spherical functions of
the symmetric space G/K i.e., the nontrivial, K-biinvariant, multiplicative con-
tinuous functions on G. After some reparametrisation, these functions correspond
to multiplicative functions of commutative hypergroups (Cy, %, ,) which are which
are precisely the functions ¢ on C’f, with A € C? defined in |[R2] for which

A@AD = [ A0 60600

holds for all z,y € C’f . The first observation is based on Heckman-Opdam theory
of hypergeometric functions associated with root systems. It generalizes the theory
of spherical functions on Riemannian symmetric spaces; see [H2|, [HS| and [O] for
the general theory and [R2], [RKV], [RV1], [Sch], [NPP] for some recent devel-
opments. In this context the functions ¢! correspond to hypergeometric functions
Fpe associated with root systems of type BC,. Using the above identification it
was proved by Résler [R2] that the functions ¢4 can be extended to

p € [2¢ — 1,00) by analytic continuation, which leads to an extension of the x,,
to p € [2¢ — 1,00). The second observation was made in [RV1], [RKV], where
it was proved that the functions ¢! tend to the spherical functions of the spaces
GL(q,F)/U(q,F), which also correspond to the hypergeometric functions associ-
ated with root systems of type A,_;.

Now, fix ¢ and d := dimFg = 1,2, 4. For p € (2¢—1, 00) consider random walks
hypergroup the (CF,x,,) (as it is well-defined by observation 1) as follows: Fix
a probability measure pu € /\/ll(C;B ), and consider a time-homogeneous Markov
process (S’g)kzo on C’f with start at the hypergroup identity 0 € C’f and with the
transition probability

P( NII:—H € Al g/f =) = (0 *pq 1t)(A) (x € C’f, AC C'qB a Borel set).

Such Markov processes are called random walks on the hypergroup (C’f ,*kqp) AS-
sociated with the measure p.



Notice that we use p as a superscript here, as this p may be variable below.
We study limit theorems for (Sﬁ)nzo under two types of normalization procedures.
We obtain results fixed p as well as for the case when p tends to infinity in some
coupled way with n.

We first consider ”outer” normalization where we study the limiting distribu-
tion of random variables S?/n°,e > 1/2 as n — co. In the case where p is fixed
central limit theorem (CLT) and strong law of large numbers (LLN) results were
obtained in [V2]. We focus here on the limit theorems for growing p. It turns out
that under suitable moment conditions on p and for any sequence (p,), C [2¢, 00)
with p, — 0o, there are normalizing vectors m(n) € R? such that (S2» —m(n))//n
tends in distribution to some classical g-dimensional normal distribution N (0, ¥?)
and (SP» — m(n))/n® for ¢ > 1/2 tend to 0 in probability, where the norming
vectors m(n) and the covariance matrix ¥? are explicitly known and depend on p.
For ¢ = 1, CLTs of this kind were given in |Grl] and [V1] by completely different
methods. Both proofs for ¢ = 1, however, are based on the fact that for p — oo
the hypergroup structures (Cf = [0, 00), *,) converge to some commutative semi-
group structure on CP = [0, 00) which is isomorphic with the additive semigroup
([0,00),+). This observation finally shows that for large p, (S2), behaves like
a sum of i.i.d. random variables which then leads to the CLT. For ¢ > 2, the
situation is much more involved as here for p — oo the hypergroup structures
(CF,%p,,4) converge to the double coset structures G///K in the case A,_1, as men-
tioned in the second observation above. As for ¢ > 2, this limit structure is more
complicated than for ¢ = 1, the details of the CLT and will be more involved
than in [Grl] and [V1]. In fact, we will need stronger conditions either on the
moments of p or on the rate of convergence of (p,), to co than in [Grl]; see The-
orems [6.4] below. We remark that the CLTs in |Grl|, [V1], and here for the
non-compact Grassmannians are related to other CLTs for radial random walks
on Euclidean spaces of large dimensions in [Gr2| and references cited there. We
also point out that our CLTs for p — oo are closely related to a CLT in the case
Aq—1 proved in [V2]| which depends heavily on the concept of moment functions
on commutative hypergroups; see [BH| and |Z1] for the general background. In
fact, we shall need these moment functions for the hypergroups (C’f ,*kpq) as well
as for the limit cases associated with the case A, ;. These moment function will
be essential to describe the norming vectors m(n) and the covariance matrix 32
above. We point out that our CLTs for p — oo are related to the research in |B]
on the limit behaviour of Brownian motions on hyperbolic spaces and noncompact
Grassmannians.

We next consider limit theorems with ”"inner” normalisation. We start with
a probability measure p € M'(CF) with second moments. For each constant
¢ € [0,1] we consider the compression mapping D(z) := cx on CF as well as

the compressed probability measures ji, := D.(p) € M'(CP) and the associated



random walks (S,(gp ’c)) k>0 We shall prove that for fixed p, S ) converges for
n — oo in distribution to some kind of “Gaussian” measure 7, € M'(CF) which
depends on p, where the time parameter t; > 0 can be computed via second
moment of p. Triangular CLTs of this type are well-known in probability theory
on groups and hypergroups. We refer here in particular to [BH| and references
there for several results in this direction for Sturm-Liouville hypergroups on [0, co.
Moreover, for integers p > 2q, our result is similar to a known CLT for biinvariant
random walks on noncompact Grassmannians; see e.g. |G1], [G2|, [T1], [T2], [Ri].
Finally, we shall prove that when p, — oo faster than n we obtain a weak LLN

(pn~1/2) . (p,n=1/2) . . -
result for Sy ie., Sy tends to some vector in R? in probability.

This thesis is organised in the following way: In Chapter 2 we give a necessary
background on hypergroups. In particular, we collect information on the class of
double coset hypergroups. We then give an explicit description for the double
coset hypergroups corresponding to A,_; and BC root systems. In Chapter 3 we
give a brief introduction to Markov processes on hypergroups and homogeneous
spaces. We also introduce moments on hypergroups which are crucial in stating
limit theorems on hypergroups. In Chapter 4 we briefly explain connection between
Heckman-Opdam theory of hypergeometric functions and spherical functions asso-
ciated with symmetric groups. Furthermore, we recapitulate the Harish-Chandra
integral representation for spherical functions (CF, %, ,) which we use to prove limit
theorems in the forthcoming chapters. Chapters 5 and 6 contain limit theorems
for random walks on hypergroups (C’f , *p,4) for fixed p and growing p, respectively.

A part of this thesis is based on the preprint:

e M. Artykov, M. Voit, Some central limit theorems for random walks asso-
ciated with hypergeometric functions of type BC. Preprint arXiv:1802.05147
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CHAPTER 2
Hypergroups

We follow axiomatic work by Jewett where he introduced hypergroups as ”con-
vos”. We will be mainly concerned with commutative hypergroups.
Commutatative hypergoups generalize the class of locally compact abelian groups;
for extensive reference for harmonic analysis on locally compact abelian groups
see [Di]. Roughly said, a commutative hypergroup is a locally compact Hausdorff
space with commutative convolution structure * : X x X — M!(X) and an invo-
lution ~ : X — X. The convolution on a hypergroup generalizes the convolution
on a group, and the involution in the group case is given by group inversion.

1. Preliminaries

In order to give the definition for hypergroups we need to lay down some simple
notation and especially get to know the Michael topology on the set of compact
subsets of X.

Let X be a locally compact Hausdorff space. Denote by B(X) the space
of Borel measurable functions on X and denote by B,(X) the space of bounded
Borel functions. By C(X) we denote the subspace of B(X) consisting of continuous
functions. We consider distinguished subsets of C(X) including Cp(X),Co(X) and
C.(X) consisting of continuous functions which are bounded, continuous functions
vanishing at infinity, and continuous functions with compact support, respectively.
The positive cones of above spaces are denoted by superscript 4. Cy(X) and Co(X)
are topologized by uniform norm || - ||oc whereas C.(X) will be topologized as the
inductive limit of the spaces Cx := {f € C. : supp(f) C K}, with K C X compact,
each of which carries uniform norm.

Denote the set of Borel measures on X by M(X). Moreover, denote by M,;(X),
M (X)), MT(X) and M*(X) spaces of bounded Borel measures, measures with
compact support, positive measures, and probability measures respectively.

DEFINITION 2.1. Let X be a locally compact Hausdorff space. Denote by
%' (X) the set of nonempty compact subsets of X. The Michael topology on €' (X)
is the topology generated by the subbasis {%4;y : U,V open subsets of K}, where
Uy ={ACEX),ANU #(and A C V}.
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We note that if X is metrizable then the Michael topology is stronger than the
Hausdorff topology on €(X) given by Hausdorff metric, see 1.1.1 in [BH].

DEFINITION 2.2. Let X be a nonempty locally compact Hausdorff space. The
pair (X, *) with a bilinear associative operation * on M(X) is called a hypergroup
if the following conditions are satisfied:

(1) The map (p,v) — p* v is weakly continuous.

(2) For all z,y € X the so called convolution 4, * d, of point measures is a
compactly supported probability measure on X.

(3) The mapping (z,y) — supp(d, *J,) from X x X into the space of compact
subsets of X is continuous w.r.t Michael topology.

(4) There exists a unique element e € X satisfying 0, * 0, = 0, * 0 = 0y,
Va € X. This element is called the identity element of X.

(5) There is a continuous involutive homeomorphism z +— Z on X such that
dz%05 = (0,%0,) and x = § <= e € supp(0,*J,), where for p € My(X),
the measure p~ is given by u~(A) = u(A) for all Borel sets A C X.

A hypergroup (X, ) is called commutative if % is commutative.

We collect some elementary observations about hypergroups (X, *); for the
proofs see |J].

(1) (My(X),*, |- |l7v) is a Banach-*-algebra with the involution p — p* such

that p*(A) := u(A) and the identity &,. Here || - |7y denotes the total
variation norm.

(2) Tt is well known that the span of point measures is weakly dense in M (X).
This, together with the bilinearity of the convolution implies that the def-
inition of the convolutions (9, *d,) (z,y € K) of arbitrary point measures
defines the convolution % on M, (X) completely, and thus the hypergroup
(X, %).

(3) The weak continuity of the convolution * on M;(X) ensures that for all

w, v € My(X)
M*y_//a s 8, dp(x)dv(y).

This means that for all f € Cp(X)

/X Fd(psv) = /X /X /X Fd(8,  8,)du(z)dv(y).

EXAMPLE 2.3. Let (G,-) be a locally compact group with identity e. The usual
convolution on My(X) is defined by

pxv(A) = /X /X La(z +y)du(r)du(y)




for A € B(G),pu,v € My(G). Then (G,*) is a hypergroup with identity e. The
mwvolution s given by

po(A) = p(A™h),
where A= = {g7': g€ A} C G for all A € B(Q),u € My(G).
It can be easily seen that the group (G,-) is abelian if and only if the hypergroup
is commutative, see [J|.

We notice that an arbitrary hypergroup (X, ) is not necessarily directly connected
with an algebraic structure of X.

Nevertheless, many concepts from harmonic analysis on some locally compact
groups can be transferred to hypergroups.

Let (X, *) be a hypergroup. For a function f € B,(X) and x € X we define

Flawy) = /X fd(5, % 6,)

if the integral exists.
Furthermore, let T, f(y) := f(z *y) and T*(y) := f(y * x) be the right a-translate
of f at y and left a-translate of f at y, respectively.

The following basic facts can be found in [J]:

(1) For f € By(X),z € X, T,.f, T*f € B,(X).

(2) For f € Co(X),z € X, T,.f, T"f € Cp(X).

(3) For f € C(X),z € X, Ty € C(X) and the map (z,y) — f(z *xy) is
continuous on X x X.

Also the concept of a Haar measure can be transferred to hypergroups.

DEFINITION 2.4. Let (X, %) be a hypergroup. A nonzero measure wy €
MT(X) is called a left Haar measure or right Haar measure if for all z € X
and f € C.(X) it holds that

/Txfde:/fde or/T”fde:/fde
X b's X b's
respectively.

A left and right Haar measure is called a Haar measure.

It can be observed that for a commutative hypergroup a left Haar measure is
also a right Haar measure and a right Haar measure is also a left Haar measure,
see [BH].

THEOREM 2.5. Let (X, %) be a commutative hypergroup. Then there exists a
unique Haar measure up to a multiplicative constant.

PROOF. See Theorems 1.3.15, 1.3.22, 1.3.28 in [BH]. O
13



From now on let (X, *) be a commutative hypergroup with a Haar measure
wy. Then the convolution and the involution for measurable functions are given

by
_ /X F)9(e * 7)dwx (1)

and f*(z) = f(Z), (x € X) respectively.
We list some basic properties of the convolution of functions from [J]:

(1) If f,g € Co(X), then fx g, f* € C.(X) for all z € X.

(2) If f,g € LYX) := LYX,wx), then f * g(x) exists for wx—almost all
v € X, and f*, f g € L'(X) and [|f * gli < [[flllgll. Moreover,
f+ € 70 with ] = 7]

(3) (LY(X),=,*,] - |[1) is a commutative Banach-*-algebra. This Banach-*-
algebra can be identified with the commutative Banach-*-subalgebra of
all absolutely continuous measures in (My(X), %) via f +— f - wx.

(4) For p > 1 the translation above extends to LP(X) := LP(X,wx), and for
f€LP(X), g€ L'(X) the convolutions obeys || f  gll, < || fllpllglli-

DEFINITION 2.6. Let (X, %) be a commutative hypergroup. We define the
spaces

X(X) ={p eC(X):p#0,0(xxy) =p(x)p(y) Vr,ye X}
Xo(X) = x(X) N Cy(X);
X ={p e x(X): (@) =p(x) Yz € X}.

The functions in x(X) are called semicharacters. The space X is called dual of
X, and its elements are called characters.

The spaces x(X), x5(X) and X are endowed with the topolgy of uniform con-
vergence on compact sets. X is homeomorphic to the symmetric spectrum of the

Banach-*-algebra A*(L'(X)) of L'(X) via
X506 L, € A(LNX)) with Lo(f) = / f - Gdwy,
X

see Theorem 2.2.2 in [BH]|. This shows in particular that X is a locally compact
Hausdorft space.

If (X, %) is a locally compact group (in the sense of Example , then X carries
again the group structure w.r.t pointwise multiplication of characters, see [D1i]. It is
well-known that such a dual algebraic structure is not available on X for arbitrary
commutative hypergroups (X, ), for examples see |J|. This is in particular the
case for the examples considered below.

We next turn to the Fourier transform on hypergroups:

14



DEFINITION 2.7. For p € My(X) and f € L'(X) the (hypergroup) Fourier-
(Stieljes) transforms fi and f are defined by

¢) = [ Fafp@dox(o) and fitg) = [ Padua) (o € ).
X
We list several well-known properties of these Fourier transforms:

THEOREM 2.8. Let X be a commutative hypergroup. Then the following state-
ments are true.

- Y
*

(i) For p,v € My(X) the Fourier transform satisfies (u*v) = pv, p* =

=

Moreover, fi € Cy(X) with ||ftllco < |lpllzv- B
(i) For f,g € L*(X) the Fourier transform satisfies (f/*\g) = fg, fr=f.
(iii) Riemann-Lebesque lemma: for f € LN(X), f € Co(X) with || flloo < || f]l1-
(iv) The maps f — f, p— i are injective.
(v) {f: feCX)} is dense in Co(X).
PROOF. See Theorems 2.2.2 and 2.2.4 in [BH]. O

The Fourier transform leads to an L*-isometry between L*(X) := L*(X, wx)
and some L2-space on X with respect to some Plancherel measure on X. More
precisely:

THEOREM 2.9. (Levitan-Plancharel) Let (X,*) be a commutative hyper-

group. Then, there exists a unique measure Ty € M™(X A ), which is called Plancherel
measure such that for all f € L*(X) N LY(X) the identity

1) [ P = [ 1frans

1s satisfied. The map f — f extends to an isometric isomorphism from L*(X,w)
to L*(X, 7).

PROOF. See Theorem 2.2.13 in [BH]. O

If (G, ) is a locally compact group, then the Plancherel measure mg on Gis just
"the” Haar measure on the locally compact group G. In particular, in this case,
the support supp(mg) of m¢ is equal to G. For a commutative hypergroup however,
the support of mx may be a proper subset of X. Examples of such hypergroups
will be considered below.

DEFINITION 2.10. (i) The inverse Fourier transform of f € L'(X) :=
LY (X, mx) is defined as

/f x)dr(p) (z € X).



(i) The inverse Fourier transform of 1 € M,(X) is defined as

fi(z) = / ule)du(e) (x € X).
X
We list some properties of these inverse Fourier transforms:

THEOREM 2.11. (Fourier inversion theorem)
Let (X, %) be a commutative hypergroup with dual X. Then the following state-
ments are true.
(i) The Riemann-Lebesgue lemma is satisfied, i.e. for f € LY(X), f € Co(X).
(ii) For p e M(X), i € Cy(X).
(iii) The maps p+— fi, f — f are injective.
(iv) For all € My(X),v € My(X), v = jiwx if and only if pn = .
(v) For all f € C(X)N LY(X) with f € LNX), f = (f)".
(vi) The set {f: f e LNX,mx)} is || - ||lo-dense in Co(X).

PROOF. See Theorems 2.2.35 and 2.2.36 in [BH]J. O

We are now ready to state a "hypergroup” version of Lévy’s continuity theo-
rem which allows to recover some classical theorems in probability theory such as
central limit theorems in the case of hypergroups.

THEOREM 2.12. (Lévy continuity theorem)
Let p € MY X) and let (ju,)n>1 be a sequence in M'(X). Then the following
statements are true:
(i) If up, converges to p weakly, then i, — [ locally uniformly in X.
(ii) If fin — fu pointwise on S C X for p € MY(X), then p, converges to p
weakly.
(iii) If there exists f € C(X) satisfying limy, o0 fin = f pointwise, then there
exists p € My (X) such that i = f and p, — p weakly.
(iv) If there exists [ € C(X) satisfying im,, o fl, = f pointwise on supp(mx),
then there exists a unique p € M (X) such that f = [i mx-almost every-
where and p, — p vaguely. Moreover, if in addition 1 € supp(wx) and f
15 continuous at 1, then p, — u weakly.

PROOF. See Theorems 4.2.2 and 4.2.4(iv) and 4.2.11 in [BH]. O

2. Double coset hypergroups and Gelfand pairs

In this section we study an important class of hypergroups which are related to
the group theory and which are commutative in particular cases. These examples
are called double coset hypergroups. To introduce these examples let G be a locally
compact group and let K be some compact subgroup of G. Moreover, let

(2) My(GIK) :={p e My(G) : p*xd,=p Vye K}
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and
(3) My(G||K) :={pu € My(G) : 0y x ux0y =pu Va,ye€ K}

be the spaces of K-invariant and K-biinvariant bounded measures on G, respec-
tively. Then, clearly the space M,(G|K) is Banach-subalgebra of M(G). More-
over, M, (G| K) is a Banach-*-subalgebra of M;(G).
Let wg be some left Haar measure of G and wg be the normalized left Haar mea-
sure of K. The measure wg will be regarded also as probability measure on G.
Next, let G/K = {¢K : g € G} and G//K := K\G/K = {KgK : g € G} be
the spaces of left and double cosets, respectively. Moreover, consider the canonical
projections

7:G—>G/K, g~ gK;

7:G—G//K, g¢g— KgK.

We now equip G/K and G//K with the quotient topologies. It can be easily
observed that G/K and G//K are locally compact Hausdorff spaces, and that =
and 7 are continuous and open mappings, see Chapter 8 in [J].
The canonical projection 7 induces a map 7* : My(G|K) — My(G/K) by taking
images of measures w.r.t 7. We next define the convolution for point measures on

G/K by
5mK Xz (SyK = / 5mkyKdWK(k> (x,y c G)
K

The general convolution *; on the Banach space M,(G/K) is defined via unique
bilinear, weakly continuous extension. When doing so, (My(G/K),*z,]| - |l7v)
becomes a Banach-algebra, and 7* : My(G|K) — Mp(G/K) is an isometric
isomorphism of Banach algebras, see e.g Chapter 8 in [J]. Furthermore, let
LYG) := LY(G,w¢) and let
LYGIK) :={f € LYG): f(xy) = f(z) Vr€Gandyc K}

be the space of K-invariant integrable functions on G. It is well known that
wek = T (wg) € MY(G/K) is a left Haar measure on G/K, see Proposition

8.1B in [J]. The map 7 induces an isometric isomorphism 74 : L'(G|K) —
LYG/K,wq/K), see e.g Chapter 8 of [RS].

Similarly, the canonical projection 7 induces a map 7* : M(G||K) — M,(G//K).
We define the convolution of point measures by

OKzK *r OKyK = / 5szydeK(k> (z,y € G).
K

The general convolution x, on the Banach space M,(G//K) is then defined via
unique bilinear, weakly continuous extension. Moreover, define an involution * :
My(G//K) - My(G//K) such that pu*(A) = u(A-1) for all p € M,(G//K) and
A € B(G). Then (My(G//K),*:*, || - |lrv) becomes a Banach-*-algebra, and
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™ My(G||K) = My(G//K) is an isometric isomorphism of Banach-*-algebras,
see e.g Chapter 8 in [RS]. We can observe that wg//x := 7*(wg) is a left Haar
measure on G//K, see Proposition 8.2B in [J]. Let

LYG||K) ={f € L' Q) : f(zyr) = f(z) Vr€Gandyc K}
be the space of K-invariant integrable functions on G. Then 7 induces an isometric
isomorphism 7y : L' (G||K) — LY(G//K,weg)/K).
We have the following well-known result (see [J]):

THEOREM 2.13. Let K be a compact subgroup of a locally compact group G.
Then (G//K,*:) is a hypergroup with the identity K = KeK and involution
KgK — Kg 'K (g € Q).

We next study the case where M, (G//K) is a commutative Banach algebra.
For this we define:

DEFINITION 2.14. Let G be a locally compact group and K C G be a compact
subgroup. Then the pair (G, K) is called Gelfand pair if M,(G||K) is commuta-
tive.

We note that if (G, K) is a Gelfand pair, then the group G is unimodular, i.e.
wg is also a right Haar measure, see Proposition 6.1.2 in |[Di|. Furthermore, in
this case, the Banach-*-algebra L!(G||K) is also commutative.

For Gelfand pairs (G, K) we introduce spherical functions:

DEFINITION 2.15. Let (G, K) be a Gelfand pair. Then ¢ € C(G) is called a
spherical function of (G, K) or spherical function of G/K if ¢ is K-biinvariant,
¢ # 0 and if ¢ satisfies the product formula

(4) /K o(gkh)dwic (k) = o(g)p(h) for all g, h € G.

If in addition ¢ is bounded and p(g~!) = ¢(g) for all g € G, then ¢ is called
a spherical character.

The spherical functions (or spherical characters) on G can be identified with
multiplicative functions (or characters) on the commutative double coset hyper-
group (G//K,*,) as follows:

LEMMA 2.16. Let (G, K) be a Gelfand pair. Then, for a K-biinvariant function
f € C(Q) the following statements are equivalent:

(i) f is a spherical function,
(ii) f has the form f = @ox for some multiplicative function ¢ € x(G//K,*,);
(iii) for all p,v € My(G||K) the multiplicativity property

/G F(@)d(u * v)(z) = /G f (@) dp(z) /G £ (y)dv(y)
18



1s satisfied.
PROOF. See Chapter 6.1 in [Di]. O

There are several equivalent descriptions of Gelfand pairs among which we
quote criteria from [GV].

THEOREM 2.17. Let K be a compact subgroup of some locally compact group
G. Then under each of the following conditions (G, K) is a Gelfand pair.

(i) There exists a continuous involutive automorphism 6 on G satisfying
e Kb(x)K for allz € G.

(ii) There exists a continuous involutive automorphism 6 on G satisfying
O(k)=Fk forallk € K and G=K -P with P:={zx € G: 0(x) =z '}.

(iii) There exists an involutive automorphism 6 on G and an abelian subgroup
A C G such that G = KAK, i.e. every element x € G has a unique
decomposition = kyaky with ki, ks € K and a € A, where 0(k) € K for all
ke K and 0(a) =a™ "' for alla € A.

PROOF. See Proposition 1.5.2, Corollary 1.5.3 and Corollary 1.5.4 in [GV] O

3. Two examples of Gelfand pairs

In this section we consider two classes of Gelfand pairs which are central to
our work. Furthermore we give the explicit description for the product formula for
spherical functions on these Gelfand pairs.

For the first example consider for ¢ € N the general linear group G = GL(q, F)
and a compact subgroup K = U(q,F) of unitary matrices taken over one of the
(skew-)fields F := R, C and the quaternions H.

Let M,(IF) denote the space of ¢ x ¢ matrices over the field F and let

Py(F) .= {x € M,(F) : x = =", x positive semi-definite}

denote the cone of positive semi-definite Hermitian matrices in M, (F).

It is well-known by the theory of symmetric spaces ( see [GV], [H1]) that in these
cases, (G, K) are Gelfand pairs. As this is central to our work, we recapitulate an
elementary proof of this fact.

PROPOSITION 2.18. For q € N, the pair (G, K) = (GL(q,F),U(q,F)) over the
(skew-)fields F = R, C and quaternions H is a Gelfand pair.

PRrROOF. We prove the result for F = C. The result for R, H follows similarly.
Consider the automorphism 6(z) := (z*)~! := (z7)~! on GL(p,C), then O(k) = k
for all k£ € U(p,C). For © = (x4, ...,x,) denote by z the diagonal matrix with
entries xq, ..., x, and set

A= {z = diag(x1, .., zq) : T1, ..., 24 € (0,00)}
which is an abelian subgroup of GL(g,C). Every element in g € GL(q,C) has a
polar decomposition g = ry with some r € P,(C) and some y € U(p, C). Moreover,
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every r € P,(C) has the decomposition r = zaz™! for some a € A,z € U(q,C).
Thus every g € GL(q,C) has G = K AK representation, i.e. * = kjaks for some
ki,ko € U(p,F),a € A. Now, the part (iii) of the Theorem above yields the

required assertion. 0
For the above pair the left coset space G/K can be identified with the cone

P,(F) via the map

(5) 9K = 1(g) == gg" € P(F), (9€G),

where G acts on P,(F) via a +— gag*. Let o4n4(g) € C’f denote the singular

spectrum of g € M,(F), where the singular values of g, i.e. the square roots of
eigenvalues of the positive definite matrix gg*, are ordered by size. Then the map

1 *
(6) KgK — Inogn,(g) = 3 Ino(gg”)

leads to identification of G//K with

(7) C’;‘ ={r=(21,...,7,) €ERI 121 > z9... > 2.}

We shall now obtain the formula for the convolution on G//K, where we identify
G//K with C;‘. As spherical functions are K-biinvariant functions we can regard
spherical functions ¢ on G as functions on C;‘. In this way a spherical function
¢ € C(G) corresponds to some ¢ € C(C#) via ¢(z) = ¢(x) for all z € C in
one-to-one way. Let g € G be arbitrary, then via the map @ g has the form
g = uetu for x € C(f and u,w € K, where e* := diag(e™, ..., e"). We thus obtain

1
€r = 5 In Using(g)
Thus, for the function ¢ € C(C}) above, the product formula (4) writes
1
(8) U(x)Y(y) = /K@/)(5(Usmg((ex/f@y))))dwK(/f)

for all x,y € C’f . With this product formula in mind, we can now define the

convolution on C'# which characterizes the convolution x, on G//K. Then, for

q )
x,y € Cf we define the convolution of Dirac measures o, d, by

() 5, %y 6,(f) = /K f(%(asmg((e“”key))dw;((k).

We now present our second example: Fix p,q € N with p > ¢ > 1 and let
F = R,C or H, as above. We recapitulate the indefinite orthogonal, unitary and
symplectic groups with dimensions p, g. For this we define

— ]q 0
(10 =g %)
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Then the groups

Op,q) ={AeGL(p+q¢.R): AL, A=1,,};

Ulp,q) ={AeGL(p+¢q,F) : A", ,A=1,,};

Sp(p,q) ={A € GL(p+q,H): AL, (A =1,,}
are called indefinite orthogonal, indefinite unitary and indefinite symplectic groups,
repectively. Furthermore, let SO(p,q) := O(p,q) N SL(p + ¢,R), SU(p,q) :=
U(p,q) N SL(p + ¢,C) and Sp(p,q) := O(p,q) N SL(p + ¢, H), where SL(p + ¢,F)
denotes in all cases the (p + ¢) X (p + ¢) matrices with determinant 1. Moreover,
let SOy(p,q) C SO(p,q) is the connected component in SO(p, q) containing the
identity. The groups SU(p, q) and Sp(p, q) are simply-connected, semisimple linear
Lie groups. Now let G be one of the groups SO(p, q), SU(p, q) or Sp(p, q) for p > q.
We choose the groups K = SO(p) x SO(q), S(U(p) x U(q)) or Sp(p) x Sp(q) as
maximal subgroups of groups G, respectively for all of the above classes.

The homogeneous spaces G, , := G/K are called the non-compact Grassmann
manifolds over the (skew-)fields F := R, C and H.

As in the preceding example, it is well known that the pair (G, K) is a Gelfand
pair; see Theorem 8.6, Chapter VII in [H1]. As above we give an elementary proof.
For this we use the diagonal matrix notations:

coshz := diag(coshzy, ..., coshz,;), sinhz := diag(sinhz,...,sinhz,) for z € R

PROPOSITION 2.19. Let G and K be defined as above. Then (G, K) is a Gelfand
pair. Moreover, the double coset space G//K can be identified with the Weyl
chamber

C’f ={reRI:x; >y >

as follows: C’f will be identified with the set

>z, >0}

coshx sinhx O
(11) {am

:= | sinhz coshz 0 :xECf} C G,
0 0o I,

via C’f > x <> a,, where this set is a set of representatives of the K-double cosets

mn G.

PrROOF. We prove the result for (G, K) = (SU(p,q),S(U(p) x U(q))), the
other two cases follow similarly. Analogously to the Example 2.1§ above we set
O(x) := (z*)~!. Clearly # is an automorphism on G. Moreover, for all k € K,
we have 0(k) = k. We now determine an abelian subgroup A C G such that the
representation G = K AK is satisfied. Consider the (p + ¢) X (p + ¢) matrix

Ogxq L Ogx(p—q)
H, = z Ogxq Ogxp—q
O(pfq) xq O(pfq) xq O(pfq) x(p—q)
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We define the exponential of a matrix X as e® := Y 77, Xk—,k Then it is easy to

observe that
coshz sinhz 0
efle — g, = [ sinhz coshz 0 ,
0 0 I,
see e.g. Lemma 15 in [S|. Since we have H, + H, = H,,, and H,H, = H,H, it

follows that

eHerHy — eHzeHy — eHy Hz.

Thus, A := {a, : + € R?} is an abelian subgroup of G with 6(a,) = a;* for all
a, € A.
We next prove :

e

@ Every element g € G can be written as g = kya,ko for some ky,ky € K
and z € RY.

@ Ka,K = Ka,K if and only if  can be derived from y by permutation of
components and multiplication of each component by +1.

Then, @ and @) together with Theorem [2.17|(iii) imply that (G, K) is a Gelfand
pair and that
G//K ~CP.
We begin with the proof of (D). The inclusion D can easily be verified by showing
T _
g 1p.9 = 1I,, for

(U1 0 (5) 0
(12) g - (0 Ul) am (0 'UQ) )
where uy, uy € U(p),v1,v9 € U(q) and a, € A with

det(uq) det(v;) = 1 and det(ug) det(vq) = 1.

To show the opposite direction choose any g € G C GL(p + ¢,C). Then by the
same argument as above, there exist ki, ky € U(p) x U(q) such that

~ Y1 a
13 kigke = g =
(13) 1gk2 = g (b yg) :
where d; € R9* dy € RP*P are diagonal matrices and a € C?*P b € CP*7. We

have then
_(dy b di a
o= (B ) (8 )

@& =bb  dia—bdy

o a*d1 — dgb a*a — d%
which implies that a*a = d3 — I, is a diagonal matrix. On the other hand, the
matrix a*a is positive semi-definite and has the rank < ¢. Thus, at least p — ¢
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entries of a*a are zero and all the entries of dy are greater or equal to 1. Without
loss of generality we can assume that

4y — coshg 0
o 0 Iy

for some y € R9. Moreover, a has the form a = (Z 04x,—q), where the columns
of Z are orthogonal. Thus a can be written as a = (usinhy 04x,—,) for some
u € U(q). Similarly, one can show that there exists z € R? such that d; = coshz
and b = Y - sinhx, where ¥ has orthogonal columns. On the other hand, the

equation dia — b*dy = 0 implies that b = (0( “) ) sinh z and
P—q)Xq

(14) cosh zu sinh y = sinh 2@ cosh y

for u, @ € U(q,C) as above.

Now, with elementary computation we can conclude that the vectors x, y are equal
up to permutations and multiplication with +1. Without loss of generalization
assume that x = y. This yields that « = u. Returning to the Eq. we
conclude that the matrix g has without loss of generalization, the representation:

coshz wsinhz 0
(15) g = [sinhazu* coshz 0

0 0 I,
u 0 0 coshz sinhzx 0 uw* 0 0
=10 I, O sinhx coshz 0 0 I, O
0 0 I, 0 0 I, 0 0 I,
@) follows similarly to (D). 0J

We shall now define the convolution on the double coset hypergroup G//K,
where we identify G//K with C} as above. This convolution is equivalent to the
product formula for the associated spherical function. Here, we follow closely
Section 2 in [R2].

As spherical functions are K-biinvariant functions on G, in view of Proposition
they can be regarded as functions on the set {a, : = € C’f } of representatives

of the double cosets and also as continuous functions on C’f . Thus, a spherical
function ¢ € C(G) corresponds to some ¢ € C(CP) via ¢(a;) = ¢ (x) for all
T € C’f, in one-to-one way. Now let g € G be arbitrary, then g has the form

(16) 9= (g 2) s <g 2) ,

with w, @ € U(q),v,0 € U(p) and & € CF. The vector x € CP here can be
determined uniquely for g € G as follows: Denote the upper left ¢ x g block of ¢
by A(g). Then, with a short calculation we obtain that

(17) A(g) = ucosh zii, where u, @ € U(q)
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and thus o,,(A(g)) = (coshzy, ..., coshz,) =: coshz. Therefore,
(18) x = arccosh(0,ing(A(g))) for g € Ka,K,z € CF,

where arccosh is taken componentwise.

As noticed above it suffices to calculate the product formula for arguments
g = Az, h = ay, where z,y € CP. Thus, for the function ¢» € C(CF) above, the
product formula writes

(19) b(a)y) = /K b (arccosh(0img (A(agkay ) duoe (k)

for all z,y € CqB.
We would like to achieve further simplification for the product formula. For this
we introduce the following notation from [R1]:

Let d = 1,2,4 be the dimension of F over R, and let

B, = {w € My (F) : ww* < I} C M,(F)

denote the matrix unit ball, where the partial ordering A < B means that A — B
is strictly positive definite.
Furthermore, define the following probability measure dm,(w) on By s

1
(20) dm,(w) = AL — wrw)P? dw,
Rpd/2

where
1
75:d(q—§)+1,

A denotes the determinant on the cone P,(F), dw is the Lebesgue measure on the
ball B,, and

Kpd/2 = / A(I — w*w)P¥*7dw
Bq

is the normalization factor.

THEOREM 2.20. [Proposition 2.2 in [R1|]]
Let p > 2q and v be defined as above. If we regard a spherical function ¢ as a
function ¢ on C’f, then 1 satisfies the product formula

(21) bla)ly) = / e, ()

where du is a Haar measure on Uy, dmy(w) is defined as in (20),

(22) d(x,y,u,w) = arccosh(ogng(cosh zu cosh y 4 sinh zn*vn sinh z))

and n = (0 fa )

(p—q)xq

24



As one can see, the domain of integration is independent of p > 2¢ in the
product formula above. With this product formula in mind, we can now define
the convolution on C?, which characterizes the convolution . on G//K.

DEFINITION 2.21. Let f be a continuous function on Cf. Then, for z,y € Cf
define the convolution of Dirac measures 0, J, by

(23) Oz *p.q Oy(f) ::/U ; fld(z,y, u,w))dmy,(w)du,

where the probability measure dm,(w) is defined as in (20) and d(z,y,u,w) is
defined as in (22)).

We summarize the preceding results :

THEOREM 2.22. Letp,q € N, p > 2q and let *,, 4 be as in Definition|2.21. Then,
(C’f, *pq) 15 @ commutative hypergroup which can be identified with the double coset

hypergroup (G K. 7).

REMARK 2.23. The hypergroups (C’f, *pq) I the case ¢ = 1 were extensively
studied by Koornwinder in [K|. Here, the spherical functions ¢ parametrized by
A € C are given by Jacobi functions

o3 () == o Fi((a+ B +1—iN)/2,(a+ B+ 1+i\)/2;a+ 1;—sinh’*z) (A € C)
with

a=pd/2—-1, [=d/2—1 whered:=dimgF =1,2,4.
Moreover, double coset convolutions %, on [0,00) can be regraded as special case

of Jacobi convolutions defined by Koornwinder in (K. For a > 8 > —1/2, these
convolutions are given by

1 ™
Oz *a,8 Oy(f) = / / f(arccosh| cosh x cosh y + re'® sinh x sinh y|)dm,, 4(r, ¢)
o Jo

where the probability measure dm,, g(r, ¢) is given by
20 (a + 1)(1 — r2)* AL (rsin ¢)?# - rdrde
24 dmy, g(r, ) =
2 o) T(/2T (0 = AL (3 +1/2
(a76)

Furthermore, the following intergral representation for Jacobi functions ¢y " was
obtained in |K| :

1 T
go(;"ﬁ) (z) = / / | coshz + re' sinh ZE|i>\_pdma,B<T’ ©)
o Jo

with dm,, g(r, ) introduced in and

p=a+p+1
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It was shown by Rosler [R2] that the convolution *,, on bounded measures
on C’f can be extended by analytic continuation from p € {p € N : p > 2¢} to
all p € (2¢ —1,00), so that (C, ,,) in the extended case is still a commutative
hypergroup. For non-integer p these hypergroups are no longer isomorphic to

double coset hypergroups. As this result is central for Chapter |4, we will state it
separately in Theorem [4.18|
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CHAPTER 3

Markov processes on hypergroups and homogeneous spaces

In this chapter we first recapitulate the concept of some Markov processes on
hypergroups which are motivated by the concept of Markov process on groups. We
also introduce random walks on homogeneous spaces for some Gelfand pairs (G, K)
and study their connection with Markov processes on double coset hypergroups
(G//K,*;). We later recapitulate the concept of moments on hypergroups which
among other things allows to state limit theorems and construct some martingales
from Markov processes on hypergroups.

1. Random walks and Lévy processes on hypergroups and
homogeneous spaces

1.1. Random walks and Lévy processes on hypergroups. Let (G,-)
be a locally compact group. We first recapitulate the notion of random walks
on groups. Let (Y,),>1 be a sequence of independent and identically distributed
random variables. Then, consider the stochastic process (S, := Y] -+ Y, )n>0 (with
the convention Sy = e) on G. It is well known that (S,,),>1 is a time-homogeneous
Markov process with independent, stationary increments. More precisely:

(i) For all k € N and ¢, ...t € N, with 0 = ¢y < t;... < t}, the random
variables S, St_OIStl, e St_kflStk are independent.
(ii) For k,n € N with k > n, Pg-1¢ depends only on k — n.
(iii) The transition probability is given as follows:

(25) P(Sus1 € AlS, = ) = (5, * p)(A)

for all n € Ny, x € G, A € B(G). Here, p € M'(G) is the distribution of
Y,, (independent of n € N). Clearly, the probability measure p determines
the distribution of (.S,,),>0 uniquely.

The Markov process (Sy,)n,>0 on G is called a (right) random walk on G asso-
ciated with € M(G).

We now extend this notion from groups to commutative hypergroups (X, *).
As we do not have an algebraic operation on X, we cannot use the concept of
products of i.i.d. random variables above. However, we can use Eq. to define
random walks on commutative hypergroups:

27



DEFINITION 3.1. Let (X, *) be a commutative hypergroup. Let u € M (X)
be an arbitrary probability measure. Then a time-homogeneous Markov process
(Sn)n>0 with Sy = e is called a random walk on (X, %) associated with p € M (X)
if
(26) P(Sn—i-l S A|Sn = :E) = (596 * M)(A)
foralln € Nz € X, A € B(X).

Now we introduce random walks in continuous time. We start with the group
case: Let (G,-) be a locally compact group. A family of probability measures
(11¢)te0,00) € MY (G) is called a convolution semigroup on G, if the following con-
ditions are satisfied:

(1) ps * pr = pisy for all s, € [0, 00);

(i) the map [0,00) — MY (G), t — p; with g = d. is weakly continuous.
Now let ()ie,00) C MH(G) be a convolution semigroup and let (Si)tejo.) be a
(time-continuous) stochastic process with transition probabilities:

(27) P(5; € A[Ss = x) = (00 * p1—s) (A)
for all s, € [0,00) with s < ¢, x € G and A € B(G). Then it is easy to observe
that (S¢)ic(0,00) has independent and stationary increments, that is :

(i) For all tg,ty, ..., tx € [0,00) with 0 =ty < t;... < ty, the random variables
StO,St_()lStl, - t_,ilstk are independent.
(ii) For s,t > 0 with t > s, Pg-14 depends only on ¢ — s.
Conversely, if the G-valued process (S¢)c(0,0) has independent and stationary in-
crements, then (u; := IP’X; Xt+h)t€[0,oo) forms a convolution semigroup on G.
The process (S¢)ic(0,) is called Lévy process associated with (fi¢)sc(0,00)-

Motivated by this we now define Lévy processes on hypergroups:

DEFINITION 3.2. Let (X, %) be a commutative hypergroup. Then:

(i) A family of probability measures (f1t)iejo,00) C M'(X) is called a convolu-
tion semigroup on X, if p * py = psyy for all s,¢ € [0,00) and if the map
0,00) = MY(X), t — p is weakly continuous.

(ii) Let (pt)eefo,0p € MH(X) be a convolution semigroup. Then a (time-
continuous) stochastic process (S;)ic[o,00) is called a X-valued Lévy process
associated to (1)tefo,00) if

(28) P(Sp € AlSs = o) = (05 * pu—s)(A)
for all s,t € [0,00) with s <t, 2 € X and A € B(X).

We now turn our attention to the double coset hypergroups (G//K, %) in Chap-
ter [2 and discuss examples of random walks and Lévy processes on (G//K,*).
There are two constructions for these processes. In both cases let I = Ny or [0, 00)

28



be the parameter space.

In the first construction we start either with some K-biinvariant measure u €
MYG|IK) € MY(G) (for I = Ny) or with a K-biinvariant convolution semigroup
(Ht)iefo0) © MHG|IK) € MH(G).

Now, let (Sy)ier be an associated random walk or Lévy process on G.

THEOREM 3.3. Let 7 be the canoncial projection from G to G//K. Then the
process (m(Sy))ier is a Markov process on the hypergroup (G//K,*,). More pre-
cisely:

(1) for I =Ny,
P(7(Snt1) € Alm(Sn) = 2) = (32 #x 7(1))(A)

foralln e No,z € G//K, A € B(G//K).
(2) ForI=1[0,00) ,

P(m(5:) € Alm(Ss) = 2) = (0z #x w(1-s)) (A)
for all s,t € [0,00) witht > s, z€ G//K and A € B(G//K).

PROOF. We prove the statement for the continuous-time case I = [0, 00). The
result for the discrete time case I = Ny it follows similarly. Let (F3); be the

canonical filtration of the process ((S;))ies and (Fy)se; be the canonical filtration
of the process (7(S;))ier. We note that for all s <t € I and A € B(G//K) that
the function = + (8, * y_s) (71 (A)) is K-biinvariant. Since 7* is an isomorphism
from M, (G| K) to M,(G//K) as noticed in Chapter [2| we have that

(30 # p—s) (171 (A)) = (On(a) = 7" (1e-s)) (A)

forallz € G//K,A € B(G//K). Now, by Markov property of (S;)ie; we deduce
that

P(7(S,) € AlF,) = P(S, € 7 1(A)|S,)

= (ds, * He—s) (77 (A))
= (On(s) *r T (111-5)) (A)-

Therefore, we have
P(n(S)) € AlFs) = (dn(s.) *x T(—s))(A) = P(w(Sy) € Aln(S;))  aus.
As o(n(S,)) € F, C Fs, we also have
P(n(S,) € A|F,) = P(n(S,) € Aln(S,)) aus.

This yields the claim. U
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1.2. Random walks and Lévy processes on homogeneous spaces. We
now turn to the Markov processes on homogeneous spaces for G. We closely
follow [LJ].

We first recapitulate homogeneous spaces. A topological space M is called a
homogeneous space for group G, if G acts transitively on M. Fix a point o in M.
Then the stabilizer

K :={g:g=go}
of o in M is a closed subgroup of G. It is easy to see that M is homeomorphic to
G /K under the map go — ¢gK and the G-action on M is just the natural action
of G on G/K. Conversely, given a coset space G/ K, it is a homogeneous space for
G with a distinguished point, namely coset of the identity. Thus a homogeneous
space can be thought of as a coset space without the choice of origin.
In this way, a Markov process on M, invariant under the transitive action of G
may be regarded as a Markov process on the homogeneous space G/K invariant
under the natural action. We will now give some basic properties of measures on
G/K before discussing the G-invariant Markov processes in G/ K.
Recall that a measure p on G/K is called a K-invariant (invariant under action of
K) measure, if k(p) = p for all k£ € K where k acts on G/K as usual. It is clear
that the Haar measure wq i is K-invariant. Moreover, it can be observed that for
all u,v € My(G/K) and k € K

k(p oz v) = k(p) *z k(v),
see c.f. Chapter 1in [L]. This means that if y, v € M,(G/K) are K-invariant, then
pxv is K-invariant as well. Therefore the set of K-invariant measures in M,(G/K)
is a Banach subalgebra of M,(G/K). Denote this space by My, x(M). Further-
more, recall the canonical projection 7@ : G — G/K and let 7 : M,(G|K) —
M,(G/K) be the map induced by taking images of measures w.r.t 7. he follow-

ing result provides the relation between K-(bi)invariant measures on G and on
M=G/K.

PROPOSITION 3.4. (1) The map

p v =7" (1)
is an isomorphism from My(G||K) to My x(G/K).
(2) The map ™ preserves the convolution in the sense that for any measures
M(G|K)
T (pxv) =7 (p) 5z 7 (V).
A convolution semigroup on G/K is defined in the same way as on G. A family

of probability measures (pu)iep,00) C M'(G/K) is called a convolution semigroup
on G/K, if the following conditions are satisfied:

(1) ps * pr = pisye for all s, € [0, 00);
(i) the map [0,00) = MY (G/K), t — p; with pg = d.x is weakly continuous.
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PrRoPOSITION 3.5. The map

(1) tefo,00) = (Ve)teo,o0) = (T (11e) )tef0,00)

s a bijection from the set of K-bitnvariant convolution semigroups

(/Lt)te[o,oo) on G onto the set of convolution semigroups Vt)te[o’oo) on
M=G/K.

PROOF. See Proposition 1.9 in [L]. O
We can now define the G-invariant random walk and Lévy processes on M = G/K:

DEFINITION 3.6. (1) A random walk (Z,)eny on M = G/K with start in
o = eK is called G-invariant random walk if its transition kernel /C, i.e.
K(z,A) =P(Z,+1 € AlZ, = x)
reG/K,A e B(G/K),n €N, satisfies
K(z, A) = K(g(z), 9(A))
for all z € G/K,A € B(G/K) and g € G, where G acts on G/K in a
canonical way.
(2) A Lévy process (Zi)icpp,00) O M = G/K is G-invariant if the transition
semigroup (F;)icpo,0), i-€-,
Pt(.T,A) = P(Zt+5 € A|ZS = x)
forx € M, A € B(M),s,t € |0,00), satisfies
Fi(z, A) = Py(g(x),9(A))
forge G,o € M, A e B(M),s,t € [0,00).
It can be easily shown that for a G-invariant random walk i := K(eK,-) is a
K-invariant measure on G/K. Indeed, for all k € K and A € B(G/K) we have
k(i)(A) =u(k~(A)) = K(eK, k™' (A))
=K(k-eK,A) =K(eK, A)
—ji(A).
By Proposition there exists a unique K-binvariant measure p such that 7%(u) =
f. This means that for any random walk (S,,),>0 associated with K-biinvariant
probability measure, the process (7(S,))n>0 is a G—invariant random walk on
G/K. Conversely, any G-invariant random walk on M = G/K can be obtained
from a random walk with associated K-biinvariant measure above.
Similarly, a G-invariant Lévy process (Z;)ico,00) On M = G/ K is associated with
a K-invariant convolution semigroup (fiz)i>0 := (P;(eK, -))i>0. By Proposition
there exista a unique K-biinvariant convolution semigroup (f);>0 on G such that

T*(fi¢))e>0 = (fir)e>0- It can be also shown that for Lévy process (S;)icp,00) 01 G
associated with K- biinvariant convolution semigroup, the process (7(S)):e(0,)
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is a G—invariant Lévy process on M, see Theorem 1.17 in [L|. Conversely, any
G-invariant Lévy process on M = GG/K can be obtained from a Lévy process on
G with an associated K-biinvariant convolution semigroup as above, see Theorem
3.10 in [L].

Now, consider the canonical projection

7:G/K = G//K, gK — KgK,

which is continuous and open. Let the map 7* : My(G/K) — M,(G/K) be
induced from 7 by taking images of measures w.r.t 7.

Then, since 7 : My(G||K) — My k(G/K) and 7 : My(G||K) — My(G//K)
are both bijections, it follows that the map u ~ 7(y) is also a bijection from

M,y k(G/K) onto M,(G//K), with

T (1 xz v) = T (1) %7 7 (v)

for all j1, v € My x(G/K). Similarly, 7 maps convolutions semigroups in M, x (G/K)
onto convolutions semigroups in M;(G//K) bijectively. In summary we obtain
the following result:

PROPOSITION 3.7. (1) Let (Z,)n>0 be a G-invariant random walk on M =
G/K with n = K(eK,-). Then (7(Z,))n>0 is a random walk on the hy-
pergroup (G//K, *,) with

P(7(Znt1) € AlT(Zn) = @) = (60 #x 7(1))(A)

foralln e No,z € G//K,A e G//K.

(2) Let (Zi)epo,o0) be a G-invariant Lévy process on M = G /K with
(fir)e>0 = (Pe(eK,-))e=0. Then (T(Z:))ieo,00) 15 a Lévy process the hyper-
group (G// K, *;) with

P(7(Z,) € Alf(Zs) = x) = (00 % T(H1-5))(A)
forallt € [0,00),2 € G//K,Ae G//K.

PRrROOF. We prove the statement for the continuous-time case I = [0, 00). The
result for the discrete time case I = Ny it follows similarly. Let (F;)c; be canonical
filtration of the process (Z;)se; and (Fy)ses be the canonical filtration of the process
(7(Z;))1er. We note that for all s <t € I and A € B(G//K) that the function

x> (0, %z i) (m  (A)) is K-invariant (invariant under natural action of K).
*

Since 7 is an isomorphism from M, x(G/K) to M,(G//K) by Proposition
we have that
<1

(0 7 pu—s) (T (A)) = (On(a) *x 7" (p12-5)) (A)
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for all x € G//K, A € B(G//K). Now, by Markov property of (Z;);c; we deduce
that

P(#(Z) € A|F,) = P(Z, € 7 '(A)|Z,)
= (0z, *z u—s) (7' (A)
= (5%(23) *7 %*(ﬂt—s))(A)'

~—

Therefore, we have
P(r(Zy) € AlFs) = (0n(z,) #n 7(iu-s))(A) = P(n(Z;) € Alw(Zs))  ass.
As o(n(Z,)) € F, C Fs, we also have
P(n(Z) € A|F,) = P(n(Z,) € Aln(Z,))  as.
This yields the claim. U

2. Moment functions on hypergroups

In this section we introduce the concept of moments on commutative hyper-

groups.These moment functions can be seen as analogues of multidimensional
monomials on R? ¢ € N. Throughout this section we mainly follow [RV2].
To get the feeling of how the moment functions are defined, consider the Euclidean
space R?. We regard X = R? as the group (R?,-). Then X = R? and its characters
are given by exponential functions ¢, (z) = €™, The monomials 2% =: z%*...25°
for z € RY, k € Z2 satisfy 2 = il"19§ ¢, (2)|r=0, Where by

(29) 5 = oo

we denote partial derivatives. In particular, they satisfy the Leibniz rule

(+y)" =) (;) e

n<k

where, by n < k we mean the partial ordering n; < k; foralli =1,...,q, Kk — n =:
R q

(K1 — M1, ey g — M) and (:) =11, (;l)

The monomials play an important role in deriving limit theorems for Markov
processes in RY. To demonstrate this, as a toy example consider the following
setting: Let S, := Y ,_, Xy be a Ri-valued random walk, where (Xj)ien is a
sequence of i.i.d variables with distribution v € M?'(R?). Then, if the second
moments [, v7dv, i =1, ..., N exist, the distribution of \S/—% —+/n - m tends to the
normal distribution N (0, ¥), where the mean m and covariance matrix ¥ are given
by integrals related to monomials with || = 1,2:

m = (/ xidu) and X = (/ J}iilijdl/—/ xidy/ :cjdy> )
Rd 1<i<q Rd R Rd 1<i,j<q

In the following let (X,*) be a commutative, second countable hypergroup.
We now imitate the ideas above and introduce moment functions for hypergroups
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which were first introduced )in a slightly different form) by Zeuner in |[Z1]. How-
ever, unlike the Euclidean case we need to make additional assumptions on (X, ),
namely:

(A1) The dual X can be identified with a closed subset of R? for some ¢ € N,
where we assume that the identity character 1 corresponds to 0 € RY, i.e.
we assume é =0 € X

(A2) There exist linearly independent vectors &, ...,&, € R? and € > 0 with
t& + o+ tln € X for ty, .., t, € [0,¢].

(A3) We now fix the vectors &, ...,&, € R as in (A2). Then each A € X can

be written as A = 1§ + ... +£,§, € X. We use the same notation as in
for partial derivatives. Then, assume that for all z € X and k € Z%
the functions

Iea(@)]r=o0
exist, and the map = — 9§y (x)|r=o is continuous on X.
DEFINITION 3.8. Let (X, %) be a second countable hypergroup. Suppose that

the assumptions (A1), (A2) and (A3) are satisfied for X. Let u € M!(X) be a
probability measure on X.

(i) For k € N¢ the functions
nal) = M05r () mo (& € X)

(ii) If for x € N§, the integral [, m,(x)du(x) =: m, () exists, then it is called
k-th moment of p.

(iii) We say that p admits moments up to order k (k € N) if m,(u) < oo for
all k € N{ with |k| < k.

(iv) Denote the space of measures with moments up to order k by:
M (X) = {p € MY(X):m, € L'(X,p) for all k with |x| < k[}

EXAMPLE 3.9. The moment functions for the Jacobi hypergroups (X, *,p) the
moment functions for k € N are given by

1 T
my,(x) = / / (In|cosh ¢+ - e sinh(gzﬁ)|)k dm, (7, ¢).
o Jo
where the measure dmy g(r, ¢) is as in (24).

We now return to the general theory where (X, *) is a commutative hypergroup
which satisfies the assumptions (A1), (A2) and (A3).

LEMMA 3.10. For x,y € X the moment functions satisfy the Leibniz rule

(30) [RECICRTICED i () AC )

<k g
for all k € NE with || > 1.
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PRrROOF. Applying the product rule for the partial derivatives defined above
and using the fact that ¢o(z) = 1, we obtain for z,y € X and k € N{ with
|k| > 0:

emwmwmmﬂzgxgmwmmﬂ@ﬂwwmo
=5 (5 mtemesto)

Now, the result follows from above by definition of hypergroup characters and by
exchanging order of integration and differentiation:

[ me(eao8,)) = 35 ( [ er(eae. +0,)(2)
= K (er@or(@)) ey

=> ( ) )M (Y).-

n<kK

A=0

O

PROPOSITION 3.11. Let (my;).ena be the moment functions defined as in Defi-
nition [3.8. Then

(a) my(e) =0 for all k € N§ with |k| > 1.
(b) Let n € N. Then p*v € ML(X) if and only if p,v € ML (X).

PROOF. (a) We prove this by induction on n = |k|. For all k € N} with |r| =1
it follows that m,(e) = 1 by substituting z = y = e in Eq. . We now assume
that assertion is true for all k € N with || < n. Denote j-th unit vector by e;.
Then, by substituting z = y = e and k + ¢; instead of x in the Eq. , one can
easily see that m,.,(e) = 0 for j =1,...,¢, as claimed.

(b) We again prove this by induction on n = |k|. We start with the case n = 1.
Let k =e; for j =1,...,q. Indeed, [ |me,(2)|d(p*v)(2) < co implies that

/ / (e, () + e, (4)] dpa()dv(y / e, (2)d(6, % 6,)(2)| du(z)dv(y)

séé(émww@mm@mmww
= [ Ime GG ) (z) < .

Therefore, by Fubini’s theorem there exists yy € X such that

/X ’mej(a:) + M, (yo)} du(x) < 0.
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This implies

[ m@ldute) < [ (oo + e, o)+ e ()] ) < .

and by symmetry we get [, |m,,(2)|dv(z) < co. The reverse implication follows
from

[ me@ldtes @ = [ @)+ me, )] duta)dvty
< [ e @ldnte) + [ e, laviy

Thus the case n = 1 is complete.

Now, assume that the assertion holds for all k € N} with |k| < n. The proof
of the assertion for |k| = n is similar to the initial step. Assume that the integral
[ mwd(p * v) exists for all & € N§ with ] < n. Then we obtain

[5G

dp(x)dv(y)

/ ma(2)d(0, % 0,)(2) | dia(x)dv (y)

< /X /X (/ |mﬁ<z>|d<6x*5y><z>) du()duy)

- /X ()] * v)(2) < o0

Thus, by Fubini’s theorem there exists yo € X such that for all k € N} with
k[ < n,

du(zr) < oco.

5 ()t )

n
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This implies that

[ im@iduto < |

dp(x)

> (5t )
b LI ()t )

n<k n

% (/;) mn—n(yﬂ)
3 () mecsto) [ londnto) < o

n<k

dp(x)

<

[ motadn)

and by symmetry we have [, [my|dv(z) < oo. The reverse implication follows

from:
/mﬁ A8, +6,)(2)

[ e = [ [ du(@)dv(y)
< [ X (5 matolimes @lautian

n<k

=5 (1) [ mtoldnte) [ eyt

n<Kk

O
We now construct a martingale from the Markov process (S;);c; using the
moment functions:

PROPOSITION 3.12. Let (X;*) be second countable hypergroup and let I = N

or [0,00). Moreover, let (St)ier a Lévy process or random walk on (X, *) defined
as in Lemmal[3.3

(a) If (S¢)i>0 admits first moments i.e E(me,(S;)) < oo for allt > 0 and j =
L,...,N then (me,(S¢) — E(me,(S;)))e=0 is a martingale .
(b) If the (St)i>0 admits second moments for j,k =1,...,N then

(m6j+8k (St) - mej (St)E(mek (St)) - m€k<St)E(m€j (St))
+ E(me, (5))E(me, (St)) — E(me;4e,(St))) =0

1s a martingale.

PROOF. See Theorem 4.37 in [RV2]. O
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CHAPTER 4

Spherical functions on noncompact Grassmann manifolds
and hypergreometric functions

In this chapter we collect some properties of spherical function on symmetric

spaces. We will look at identifications of spherical functions with hypergeometric
functions associated with root systems, which were studied by Heckman and Op-
dam (see [HS]). We also recapitulate Harish-Chandra integral representation for
spherical functions. In particular, we focus on the above properties of spherical
functions on Grassmann manifolds G, ,(F). We also study spherical functions on
GL(q,F)/U(q,F) which appear the as the limit of spherical functions on Grass-
mann manifolds above.
For convenience of the reader we give a short survey on this subject based on [R2].
We shall see from the results of [R1] that these functions lead to a larger classes
of commutative hypergroups than just the double coset hypergroups (G//K, *)
associated with non-compact symmetric space G/K. .

1. Root systems, Cherednik operators and hypergeometric functions

The basic ingredients in the theory of hypergeometric functions are root sys-
tems and finite reflection groups acting on some Euclidean space. Let a be Eu-
clidean space with inner product (-, -). We extend this inner product to a complex
bilinear form on the complexification ac of a. For a € a\ {0} we denote by r, the
orthogonal reflection on the hyperplane

Hy,={r€ca:(z,a) =0}

perpendicular to «, i.e r, is given by

DEFINITION 4.1. A finite subset R C a is called an abstract root system, if a
is spanned by R and r,(R) = R for all « € R. Moreover,

e R is called reduced if for all o, 5 € R
2{(a, B)
(8,5)

e R is called crystallographic if « € R implies 2« ¢ R.

€.
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The group W generated by reflections {r,,« € R} is called Weyl group associ-
ated with R. The dimension of spang R is called rank of R. If R is crystallographic,
then spanzR forms a root lattice () = R.Z which is stabilized by the action of as-
sociated Weyl group. The root systems occurring in Lie theory and in a geometric
context associated with Riemannian symmetric spaces are always crystallographic,
see [HSJ.

Next, we lay out some well known facts about root systems.

LEMMA 4.2. (i) If « € R then also o € —R.

(ii) For any root system R in a the Weyl group W is finite.

(iii) The set of reflections contained in W is exactly {r, : o € R}.
(iv) wrow = 1y for allw € W and o € R.

PROOF. See Lemma 2.2 in [RV2]. O

As one can see from (i) above, one can write R as a disjoint union R =
RT™ U R, where RT and R~ are separated by hyperplane H,. We call R" a
positive subsystem. Furthermore, we call a root simple, if it cannot be written as
a sum of two positive roots. There are exactly ¢ = dim a simple roots and they are
linearly independent. Let {ay,...,a,} be the basis generated by the simple roots.
Then, every root 3 € R can be written as linear combination 8 = z1a1 + ... + 240,
of ay, ..., a4, where all of x;’s have the same sign. For details and proofs we refer
to [Hul.

We call A € a dominant if {(a;, \) > 0 for i = 1, ..., ¢, and strictly dominant if
the inequality is strict. The set of all strictly dominant vectors generates a Weyl
chamber

C:={ e€a:(\a)>0foral o€ R}

It can be shown that the topological closure C' of the Weyl chamber C is a fun-
damental domain, i.e. C' is naturally homeomorphic to the space (a)" of all W
orbits of in a, endowed with quotient topology.

We now give a list of important examples of root systems (see [RV2]):

EXAMPLE 4.3. o The root system Aq_1. Let S, denote the symmetric
group of q elements. It acts faithfully on a by permuting the standard basis
vectors ey, ...,eq. Fach transposition (ij) acts as a reflection r;; sending
e; — e; to its negative. It is a finite reflection group, since Sy is generated
by transpositions. The root system of S, is called A,_1 and is given by

Aq—l = {:I:(el — ej), 1 S Z <] S (]}

This root system is crystallographic. Its span is the orthogonal complement
of the vector e; + ... + ¢4, and thus the rank is ¢ — 1.
A positive subsystem is given by
Ri={(ej—e)1<i<j<q}
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and the associated Weyl chamber is
C;‘ ={zeR?:2; >x9.. > 2}

e The root system By. Here W 1is the reflection group in a generated by
the transpositions (ij) as above, as well as by the sign changes r; : e; —
—e; 1n all coordinates 1 = 1, ...,q. The corresponding root system is called
By; it is given by

B, ={xe;,1 <i<qg}n{t(e; te;),1<i<yj<g}
B, is crystallographic and has rank q.
Here a positive subsystem is given by

Ri={es1<i<gyn{leite) 1<i<j<q}
and the associated Weyl chamber is
OqB:{tGRqZ.CElz.CEQ...>.TqZO}
e The root system BCq is given by
BC, = {£e;, £(2¢;)} U{£(e; £ e;),1 <i<j<q}
Here a positive subsystem is given by
RYC = {e;,2¢,} U{e; e, 1 <i<j<gq}
and its associated Weyl chamber is the same as the Weyl chamber associ-

ated with the root system B,.

DEFINITION 4.4. Let R be a root system and W be its Weyl group. A W-
invariant map m : R — C,a +— m,, is called a multiplicity function. Denote the
set of multiplicity functions by M and define the half sum of roots by

(31) p=p(m) = % Z M.

a€R*

The set of multiplicity functions forms a C-vector space whose dimension is
equal to the number of W-orbits in R. We are now ready to introduce the main
object in the theory of this section, namely Cherednik operators. For extended
information on Cherednik operators see [HS].

DEFINITION 4.5. Let £ € ac and m be a multiplicity function. The Cherednik
operator is given by

1
(32) Te=T(Em) =0+ Y ma(%@@ﬂ —Ta) = (P, §),
aERt
where ;¢ denotes a directional derivative corresponding to & and e* is the expo-
nential function e*(¢) := e{*€ for \, ¢ € ac.
For m = 0 reflection terms vanish and the Cherdnik operator becomes simply
the directional derivative 0 in direction &.
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REMARK 4.6. We notice that in the works of Heckman and Opdam (cf. [HS])
parameters appear in slightly different normalization, namely root system R there,
corresponds to 2R in our notation and multiplicities koo, there correspond to %ma
in our notation. However, definition of p does not change since

p:1 Zmaa— Z koo 20y
2 a€ERt 2a€2R+

DEFINITION 4.7. Denote the space of finite linear combinations of functions
e, A € A by

Cle”] =: {Z axe® : N € A,ay € C}.
We call Clef’] the space of trigonometric polynomials.

Basic algebraic computations show that T¢,§ € ac, maps Cle?] into itself, for
the proof see Proposition 2.10 in [O]. This property extends to the algebra of
complex polynomials P(ac),C>(ac) on ac.

One can also consider an analogue of Laplace operator in the Cherednik setting:

DEFINITION 4.8. The Heckman-Opdam Laplacian is given by

(33) ZT& p.p),

where {1, ..., &} is an arbitrary orthogonal basis of a.

The Heckman-Opdam Laplacian is independent from the choice of the basis,
see Proposition 1.2.3 in [HS|. Explicitly, A,, is given as follows:

(34) Anf(x)=Af(x)+ Y mqcoth(e, )0 f(x)

a€Rt

=Y e (@) — Flran),

“2sinh{a, z)
a€ERT
where A denotes the euclidean Laplace operator on a. The action of W on func-
tions f : a — C is given by
w- f(z) := f(w 'z) for all z € a.
The Cherednik operators T; do not commute under the actions of w € W in

general. However, one has has the following weak W -equivariance property:

PROPOSITION 4.9. Let Ty be the Cherednik operator associated with the root
system R and the Weyl group W. Then T is weakly W -equivariant. This means
that for all £ € ac and w € W,

(35) (woTeow ) f(x) =Tuef(®)+ Y,  mala,wé)f(ram).
a€ERTNwWR—
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PROOF. See Proposition 1.1 in |O. O
The second fundamental property of the Cherednik operator is commutativity.

THEOREM 4.10. Fiz a multiplicity m. Then
T,0Te =T 0T, for all n,§ € ac.

The proof was given by Heckman where he used simultaneous diagonalization
methods for some polynomials constructed using trigonometric polynomials, see
Corollary 2.7. |O].

The commutativity property for T¢, § € ac implies that £ — T} can be extended to
a homomorphism from the symmetric algebra S(ac) to the commutative algebra
of differential-reflection operators which is generated by 7. Since the symmetric
algebra S(ac) can be identified with the space of polynomials P(ac) over ac, this
leads to the notion of Cherednik operators T), for every p € P(ac). Let us denote
by P(ac)" the subalgebra of P(ac) consisting of the polynomials which are -
invariant. We obtain from Proposition that for any W-invariant polynomial
p € P(ac)V and each f € P(ac)V, T,f € P(ac)" holds. As T, o T, = T, for all
p,q € P(ac), in particular we have that

1,01, =T,
for all p,q € P(ac)". It has been shown in [HS| that for p € P(ac)" the

operators T}, are differential operators on P(ac)"', where the degree of Tp is equal

to the degree of polynomial p with coefficients from P(ac)". In particular, the
Heckman-Opdam Laplacian can be regarded as Cherednik operator

A,, = T,, with p(z) = |z|*.
As p € P(ac)", it follows from that the restriction of A, to P(ac)" is given
by
(36) An=A+ Z coth(a, -)0,.
a€Rt
Notice that the operator A,, is singular on reflection hyperplanes H, = {x € a :
(x,a) = 0}.

The next theorem is the basis for the main result for this section. It was proved
by Heckman and Opdam in a series of papers, cf. [HS| or Theorem 3.5 in [O].

THEOREM 4.11. There exists a set M"™ C M with
{me M :R(m) >0} C M"™
such that for every m € M"9 and X\ € ac, the system
Tof = (\Of, Eea
(37) f(0)=1
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has a unique solution f(x) = G(\, m;x) on a, which is called Opdam hypergeo-
metric function. Furthermore, there exists a W -invariant tubular neighbourhood
U of a in ac, such that the solution

(A, z) = G(A,m;x)
is a holomorphic function G(A\,m;z) of X € ac,x € U and m € M"Y,

We now define a mean of the Opdam hypergeometric function with respect to
Weyl group W:

DEFINITION 4.12. The Heckman-Opdam hypergeometric function is the aver-
age
1
(38) F(\,m;z) = 7] Z G(\, m;wx).
| | weW
In light of the extension of & — T¢, & € ac, to p — T, p € Plac), F(A\, m;x)
can be characterized by the following system of differential-reflection equations.

COROLLARY 4.13. The Heckmann-Opdam hypergeometric function F(X,m;-)
18 the unique solution of differential equations

T,f = p\)f for all p € P(a)V
(39) £r(0) = 1.

In view of one can also consider the differential equation for Heckman-
Opdam Laplacian. In this spirit the hypergeometric function F) is the unique
solution of system of differential equations

(40) Anf = (A= p*)f.

where [A]? = Y A\? is the Euclidean norm.

2. Spherical functions on symmetric spaces

In this section we give a necessary background on the theory of symmetric
spaces. We will focus on different characterizations of spherical functions in the
sense of the Definition [2.15 The most important property of spherical functions
that they can be identified by hypergeometric functions. We shall also give a
famous result by Harish-Chandra which states that the spherical functions admit
an integral representation.

2.1. Root system identification for symmetric spaces. Consider a semisim-
ple connected Lie group G with some maximal compact subgroup K. We first
describe the root system associated with G/K. We follow here Chapter 2 in [HS|,
for more background see [H1J.

Let g be the Lie algebra of Lie group G. Since G is semisimple the Killing form B
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on g is non-degenerate. As in chapter 2] let 6 be an involutive automorphism on
G, such that
K={g9€G:0(g9) =g}

As an automorphism of G, 0 fixes the identity element, and hence, by differentiat-
ing at the identity it induces an automorphism of the Lie algebra g of G, which we
will also denote by 6, whose square is identity. It follows that the eigenvalues of 8
are 1,-1. Let € be the Lie algebra of K. Then, £ C g is defined as the eigenspace
of 1, i.e.

t={Xeg:0(X)=X}.
Denote by q the eigenspace of —1, i.e.

g={Xe€g:0(X)=—-X}.

Since 6 is an automorphism on g with §? = id, this gives the direct sum decompo-
sition

g=tdgq
which is also called the Cartan decomposition. Here, the Killing form B is negative
definite on £ and positive definite on . In particular, (q, B) is isomorphic to a
Euclidean space with finite dimensions, where B is Killing form on g.
Choose now a maximal abelian subspace a of q. Then choose ¢ € N such that
(a,B) ~ (R%(-,-)) and let ac. Let a* be the dual vector space to a. For each
a # 0 in the dual a* of a let

0o ={X €g:[H X]=0aH)X forall H € a}.

Those o # 0 with g, # {0} are called the restricted roots of g w.r.t. a or the roots
of (g,a). The geometric multiplicity m,, is defined as the dimension of a. Given
the root system R(g,a) we can define a positive subsystem R' := R*(g,a) in the
same as in the case of abstract root decomposition. Similarly, we define the half
sum of restricted roots by

p=pim):= % Z M.

aceRt

Now, let go be the centralizer of a. Then, the simultaneous diagonalization of the
commuting operators adH, H € a leads to the root space decomposition

(41) g=00+ ) G
acER

In summary, for all pairs (G, K') as above we can find can find associated triple
(a, R,m). If we identify a* with a, then the geometric root system R(g,a) can
be identified with some abstract root system from Definition 4.1} for details cf
Theorem 2.6 in [HS|. We denote the set of restricted roots by R(g, a). These roots
correspond to reflections which r, which generates Weyl-group W.
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2.2. Spherical functions and hypergeometric functions. We shall now
give two different properties for spherical functions of non-compact symmetric
spaces G/ K, where GG is a connected non-compact Lie group. The first property
involves an integral representation which traces back to Harish-Chandra. The
second property involves the connection between spherical functions and hyperge-
ometric functions.

In order to give the integral formula for spherical function we recapitulate the
Iwasawa decomposition of Lie groups. Let G be a semisimple connected non-
compact Lie group G. Then G admits Iwasawa decomposition G = KAN and
g=2tdad®n where K, A and N are compact, abelian and nilpotent subgroups of
G, and ¢, a and n are their respective Lie algebras, c.f. [GV]. In the Propositions
and we have considered this decomposition the cases G = GL(q,F) and
SU(p,q,F) for F = R,C and H and p,q € N with p > ¢. This decomposition
G = KAN is called the Iwasawa decompostion. It induces a diffeomorphism

KxAxN— G,
(k,a,n) — kan.

Now, let exp : a — A be an exponential map. This map is an isomorphism with
inverse log : A — a. We are now ready to present the integral representation for
spherical functions for (G, K):

THEOREM 4.14. Let G be defined above. For g € G, let H(g) € a,k(g) € K be
the unique elements such that g € N exp H(g)k(g). Then, as X runs through af
the functions

(42) ox(9) ::/Ke(i’\_”)(H(gk)»dwK(k)

exhaust the class of spherical functions on (G, K), where p denotes the half sum
of the roots. Moreover oy = oy if and only A = w\' for some w € W.

PROOF. See Theorem 4.3 in [Hel2]. O

Theorem leads to a parametrization of the space of spherical functions of
(G, K). From now on, when we write ¢, A € af is a spherical function, we mean
the function ¢, indexed as in Eq. above. Since the spherical functions are
K-biinvariant ) is uniquely determined by the values p,(a),a € A.

THEOREM 4.15. Let G be simply connected, semisimple non-compact Lie group
with mazimal compact subgroup K. Moreover let (a, R,m) be the corresponding
triple to (G, K) as above. Then for all A\ € af and x € a

(43) ealexpa) = F(iX, m; z)

PROOF. See Theorem 5.2.2 in [HS]. O
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3. Spherical functions of non-compact Grassmann manifold

In view of Heckman-Opdam theory the (restricted) root system decomposi-

tion of the noncompact Grassmann manifold G, , corresponds to the abstract root
system BC,. Moreover, the the corresponding double coset hypergroup (Cf sk q)
can be extended to all p € (2¢ — 1,00) using the identification ( 43| of spherical
functions ¢? with hypergeometric functions.
The symmetric space G, >~ P,(F) is closely related with the abstract root system
A1 introduced in Definition . For both symmetric spaces we give explicit
integral representations for the spherical functions in the sense of Theorem [4.14]
The symmetric spaces G, , and G, have a close relationship: As p — oo spherical
functions on GL(q,F)/U(q,F) converge to spherical function on G,. Throughout
this section we follow [RV1], [R2], closely.

3.1. Spherical functions of noncompact Grassmannian. LetG,, = G/K
be Grassmann manifold where G is one of the groups SOq(p,q), SU(p,q) and
Sp(p, q), and subgroup K is one of the groups SO(p) x SO(q), S(U(p) x U(q)) and

Sp(p) x Sp(q), respectively.
The Lie algebra g of G is given by the matrices X € M, , of the block form

A B
<= (5 5)
where A € M,(F) and D € M,(F) are skew-Hermitian matrices with the property

trA+trD =0, and B € M, ,(FF). Let £ be the Lie algebra of K and let g = ¢&q be
the associated Cartan decomposition of g. Then the q consists of block matrices

X € My
0 C
(e )
where C' € M,
In accordance with [S| (see also Proposition 2.19) we can identify a maximal
abelian subspace a of ¢ with R? by the matrices

Ogxq L Ogx (p—q)
H, = L Ogxq Ogxp—g
Op-9xa Op-a)xa Op—a)x(p—q)
where z = diag(zy, ..., z,) is the diagonal matrix corresponding to = (z1, ..., x,) €
R?. The abelian group A in the Iwasawa decompostion G = KAN consists of
elements
coshz sinhz 0
a, =exp(H,) = [ sinhz coshz 0
0 0 I,
as in Proposition [2.19]
The corresponding restricted root system R(g,a) is of type B, if F = R and of
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type BC, if F = C, F and the real rank of this symmetric space is g. The restricted
roots o € a* are given by

{xe;, £2e;,+e; te;: 1 <1i,5 < g}

In this case we have 3 classes of roots (c.f. Example [4.3|(3)) which correspond
to 3 different root spaces in the root space decomposition . These roots with
corresponding geometric multiplicities m, = mq(p, q, d) are give in the table below.

Root « Multipilcity m,
a(H,) =xa;, =+e;-x,1<i<q d(p—q)
al(Hy) =120, =42¢,-2,1 <1 <q d—1
a(Hy) ==xt;tz;=%(e; £e) -2, 1 <i<gq d

Here d denotes the real dimension of the underlying field R, C and H. For the
explicit description of root space decomposition see [RV1], [S].
Here a positive subsystem can be identified by

Rt ={e;,2¢;: 1 <i<qtU{e;te;:1<i<j<gq}

The sum of positive half roots is

1 q q d .
(44) pBC :pBC(p) — 5 E maQ = E <(§(p+q—}-2—22)> €;.
a€ERT =1

Denote the triplet of multiplicities by

my = (d(p —q),(d —1)/2,d/2).

In view of Theorem for integers p > 2¢ the spherical functions associated
with G, ,(IF) are given by

902)7\(@90) = FBC<i)\7 My, .Z'),
where Fpc is the hypergeometric function of type BC,.

We now give explicit description of Harisch Chandra integral formula for
the spherical functions ¢f. For this we need to introduce some notation. For a
square matrix A = (ai’j)lgigqu over F we denote by AT<A) = det((ai’j)lgigj§7«> the
r-th principal minor of A. Here, for F = H the determinant is understood in the
sense of Dieudonné, i.e. det(A) = (detc(A))'/? when A is considered as a complex
matrix. See [A] for more information about Dieudonné determinant. Moreover,
for A € C? >~ af and = € P,(F), we define

(45) Ax(z) = A(2)M 22 A0 (2)2 722 LA ().

THEOREM 4.16 (Corollary 2.2, [RV1]). Let G, ,(F) be a non-compact Grass-
mannian. Assume that p > 2q is an integer. Then the spherical functions are
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given by
(46) Alaz) = / / Aipme) (g0 (0 0))dm, (w)du,
UO(%]F) Bq

where du is the normalized Haar measure on Uy(q, F), dmy,(w) is the probability
measure defined in (@ and

ge(u,w) = u~*(cosh z 4 sinh zw)*(cosh  + sinh zw)u.

We now identify = € Cf with matrices a, € A above and regard ¢} as a
function of = € Cf . We note that the integral formula can be extended to
p €]2q — 1, 00]. Notice that the domain of integration in the integral formula
above is independent of p. This means that right hand side of the Eq. remains
well defined for all p > 2¢ — 1. On the other hand, from Theorem [4.11| we know
that hypergeometric functions Fe are well defined for all multiplicities m with
$(m) > 0. In our case this means that Fpc, is well defined for all multiplicities

correponding to the roots *e;, +2¢; and (Le; & e;) for p € C? with Rp > ¢.
Now, for p € (2¢ — 1, 00) define the functions

N (x) == Fpe, (iA, my, x).
Then, for integers p the the functions ¢4 are precisely the spherical functions in

(46). The extension ofthe integral formula top € (2¢ — 1, 00) can be obtained
by analytic continuation using Carlson’s theorem below.

THEOREM 4.17. (Carlson) Let f be a function which is a holomorphic in a
neighborhood of {z € C : Rz > 0} satisfying f(z) = O(e?) for some constant
¢ < 7. Suppose that f(n) =0 for alln € Nyg. Then f is identically zero.

For the detailed proof extension for integral formula we refer to Theorem 2.4
in [RV1].
We now return to the hypergroup (Cf . *p.4) given in Definition , where p,q € N
with p > 2¢—1. As we pointed out in Chapter[2] we can can extend the convolution
%, to all p € (2¢—1, 00), where the hypergroup structure remains preserved. This
extension is made with similar techniques by analytic continuation using Carlson’s
theorem above. More precisely we have:

THEOREM 4.18. Let g € N and p € (2¢ — 1,00) .

(1) The point measures d,,0, for x,y € C’f with convolution

(18) 8y typy 8y(f) = — / [ gD AT = vty dudu,

Kpd/2

for all f € C*(CP) define a commutative hypergroup (CF,,4). Here, the
neutral element is 0 and involution is the identity mapping.
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(2) For allz,y € CF

supp(dz #p,q 0y) C {2 € Cf 2 ][max < 117/ max + |Ymax }
is satisfied, where || - ||max denotes the maximum norm in RY.

PROOF. See Theorem 4.1 in [R1]. O

We note that the functions ¢4, A € C? exhaust all multiplicative functions
for (CF,%p4) ie., if ¢(z)p(y) = ¢(x %pq y) for all z,y € CF, then there exists
A € C such that ¢f = ¢, see Lemma 5.3 in [R2]. In fact, the set of multiplicative
characters and the dual space for Cf can be explicitly determined:

THEOREM 4.19. [5.4 in [R1]] Let p € (2¢ — 1,00). The set of multiplicative
functions and the dual of the hypergroup (Cf, *pq) are given by

X((CB; *pq) = 10X A€ Cf + iCqB}v

q

Bospq) = {08 € X((CF %,0) : A € WPX and SX € coW P ppe)}

(C

respectively, where ppc is the half sum of multiplicities and co(W?.ppc) denotes
the convex hull of Weyl orbit W .pge.

3.2. Spherical functions of GL(q,F)/U(q,F)) and limit transition. Let
G, = G/K be symmetric space with (G, K) = (GL(q,F),U(¢,F)) for F = R,C
and H. It is well known that G has Iwasawa decomposition G = K AN where the
abelian group is given by A = exp(a) with

a={H,=z:2=(21,...,7,) € R}
and the unique nilpotent group N consists of upper diagonal matrices with entries
1 in the diagonal. We can identify a through the map x — H, with R?. The

restricted root system A(g, a) is of type A,_1. The restricted roots a € a* are
given by

a(H,) = £(z; —x;) = £(e; —e;) -x fori,j € {1,...,q.}
Then, an abstract positive root subsystem is given by
Ri={ei—e;:1<i<j<gq}
The sum of positive half roots is
1 < L (d
=33 ma=3(Gar1-20)e
a€ERt i=1

The following explicit integral representation for spherical functions of type
A,—1 was obtained in [RV1] using the Harish-Chandra representation (42]).
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THEOREM 4.20. The spherical function o5 of (G,K) = (GL(q,F),U(q,TF))

admits an integral representation

(19) A = [ Bttty
U(g,F)
for all A € C? and z € RY.

PROOF. See Section 3 in [RV1].
U

The spherical function ¢ converges to ¢ as p — co. For convenience we
define

Ua(z) = ¢ (coshz) = / Ar—ipa)/2(ucosh® zu™)du
Ul(a,F)

for x € RY. The following convergence result was obtained in [RV2]:

THEOREM 4.21. Let p > 2q — 1L,z € CP and X € C? such that S\ — ppc
is contained in co(W.pa), i.e. ©r_ipp. 15 bounded in C’f. Then, there exists a
universal constant C' = C(F, q) such that

(50) |8 ippe () = Yaipa () < C-

where T = min(xq,1). In particular, for these spectral parameters X\ the order of
convergence is uniform of order p~'/? in x € C’f.

PROOF. See Theorem 4.2 in [RV2]. O
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pl/2

51






CHAPTER 5

Limit theorems with fixed dimensions

In this chapter we study several limit theorems for time-homogeneous ran-
dom walks on hypergroups (C’;‘, *,) and (C’f, %, ) for fixed p,q € N with p > ¢,
which can be identified with double coset hypergroups (G//K, *,) for symmet-
ric spaces G/K = GL(q,F)/U(q,F) corresponding to root system of type A, ;
and G/K := G, ,(F) corresponding to root system of type BC, respectively. By
the extension in Theorem results are valid for random walks on hypergroups
(CF,%p,q) for all p € [2¢—1,00). We consider here two kinds limit theorems under
two different normalization procedures: inner and outer normalizations. These
normalizations yield different limiting distributions. We note that the results with
outer normalizations were derived in |[R2|, we state these results without proofs
to have a full picture and to compare with the results for growing dimensions p
in Chapter @ We start with limit theorems on (C;‘, *,) as A-case can be in the
Heckman-Opdam theory appears a limit of the BC-case.

1. Limit theorems on the hypergroup (C;I“, *g)

Let (Sy)n>0 be a random walk on the hypergroup (Cf, %) associated with some

probability measure p i.e. (S,)n>0 a time-homogeneous Markov process with start
in0 e Cg‘ and transition probabilities

(51) P(Spi1 € A| (S, = z) = (6, %4 ) (A) (x € C’qA, AcC C;‘ a Borel set).

REMARK 5.1. In view of Theorem the random walk (Sn)nzg above, can be
identified with random walk on G := GL(q,F) in the following way: Let (Sy)n>0
on G with a K-biinvariant associated probability measure e, then the process

(S)n0 = (10 Osing (Sn))nz0

s a random walk on with associated (C’;‘, %) associated with the probability measure

ft, which is the image of ug under the map In oy : G — C’;‘.

_ We present strong LLN and CLT with outer normalization for the random walk
(Sn)n>0 under some moment conditions for the associated measure p, that is

— m4 () almost surely,

s | S

53



for some vector m4!'(u), and the distributions of

%(Sn —nmi ()

converge to some normal distribution N (0, 24(v)).

We now give the precise formulas for the vector m4'(x) and covariance matrix
¥4 (u) via moment functions of the hypergroup (C4,x,). Let mi', | € N§ be the
the moment functions on (C2, ,) as in Definition . By definition these moment

q> *q
functions are given by partial derivatives the spherical function ¢4. More precisely,

for multiindices [ = (I, ...,l,) € N} the moment functions m;* are given by
olll ol
mit(z) Mso_w_zxx)\w NS (awq Y@

~-<m<:ﬁiz;fzz:;>>” !

of order |I| := Iy + --- + I, for z € C;'. The last equality in (52)) follows from (49)
by interchanging integration and derivatives. We denote the 7-th unit vector by
e; € N7 and the moment functions of order 1 and 2 by m - and me ve, Uk =
1,..,q). The ¢ moment functions of first order lead to the vector Valued moment
function

(53) mi(z) = (m? (2), ..., mi(z))

el e

of first order. Moreover, the moment functions of second order can be grouped by

mé4€1 (i[)) e mé—i—eq (l’)
my (1) = : : for xz€C}.
mé]—o—el (ZL’) e méqeq (:L‘)

We now form the ¢ x g-matrices ¥4 (z) := m4 (z) —m4'(x)t-m4(x). These moment

functions have the following basic properties; see Section 2 of [V2]:

LEMMA 5.2. (1) There is a constant C' = C(q) such that for all x € C(;‘,
Im4(z) — || < C.
(2) For each x € CZ', ©4(x) is positive semidefinite.
(3) Forz=c-(1,...,1) € C with c € R, £4(t) = 0. For all other x € C,
YA(z) has rank q — 1.
(4) All second moment functions méJrej(x) are growing at most quadratically,
and mé“el(x) and mQAeq(a:) are in fact growing quadratically.
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(5) There exists a constant C' = C(p) such that for all x € C;} and X € R,
iAmd(x
‘SOéipA—A(I) — M@ < O||N2.

Let € M'(CZ'). In accordance with Definition , for k € N we say that
p admits all moments of type A up to order k if for all | € N} with |I| < k the
moment condition mj* € L'(C, p) holds. Now, by Lemma [5.2(1) it follows that
1 admits all moments of type A up to order 1 if the usual moments fc 4 xidp(x)

(i = 1,...,q) of order 1 exist. Similarly, Lemma [5.2(4) implies that p admits all
moments of type A up to order 2 if the usual second order moments [, 22du(z)
q

(1 =1,...,q) exist. This means that if y admits second moments, then the second

order moment matrix m4(x) and the covariance matrix ¥4 (u) exist.

We are now ready to present the strong of law large numbers and central limit
theorem for the random walk (Sy)n>1 on (Cf}, %) with associated measure  which
was obtained in [V2].

THEOREM 5.3. (Theorem 2.4 in [V2])
(1) If u admits first moments, then for n — oo,

= mi(p) almost surely.
n

(2) If 1 admits second moments, then for all e > 1/2 and n — oo,

1 -
g(Sn —n-mi () — 0 almost surely.

THEOREM 5.4. (Theorem 2.5 in [V2]) If p € MY(C2) admits finite second
moments, then for n — oo

1 -
— (S, —n-mi () = N(0,24(pn)) in distribution.

vn

2. Limit theorems for random walks on (Cf, *pq)

Let p € (2¢ — 1,00) and consider a random walk (SP),¢ on the hyper-
group (C’;B ,*) associated with some probability measure p i.e. (S?),>o a time-
homogeneous Markov process with start in 0 € C’f and transition probabilities

(54) P(SP,, € A| (S =) = (04 #pq ) (A) (xeCP, ACCP aBorel set).

REMARK 5.5. In view of Theorem for integers p > 2q, the random walk
(Sn)ns0 above, can be identified with a random walk on G = SU(p,q,F) in the
following way: Let (S?),>o be a random walk on G associated with K -biinvariant
probability measure g, then the process

(S%)nz0 == ((arccosh(A(S?))n>0
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is a random walk on (CF,%,4) with associated with the probability measure fi,
which is the image of [LG under the map arccosh(osing(A(+)) : G = CF, where A(-)
is given as in Eq. (17).

We consider limit theorems for (S?),>o under two different normalization pro-
cedures:
The first case with outer normalization: We present a CLT and strong LLN re-
sults for the random variable S? under some moment conditions for the associated
measure 4, that is

— — mi(u) almost surely,

for some vector m} (1), and the distributions of the random variable

%(gﬁ—n-m’{(u))

converge to some normal distribution N (0, 7 (u)).

The second case is the inner normalization, consider the following setting: Fix
some nontrivial probability measure p € MI(C’qB ) with some moment condition
and for d € (0,1) consider the component-wise compression map D, : x +— ¢ - x
on CP as well as compressed measure p. := D.(p) € M'(CF). For given p and
¢ we consider the random walk (Sq(zp ’c))nzo associated with j.. We investigate the

limiting behavior of (Sﬁp’n_w))nzl. The limit theorem for (S,(Lp’n_l/z))@l in the

rank 1 case was studied by Zeuner |[Z1]. In the group cases, this CLT is related
with the CLTs in |G1], |G2], [T1], [T2], [Ri].

We start with the first case and give the precise formulas for the vector mj (u)
and the covariance matrix X7 (u) via moment functions of the hypergorup (C7, x;,4).
Let ml P.1 € N7 be the moment functions of the hypergroup (Cq ,%p4) as in Defini-
tion . These moments are given by spherical functions ¢%. Thus, using integral
representation for ¢f the moment functions mj for | = (Iy,...,l,) € N§ are

given by :
olll

p . a|l| p
mi () = N~ Lippe (@ )‘,\ =0~ (OA)h - (OAg)h SO*WBC*"’\(JJ)‘A:O
D\"”
))>

2'”// (In A (g(w,u, w))" (m%
) duim

Agr(g(z,u,w
for x € C’f . We also form the vector-valued first moment function m?}, the matrix-
valued second moment function mb, as well as ¥P(z) := mbh(t) — (mq(z)?)" - m} (x)
as above.
We have the following basic properties; see Section 3 of [V2]:
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LEMMA 5.6. (1) Thereis a constant C = C(p, q) such that for allz € C?,
lmi(x) — 2] < C.
(2) For each x € CP, ¥P(x) is positive semidefinite.
(3) X*(0) =0, and for t € CP\ {0}, ¥P(x) has full rank q.
(4) All second moment functions m; . (x) are growing at most quadratically,

and mb, is growing quadratically.
(5) There exists a constant C = C(p,q) such that for all x € Cf and A € R?,

i(A,mP
|67 ipa () = X <O |NS.

Similarly to the A-case, for v € M'(CP) we define I-th BC(p) multivariate
moments of v € M'(CP) for | € N as mj(v) := [,p m](x)dv(t).

THEOREM 5.7. (Theorem 3.5 in [R2])
(1) If p admits first moments, then for n — oo,

Sp
;” — mi () almost surely.

(2) If i admits second moments, then for all e > 1/2 and n — oo

—(S? —n-mh(n)) — 0 almost surely.
n€

THEOREM 5.8. (Theorem 3.6 in [R2])
If i admits finite second moments, then for n — oo

L(S'p —n-mi(u)) — N(0,XP(v)) in distribution.

\/ﬁ n

We now turn to the second case. In order to state the limit theorem in the we
need to introduce some notation. We first define the hypergroup Fourier transform
on the hypergroup in accordance with Definition

DEFINITION 5.9. Let € M'(CP). Define the BC-type spherical (or hyper-
group) Fourier transform in the sense of Definition by

Fho) = | &@ina)

for A e {A € C?: Y\ € co(W) - p)}.
We note that the above hypergroup spherical transform is well defined by
Theorem since ¢} is bounded for all A € {X € C? : S\ € co(W}S - ppc)}.

The dual space (CP,x,,) can be parametrized by the set {¢} : X € CF or X €

i co(VV;B - pc)}. The support of Plancherel measure is parametrized by the set
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{hXe C'f}.

DEFINITION 5.10. Let 4 € M*(CPF). The BC-type spherical (or hypergroup)
Fourier transform is given by

FLa()(n) = / o (2)dpu(z)

CB

q

for X € {A € C?: QX € co(W.} - ppe)}-

We now give some estimates on spherical functions and Fourier transforms
from [V2].

LEMMA 5.11. For allz € CF, A € R?, and | € N§,
‘@l

Wsﬁi_zp(ﬂf)‘ < mj(x)

LEMMA 5.12. Let k € Ny and assume that p € M'(CP) admits finite k-th
modified moments. Then, for all X € C? with IS\ € coW} - ppe), Fpa(p)(-) is
k-times continuously differentiable, and for all l € Ny with |l| < k,

ol ol
(57) o (W) = - o P (@)du(z).
In particular,

ol ‘
(58) W}—BC(M)(—W) = - m? (z)dp(z).

REMARK 5.13. There are corresponding results to the Lemmas[5.11 and [5.19
for the A-case with the corresponding moment functions m;* for | € N and the
Fourier transform Fa and p € M'(C2); see Lemmas 6.1, 6.2 in [V2].

We now define a version of Gaussian measure in connection with the above
hypergroup Fourier transform.

DEFINITION 5.14. Let p > 29 — 1 and t > 0. A probability measure v, =
Ye(p) € MY (CP) (if it exists) is called BO(p)-Gaussian with time parameter ¢ and
shape parameter p if
—t(A + .+ A2+ lpll3)

5 )

Foc(1)(A) = exp (
for all A\ € CP Ui -co(WP - p) C Cu.

The existence of the measures ~, for t > 0 is not quite obvious at the beginning,
but we shall see from the proof of the following CLT that 7, indeed exists. We
notice that by injectivity of the hypergroup Fourier transform, if the measures ~,
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exist, then they are determined uniquely. Using properties of hypergroup Fourier
transform one can easily show that (y;);>0 form a convolution semigroup , i.e. for
all s,t > 0 we have 5 *p, 7% = Vs++ and vy = dp. Moreover, the map ¢t — 7, is
weakly continuous. Indeed, for a sequence (¢,),>1 C Ry with lim, ¢, = 0 we
have limy, o Fpe(11,)(A) = 1 for all X € CF Ui - co(WP - p). Thus, by Lévy’s
continuity theorem it follows that lim;oy; = d9. We denote the associated Lévy
processes on the hypergroup (Cf, %p4) i1 the sense of Definition E 3.2/ by (X7)i=0-

THEOREM 5.15. Let € MY (CP) with v # 0y and with finite second moments.
Let

= i ., It

Then,

—1/2 . . .
Slpn ) xP w  In distrubtion.
(p+1)

For the proof we need some information on ¢4:

LEMMA 5.16. Let p € [2q¢ — 1,00][ be fized. Then:
(1) Foralli,j=1,2,...,q with i # j and all X € C4,

9 ey — 0 by
P ©5(0) =0 and (0)=0

(59) al’ZaZL‘] 90)\

(2) Foralli=1,2,...,q, and \ € C’f Ui-co(Wy-p),

9?2 A+ 4+ N2+ p]
_290;);\(0) _ _( 1 q oll3) <0.
Oz; (p+1)qd

PRrROOF. The spherical functions ¢f(z) are invariant under the action of the
Weyl group of of type BC w.r.t. z. Therefore, % (x4, ..,x,) is even in each x;, which
leads to (1). Moreover, as ¢! (21, ..., z,) is invariant under the permutations of w;,

8‘9—;@?(0) is independent of 7. To complete the proof of (2), we recall from Corollary

and Eq. that for all A € C? the hypergeometric function Fpco(A, kp,-) is
the unique solution to the eigenvalue problem

(60) Lf ==+ ..+ X+ pl3)f
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for x € int(CP) ={x € CF : 21 >z, > ... > 2, > 0} with f(0) = 1 where the
differential operator L is defined as

(61) L=Af(x)+ Y  mqcoth(e, )0, f(x)

aERT
0? 5
= Z 57 (my coth(z;) + 2my coth(Qxi))a_xi
1<i<q
8i aj a@ 8j
+ms Z |:C0th($i + ;) (8:51- + 8_:c]> + coth(z; — ;) (891:1- _ a_q;]>:|

1<i<j<q

where (mq, ma,m3) = (d(p — q)/2,(d — 1)/2,d/2) as in ([47). Notice here that the
factor 2 of the multiplicity ms originates from the directional derivatives w.r.t the
roots in Eq. .
Now, using part (1), ¢ (x) = Fpc(i\, my, ), and the Taylor expansion of coth
around 0, we have
~F e+ A+ Hlpl)eA (0) = lim Lif(a)
2

0
= (q + gmq + 2qmy + q(q — 1)ms) 8—;2903;(:5)
1

p+1)gd 0?
e L

=0

=0

for all X € C9. Finally, as co(W,” - p) is contained in {z € R? : ||z[]y < [|p[|2}, the
final statement of (2) is also clear. O

PROOF OF THEOREM [5.15. Lemma and ¢ (z) < 1 for € CF ensure
that there exists ¢ > 0 such that

1—c(af+ a5+ ... +22) < Lh(x) forall 2 € CF.
Consequently by Taylor expansion,
Sy -1+ A4+ AT lel3 |3
vn (p+1)gd n

for some constant C' > 0 where ||x||3 is integrable w.r.t u by our assumption. Thus,
dominated convergence theorems yields that

x A+ AT+ elB) 13
li P(—=)—1 § -2 ) dp(z) = 0.
nl—{gon/cég (SOA(\/E) M (p+1)qd n ) ()

Rewriting this relation as

2 2 2
TRy :l_l(A1+...+Aq+||p||2)
oy AR =1 =
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< Cll[l3

n

- / lelZduz) + o( L)
cB n



we obtain

)" () =

/. wﬁ(%)du(l‘)]
_ (1_%'(>\?+...+>\3+Hp\|§) / ||x||3du<x)+0(%)>”

(p+1)qd

|
Q_
=~
.
he]
3
5
>
I
S—
iy
S
>
BE

which implies

. M+ .+ 22+ lell3)
Hm FRo(P . 12))(A) = —~ d / 2d
Jim Fpo(Pgum12)(A) exp( b Dad i |z ||5dp(x)

( to(A%+-.-+A§+||pHS>>
=exp | —
2(p+1)
for all A € R?Ui - co(W,}] - p). Hence, by Theorem [2.12[(iii) there exists a bounded
positive measure in € M (CF) with
to(AL + -+ Ag + ||p||%)>

(62) R

for all A € R?, and (Pgu-1/2),>1 converges to u weakly.

Moreover, since we have Fp.(u)(—ip) = 1, the limiting positive measure p is
indeed a probability measure. This implies that (]P)S(p’n—l/Q))n21 converges weakly

to u = Vot 88 desired. O

REMARK 5.17. The considerations in the above proof imply that the probability
measures 7y, in Definition above indeed exist.
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CHAPTER 6

Central limit theorems for growing parameters

1. Limit thereoms with for growing parameters with outer
normalization

In this section we derive two CLTs for random walks when the time and the

dimension parameter p tend to infinity. Unlike the case of fixed parameters p
for growing parameters it is not possible to obtain limit theorems without having
restriction either on the moment conditions or on the growth rate of p. In this
section we present limit theorem with varying moment conditions and growth rate
condition for parameter p.
In the first case we show a CLT and a weak LLN results with second moment
conditions for the associated measure p, as in Chapter b, but with restriction on
the growth rate for p, coupled with n i.e., we show that as p,,n — oo coupled,
the sequence of random variables

1
NG

converge to some normal distribution N (0, %(x)), and

(SEr —n - mh ()

Sar = -l (1)

n

— 0 in probability,
n

for the drift vector mf(u) as in Chapter 5| depending on p and with the some
covariance matrix % (p).

In the second case we show a CLT and a weak LLN results without restriction on
the growth rate for p with but higher (fourth) moment conditions for the associated
measure [, i.e we show that as p,, n — oo the distributions of the random variable

%(Szn )

converge to some normal distribution A(0,%(x)), and also

Sp’ﬂ

n

— m1(u) in probability,
n
)

for some drift vector 7 (1) and with the same covariance matrix 3(u) as above.
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We now give the precise formula for the drift vector m4 () and covariance
matrix (u). For this we consider the transformation
(63)
T:CF—CPc C’qA, r = (x1,...,44) = Incoshz := (Incoshzy, ...,Incosh z,).

We then define the modified moment functions m;(z) := m;i*(T(z)) which admit
modified integral representations similar to 1} Moreover, for u € ./\/ll(C'éB ) we
consider the image measure T'(u) € MY (CP) € MY (CZ). As |z —Incoshz| < In2
for all x € [0,00[ by an elementary calculation, we see that for all multiindices
[, the I-th moment of type A of p exists if and only if the [-th modified of T'(u)
exists. We put 7 (1) == mi(T(1)) and X () := S4(T(1)).

We now show that for a given p € M*(CY) the existence of moments of some
maximal order is independent from taking classical moments,modified moments,
or moments of type BC. For our purpose it will be sufficient to restrict to the case
when |[] is even.

Let k € Ng and . € MY (CP). It is easy to see that p admits finite modified
moments of order at most 2k if

~ ~ 1/~B
Mok.eys -5 TM2k-eq €L (Cq 7:u)

Indeed, it follows immediately from the definition of moment functions in (52)
and Holder’s inequality, that in this case all moments of order at most 2k are
p-integrable. Similarly, if

p p 1/~B
Mogeys m2k~eq €L (Cq /L)

then p admits finite BC(p)-type moments of order at most 2k.

1.1. Rate of convergence for the moment functions m” for p — oo.
We next derive the estimates for |y (p) —mj (p)| for | € N§ and large p under the
assumption that these moments exist.

PROPOSITION 6.1. For k € N and u € Ml(C’f) the following statements are
equivalent:

(1) p admits all classical moments of order at most 2k, i.e.

Jop 2+ -zl dp(z) < oo for alll = (Iy, ..., 1;) € N& with, |I| < 2k.
(2) p admits all moments of type A of order at most 2k.
(3) T'(i) admits all moments of type A of order at most 2k.

(4) For eachp > 2q—1, p admits all moments of type BC(p) of order at most
2k.

We first recapitulate the following facts; see Lemmas 4.10 and 4.8 of [RV1]:
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LEMMA 6.2. (1) Let dmy,(w) be the probability measures defined in (20)
Then for each n € N there exists a constant C := C(q,n,F) such that all
p = 2q,

(64) /B %dmlj( ) < pg

(2) Let x € C’f,w € B,,ueU(qF) andr =1,...,q. Then
A (g(x, u,w))
A (g(z,u,0))

PROOF PROPOSITION [6.1]. To show (1)=-(2) it is sufficient to prove that
mﬁ‘k.el, ...,m‘g‘k,e € Ll(CB,u). From 1} we have

€ [(1 —zo1(w))*, (1 + oy (w))*] with T := min(zy,1).

le] = 5o /CB/ . lnAJ+1 (u*e*u) — In A (u*e%u))%du du(z).
‘1

We now recall from Lemma 4.2 [V2] that jz, < InAj(u*e*u) < jz; for u €

U(g,F),z € C’f, and 7 = 1,...,q. Therefore, from elementary inequalities we
obtain that

1 :
(65) M0 < 535 [ 10 =)+ (o) < o

q

To prove (2)=-(1) it is sufficient to show that ch 22 dp(x) < co. It can be easily

seen that for every u € U(q, F) there exist coefficients ¢i(u) >0 fori=1,...q with
7, ¢i(u) =1 such that

q

A (u*e*u) = Zci(u)em > cp(u)e*™.

=1

Thus, using the elementary inequality 2% (a**+b%) > (a+b)?* for a = In(c; (u)e**)
and b = —In¢;(u) we have

/ / (In A (u*e*u))** du du(x / / (In(cp (u)e*™))** du du(z)
U(q.F) JCB cp
> —/ (| In ey (u)])? du—l—/ 23* du(z).
Ul(g,F) CB

Now, Lemma 5.1 and Prop081t10n 4.9 of [V2] ensure that [, & (/Inci(u) N2 du
is finite. Hence we have [, 3* du(x) < oo as desired.

The equivalence of (2) and (3) follows from

1 1
4u*62$u < u*(cosh z)?u < iu*e%u
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which implies that
|In A (u*(cosh 2)?u) — In Aj(u*e’u)| < In4.
To prove (3)= (4) we recall from Lemma 6.4 in [V2] that
|InAjg(x, u,w) —InAj(u*(coshz)u)| < 25 - max(|In(1 — oy (w))|, In(oy (w) + 1))
(66) = Hj(w).
It can be easily seen that [, In(1+ oy (w))*dm,,(w) is finite.

Moreover, as 1 > oy(w) > .... > g,(w) > 0 for w € B, we have

q
1 < 2 <9 H 1 < 2
l—oi(w) = 1—oi(w)? = 12 1—0(w)* = A —ww)
Now, from Lemma and together with the elementary inequality
2]

1|z

(67)

(68) | In(1+ 2)| < for |z] <1

we obtain that

(69) /B [0 (1 =01 (w)) [ dm, (w) < 22 / o1 ()2 A(T—w*w)*dm, (w) < oc.

By
Hence, qu |H;(q)|**dm,(w) < oo for j = 1,..,q. Therefore, using the elementary
inequality
3™ + 0 + ) > (a4 b+ o)
we have
(70)
3\ 2k
= (3) f (110 g1, 0) = In A 0 cosh )+
ByxU(q,F)xCE
+ |In A4 (u*(cosh z)u) — In A (u*(cosh z)u)[** +
+ [ InAjg(x,u,w) —InA; (u*(coshg)u)\%) dm,(w) du dp(z).
We see that the right hand side of is finite, from , and the as-
sumption that mé“k,ej (u) is finite.
Finally, the converse statement (4)=(3) follows analogously from

(71)
3\ 2k
o= (3) | 110 A (" (cosh 2)u) — I Ay g, )
ByxU(q,F)xCE
+ A g(z,u,w) — InAjg(z, u, w)*
+ |In Aj(u*(cosh z)u) — In Ajg(z, u, w)|[*|dm, (w)dudp(z).
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PROPOSITION 6.3. Let | = (ly,....,1;) € N§ with |l| > 3 and p € M(CPF).
Assume that p admits finite moments of order 4(|l| — 2). Then, there ezists a
constant C := C(|l|, q, ) such that

(72) () — mf ()] < .

PrOOF. We consider the |I| factors of the integrand in the integral represen-
tations of the moment functions m} and the modified version of for m.
For i =1,2,...,|l| these factors have the form:

filz,u,w) :==In A (g(z,u,w)) — InA,_1(g(z, u, w)),
ﬁ-(az‘,u, w) :==InA(g9(x,u,0)) —InA,_1(g(x,u,0))

with the convention Ay = 1 where r € {1,...,q} is the smallest integer with
1 <L+ 4.
Then, from Lemma(Q) and foralli=1,... ]|,z € Cf,u e U(¢,F),w e B,
we obtain that

’m’i’O'l(U}) Ul(w)

<4
1 1— o (w)

. < 4q7
1—doy(w) >

where £ = min{1, x}. Thus, by we have

0'1(’LU)

|fi($au7w) - ﬁ(x,U,w)| S 8C]fm

Now, notice that

| U

(73) () — m? (1)
- H filw,u,w) — H fz(l’, u,w) | dudm,(w)du(x)

o),
211 ByxU(q,F)xCB

q
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Therefore, by a telescopic sum,

(i) — my ()| =
Il
L e (V00 = )
Il
H filx,u,w ka X, U, W )dudmp( Ydp(x)
Jj=i+1
[t
= ol Z/B . (fi(z,u,w) — fi(x,u, w))x
Il
(74) Hfjxuw kaa:uw)dudmp Ydp(x)

J=i+1

We estimate the summands of the expression of the last formula of in two
ways:
Summands for ¢ = 1 and ||:
From Cauchy-Schwarz inequality, (74) and Lemma we obtain that

Il

(75) /quU( s (fi(z,u,w) — fl(m,u,w))Hfj(x,u,w) dudm,,(w)dpu(z)

J=2

1/2
< (/ | fi(z, u, w) — ﬁ(x,u,w)|2dudmp(w)du(x)> X
BgxU(q,F)xCE

1/2
1 /

X / H fi(z, u, w)*dudm,,(w)dp(z)
By xUp(q,F)xC,

) 1/2
< M, - 8¢ (/B %dmﬂu))

My o= My i) = 8- max  max{im, (u), m? ()}
reNG, 7| <2(]l]-1)

which is finite by initial assumption and Proposition Similarly, we obtain
same upper bound for the [I|th summand in (74).
Now, let ©« = 2, ..., ¢ — 1. Here, we apply Holder’s inequality twice and obtain with
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the same arguments as above that

By xUy(g,F)x C’f
U i1
X H fi(x,u,w) H fk(x,u,w)> dudm,(w)dp(x)
j=it1 k=1
1/2
< (/ |(fi, u, w) = ﬁ(:v,u,W)lgdudmp(W)du(ﬁ))
ByxUo(q,F)xCE
" 1/4
</ TT 1o, ) dudmy (w)du()
ByxUo(q,F)xCE j—it1
i—1 1/4
« ( / 11 fk(x,u,w)|4dudmp(w)d,u(ac)>
ByxUo(a.F) 11
C
< M, —
< M, N
where

My == Ma(u, |ll,q) =8¢~ max — max{m,(u), m}(u)}
reNd,|r|<4(li]—2)

which is again finite by our assumption and Proposition [6.1} Thus, the estimates
and give the desired assertion. U

We are now ready to present the limit theorems. :

1.2. Limit theorems for p — oo.

THEOREM 6.4. Let (p,)n>1 C (2¢ — 1,00) be an increasing sequence with
lim,, oo n/p, =0. Let u € Ml(Cf) be with u # &g and second moments. Consider

the associated random walks (S’g)n;() on Cf forp>2q—1. Then

converges in distribution to N'(0,%(p)).

PROOF OF THEOREM [6.4. We know from Theorem [£.2] that there exists a
constant C' > 0 such that for all p > 2¢ — 1,2 € C’f, A e R

AL -2
pl/2

‘802;_1-,,(1’) — wf_ipA(ln coshz)| < C
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where ||A||1 := || + ... [N\ and & := min(z1,1) > 0. Hence, denoting the half
sums of positive roots of type BC associated with p, by p(n) := pP%(p,), for all
ve MY (CP), we get

<o Al

VPn

Let p™?) € MY CP) be the law of SP. Then, T(5P") has the distribution
T(u™Pn)) whose A-type spherical Fourier transform satisfies

(77) | | s @int@) = [ tincosh o)

T FTENA i) = [ e @) @)

q

(79) = / ‘Pf—ipA (In cosh z)dpu™P) (z)
o7

for A € RY. Therefore, by plugging p(™?») into we get

AT )0 =i = [ 2 i) + 0Ll
= PRl = o) + 015 1)
Pn
— (Pl - o))" + o120
Pn
- (/ (pf—ipA (In coshx)d,u(a:)) + O(%)
cp s
(50) - (aww —iph) + 0<‘]'jl‘;>> +oal,

Using the the initial moment assumption and Lemma [6.1| we see that the first and
second modified moments m; and mq exist. Moreover, all entries of the modified
covariance matrix

S(p) = (1) — ma ()" - ma ()

are finite.
By Lemma the Taylor expansion of Fa(T(u))(\ — ip?) for |[A\| — 0 is given
by

(81) Fa(T (1)) (X = ip™) =1 = i{A, ma (1)) — M2 ()X + o(|A*).
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Using the initial assumption that O(1/,/np,) = o(1/n) we obtain

E(SD A

——Zp

( (gﬁn))ei(%\/ﬁml(u»
= Fa(T(" ) (A — ip*) - & Vi)

- (R -t + oAl s o ] s
_ Kl_ Wﬂj/”g(u» - Amz(u)x 4ol ) )
e |

AS(ON 1)
— (1= -
( 2n + O(n)
Thus,

(82)  lim B(pd s yn (T(S2) - explilh, s ()V) = exp(-AS ()N /2).
On the other hand, from Lemma [5.2{(5) we have
(83) Tim B (3 s ipa (T(SE)) = exp(—if, 101 (S)) /v/n) = 0.

Eq. 1} and . and the fact that |ei<’\’\/ﬁm1(“)>| < 1 together yield that for all
A € R,

lim exp(—i(A, i1 (52) — - 7 (1))/v/7) = exp(—AS(u)A/2).

n—o0

Lévy’s continuity theorem for the classical g-dimensional Fourier transform implies
that

(ma(Sh") —n - 1ma(p)/vn
tends to the normal distribution A(0, 3(s)).
Now, Lemma (2) implies that (T(SP") — n - my(v)))/+/n also converges to
N(0,2(v)).
Finally, with the same argument as in the proof of Theorem above we get that
(SPr — ning () /+/n — N(0,3(u)) in distribution, as desired. O

For the weak LLN result the assumption of existence of first moments of
p € MY (CP) is sufficient.

THEOREM 6.5. Let (pn)n21 C (2q — 1,00) be an increasing sequence with
limy, o0 2/pp = 0. Let p € MY (CP) be with p # 0o and first moments. Consider
the associated random walks (SP),=o on C forp>2q—1 and let > 5. Then
—(SP» —n-mq(p)) —> 0 in probability.
nf
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This means in particular

Spn

n

— my(p) in probability.
n

PROOF OF THEOREM [6.5] From Eq. (80), and the initial assumption
O(1//np,) = o(1/n) it follows that

B _ (T (8o’ e

= f’A(T(M(n,pn)»()\/ns . ipA) ) eio‘»”l_eﬁh(v»

::K;Mnmx%_ufﬂ4xly%0 e

= [(1_W+o(n;ﬂ)) (”WW(#)T

(o2

(T(S))e ' ) = 1

Thus we have

(84) lim B(p?

inA
n—o0 n' w

On the other hand, from Lemma [5.2{(5) we have
85)  lim Bl (T(5) — exp(=i(Ama(§5)) fn)) = 0.

Eq. and and the fact that |e?MVP()| < 1 together yield that for all
A€ R
lim exp(—i(A, (M1 (S7") —n - ma(p)))/n°) = 1.

n—oo
Lévy’s continuity theorem for the classical g-dimensional Fourier transform implies

that

(ma(SE") —n-mq(p))/n® — 0 in distribution.

n

Now, Lemma [5.2)2) implies that
(T(S5") = n -1 (v)))/nf

also converges to 0.
Finally, with the same argument as in the proof of Theorem above we get

(5P — nang (1)) /n® — 0 in distribution.

This implies also convergence in probability since the limit is constant.

72



REMARK 6.6. For the rank one case (q = 1) the preceding CLT was derived
in [Grl|] with different techniques under weaker assumptions, namely without the
restriction n/p, — 0 as n — oo. The proof in (Grl|] relies on the convergence of
the moment functions

(86) (mf(x))* — mé(x) — 0

on [0,00) for p — oco. However, for ¢ > 2 this convergence is no longer available.

We next try to get rid of the restriction n/p, — 0. We shall achieve this by
assuming the existence of fourth moments in addition.

THEOREM 6.7. Let (pn)n>1 C (29 — 1,00) be an increasing sequence with
lim,, o0 pn = 00. Let pu € Ml(Cf) with p # &g and with fourth moments. Con-

sider the associated random walks (Sﬁ)n>0 on C’f forp>2q—1. Then

Spr —n - my" ()
NG

converges in distribution to N'(0,%(p)).

)

PRrROOF OF THEOREM [6.7l We first notice that by Taylor’s theorem and Propo-
sition [6.3] for all p > 2¢ — 1,

(87)

R (e 7

A\
< 2 mi Lo,

1ENY,|I|=3

1 i A N
ST > () + C/VD) 75—
leNa[1|=3 RPN L
R
n3/2

(88) <K

for some constant K > 0 which is independent of p. Analogously, for all p > 2¢—1,
61()\,\/5771?(”)) . (1 + Z<)‘7m€(ﬂ)> </\,7’)’L€(,U)>2) H)\Hgo

NLD 2n

for some Ky > 0 independent of p.

Using estimates and we now follow similar paths as in the proof of
Theorem [6.4. We however use the BC-type Fourier transform and BC-moments
instead of objects of type A, and then approximate A-type moments by BC-type
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moments using Proposition [6.3, Now, we have
B ity (1)) O/ )
= PR ) (i = ip(n) - )
() ) N1
Vn 2n n

— +O(—

] (lm{i ) R

2n

From Lemma [6.3] we also obtain that
A7

AP () A" = AX()N| = 0(\/p_n

)

for p, — oo. Therefore, we have

: n 3Pn )\ (A, v/nmi™ _
Jim B iy (S eV =
ASGOM  A(ZP (1) — D))\ 1\"
=g [ AEWA L AGP () — B(w) +oy

— exp(—AS()X/2)
On the other hand from the Lemma [5.65) we have

00) T B (SE) — exp(—i{A, md (1)) V) = .
Now, Lévy’s continuity theorem for the classical g-dimensional Fourier transform
implies that
(M (Sh) = n-mf" (n)))/V/n
tends to the normal distribution A/(0, Ei](u))
Now, Lemma (2) implies that (T°(SP*) — n - mi™(n)))/+/n also converges to

N(0,5(u)).
Finally, with the same argument as in the proof of Theorem above we get that

(S2r —n-mh" (1) /v — N(0, (k) weakly,
as desired. 0

In contrast to the CLT above, in order to obtain a weak LLN the existence of
second moments for the associated measure p is sufficient.
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THEOREM 6.8. Let (pn)n>1 C (2¢ — 1,00) be an increasing sequence with and

lim,, o0 pr = 00. Let p € Ml(C’f) with p # dg and with second moments. Con-

sider the associated random walks (Sﬁ)@o on Cf forp > 2qg—1. Let e > %

Then

(Sp” —n-mi"(n)) — 0 in probability.
nE

PROOF OF THEOREM [6.8. We first notice that by Taylor’s theorem and Propo-
sition [6.3] for all p > 2¢ — 1

: i)y | 1 A
B W AN < —
E(SO)\/nE—zp n)<S )) ( ne )‘ — n2e Z ™ (,U) lllq'
leNY,|l|=2
1 )\l1 )\q
< = Z (i) +C//p) 7
n lll !
1ENY,|1|=2
3
o < i D

for some constant K; > 0 which is independent of p. Analogously, for all p > 2¢g—1,

; p 3
oo _ (1 SO | g DL

n n25

(92)

for some K5y > 0 independent of p.
Using estimates and we now follow similar paths as in the proof of
Theorem For A\ € R? we have

By (S )0 00
= FRu ) = ip(n) - O 0
(N, mi" 1 (A, my" I A\1"
— [(1 _ w i 0(_)> (1 i w i O(_))}
n n n n
1 n
=1 — .
( +0(n))
Therefore, for all A € RY we have
lim E(SO)\/nS i (Spn)) iAn=mi™ (1) — 1

n—oo

On the other hand from the Lemmal[5.6/(5) for all A € R? we have
03 lm Bl (92 — exp(—ih,mi (S20))/n)) = 0.
Now, Lévy’s continuity theorem for the classical g-dimensional Fourier transform
implies that
(ma(SP*) —n-mi™(u))/n® — 0 in distribution.
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Now, Lemma (2) implies that also (T'(SP") —n-m%" (1) /n® — 0 in distribution.
Finally, with the same argument as in the proof of Theorem above we get
(SPr —n-mE™ (1)) /n® — 0 in distribution. This implies convergence in probability
since the limit is constant.

O

2. A law of large numbers for inner normalizations and growing
parameters

. . n-— / .
We present a further limit theorem for (Sfmp ! 2))n21 when p and n go oo in a

coupled way. It will turn out that then, under some canonical norming, the limiting
distribution is a point measure, i.e., we obtain a weak law of large numbers:

THEOREM 6.9. Let p € M'(CP) with jn # 8y and finite second moments. Let
to be defined as in Theorem [5.15 and (pn)n>1 C [2¢ — 1,00) be increasing with

lim,, oo n/p, = 0. Then, S,(Abp"’Wl ’

~

tends in probability for n — oo to the constant
In (etO/Q + /eto/4 — 1> (1,...,1).
For the proof of theorem we first recapitulate the Taylor expansion for p{ ()
at x = 0 from [G1]:
LEMMA 6.10. For ||z]|s — 0,

1 q
oi(z) =1+ ﬁ()‘l At A) Dk + Ra()

with _
Ry(x) =) falA)Pa(2)

where the P,(x) are symmetric polynomials in x1, ..., x, which are homogeneous of
order > 2.

We also need the following fact:

LEMMA 6.11. For p > 2q — 1, the half sum p = pP°(p) satisfies the condition
pr—pe co(WqB - p), where WqB is the Weyl group of type B,.

PROOF. Denote p := (pg, pg—1-.-, p1). Then, obviously , —p,—p € WP - p. On
the other hand we have

ph—p= (g(p+ 1) — 1) (L) = 5(=p = ).

This proves the result. U
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PROPOSITION 6.12. Let u, to and (pn)n>1 be defined as in Theorem . Let
p(n) := pB%(p,) be the half sum of positive roots of type BC associated with the
parameters p,. Then, for all X\ € C with I\ = p?,

(94) /CB gp’;"ip(n)(%)dp( r)=1+ i_(r)z Z()\k —ipd) +o(1/n) asn — oco.

k=1

PROOF. Lemma and the Taylor expansion Incoshz = 2? + O(z?) show
that for all A € C? with such that X € co(W/ - p*)

Izl | 5 Ml
(95) 0 (lncosh\/ﬁ )=1+ E )\2 d R( " )
for n — oo. On the other hand, Theorem 4.2(2) in [RV1] states that
x [Ally - min(1, z1/+/n)
96 P (= 1 h <C-
( ) |¢A_1ﬂ(n)(\/ﬁ) 90)\ sz(nCOS \/_)| \/]—)

for all X € C? such that S\ — p(n) € co(W,} - p(n )) Notice that the analysis of the
proof of Theorem 4.2(2) in [RV1] shows that is in fact precisely valid for

Ae{AeCl:IX—p(n) € coW) - p(n)) and I — pt e co(VV(;4 M)

If we combine and and use the Lemma we see that as p,/n — oo
(97)

Pn i_l_q )\_AH‘TH%_
('Dx\—ip(n)(\/ﬁ) Z( k Zpk)2qnd =

k=1

2
(el
n

) forall A € C? with S\ = p?

which, by integrating w.r.t v yields the result.
O

PROOF OF THE THEOREM [6.9l Let 1(™P») be the n-fold *,, convolution power
of y. The Proposition shows that for all A € C? with I\ = p4

i V™) () = 1 Pn T
nh—{go (‘OA ZP(n(\/_) Pt (x)_nh_{ﬂlo on SOA—ip(n)(\/ﬁ)dﬂ(x)

q n
T o A
_7}1_{120 <1 o, ;(Ak ipe) + 0(1/n)>

t .
T uin)

7



Thus, using we have that

lim FA(P

N 00 T(Sﬁpn»nil/Q)

YA — ipA) = lim gof_ipA (In cosh %)du("’p”)(x)

X

— ] Pn - (TL:pn)
= lim » P\ ipta) 7 ) ()

t, .
= eZO' Z:1()‘k77’p?)

for all A € C? with 3\ = p*. By making substitution A\ — \ + ip? above, we get
. A to . 5ha oy

(%8) Jin FAR gm0 = e

for all A € R9. On the other hand from (49)) we can easily see that

TN = (01, 1))

71/2)

......

for all X € C? with A € co(W;* - p?). Since the equality (98) is satisfied on
R, i.e. the support of Plancherel measure, from Theorem [2.12{iv) it follows
that ]P’T 12, converges vaguely to the Dirac point measure dy,(i,...1). More-

over, as the IP’T

(Sr(zpn sn

( ) A

(]P)T(S(pn’n—l/%))n is tight and the convergence becomes weak. Now, since 7!

is a continuous function, from continuous mapping theorem we conclude that
P 172y converges weakly to

S’,(lpnyni
—1 .
T (5%~(e1,...,eq)) = 5111(629—%- /et20—1>'(1"“’1)
as desired. O
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List of Symbols

Symbol Meaning
a Euclidean space with dimension ¢ and scalar product (-, -)
B(X) Borel sigma algebra of X
By(X), By(X) Space of (bounded) Borel measures on X
C(X), Cp(X) Space of (bounded) continuous measures on X
Oy Dirac measure at x
A Euclidean Laplace operator on R?
A, Heckman-Opdam Laplacian, see (33)
cA Weyl chamber of type A
C’}’ Weyl chamber of type B
d(z,y,u,w) see
Fy hypergeometric function
Mg, multiplicity: W-invariant map m : R — C

dm,(w) see
M(X), My(X) Space of (bounded) Borel measures on X

MY(X) Space of probability measures on X
My(G|K), My(G||K) K-(bi)invariant measures in M,(G), see (??), (3)
My, k(M) space of K-invariant (invariant under action of K') measure on M
ML(X) space of probability measures with moments up to order k, see
Definition
P, PV space of (W-invariant) polynomials
S(a) symmetric algebra on a
p(m) half sum of roots, see
R root system, see Definition
Rt a positive subsystem root system R
X(X), xo(X) (semi)characters, see Definition
X dual space of X, see Definition
Ax(@) sec (I3)
Fro Fourier transform of type BC
Fa Fourier transform of type A
co(+) convex hull of a set
int(-) interior of a set
Ra real part of x
Sx imaginary part of x
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