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Introduction

Cointegration analysis is by now a standard tool in multivariate time series analysis with applica-
tion ranging from economics to climate science. The main idea of this concept is the assumption
of underlying stochastic trends in a multivariate stochastic process. If the number of stochastic
trends is smaller than the dimension of the multivariate process, the aim is to find linear com-
binations within the times series, that cancel out the stochastic trends. Knowledge about the
number of the stochastic trends as well as their influence on the observable times series might
then improve prediction performance or validate results from economic theory. Evidence for or
against a common stochastic trend between, e.g., money supply and inflation or money supply
and investment may be of high interest, e. g., from the point of view of a central bank.
Cointegration was first considered by Granger (1981), and further formalized by Soren Johansen
and Katarina Juselius and their co-authors, see, e. g., the monographs Johansen (1995) and Juselius
(2006), who introduced a vector error correction model (VECM) and, thus, chose the class of vector
autoregressive (VAR) processes to model cointegrated processes. This choice may be too restric-
tive, since, e.g., Zellner and Palm (1974) show that VAR processes are not invariant with respect
to marginalization (subsets of variables of a VAR process are not necessarily VAR processes).
Similarly, VAR processes are not invariant with respect to aggregation. An invariant class with
respect to these two operations are the vector autoregressive moving average (VARMA) processes.
These processes, e. g., also occur as linearized solutions to dynamic stochastic general equilibrium
models, compare Campbell (1994).

Note that a VARMA process can be approximated arbitrary closely by a VAR process, such that
no changes should occur in the overall asymptotic results regarding cointegration analysis using
VARMA processes as a model class. However, VARMA models might be more parsimonious in
some cases, which together with the arguments presented above, was enough to justify further
research in this area. The subsequent work led to the completion of this thesis, which consists of
three chapters corresponding to three articles written in collaboration with my co-authors Pro-
fessor Dietmar Bauer, Patrick de Matos Ribeiro and Professor Martin Wagner. In the analysis
we employ the representation of VARMA processes by state space systems, see, e.g., Hannan
and Deistler (1988). The chosen representation decomposes the VARMA process into underlying
components including its stochastic trends, thus, allowing for an intuitive understanding of the
cointegrating properties of the process.

Chapter 1 first focuses on theoretical results regarding the sets of transfer functions corresponding
to VARMA systems with similar cointegrating properties, summarized in the so-called state space
unit root structure. We develop and discuss different parameterizations for vector autoregressive
moving average processes with arbitrary unit roots and (co)integration orders. The detailed anal-
ysis of the topological properties of the parameterizations — based upon the state space canonical
form of Bauer and Wagner (2012) — is an essential input for establishing statistical and numerical
properties of pseudo maximum likelihood estimators as well as, e. g., pseudo likelihood ratio tests
based upon them. The general results are exemplified in detail for the empirically most relevant
cases, the (multiple frequency or seasonal) I(1) and the I(2) case. For these two cases we also
discuss the modeling of deterministic components in detail.

In Chapter 2 we show that the Johansen framework for testing hypotheses on the cointegrating
ranks and spaces for seasonally integrated processes of the multiple frequency I(1)(MFI(1)) type
can be extended to the class of VARMA processes by using a state space error correction rep-
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resentation for MFI(1) processes. The estimated cointegrating vectors are asymptotically mixed
Gaussian and pseudo likelihood ratio tests of linear restrictions on the cointegrating spaces are x?
distributed. Also, pseudo likelihood ratio tests for the cointegrating ranks have the same distri-
butions under the null hypothesis in the VARMA case as in the VAR case. Hence, no new tables
for critical values are needed. In a simulation study our tests outperform the tests by Johansen
and Schaumburg and the canonical variate analysis subspace tests in small samples in a MFI(1)
setting considerably.

In Chapter 3 we develop estimation and inference techniques for I(2) cointegrated VARMA pro-
cesses cast in state space format. In particular, we derive consistency as well as the asymptotic
distributions of estimators maximizing the Gaussian pseudo likelihood function. As usual, the
parameters corresponding to I(2) and I(1) stochastic trends are estimated super-consistently at
rates T2 and T respectively, whereas the parameters of the stationary components of the state are
estimated at rate T'/2. The limiting distributions of the parameters corresponding to the inte-
grated components are mixtures of Brownian motions, the parameters of the stationary subsystem
are asymptotically normally distributed. Furthermore, we discuss hypothesis tests for the state
space unit root structure, leading to the well-known limiting distributions for VAR 1(2) processes.
Again, a small simulation study shows favorable results for small samples, with our test leading
to better performance in determining these integer parameters.

All simulations have been performed in MATLAB. The code containing the respective procedures
can be obtained from the author upon request.



iii

Acknowledgments

Zuallererst danke ich Gott unserem Schopfer, dass neben der leeren Menge auch anderes existiert,
was sich zu erforschen lohnt, und meinem Herrn und Erloser Jesus Christus, dass Er meine leeren
Mengen durch Seine Gnade in Seinem Blut zu verwandeln weif3. Schliefilich dem Heiligen Geist,
Dem ich alles anvertraue, ohne Dem allem Nachsinnen jeder Sinn und das Ziel fehlt.

Ich danke Dir, Marta, fiir Deine Liebe und die fordernde Art, mit der Du diese Dissertation
ermoglicht hast und gleichzeitig mir und unseren Kindern die Warme schenkst, als emotionales
Zentrum unseres Hauses, fiir Deine Schonheit.

Mein herzlicher Dank gilt meinen Koautoren. Ich danke meinem Professor Martin Wagner, fiir
seine Geduld bei den Manuskripten, fiir sein strapaziertes Vertrauen und die Weisheit, dass
Prézision und Sorgfalt bei der Arbeit mehr bringen als die besten Ideen und skizzierten Pro-
jekte. Wenn dies in dieser Dissertation noch nicht vollstdndig zum Tragen kommt, nehme ich dies
doch aus dieser lehrreichen Zeit mit. Professor Dietmar Bauer danke ich fiir sein schnelles Mit-
denken und das Niederschlagen einiger noch liickenhafter Beweise. Schliellich danke ich meinem
Kollegen und Freund Patrick Ribeiro fiir die pragende Zeit am Schreibtisch und Telefon.

Ich danke meinen Freunden am Lehrstuhl, Rafael (mit dem die Zeit hier anfing), Fabian, Peter
und Oliver, allen von der TU Dortmund und Uni Bielefeld, die diese fiinf Jahre bereichert haben.
Mein Dank gebiihrt auch der DFG fiir die finanzielle Unterstiitzung im Rahmen der Projekte BA
5404/1-1 und WA 3427/1-1, in denen diese Dissertation entstanden ist.

Ich danke meinen Eltern fiir Thre Sorge und Unterstiitzung und dafiir, dass Sie die Anfdnge meines
Weges behiitet haben. Meiner Schwester Ania, die auch fast von Anfang dabei ist, dazu meinem
Groflvater Johann, meinen Schwiegereltern, meiner Schwégerin Sarah, und Babcia Danusia. Bez
wasze] pomocy i waszego usmiechu, cala praca bytaby duzo trudniejsza. Schlieflich auch meinen
drei schon geborenen Kindern: Amelka, Noe i Julka.



v




Chapter 1

A Parameterization of Models for
Unit Root Processes: Structure
Theory and Hypothesis Testing

1.1 Introduction

Since the seminal contribution of Clive W.J. Granger (1981) that introduced the concept of coin-
tegration, the modeling of multivariate (economic) time series with models and methods that
allow for unit roots and cointegration has become standard econometric practice with applications
ranging from macroeconomics to finance to climate science.

The most prominent (parametric) model class for cointegration analysis are vector autoregres-
sive (VAR) models, popularized by the important contributions of Sgren Johansen and Katarina
Juselius and their co-authors, see, e.g., the monographs Johansen (1995) and Juselius (2006).
The popularity of VAR cointegration analysis stems not only from the (relative) simplicity of the
model class that allows by and large for least squares based estimation, but also from the fact that
the VAR cointegration literature is very well-developed and provides a large battery of tools for
diagnostic testing, impulse response analysis, forecast error variance decompositions and the like.
All this makes VAR cointegration analysis to a certain extent the benchmark in the literature.!

The imposition of specific cointegration properties on an estimated VAR model becomes in-
creasingly complicated as one moves away from the I(1) case. As discussed in Section 1.2, e. g., in
the I(2) case a triple of indices needs to be chosen (fixed or determined via testing) to describe the
cointegration properties. The imposition of cointegration properties in the estimation algorithm
then leads to “switching” type algorithms that come together with complicated parameterization
restrictions with complex inter-relations, compare Paruolo (1996) or Paruolo (2000).2 Mathemat-
ically, these complications arise from the fact that the unit root and cointegration properties are
in the VAR setting related to rank restrictions on the autoregressive polynomial matrix and its
derivatives.

Restricting cointegration analysis to VAR processes may be too restrictive. First, it is well-
known since Zellner and Palm (1974) that VAR processes are not invariant with respect to
marginalization, i. e., subsets of the variables of a VAR process are in general vector autoregressive
moving average (VARMA) processes. Second, similar to the first argument, aggregation of VAR
processes also leads to VARMA processes, an issue relevant, e.g., in the context of temporal ag-

1Note that the original contribution to the estimation of cointegrating relationship has been least squares es-
timation in a non- or semi-parametric regression setting, see, e.g., Engle and Granger (1987). A recent survey of
regression based cointegration analysis is provided by Wagner (2018).

2The complexity of these inter-relations is probably well illustrated by the fact that only Jensen (2013) notes that
“even though the I(2) models are formulated as submodels of I(1) models, some I(1) models are in fact submodels
of I(2) models”.
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gregation and in mixed-frequency settings. Third, the linearized solutions to dynamic stochastic
general equilibrium (DSGE) models are typically VARMA rather than VAR processes, see, e. g.,
Campbell (1994). Fourth, a VARMA model may be a more parsimonious description of the data
generating process (DGP) than a VAR model, with parsimony becoming more important with
increasing dimension of the process.?

If one accepts the above arguments as a motivation for considering VARMA processes in coin-
tegration analysis, it is convenient to move to the — essentially equivalent, see Hannan and Deistler
(1988, Chapters 1 and 2) — state space framework. A key challenge when moving from VAR to
VARMA models — or state space models — is that identification becomes an important issue for the
latter model class, whereas unrestricted VAR models are (reduced-form) identified. In other words,
there are so-called equivalence classes of VARMA models that lead to the same dynamic behavior
of the observed process. As is well-known, to achieve identification, restrictions have to be placed
on the coefficient matrices in the VARMA case, e.g., zero or exclusion restrictions. A mapping
attaching to every transfer function, i.e, the function relating the error sequence to the observed
process, a unique VARMA (or state space) system from the corresponding class of observationally
equivalent systems is called canonical form. Since not all entries of the coefficient matrices in
canonical form are free parameters, for statistical analysis a so-called parameterization is required
that maps the free parameters from coefficient matrices in canonical form into a parameter vector.
These issues, including the importance of the properties like continuity and differentiability of pa-
rameterizations, are discussed in detail in Hannan and Deistler (1988, Chapter 2) and, of course,
are also relevant for our setting in this paper.

The convenience of the state space framework for unit root and cointegration analysis stems
from the fact that (static and dynamic) cointegration can be characterized by orthogonality con-
straints, see Bauer and Wagner (2012), once an appropriate basis for the state vector, which is a
(potentially singular) VAR process of order one, is chosen. The integration properties are governed
by the eigenvalue structure of unit modulus eigenvalues of the system matrix in the state equation.
Eigenvalues of unit modulus and orthogonality constraints arguably are easier restrictions to deal
with or to implement than the interrelated rank restrictions considered in the VAR or VARMA
setting. The canonical form of Bauer and Wagner (2012) is designed for cointegration analysis by
using a basis of the state vector that puts the unit root and cointegration properties to the center
and forefront. Consequently, these results are key input for the present paper and are thus briefly
reviewed in Section 1.3.

An important problem with respect to appropriately defining the “free parameters” in VARMA
models is the fact that no continuous parameterization of all VARMA or state space models of a
certain order n exists in the multivariate case, see Hazewinkel and Kalman (1976). This implies
that the model set, M,, say, has to be partitioned into subsets on which continuous parameter-
izations exist, i.e., M, = Upcq Mr for some multi-index I' varying in an index set G. Based
on the canonical form of Bauer and Wagner (2012), the partitioning is according to systems — in
addition to other restrictions like fixed order n — with fixed unit root properties, to be precise over
systems with given state space unit root structure. This has the advantage that, e. g., pseudo max-
imum likelihood (PML) estimation can straightforwardly be performed over systems with fixed
unit root properties without any further ado, i.e., without having to consider (or ignore) rank
restrictions on polynomial matrices. The definition and detailed discussion of the properties of
this parameterization is the first main result of the paper.

The second main set of results, provided in Section 1.4, is a detailed discussion of the relation-
ships between the different subsets of models Mr for different indices I' and the parameterization
of the respective model sets. Knowledge concerning these relations is important to understand
the asymptotic behavior of PML estimators and pseudo likelihood ratio tests based upon them.

3The literature often uses VAR models as approximations, based on the fact that VARMA processes often can
be approximated by VAR models with the order tending to infinity with the sample size at certain rates. This line
of work goes back to Lewis and Reinsel (1985) for stationary processes and has been extended to (co)integrated
processes by Saikkonen (1992), Saikkonen and Luukkonen (1997) and Bauer and Wagner (2007). In addition
to the issue of the existence and properties of a sequence of VAR approximations, the question whether a VAR
approximation is parsimonious remains.



In particular the structure of the closures of M, M say, of the considered model set M has to be
understood, since the difference M \ M cannot be avoided when maximizing the pseudo likelihood
function*. Additionally, the inclusion properties between different sets My need to be understood,
as this knowledge is important for developing hypothesis tests, in particular for developing hy-
pothesis tests for the dimensions of cointegrating spaces. Hypotheses testing, with a focus on the
MFI(1) and I(2) cases, is discussed in Section 1.5, which shows how the parameterization results
of the paper can be used to formulate a large number of hypotheses on (static and polynomial)
cointegrating relationships as considered in the VAR cointegration literature. This discussion also
includes commonly used deterministic components like intercept, seasonal dummies and linear
trend as well as restrictions on these components.

The paper is organized as follows: Section 1.2 briefly reviews VAR and VARMA models with
unit roots and cointegration and discusses some of the complications arising in the VARMA case
in addition to the complications arising due to the presence of unit roots and cointegration already
in the VAR case. Section 1.3 presents the canonical form and the parameterization based upon
it, with the discussion starting with the multiple frequency 1(1) — MFI(1) — and I(2) cases prior
to a discussion of the general case. This section also provides several important definitions like,
e.g., of the state space unit root structure. Section 1.4 contains a detailed discussion concerning
the topological structure of the model sets and Section 1.5 discusses testing of a large number of
hypotheses on the cointegrating spaces commonly tested in the cointegration literature. The dis-
cussion in Section 1.5 focuses on the empirically most relevant MFI(1) and I(2) cases and includes
the usual deterministic components considered in the literature. Section 1.6 briefly summarizes
and concludes. All proofs are relegated to the appendix.

Throughout we use the following notation: L denotes the lag operator, i.e., L({zt}icz) :=
{xt_1}tez, for brevity written as Lx; = x¢—1. For a matrix v € C**", 4/ € C"** denotes its
conjugate transpose. For v € C**" with full column rank r < s, we define v, € C**(5=7) of
full column rank such that v'y, = 0. I, denotes the p-dimensional identity matrix, O,,x, the
m times n zero matrix. For two matrices A € C™*" B € CF*!, A® B € C™**" denotes the
Kronecker product of A and B. For a complex valued quantity =, R(z) denotes its real part, Z(x)
its imaginary part and T its complex conjugate. For a set V, V denotes its closure.® For two sets
V and W, V' \ W denotes the difference of V- and W, i.e., {v € V : v ¢ W}. For a square matrix
A we denote the spectral radius (i.e., the maximum of the moduli of its eigenvalues) by Ajmax|(A)
and by det(A) its determinant.

1.2 Vector Autoregressive, Vector Autoregressive Moving
Average Processes and Parameterizations

In this paper we define VAR processes {y; ez, yr € R, as solution of

P

a(L)ye =y + > _ ajyr—; = & + Pdy, (1.1)
j=1

with a(L) := I, +32%_, a;jL7, where a; € R®*® for j = 1,...,p, ® € R*™ qa, # 0, a white
noise process {e;}iez, €¢ € R®, with ¥ := E(ge}) > 0 and a vector sequence {d;}icz, di € R™,
comprising deterministic components like, e. g., the intercept, seasonal dummies or a linear trend.
Furthermore, we impose the non-ezplosiveness condition det a(z) # 0 for all |z| < 1, with a(z) :=
Is+ 3%, a;2’ and z denoting a complex variable.®

4Below we often use the term “likelihood” as short form of “likelihood function”.

5We are confident that this dual usage of notation does not lead to confusion.

60ur definition of VAR processes differs to a certain extent from some widely-used definitions in the literature.
Given our focus on unit root and cointegration analysis we, unlike Hannan and Deistler (1988), allow for determi-
nantal roots at the unit circle that, as is well known, lead to integrated processes. We also include deterministic
components in our definition, i. e., we allow for a special case of exogenous variables, compare also Remark 2 below.
There is, however, also a large part of the literature that refers to this setting simply as (cointegrated) vector
autoregressive models, see, e.g., Johansen (1995) and Juselius (2006).
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Thus, for given autoregressive order p, with — as defining characteristic of the order — a, # 0,
the considered class of VAR models with specified deterministic components {d; }+ez is given by
the set of all polynomial matrices a(z) such that (i) the non-explosiveness condition holds, (ii)
a(0) = I, and (iii) a, # 0; together with the set of all matrices & € R¥*"™.

Equivalently, the model class can be characterized by a set of rational matrix functions k(z) :=
a(z)~1, referred to as transfer functions, and the input-output description for the deterministic
variables, i.e.,

R sXm
‘/;,,@ = Vp x R s

Vp

o'} P
k(z) = ijzj =a(z) tralz) =1, + Zajzj,det a(z) #0for |z] <1,a, #0
Jj=0 J=1

The associated parameter space is ©p ¢ := 0, x R¥" C R52p+sm, where the parameters
0 = 1[0,,05]) =[vec(a1)',...,vec(ap) ,vec(®)] (1.2)
are obtained from stacking the entries of the matrices a; and ®, respectively.

Remark 1 In the above discussion the parameters, 0y say, describing the variance covariance
matriz 3 of €, are not considered. These can be easily included, similarly to ® by, e.g., parame-
terizing positive definite symmetric s X s matrices via their lower triangular Cholesky factor. This
leads to a parameter space ©, o 5 C R PHsm+2E e omit Os. for brevity, since typically no
cross-parameter restrictions involving parameters corresponding to % are considered, whereas as
discussed in Section 1.5 parameter restrictions involving — in this paper in the state space rather
than the VAR setting — both elements of ©, and ®, to, e.g., impose the absence of a linear trend in
the cointegrating space, are commonly considered in the cointegration literature.” In the absence
of cross-parameter restrictions involving s, the variance covariance matriz 3 is typically either
estimated from least squares or reduced rank regression residuals (in a VAR setting) or concen-
trated out in pseudo maximum likelihood estimation. Thus, explicitly including 0y and Oy in the
discussion would only overload notation without adding any additional insights, given the simple
nature of the parameterization of X.

Remark 2 Our consideration of deterministic components is a special case of including exoge-
nous variables. We include exogenous deterministic variables with a static input-output behavior
governed solely by the matriz ®. More general exogenous variables that are dynamically related
to the output {y; }+ez could be considered, thereby considering so-called VARX models rather than
VAR models, which would necessitate considering in addition to the transfer function k(z) also a
transfer function l(z), say, linking the exogenous variables dynamically to the output.

For the VAR case, the fact that the mapping assigning a given transfer function k(z) € Vj, to a
parameter vector 8, € ©, — the parameterization — is continuous with continuously differentiable
inverse is immediate.® Homeomorphicity of a parameterization is important for the properties of
parameter estimators, e. g., the ordinary least squares (OLS) or Gaussian PML estimator, compare
the discussion in Hannan and Deistler (1988, Theorem 2.5.3 and Remark 1, p. 65).

For OLS estimation one typically considers the larger set VPOLS without the non-explosiveness
condition and without the assumption a, 7# 0:

00 p
VpOLS = (k(z) = ijzj =a(z) tialz) =1+ Zajzj
§=0 j=1

7Of course, the statistical properties of the parameter estimators depend in many ways upon the deterministic
components.

8The set V), is endowed with the pointwise topology, defined in Section 1.3. For now, in the context of VAR
models, it suffices to know that convergence in pointwise topology is equivalent to convergence of the VAR coefficient
matrices ay,...,ap in the Frobenius norm.



Considering V;,OLS allows for unconstrained optimization. It is well-known that for {e;}cz as
given above, the OLS estimator is consistent over the larger set VpOLS , i.e., without imposing
non-explosiveness and also when specifying p too high. Alternatively, and closely related to OLS
in the VAR case, the pseudo likelihood can be maximized over ©, . With this approach, maxima
respectively suprema can occur at the boundary of the parameter space, i. e., maximization effec-
tively has to consider ©, ¢. It is well-known that the PML estimator is consistent for the stable
case, cf. Hannan and Deistler (1988, Theorem 4.2.1), but the maximization problem is compli-
cated by the restrictions on the parameter space stemming from the non-explosiveness condition.
Avoiding these complications and asymptotic equivalence of OLS and PML in the stable VAR
case explains why VAR models are usually estimated by OLS.°

To be more explicit, ignore deterministic components for a moment and consider the case where
the DGP is a stationary VAR process, i.e., a solution of (1.1) with a(z) satisfying the stability
condition deta(z) # 0 for |z| < 1. Define the corresponding set of stable transfer functions by
V!

Vpe = {a(2)™' €V, :deta(z) #0 for [2| < 1,a, # 0}.

Clearly, V}, o is an open subset of V},. If the DGP is a stationary VAR process, the above-mentioned
consistency result of the OLS estimator over VPOLS implies that the probability that the estimated

transfer function, k(z) = a(z)~" say, is contained in V}, , converges to one as the sample size tends
to infinity. Moreover, the asymptotic distribution of the estimated parameters is normal, under
appropriate assumptions on {&;}¢cz.

The situation is a bit more involved if the transfer function of the DGP corresponds to a point
in the set pr. \ Vp,e, which contains systems with unit roots, i. e., determinantal roots of a(z) on
the unit circle, as well as lower order autoregressive systems — with these two cases non-disjoint.
The stable lower order case is relatively unproblematic from a statistical perspective. If, e.g.,
OLS estimation is performed over V;,OLS , while the true model corresponds to an element in V- ,,
with p* < p, the OLS estimator is still consistent, since Vp- o C VpOLS . Furthermore, standard
chi-squared pseudo likelihood ratio test based inference still applies. The integrated case, for a
precise definition see the discussion below Definition 1, is a bit more difficult to deal with, as
in this case not all parameters are asymptotically normally distributed and nuisance parameters
may be present. Consequently, parameterizations that do not take the specific nature of unit root
processes into account are not very useful for inference in the unit root case, see, e. g., Sims, Stock
and Watson (1990, Theorem 1). Studying the unit root and cointegration properties is facilitated
by resorting to suitable parameterizations that “zoom in on the relevant characteristics”.

In case that the only determinantal root of a(z) on the unit circle is at z = 1, the system
corresponds to a so-called I(d) process, with the integration order d > 0 made precise in Defini-
tion 1 below. Consider first the I(1) case: As is well-known, the rank of the matrix a(1) equals
the dimension of the cointegrating space given in Definition 3 below — also referred to as the coin-
tegrating rank. Therefore, determination of the rank of this matrix is of key importance. With
the parameterization used so far, imposing a certain (maximal) rank on a(1) implies complicated
restrictions on the matrices a;, j = 1,...,p. This in turn renders the correspondingly restricted
optimization unnecessarily complicated and not conducive to develop tests for the cointegrating
rank. It is more convenient to consider the so-called vector error correction model (VECM) repre-
sentation of autoregressive processes, discussed in full detail in the monograph Johansen (1995).
To this end let us first introduce the differencing operator at frequency 0 < w <7

(1.3)

A Iy —2cos(w)L+ L?* for0<w<m
@ I; — cos(w)L for w e {0,7} ~

For notational brevity, we omit the dependence on L in A, (L), henceforth denoted as A,,. Using

9Note that in case of restricted estimation, i.e., zero restrictions or cross-equation restrictions, OLS is not
asymptotically equivalent to PML in general.
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this notation, the I(1) error correction representation is given by

p—1
Aoyr = Tyr+ > Tiloyi—j + & + Ody (1.4)
j=1
p—1
By + Z LjAoyi—j + e + Pdy,

Jj=1

with the matrix II := —a(1) = —(Is + >_}_, a;) of rank 0 < r < s factorized into the product of
two full rank matrices a, 8 € R**" and Tj := Y0 .\ am, j=1,...,p— L.

This constitutes a reparameterization, where k(z) € V, is now represented by the matrices
(o, 8,T1,...,Tp1) and a corresponding parameter vector 8, € ©y5°. Note that stacking the

entries of the matrices does not lead to a homeomorphic mapping from V), to ©%, since for 0 <

r < s the matrices a and 3 are not identifiable from the product o', since o’ = aMM 13 = a3’
for all regular matrices M € R"*". One way to obtain identifiability is to introduce the restriction
B = [I,, 8], with * € RC=*" and o € R**". With this additional restriction the parameter

vector 0" is given by stacking the vectorized matrices a, 8*,T1,...,I,_1, similarly to (1.2).
Then ©,75%" = ©,7M X R*™ C RPs*—(s=r)*+sm  Note for completeness that the normalization of

B8 =11, B! ]’ may necessitate a re-ordering of the variables in {y;}+cz since — without potential

reordering — this parameterization implies a restriction of generality as, e. g., processes, where the

first variable is integrated, but does not cointegrate with the other variables, cannot be represented.
Define the following sets of transfer functions:

Vpr = {a(z)7" €V, :deta(z) #0 for {z: |z| =1,z # 1}, rank(a(1)) <7, },
VpI?rRR = {a(z)"' € V;,OLS :rank(a(1)) <r}.

The dimension of the parameter vector 6, °“* depends on the dimension of the cointegrating
space, thus the parameterization of k(z) € V), depends on r. The so-called reduced rank regression
(RRR) estimator, given by the maximizer of the pseudo likelihood over VPI?TRR is consistent, see,
e.g., Johansen (1995, Chapter 6). The RRR estimator uses an “implicit” normalization of S and
thereby implicitly addresses the mentioned identification problem. However, for testing hypotheses
involving the free parameters in « or 3, typically the identifying assumption given above is used,
as discussed in Johansen (1995, Chapter 7).

Furthermore, since V), C Vj,« for r < r* < s, with ©;7°" a lower dimensional subset of
0,75, pseudo likelihood ratio testing can be used to sequentially test for the rank r, starting
with the hypothesis of a rank » = 0 against the alternative of a rank 0 < r < s, and increasing
the assumed rank consecutively until the null hypothesis is not rejected.

Ensuring that {y; }1cz generated from (1.4) is indeed an I(1) process, requires on the one hand
that II is of reduced rank, i.e., 7 < s and on the other that the matrix

p—1
o\ T8 = o IS—ZF]' 81 (1.5)

Jj=1

has full rank. It is well-known that condition (1.5) is fulfilled on the complement of a “thin”
algebraic subset of VPI?TRR, and is therefore ignored in estimation, as it is “generically” fulfilled.'®

The I(2) case is similar in structure to the I(1) case, but with two rank restrictions and one
full rank condition to exclude even higher integration orders. The corresponding VECM is given
by

p—2
Ajyr = aBy1 —TAoyr 1+ > UAGy; + e, (1.6)

Jj=1

10A similar property holds for Vpl?ﬁR being a “thin” subset of VpOLS. This implies that the probability that the
OLS estimator calculated over VpOLS corresponds to an element Vpl?'ﬁR C VpOLS is equal to zero in general.



with o, 8 as defined in (1.4), T' as defined in (1.5) and ¥; := —ZZ;}H Ip,3=1,....,p—2.
From (1.5) we already know that reduced rank of
o\ TBL = & (1.7)

with &,7 € RE=)X™ m < s — r is required for higher integration orders. The condition for the
corresponding solution process {y}+cz to be an 1(2) process is given by full rank of

p—2
Loy (TR Ha'a) T+ I, =Y W5 | Biny,
J=1

which again is typically ignored in estimation, just like condition (1.5) in the I(1) case. Thus,
I(2) processes correspond to a “thin subset” of VPI?TRR, which in turn constitutes a “thin subset”
of V;)OLS . The fact that integrated processes correspond to “thin sets” in VPOLS implies that ob-
taining estimated systems with specific integration and cointegration properties requires restricted
estimation based on parameterizations tailor made to highlight these properties.

Already for the I(2) case, formulating parameterizations that allow to conveniently study the
integration and cointegration properties is a quite challenging task. Johansen (1997) contains
several different (re-)parameterizations for the I(2) case and Paruolo (1996) defines “integration
indices”, rq, 1, T2 say, as the number of columns of the matrices g € R%*™ 3y := g, n € R**™ and
B2 := BinL € R¥*"2. Clearly, the indices rg, r1, 72 are linked to the ranks of the above matrices IT
and o/, T3, as 7o = r and r; = m and the columns of [§, 31, 2] form a basis of R®, such that s =
ro+r1+72. It holds that {85y: +ez is an 1(2) process without cointegration and {3 y: }+cz is an I(1)
process without cointegration. The process {y; }1ez is typically I(1) and in this case cointegrates
with {85A0y:}iez to stationarity. Thus, there is a direct correspondence of these indices to the
dimensions of the different cointegrating spaces — both static and dynamic (with precise definitions
given below in Definition 3). ! Note that again, as already before in the I(1) case, different
values of p and ranks r and m, respectively integration indices rq, 1,72, lead to parameter spaces
of different dimensions. Furthermore, in these parameterizations matrices describing different
cointegrating spaces are (i) not identified and (ii) linked by restrictions, compare the discussion
in Paruolo (2000, Section 2.2) and (1.7). These facts render the analysis of the cointegration
properties in I(2) VAR systems complicated. Also, in the I(2) VAR case usually some forms of
RRR estimators are considered over suitable subsets \/'p}?fnlf of ‘/;)}?TRR, again based on implicit
normalizations. Inference, however, again requires one to consider parameterizations explicitly.

Estimation and inference issues are fundamentally more complex in the VARMA case than in
the VAR case. This stems from the fact that unrestricted estimation — unlike in the VAR case —
is not possible due to a lack of identification, as discussed below. This means that in the VARMA
case identification and parameterization issues need to be tackled as the first step, compare the
discussion in Hannan and Deistler (1988, Chapter 2).

In this paper we consider VARMA processes as solutions of the vector difference equation

P q
Y + Zajytfj = &+ ijgtfj + ®dy,
Jj=1 Jj=1
with a(L) := I, + Z?Zl ajL7, where a; € R**® for j =1,...,p, a, # 0 and the non-explosiveness
condition det(a(z)) # 0 for |z| < 1. Similarly, b(L) := I, + >9_, b;L7, where b; € R*** for
j=1,...,q, by # 0 and ® € R**™. The transfer function corresponding to a VARMA process is
k(2) := a(2)71b(2).
It is well-known that without further restrictions the VARMA realization (a(z),b(z)) of the
transfer function k(z) = a(z)~'b(z) is not identified, i.e., different pairs of polynomial matrices
(a(2),b(2)) can realize the same transfer function k(z). It is clear that

E(2) = a(2)"'m(2) "'m(2)b(2) = a(z) " b(2)

HBelow Example 3 we clarify how these indices are related to the state space unit root structure defined in Bauer
and Wagner (2012, Definition 2) and link these to the dimensions of the cointegrating spaces in Section 1.5.2.
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for all non-singular polynomial matrices m(z). Thus, the mapping 7 attaching the transfer function
k(z) = a(z)~'b(z) to the pair of polynomial matrices (a(z),b(2)) is not injective.'?

Consequently, we refer for given rational transfer function k(z) to the class {(a(z),b(2)) :
k(z) = a(2)7'b(2)} as a class of observationally equivalent VARMA realizations of k(z). To
achieve identification requires to define a canonical form, selecting one member of each class of
observationally equivalent VARMA realizations for a set of considered transfer functions. A first
step towards a canonical form is to only consider left coprime pairs (a(z),b(2)).'* However, left
coprimeness is not sufficient for identification and tgms further restrictions are required, leading
to parameter vectors of smaller dimension than R (T A widely-used canonical form is the
(reverse) echelon canonical form, see Hannan and Deistler (1988, Theorem 2.5.1, p. 59), based
on (monic) normalizations of the diagonal elements of a(z) and degree relationships between
diagonal and off-diagonal elements as well as the entries in b(z), which lead to zero restrictions.
The (reverse) echelon canonical form in conjunction with a transformation to an error correction
model has been used in VARMA cointegration analysis in the I(1) case, e.g., in Poskitt (2006,
Theorem 4.1), but, as for the VAR case, understanding the interdependencies of rank conditions
already becomes complicated once one moves to the I(2) case.

In the VARMA case matters are further complicated by another well-known problem that
makes statistical analysis considerably more involved compared to the VAR case. Although there
exists a generalization of the autoregressive order to the VARMA case, such that any transfer
function corresponding to a VARMA system has an order n € N (with the precise definition
given in the next section) it is known since (Hazewinkel and Kalman, 1976) that no continuous
parameterization of all rational transfer functions of order n exists if s > 1. Therefore, if one
wants to keep the above-discussed advantages that continuity of a parameterization provides, the
set of transfer functions of order n, henceforth referred to as M, has to be partitioned into sets
on which continuous parameterizations exist, i.e., M, = UFeG My, for some index set G, as
already mentioned in the introduction.'® For any given partitioning of the set M,, it is important
to understand the relationships between the different subsets Mr, as well as the closures of the
pieces Mr, since in case of misspecification of M points in Mt \ Mr cannot be avoided even
asymptotically in, e.g., pseudo maximum likelihood estimation. These are more complicated
issues in the VARMA case than in the VAR case, see the discussion in Hannan and Deistler (1988,
Remark 1 after Theorem 2.5.3).

Based on these considerations, the following section provides and discusses a parameterization
that focuses on unit root and cointegration properties, resorting to the state space framework that
— as mentioned in the introduction — provides advantages for cointegration analysis. In particular
we derive an almost everywhere homeomorphic parameterization, based on partitioning the set of
all considered transfer functions according to a multi-index I" that contains, among other elements,
the state space unit root structure. This implies that certain cointegration properties are invariant
for all systems corresponding to a subset Mr, i.e., the parameterization allows to directly impose
cointegration properties like the “cointegration indices” of Paruolo (1996) mentioned before.

1.3 The Canonical Form and the Parameterization

As a first step we define the class of VARMA processes considered in this paper, using the differ-
encing operator defined in (1.3):

12Uniqueness of realizations in the VAR, case stems from the normalization m(2)b(z) = I, which reduces the class
of observationally equivalent VAR realizations of the same transfer function k(z) = a(z)~1b(z), with b(z) = I, to
a singleton.

13The pair (a(z),b(z)) is left coprime if all its left divisors are unimodular matrices. Unimodular matrices are
polynomial matrices with constant non-zero determinant. Thus, pre-multiplication of, e.g., a(z) with a unimodular
matrix u(z) does not affect the determinantal roots that shape the dynamic behavior of the solutions of VAR
models.

4When using the echelon canonical form, the partitioning is according to the so-called Kronecker indices related
to a basis selection for the row-space of the Hankel matrix corresponding to the transfer function k(z), see, e.g.,
Hannan and Deistler (1988, Chapter 2.4) for a precise definition.



Definition 1 The s-dimensional real VARMA process {y:}iez has unit root structure Q :=
(w1, h1)y ooy (Wi ) with 0 < wy < we < - < wp < mohy € NJE=1,...,0,1 > 1, if it is
a solution of the difference equation

l

Ao(y — @dy) = [ [ AL (e — Bdy) = vy, (1.8)
k=1

where {di}tcz is an m-dimensional deterministic sequence, ® € R**™ and {v;}iez is a linearly
reqular stationary VARMA process, i.e., there exists a pair of left coprime matriz polynomials
(a(2),b(z)),deta(z) # 0,|z] < 1 such that v; = a(L)"b(L)(e;) =: c¢(L)(et) for a white noise
process {e; }rez with E(ee}) = ¥ > 0, with furthermore c¢(z) # 0 for z = e k=1,...,1.

o The process {y; }tez is called unit root process with unit roots zj, := e“* fork =1,...,1, the
set F(2) := {w1,...,w} is the set of unit root frequencies and the integers hy, k=1,...,1
are the integration orders.

o A unit root process with unit root structure ((0,d)), d € N, is an I(d) process.

o A unit root process with unit root structure ((w1,1),..., (w;, 1)) is an MFI(1), process.

A linearly regular stationary VARMA process has empty unit root structure Qg := {}.

As discussed in (Bauer and Wagner, 2012) the state space framework is convenient for the
analysis of VARMA unit root processes. Detailed treatments of the state space framework are
given in (Hannan and Deistler, 1988) and - in the context of unit root processes - (Bauer and
Wagner, 2012).

A state space representation of a unit root VARMA process is'®
Yt = C.’Et + (I)dt + &, (1 9)
T4l — A:L't + Bf‘:tv '

for a white noise process {e:}iez, e € R®, a deterministic process {d;}icz, di € R™ and the
unobserved state process {x¢}iez, s € C", A € C*" B € C"*%, C' € C**™ and ® € R¥*™.

Remark 3 Bauer and Wagner (2012, Theorem 2) show that every real valued unit root VARMA
process {ys }rez as given in (1.8) has a real valued state space representation with {x4}rez real valued
and real valued system matrices (A, B, C). Considering complex valued state space representations
in (1.9) is merely for algebraic convenience, as in general some eigenvalues of A are complex
valued. Note for completeness that Bauer and Wagner (2012) contains a detailed discussion why
considering the A-matrixz in the canonical form in (up to reordering) the Jordan normal form is
useful for cointegration analysis. For sake of brevity we abstain from including this discussion
again in the present paper. The key aspect of this construction is its usefulness for cointegration
analysis, which becomes visible in Remark 4, where the “simple” unit root properties of blocks of
the state vector are discussed.

The transfer function k(z) with real valued power series coefficients corresponding to a real
valued unit root process {y: }+ecz as given in Definition 1 is given by the rational matrix function
k(z) = Aq(z)7ta(2)71b(z). The (possibly complex valued) matrix triple (A, B,C) realizes the
transfer function k(z) if and only if 7(4, B,C) = I, + zC(I,, — zA)"'B = k(z). Note that, as
for VARMA realizations, for a transfer function k(z) there exist multiple state space realizations
(A, B,C), with possibly different state dimensions n. A state space system (A, B, () is minimal
if there exists no state space system of lower state dimension realizing the same transfer function
k(z). The order of the transfer function k(z) is the state dimension of a minimal system (A, B, C)
realizing k(z).

15Here and below we will only consider state space systems in so-called innovation representation, with the
same error in both the output equation and the state equation. Since every state space system has an innovation
representation this is no restriction, compare Aoki (1990, Chapter 7.1).
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All minimal state space realizations of a transfer function k(z) only differ in the basis of the
state, cf. Hannan and Deistler (1988, Theorem 2.3.4), i.e., (A, B,C) = W(A,B,é) for two
minimal state space systems (A, B,C) and (A, B, C~') is equivalent to the existence of a regular
matrix T € C™ such that A = TAT',B = TB,C = CT~!. Thus, the matrices A and A are
similar for all minimal realizations of a transfer function k(z).

By imposing restrictions on the matrices of a minimal state space system (A, B, C) realizing
k(z), Bauer and Wagner (2012, Theorem 2) provide a canonical form, i.e., a mapping of the set
M, of transfer functions with real valued power series coefficients defined below onto unique state
space realizations (A, B,C). The set M, is defined as

o _ A\max\(A) <1,
My = {k(z) =m(A4B,C)] 4 ¢ R™" B € R™S C € R**" (A, B,C) minimal [

To describe the necessary restrictions of the canonical form the following definition is useful:

Definition 2 A matriz B = [b; jli=1,...c.j=1,...,s € C*® is positive upper triangular (p.u.t.) if
there exist integers 1 < j1 < jo < --- < jo < s+ 1, such that for j; < s we have b;; = 0,7 <
JinJi < Jit1, bij;, € RT. For j; = s+ 1 it holds that b; ; = 0,1 < j <s, i.e., B is of the form

0 -~ 0 by, =* x
B = 0 0 bg,jQ * ,
0 0 bc,jc *

where the symbol * indicates unrestricted complex-valued entries.

A unique state space realization of k(z) € M, is given as follows, cf. Bauer and Wagner (2012,
Theorem 2):

Theorem 1 For every transfer function k(z) € M,, there exists a unique minimal (complex) state
space realization (A, B,C) such that

ye = Cxyc+ey,
zip1,c = Axec+ Bey
with:

(i) A := diag(Ay, As) := diag(Arc,- .., Aic,As), Ay, € C*Mu A, € R™ > where it holds
fork=1,...,1 that

— for 0 < wy < m:

Jp 0 2d* x2d*
= — | e CH e
Arc [ 0 i ]
— for wy, € {0,7}:
-Ak,(C = Jp € dexdk,
with, Jk =
[ aId’f [Id’f70d’f><(d’2“7d’f)} 0 0 1
Odgxd’f aldf_j’ [[d’QWOd’;x(d’?f—d’z“)] 0
0 0 Tkldf; 0 , (1.10)
: : [Id’fbk717Odikilx(dﬁkfdf%il)]
0 0 0 Zid gr
L hp Jd

wher60<d’f§d’2“§-~§d’,§k.
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(i) B = [B,,B,] == [Bi ¢, B¢, Bs] and C :=[Cy,Ce] := [Ci1c, ..., Cic,Ca] are partitioned
accordingly. It holds for k=1,...,1 that

— for 0 < wy < m:

Bk,(C = |: gi :| € (C2dk><s and Ck,(C = |:Ck, 6k:| c Cstdk.

— for wy, € {0, 7}:
Bk,(c =B € dexs and Ck,(C =C, € Rsxd"‘.

(i1i) Partitioning By p, in B, = [32,17 . ,B;C’hk]’ as By p,, = [B;C’h]wl, . ,B;C’hk,hk]’, with B h,.; €
k k
C45 =45-0%s it holds that By h,,j is p.u.t. for d.’; > d?_l forj=1,... hx and k=1,...,1.

(iv) Fork=1,...,1 define Ck = [Ck1.Cr2: - Chn,)sChj = [CE ;. CE.), with CF; € Csx(df—dj_y)

andC,Sj € C3x% forj=1,... hg, withd} := 0. Furthermore, define CX := [C,;EJ, o ,C,fhk] €
k

C**% . It holds that (CF)'CE = Iy. and (C,fj)/Cfi =0forl1<i<jforj=2,...,h and

k=1,...,1.

(v) Ajmaz|(Ae) < 1 and the stable subsystem (A,, B,Ce) of state dimension ne = n — n, is in
echelon canonical form, cf. Hannan and Deistler (1988, Theorem 2.5.2).

Remark 4 As indicated in Remark 3 and discussed in detail in (Bauer and Wagner, 2012) con-
sidering complex valued quantities is merely for algebraic convenience. For econometric analysis,
interest is, of course, on real valued quantities. These can be straightforwardly obtained from
the representation given in Theorem 1 as follows. First define a transformation matriz (and its
inverse):

Starting from the complex valued canonical representation (A, B, C), a real valued canonical
representation

1,—i

1 1 _ 117
T]R,d = |:Id® |:’L:| g ® l: :|:| S (CQdXQd, TR’; = — |: d® Lo

2 | 1g®

ye = Crair+ ey,

Ter1r = Arzir + Brey,

with real valued matrices (Ag, Br,Cr) follows from using the just defined transformation matriz.
In particular it holds that:

Ag = diag(Ayr, Ae) = diag(Aig, ..., A r, As),
Bg := [ q/L,RvB/o]/ = [ /1,R7 s 7BZ/,R7‘BL]/7
Cr:= [CuR,C.] = [Cl,]Ra . ,CZ,R,C.],
with
(Arzs Bz, Crz) = {(Tm,dkAkTH{;m Tw q+Br, CkT]}i(lik> if 0 <wy <,
(Ay, By, Cr.) if wy, € {0,7}.

Before we turn to the real valued state process corresponding to the real valued canonical Tep-
resentation, we first consider the complex valued state process {xicliez in more detail. This
process is partitioned according to the partitioning of the matrices Cy c into xyc := [xy,, 7y 4| =
[552,1,@» Sy xw/t,l,(C’ x:ﬁ,o}/; where

" =T 0 <wr <,
tk,C o Feon € (0.1
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with

Tip1,k = JuTek + Bree, fork=1,...,1.

For k=1,...,1 the sub-vectors x . are further decomposed into x4y := [(z} ), ..., (xZZ)’]’, with
xik e Cd for i =1,... hy according to the partitioning Cx, = [Ck.1,- -, Ch.hy)-

The partitioning of the complex valued process {zyc}iez leads to an analogous partitioning of
the real valued state process {TiR}rez, Ter = [Th,  Ttel = [Tiiprs---»Ti r> Trol s Obtained
from

S {TR)dk$t7k7C ifo <wg <,
w Ttk if wi € {0, 7},

with the corresponding block of the state equation given by
Tet1 kR = AprTt kR + Br rEL

Fork =1,...,1 the sub-vectors x; ; r are further decomposed into x i & = [(x;k)R)’, ce (x?’z &)
with xi,k,R € R4 if 0 < wp < m and x{,k,R € RY if wp € {0,7} for j=1,...,hx and Cp g =
[Ckirs- -, Chn,r] decomposed accordingly.

Bauer and Wagner (2012, Theorem 3, p. 1328) show that the processes {x) | g }icz have unit
root structure ((wi,hy —j+1)) for j=1,... h and k =1,... 1. Furthermore, for j =1,... hy
and k = 1,...,1 the processes {xik g btez are not cointegrated, as defined in Definition 3 below.
For wy, = 0, the process {Isz}teZ is the d{c—dimensional process of stochastic trends of order
hy — 7+ 1, while the 2d§ components of {x{k g ttez, for 0 < wy < 7, and the d;? components of

{xi LR Ytez, forw, = m, are referred to as stochastic cycles of order hy—j+1 at their corresponding
frequencies wy.

Remark 5 Parameterizing the stable part of the transfer function using the echelon canonical
form is merely one possible choice. Any other canonical form of the stable subsystem and suitable
parameterization based upon it can be used instead for the stable subsystem.

Remark 6 Starting from a state space system (1.9) with matrices (A, B,C) in canonical form,
a solution for yi, t > 0 (with the solution for t < 0 obtained completely analogously) — for some
T = [:c’Lu,z’L.]’ — is given by

t—1 t—1
ye =Y CuAl  Bugs_j+ ChAl 1w+ CoAl ™ Bagrj + Co AL 010 + Bdy + 4.
j=1 j=1

Clearly, the term C, Al 121, is stochastically singular and is effectively like a deterministic com-
ponent, which may lead to an identification problem with ®d;. If, the deterministic component
®d, is rich enough to “absorb” C,Alx: ., then one solution of the identification problem is to
set 1, = 0. Rich enough here means, e.g., in the I(1) case with A, = I that d; contains an
intercept. Analogously, in the MFI(1) case d; has to contain seasonal dummy variables corre-
sponding to all unit root frequencies. The term Co AL~1zy o decays exponentially and therefore does
not impact the asymptotic properties of any statistical procedure. It is therefore inconsequential
for statistical analysis but convenient (with respect to our definition of unit root processes) to set
T1,e = Zj‘;l Aj._lB.sl_j. This corresponds to the steady state or stationary solution of the sta-
ble block of the state equation, and renders {xi.e}ten or, when the solution on Z is considered,
{10 }tez stationary. Note that these issues with respect to starting values, potential identification
problems and their impact or non-impact on statistical procedures also occur in the VAR setting.

Bauer and Wagner (2012, Theorem 2) show that minimality of the canonical state space realiza-
tion (A, B, C) implies full row rank of the p.u.t. blocks By 1, ; of By n,. In addition to proposing
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the canonical form, (Bauer and Wagner, 2012) also provide details how to transform any minimal
state space realization into canonical form: Given a minimal state space system (A, B, C) realiz-
ing the transfer function k(z) € M, the first step is to find a similarity transformation T such
that A = TAT' is of the form given in (1.10) by using an eigenvalue decomposition, compare
(Chatelin, 1993). In the second step the corresponding subsystem (A,, B,,C,) is transformed
to echelon canonical form as described in Hannan and Deistler (1988, Chapter 2). These two
transformations do not lead to a unique realization, because the restrictions on A do not uniquely
determine the unstable subsystem (Ay, By, Cy).

For example, in the case Q = ((w1,h1)) = ((0,1)), ne = 0, di < s, such that (Id%,Bl,Cl) is
a corresponding state space system, the same transfer function k(z) = Iy + 2C1(1 — 2)71B; =
I, + C1B1z(1 — 2)7! is realized also by all systems (Id%,TBl,ClT_l), with some regular matrix
T € CH*d1. To find a unique realization the product C;B; needs to be uniquely decomposed into
factors C; and B;. This is achieved by performing a QR decomposition of C1B; (without pivoting)
that leads to C{C; = I. The additional restriction of By being a p.u.t. matrix of full row rank
then leads to a unique factorization of C1B; into C; and B;. In the general case with an arbitrary
unit root structure 2, similar arguments lead to p.u.t. restrictions on sub-blocks By 1, ; in B, and
orthogonality restrictions on sub-blocks of C,.

The canonical form introduced in Theorem 1 has been designed to be useful for cointegration
analysis. To see this, first requires a definition of static and polynomial cointegration, cf. Bauer
and Wagner (2012, Definitions 3 and 4).

Definition 3 (i) Let Q = (01, h1),.. ., (@, iL[)) and Q = ((w1,h1),...,(w, k) be two unit
root structures. Then Q < Q if

- F(Q) CF(Q).

— For allw € F(Q) for k and k such that &j, = wy, = w it holds that hy, < hy,.
Further, Q<QifQ=<Qand Q # Q. For two unit root structures Q < Q define the decrease
01 (82, Q) of the integration order at frequency wy , for k=1,...,1, as

hk—illg E%ZQJQZLU;CEF(Q),

e 8) i {hk o ¢ P(@)

(i) An s-dimensional unit root process {y; }tez with unit root structure  is cointegrated of order
(92,Q), where Q < Q, if there exists a vector f € R*, 3 # 0, such that {"y; }ez has unit root
structure ). In this case the vector (8 is a cointegrating vector (CIV) of order (£,€2).

(iii) All CIVs of order (,Q) span the (static) cointegrating space of order (£, (2).16

(iv) An s-dimensional unit root process {yt }tez with unit root structure Q is polynomially cointe-
grated of order (2, Q), where Q < Q, if there exists a vector polynomial B(z) = Y2 _o Bmz™,
Bm €ER*, m=0,...,q,, By #0, for some integer 1 < q < oo such that

— B(LY ({yi}rez) has unit root structure Q,
— mazp=1.._1]B(e**)||6x(2, Q) #0.

In this case the vector polynomial B(z) is a polynomial cointegrating vector (PCIV) of order
(€2,9).

(v) All PCIVs of order (£, Q) span the polynomial cointegrating space of order (2, Q)

16The definition of cointegrating spaces as linear subspaces, allows to characterize them by a basis and implies a
well-defined dimension. These advantages, however, have the implication that the zero vector is an element of all
cointegrating spaces, despite not being a cointegrating vector in our definition, where the zero vector is excluded.
This issue is well-known of course in the cointegration literature.
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CHAPTER 1. A PARAMETERIZATION OF MODELS FOR UNIT ROOT PROCESSES:
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Remark 7 (i) It is merely a matter of taste whether cointegrating spaces are defined in terms

(ii)

(iii)

(iv)

of their order (,) or their decrease Q(Q,Q) = (01(2,Q),...,6(Q,9)), with 6,(2,Q) as
defined above. Specifying Q@ and §(Q,Q) contains the same information as providing the
order of (polynomial) cointegration.

Notwithstanding the fact that CIVs and PCIVs in general may lead to changes of the inte-
gration orders at different unit root frequencies it may be of interest to “zoom in” on only
one unit root frequency wy, thereby leaving the potential reductions of the integration orders
at other unit root frequencies unspecified. This allows to — entirely similarly as in Defi-
nition 8 — define cointegrating and polynomial cointegrating spaces of different orders at a
single unit root frequency wy. Analogously one can also define cointegrating and polynomial
cointegrating spaces of different orders for subsets of the frequencies in F ().

In principle the polynomial cointegrating spaces defined so far are infinite-dimensional as
the polynomial degree is not bounded. However, since every polynomial vector 3(z) can be
written as Bo(z) + Ba(z)Aq(z), where by definition {Aqy: }rez has empty unit root structure,
it suffices to consider PCIVs of polynomial degree smaller than the polynomial degree of
Aq(z). This shows that it is sufficient to consider finite dimensional polynomial cointegrating
spaces. When considering, as in item (i), (polynomial) cointegration only for one unit root it
similarly suffices to consider polynomials of maximal degree equal to hy, —1 for real unit roots
and 2hy, — 1 for complex unit roots. Thus, in the I1(2) case it suffices to consider polynomials
of degree one.

The argument about mazimal relevant polynomial degrees given in item (i) can be made
more precise and combined with the decrease in Q achieved. Every polynomial vector [3(z)
can be written as Bo(z) + Buy.o, (2)A% (2) for 6 = 1,...,hx. By definition it holds that
{Afﬁk_ Yt }rez has integration order hy,—dy at frequency wy. Thus, it suffices to consider PCIVs
of polynomial degree smaller than &y, for wy € {0,7} or 26y, for 0 < wy < 7 when considering
the polynomial cointegrating space at wy with decrease 8. In the MFI(1) case therefore,
when considering only one unit root frequency, again only polynomials of degree one need
to be considered. This space is often referred to in the literature as dynamic cointegration

space.

To illustrate the advantages of the canonical form for cointegration analysis consider

I hg

Y - Z Z Ck’j7Rx{,k,R + C.‘/Et7. + q)dt —+ Et.
k=1j=1

By Remark 4, the process {xik’R}tez is not cointegrated. This implies that 8 € R*, 8 # 0,
reduces the integration order at unit root z to hy — j if and only if #'[Cy 1 r,...,Ck jr] = 0 and

B'Cr,

j+1,® # 0 or equivalently '[Ck.1,...,Ck ;] = 0 and 5'Cy ;41 # 0 (using the transformation to

the complex matrices of the canonical form, as discussed in Remark 4, and that 5'[Cy,Cx] = 0 if

and only if 3’Cy, = 0). Thus, the CIVs are characterized by orthogonality to sub-blocks of C,.
The real valued representation given in Remark 4 used in its partitioned form just above

immediately leads to necessary orthogonality constraint for polynomial cointegration of degree

one:

6(L)/(yt) = B(L)/(Cu,Rmt,u,R + Coxt,o + (I)dt + 5t)

= BiCurTtur + B1CurTt—1,ur + B(L) (Cot,e + Pds + &¢)

= BiCur(AurTi—1ur + Burei—1) + B1CurTt—1,ur + B(L) (Cot,e + Pd: + &¢)
=  (ByCurAur + B1Cur)Tt—1ur + BoCurBuret—1 + B(L) (Coxt.o + Pdy + &)
= (BoCuAu + B1Cu)xi—1,u + BoCuBusi—1 + B(L) (Cotry,e + Py + ¢)

follows. Since all terms except the first are stationary or deterministic, a necessary condition for a

reduction of the unit root structure is the orthogonality of [ 3; 8] ]’ to sub-blocks of [

Cu,RAu,]R
Cu,]R
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Cu Ay
Cu
not sufficient for [3), 3;]' to be a PCIV, because it does not imply maxj—1.__||8(e™*)|6x(Q, Q) # 0.
For a detailed discussion of polynomial cointegration, when considering also higher polynomial

degrees, see Bauer and Wagner (2012, Section 5).
The following examples illustrate cointegration analysis in the state space framework for the
empirically most relevant, i.e., the I(1), MFI(1) and I(2) cases.

or sub-blocks of the complex matrix [ } . Note, however, that this orthogonality condition is

Example 1 (Cointegration in the I(1) case) In the I(1) case, neglecting the stable subsystem
and the deterministic components for simplicity, it holds that

1 1
yr = Cimg1+er, yner €ERY a3y € Rdlvcl € R X4

Tiy1,1 = X1+ Biey, By € Rdixs.
The vector § € R®, 8 # 0, is a CIV of order ((0,1),{}) if and only if 5'C; = 0.

Example 2 (Cointegration in the MFI(1) case with complex unit root zx) Inthe MFI(1)
case with unit root structure Q = ((wk, 1)) and complex unit root zi, neglecting the stable subsystem
and the deterministic components for simplicity, it holds that

Ye = CrRrTigpRr+ &t
o Vel Ttk
= [Ck Ci ] |: To ] + €,

k k k k
Yt €t € RS? Tt k,R S R2d1 y Ttk S (Cdl 7Ck,R S RSX2d1 ,Ck S (CSXdlv
Te41,k Zied i 0 Ttk By d¥xs
e v = | B € Ch 73,
{ Tit1,k } { 0 2l gr Ttk + By, | 7P k

The vector 8 € R%, 8 # 0, is a CIV of order (,{}) if and only if

B'Cr = 0 (and thus B'Cj, = 0).

The vector polynomial 5(z) = Po + P12z, with Bo, 1 € R*,[B), B1]’ # 0, is a PCIV of order (Q,{})
if and only if

ZCr 2Ci } =0, (1.11)

!/ !
.11 Pt
which is equivalent to

(Z1B + B1)Cr = 0.

The fact that the matriz in (1.11) has a block structure with two blocks of conjugate complex
columns implies some additional structure also on space of PCIVs, here with polynomial degree one.
More specifically it holds that if Bo+ 1z is a PCIV of order (Q,{}), also —p1+ (Bo+2 cos(wg)b1)z
is a PCIV of order (2,{}). This follows from

(Zk(=B1)" + (Bo + 2cos(wr)B1))Ck = (By+ 2R(zk) — Zk)B1)Cr
= (B + zP1)C
= Zk(zkﬂ(l) + ﬁ{)Ck =0.

Thus, the space of PCIVs of degree (up to) one inherits some additional structure emanating from
the occurrence of complex eigenvalues in complex conjugate pairs.
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Example 3 (Cointegration in the I(2) case) In the I(2) case, neglecting the stable subsystem
and the deterministic components for simplicity, it holds that

_ pE _E G .G E _E
yr = Ciixpq +Cihxs + Cilamy’s + €ty

s B G dl _E di—dl! ~E G sxd} HE sx(di—d!
yt,gteR ,xt,1,$t72€R1,$t726R2 170171761,26R 1,6172€R ( 2 1)7

E _ . E G
Ty = Ty T xp + Biae,

G G
Tip12 = Ty + Bi 216,

E E di x di x di—dl)x
Tit12 = Ty +8172,2€t, 81,1 € R 8,81’2_’1 € R* 8,81’2,2 S R( 2—d1) s,

The vector f € R*, 8 # 0 is a CIV of order ((0,2),(0,1)) if and only if
B'CEy =0 and B'[C{,,C ) #0.
The vector 8 € R®, 8 # 0, is a CIV of order ((0,2),{}) if and only if
BlcEy, ety ) =o0.

The vector polynomial 5(z) = Bo + S1z, with By, B1 € R® is a PCIV of order ((0,2),{}) if and only
if

CE, CcF +cf, CE

L e

11 1,2 C1,2

=0 and B(1) = fo+p 0.

The above orthogonality constraint indicates that the two cases sz =0 and CSQ # 0 have to be
considered separately for polynomial cointegration analysis. Consider first the case CEQ =0. In
this case the orthogonality constraints imply ByC{) = 0, B1C) = 0 and (Bo + p1)'Cf’y = 0. Thus,
the vector o+ P1 is a CIV of order ((0,2),{}) and therefore 5(z) = Bo+ P12 is of “non-minimum”
degree, one in this case rather than zero (Byg + B1). For a formal definition of minimum degreee
PCIVs see Bauer and Wagner (2003, Definition 4). In case CfQ = 0 there are PCIVs of degree
one that are not simple transformations of static CIVs. Consider B(z) = Bo+ P12 =m1(1—2)+7
such that {1 (ye — yt—1) + Vays brez s stationary. The integrated contribution to {v](y: —yi—1) }tez
is given by (1 — L)({C 12t hez) = {11CT 281 2 + 1MCT1Bragi—1}ez, with v{CPy # 0. This
term is eliminated by {v4CCox s been in {Vhyiteez, if ViCEL +75C5 = 0, which is only possible
if Cy # 0. Additionally, v3[Cf,,CEy] = 0 needs to hold, such that there is no further integrated
contribution to {vhyt}tez. Neither y1 nor v2 are CIVs since both violate the necessary conditions
given in the definition of CIVs, which implies that B(z) is indeed a “minimum degree” PCIV.

As has been shown above, the unit root and cointegration properties of {y;}:ecz depend on
the sub-blocks of C,, and the eigenvalue structure of A,. We therefore define the more encom-
passing state space unit root structure containing information on the geometrical and algebraic
multiplicities of the eigenvalues of A,, cf. Bauer and Wagner (2012, Definition 2).

Definition 4 A unit root process {y:}tcz with a canonical state space representation as given in
Theorem 1 has state space unit root structure

Qs = ((wi,dl,....dp,), ..., (wi,di,....d},))

where 0 < d]f < d’g < ... < dﬁk < s fork=1,...,1. For{y:}tcz with empty unit root structure
QS = {}

Remark 8 The state space unit root structure g contains information concerning the integra-
tion properties of the process {y:}tez, since the integers d?, k=1,....0, 5 =1,..., hg describe
(multiplied by two for k such that 0 < wy < ) the numbers of non-cointegrated stochastic trends
or cycles of corresponding integration orders, compare again Remark 4. As such, Qg describes
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properties of the stochastic process {y: ez — and therefore the state space unit root structure Qg
partitions unit root processes according to these (co-)integration properties. These (co-)integration
properties, however, are invariant to a chosen canonical representation, or more generally in-
variant to whether a VARMA or state space representation is considered. For all minimal state
representations of a unit root process {y: }rcz these indices — being related to the Jordan normal
form — are invariant.

As mentioned in Section 1.2, Paruolo (1996, Definition 3) introduces integration indices at
frequency zero as a triple of integers (rg,r1,72). These correspond to the numbers of columns of the
matrices 8, 51, B2 in the error correction representation of I(2) VAR processes, see, e. g., Johansen
(1997, Section 3). Here, 7 is the number of stochastic trends of order two, i. e., ro = di. Further, r;
is the number of stochastic trends of order one that do not cointegrate with 85A¢{y: }+ez and hence
ry = di — di. Therefore, the integration indices at frequency zero are in one-one correspondence
with the state space unit root structure Qg = ((0,dj,d3)) for 1(2) processes and the dimension
s =19+ 11+ 7o of the process.

The canonical form given in Theorem 1 imposes p.u.t. structures on sub-blocks of the matrix
B.. The occurrence of these blocks — related to d;? > dé?_l — is determined by the state space unit
root structure 2g. The number of free entries in these p.u.t.-blocks, however, is not determined
by Qg. Consequently, we need structure indices p € Nj* indicating for each row the position of a
potentially restricted positive element, as formalized below:

Definition 5 (Structure indices) For the block B, € C"*® of the matriz B of a state space
realization (A, B,C) in canonical form, define the corresponding structure indices p € Ng* as

0 if the i-th row of By, is not part of a p.u.t. block,
pi = j if the i-th row of B, is part of a p.u.t. block
and its j-th entry is restricted to be positive.

Remark 9 Since sub-blocks of B, corresponding to complex unit roots are of the form By c =

[ ;C,E;g]’, the entries restricted to be positive are located in the same columns and rows of both
By and By. Thus, the structure indices p; of the corresponding rows are identical for By and
By.. Therefore, it would be possible to omit the parts of p corresponding to the blocks By. It is,
however, as will be seen in Definition 9, advantageous for the comparison of unit root structures
and structure indices that p is a vector with n, entries.

Example 4 Consider the following state space system:

Y = [ClE”l Clcfz ClE:Q] Tt + E¢ Yt, €tER2, $tER3,Cfl,C€2,C1E72€R2X1 (112)
1 1 0 B
Ty = |01 0|z + [Biai|er, x0=0, Bi1,Bi21,B122€R™2
0 0 1 Bi2,2

In canonical form Bi21 and By 22 are p.u.t. matrices and By 1 is unrestricted. If, e. g., the second
entry b1 21,2 of Bi21 and the first entry by 221 of Bi,22 are restricted to be positive, then

* *
B = 0 bi212 |,
cBi2,2,1 *

where the symbol x denotes unrestricted entries. In this case p = [0,2,1] .

For given state space unit root structure g the matrix A, is fully determined. The parame-
terization of the set of feasible matrices B, for given structure indices p and of the set of stable
subsystems (A,, Bs,Ce) for given Kronecker indices a,, cf. Hannan and Deistler (1988, Chap-
ter 2.4) is straightforward, since the entries in these matrices are either unrestricted, restricted to
zero or restricted to be positive. Matters are a bit more complicated for C,. One possibility to
parameterize the set of possible matrices C, for a given state space unit root structure Qg is to
use real and complex valued Givens rotations, cf. Golub and van Loan (1996, Chapter 5.1).
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Definition 6 (Real Givens rotation) The real Givens rotation R, ; ;(0) € R?*9, 0 € [0,2n) is
defined as

I 1 0
cos(0) 0 sin(6)
Rq7i7j(9) = 0 Ij—l—i 0
— sin(0) 0 cos(0)
0 Iq—j

Remark 10 Givens rotations allow to transform any vector v = [v1,v2, ..., 04| € R? into a vector
of the form [01,0,...,0]" with ©; > 0. This is achieved by the following algorithm:

1. Setj=1, Ugl) =y and v = v.

2. Represent [vij), Vg—j+1) using polar coordinates as [v%j), Vg—jt1)" = [rjcos(0q—;),m;sin(0,—;)],
withr; >0 and 0q—; € [0,2m). Ifr; =0, set 0q_; =0, c¢f. Otto (2011, Chapter 1.5.3, p. 39).
Then R2,172(9q_j)[vgj),vq_ﬂ_l}’ = [vgﬁ_l),O]’ such that vU+tY) = Ry, j41(0,—5)v") =

[U§j+1),’02, ey Uq—j,0,...,0], with vgjﬂ) > 0.
3. If j = q—1, stop. Else increment j by one (j — j+ 1) and continue at step 2.

This algorithm determines a unique vector § = [01,...,04,_1]" for every vector v € R?.

Remark 11 The determinant of real Givens rotations is equal to one, i.e., det(Rs; ;(68)) =1 for
all s,4,j € N and all 6 € [0,27). Thus it is not possible to factorize a orthonormal matriz Q
with det(Q) = —1 into a product of Givens rotations. This obvious fact has implications for the
parameterization of C-matrices as is detailed below.

Definition 7 (Complex Givens rotation) The complex Givens rotation Qg ;(¢) € C9*9,
© = [p1,2] € O¢ :=[0,7/2] x [0,27), is defined as

I 4 0
cos(p1) 0 sin(ipp)e??
Qqijlp) = 0 L 0
—sin(gp )e "2 0 cos(p1)
0 Iq—j
Remark 12 Complex Givens rotations allow to transform any vector v = [v1, va, ..., v4]" € C? into

!

a vector of the form [v1,0,...,0]" with 9, € C. This is achieved by the following algorithm:

1. Setj=1, vil) =0y and v = v.

2. Represent [vgj),vq_j_s_l]’ using polar coordinates as [vgj),vq_jﬂ]’ = [aje"?=i bje'?i] | with
a;,b; >0 and g j,pp; € [0,2m). If vgj) =0, set pq; =0 and if vg_j41 =0, set gy ; =0,
cf. Otto (2011, Chapter 8.1.8, p. 222).

3. Set
tan~t (%) if a; > 0,
J
Pajl = /2 if aj =0,b; >0,
0 Zfag:07bj:0,
Pg—j2 = Paj— Pb; mod 2m.
Then Qo12(0q—i) [0, vg—j1]) = [PTV,00 such that v0+) = Qg1 g ji1(fg—1)0D =

[v§j+1)71}2, ooy Ug—j, 0], with vgjﬂ) e C.
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4. If j =q—1, stop. Else increment j by one (j — j+ 1) and continue at step 2.

This algorithm determines a unique vector ¢ = [©11,91,2, ..., Pq—1,2) for every vector v € C.

To set the stage for the general case, we start the discussion of the parameterization of the set
of matrices (A, B,C) in canonical form with the MFI(1) and 1(2) cases. These two cases display all
ingredients required later for the general case. The MFI(1) case illustrates the usage of either real
or complex Givens rotations, depending on whether the considered C-block corresponds to a real or
complex unit root. The I(2) case highlights recursive orthogonality constraints on the parameters
of the C-block, which are related to the polynomial cointegration properties (cf. Example 3).

1.3.1 The Parameterization in the MFI(1) Case

The state space unit root structure of an MFI(1) process is given by Qg = ((w1,d}),. .., (w;, d})).
For the corresponding state space system (A, B,C) in canonical form, the sub-blocks of A, are
equal to J, = ﬁ]d:f, the sub-blocks By, of B,, are p.u.t. and C,.C = Id;f, fork=1,...1.

Starting with the sub-blocks of C,,, it is convenient to separate the discussion of the param-
eterization of C,-blocks into the real case, where wy € {0,7} and C;, € RSXdllc, and the complex
case with 0 < w, < 7 and C, € C**41 | For the case of real unit roots the two cases d¥ < s and
d}¥ = s have to be distinguished. For brevity of notation refer to the considered real block simply
as C € R®*¢. Using this notation, the set of matrices to be parameterized is

Osq = {CeR>C'C=1,}).

The parameterization of O, 4 is based on the combination of real Givens rotations, as given in
Definition 6, that allow to transform every matrix in O, 4 to the form [Id,O’(Sfd)Xd]’ for d < s.
For d = s, Givens rotations allow to transform every matrix C € O, either to I, or I :=
diag(Is_1,—1), since, compare Remark 11, for the transformed matrix C®) it holds that det(C) =
det(C®)) € {—1,1}. This is achieved with the following algorithm:

1. Set j =1 and CV) =C.

2. Transform the entries [¢; ;,...,¢;jq] in the j-th row of Y, to [¢,5,0,...,0], &, > 0. Since
this is a row vector, this is achieved by right-multiplication of C\) with transposed Givens
rotations and the required parameters are obtained via the algorithm described in Remark 10.

The first j — 1 entries of the j-th row remain unchanged. Denote the transformed matrix by
cU+1)

3. If j = d — 1 stop. Else increment j by one (j — j + 1) and continue at step 2.

4. Collect all parameters used for the Givens rotations in steps 1 to 3 in a parameter vector
0r. Steps 1-3 correspond to a QR decomposition of ¢’ = QC’, with an orthonormal matrix
Q@ given by the product of the Givens rotation. Note that the first 7 — 1 entries of the j-th
column of C = C¥ are equal to zero by construction.

5. Set j =0 and C® =C.

6. Collect the entries in column d — j of C\9) which have not been transformed to zero by
previous transformations into the vector [c4—j d—j, Cd+1,d—j, - - - » Cs,d—;] - Using the algorithm
described in Remark 10 transform this vector to [éq—;.a—;,0,...,0]" by left-multiplication of
C9) with Givens rotations. Since Givens rotations are orthonormal, the transformed matrix
CU+D is still orthonormal implying for its entries éq_j4_; = 1 and & 4_; = 0 for all i < d—j.
An exception occurs if d = s. In this case cq—;q4—; € {—1,1} and no Givens rotations are
defined.

7. If j =d— 1 stop. Else increment j by one (j — j + 1) and continue at step 6.
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8. Collect all parameters used for the Givens rotations in steps 5 to 7 in a parameter vector
0r.

The parameter vector 8 = [07,0%]’, contains the angles of the employed Givens rotations and
provides one way of parameterizing Os 4. The following Lemma 1 demonstrates the usefulness of
this parameterization.

Lemma 1 (Properties of the parameterization of O, 4) Define for d < s a mapping 0 —
Co(8) from OF := [0,2m)3=D x [0,27)Ud=1/2 5 Oy 4 by

!

d s—d d—1 i
I

Co(0) = |IITI Resars(Ors—ari-1)+5) { 0 Z)Xd } 1T IT Raa—samiviOrici-1y245)

i=1j=1 5= i=1 j=1

! Id
= R | o | Raton),
(s—d)xd

with 0 = [07,0%), where 0, = 001, 00.ds—a)) and Or = [Or1,...,0r4a—1)/2]"- The

following properties hold:
(1) Os.q is closed and bounded.
(i) The mapping Co(-) is infinitely often differentiable.
For d < s, it holds that
(iii) For every C € Oy q there exists a vector 6 € OF such that

14

€= Co(6) = Ru(6L) [ 0(s—dyxd

} Rr(0r).

The algorithm discussed above defines the inverse mapping 051 1050 — OF.

(iv) The inverse mapping 051(-) — the parameterization of Os q — is infinitely often differentiable
on the pre-image of the interior of @Hg. This is an open and dense subset of O 4.

For d = s, it holds that

(v) Os.s is a disconnected space in R*** with two disjoint non-empty closed subsets Of .= {C €
R***C'C = I, det(C) = 1} and Og ;== {C € R***|C'C = I, det(C) = —1}.

(vi) For every C € Of, there exists a vector @ € O such that
C=Co(0)=Rp(01) [ Ia | Rr(Or) = Rr(OR).

In this case, steps 1-4 of the algorithm discussed above define the inverse mapping C’al :
Of, — 65.

(vii) Define v :=[r,..., 7] € R%=V/2_ Then a parameterization of O, is given by

v+C5H(C) if C € Of,

+ _
Co(C) = {_(v+001(CIS)) if C€0g,

The parameterization is infinitely often differentiable with infinitely often differentiable in-
verse on an open and dense subset of O s.
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Remark 13 The following arguments illustrate why 051 is mot continuous on the pre-image of
the boundary of ©%: Consider the unit sphere O3 1 = {C € R*|C'C = ||C|l2 = 1}. One way to
parameterize the unit sphere is to use degrees of longitude and latitude. Two types of discontinu-
ities occur: After fixing the location of the zero degree of longitude, i. e., the prime meridian, its
anti-meridian is described by both 180° W and 180°E. Using the half-open interval [0,2w) in our
parametrization causes a similar discontinuity. Second, the degree of longitude is irrelevant at the
north pole. As seen in Remark 10, with our parameterization a similar issue occurs when the first
two entries of C' to be compared are both equal to zero. In this case the parameter of the Givens
rotation is set to zero, although every 6 will produce the same result. Both discontinuities clearly
occur on a thin subset of O 4.

As in the parametrization of the VAR I(1)-case in the VECM framework, where the restriction
B = [Is_q,8%]" can only be imposed when the upper (s — d) x (s — d) block of the true By of the
DGP is of full rank,

¢f. Johansen (1995, Chapter 5.2), the set where the discontinuities occur can effectively be
changed by a permutation of the components of the observed time series. This corresponds to
redefining the locations of the prime meridian and the poles.

Remark 14 Note that the parameterization partitions the parameter vector 0 into two parts 0y €
[0,2m)4=4) and @ € [0,27) 4= V/2 Since changing the parameter values in g does not change
the column space of Co(0), which, as seen above, determines the cointegrating vectors, 0y, fully
characterizes the (static) cointegrating space. Note that the dimension of 0y, is d(s — d) and thus

coincides with the number of free parameters in 8 in the VECM framework, cf. Johansen (1995,
Chapter 5.2).

Example 5 Consider the matrix

C:

Sl o
M\»—Aw\wﬁ‘)—-

with d =2 and s = 3. As discussed, the static cointegrating space is characterized by the left kernel
of this matriz. The left kernel of a matriz in R3*2 with full rank two is given by a one-dimensional
space, with the corresponding basis vector parameterized, when normalized to length one, by two
free parameters. Thus, for the characterization of the static cointegrating space two parameters are
required, which exactly coincides with the dimension of 8, given in Remark 14. The parameters in
O correspond to the choice of a basis of the image of C. Having fixed the two-dimensional subspace
through 01, only one free parameter for the choice of an orthonormal basis remains, which again
coincides with the dimension given in Remark 14. To obtain the parameter vector, the starting
point is a QR decomposition of C' = Rp(0r)C". In this evample Rr(0r) = Ra12(0r.1), with O
to be determined. To find O 1, solve | 0 % |R212(0r1) =7 0] forr>0and0Og; € [0,2m).
In other words, find v > 0 and 6r1 € [0,27) such that [ O % ] = r[ cos(0r1) sin(0r1) ],
which leads to r = %, Or,1 = 5. Thus, the orthonormal matriz RRr(0r) is equal to Ra 12 (g)

and the transpose of the upper triangular matriz C' is equal to:

1

0o L L0
/ V2 V2
5 A0) v ™N_ | 1 0 -1 ] _ | % 1
c=C =C R271,2(2> - \{E % |:1 0 - % \/51
Vzooo2 2 T2

Second, transform the entries in the lower 1 x 2-sub-block of C©) to zero, starting with the last
column. For this find 02 € [0,2m) such that R323(0r2)[ 0 % —% =710 1 07, ie,
[ \}5 —% ' =r[ cos(fr2) sin(fr2) |. This yields r = 1, 0o = TF. Next compute o =

Ry 23(5)C)
T T/ - B V2 0 -1 V2
cW = R323 () +C-Ra12 (5) =0 % 7% 7% % { 1 0 = 0 1
0o -+ L 1 1 1 0
V2 o V2 V2 2 V2
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In the final step find 0p1 € [0,27) such that Rs13(001)] % 0 % =11 0 07, ie,

[ % % " =r[ cos(0r,1) sin(fr,1) |. The solution is r =1, 01 = §. Combining the trans-
formations leads to

T T\’

R ( ) R C-R (f) -

3,1,3 4 3,2,3 4 2,1,2 2
1 1 1
= 0 5 L0 0 0 5 0 1 10
0 1 0 0 % & =% 3 = |0 1

V2 V2 V2 2 1 0 .

—1 O 1 O 1 1 1 1 0 O
V2 V2 V2 V2 V2 2

The parameter vector for this matriz is therefore 8 = [0',,0%] = [[Z, T*], [g]]/ with 8 = C5*(C).

In case of complex unit roots, referring for brevity again to the considered block Cj, simply as
C € C**4, the set of matrices to be parameterized is

Usa = {CecC™>c'c=1,).

The parameterization of this set is based on the combination of complex Givens rotations, as given
in Definition 7, which can be used to transform every matrix in Uy 4 to the form [Dy, O(S i) d]
with a diagonal matrix Dy whose diagonal elements are of unit modulus. This transformation is
achieved with the following algorithm:

1. Set j =1 and C(V) =C.

2. Transform the entries [¢j;,...,¢;q] in the j-th row of CY), to [¢,5,0,...,0]. Since this is
a row vector, this is achieved by right-multiplication of C with transposed Givens rotations
and the required parameters are obtained via the algorithm described in Remark 12. The

first 7 — 1 entries of the j-th row remain unchanged. Denote the transformed matrix by
cU+1)

3. If j = d — 1 stop. Else increment j by one (j — j + 1) and continue at step 2.

4. Collect all parameters used for the Givens rotations in steps 1 to 3 in a parameter vector
@r. Step 1-3 corresponds to a QR decomposition of C' = QC’, with a unitary matrix Q
given by the product of the Givens rotations. Note that the first j — 1 entries of the j-th
column of C = C@ are equal to zero by construction.

5. Set j =0 and C© =C.

6. Collect the entries in column d — j of C) which have not been transformed to zero by
previous transformations into the vector [¢q—; d—j, Ca+1,d—j,- - -, Cs,d—;]’. Using the algorithm
described in Remark 12 transform this vector to [é4—;a—;,0,...,0]" by left-multiplication of
C9) with Givens rotations. Since Givens rotations are unitary, the transformed matrix C(+1)
is still unitary implying for its entries [¢4—jq—;| = 1 and & 4—; = 0 for all i < d —j. An
exception occurs if d = s. In this case |c4—j4—;] = 1 and no Givens rotations are defined.

7. If j = d — 1 stop. Else increment j by one (j — j + 1) and continue at step 6.

8. Collect all parameters used for the Givens rotations in steps 5 to 7 in a parameter vector
Pr-

9. Transform the diagonal entries of the transformed matrix C(4) = [Dd,O’(S_ ) 4)" into polar
coordinates and collect the angles in a parameter vector ¢ .

The following lemma demonstrates the usefulness of this parameterization.
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Lemma 2 (Properties of the parametrization of U, 4) Define for d < s a mapping ¢ —
Cu(p) from 65 = @(‘é(s_d) X @(E:d_l)d/Q x [0,2m)¢ — Us.q by

!

d s—d d—1 1
D
Cule) = |[TTI@siari(er.cs—api-1)+5) {O(d(f)gi} T Qaa—ia—iri(eria—1)/245)
i=1j=1 8= i=1 j=1
D
= Qulen) | 0P) | Qnten)
(s—d)xd
with @ = [P, PR, ¢pl’s where o = [pr1,...,¢r.dais-a)ls Pr = PRI PRAWE-1)/2] and

¢p = [ep1,---,¢p.d and where Dy(pp) = diag(e’?P1,...,e"¥P.4). The following properties
hold:

(i) Us.q is closed and bounded.
(ii) The mapping Cy () is infinitely often differentiable.

iii) For every C € Uy q a vector ¢ € OS5 exists such that
Y , » U

¢=Cule)=Quler) | 5" %7) | Qnleon)

The algorithm discussed above defines the inverse mapping Cljl :Usq — OF.

(iv) The inverse mapping Cal(~) — the parameterization of Us 4 — is infinitely often differentiable
on an open and dense subset of Us 4.

Remark 15 Note that using the partitioning of the parameter vector @ into the parts @i, p and
@r. The component p; fully characterizes the column space of Cy(ep), i.e., w; determines the

cointegrating spaces.

Example 6 Consider the matriz

1—3 1—14
lii 7%%
¢ - l Lo ] |
0 0
The starting point is again a QR decomposition of C' = QR(‘PR)él = Q2.12(pr1)C". To find a
complex Givens rotation such that [ 15+ 5% 1Q2.12(¢r1) = [ re™* 0 ] withr > 0, transform
the entries of [ 15* 151 ] into polar coordinates. The equation | 5% 1 | =] ae'?= be¥r |

has the solutions a = b = % and @, = @p = %’r. Using the results of Remark 12, the parameters

of the Givens rotation are p 1,1 = tan_l(g) T and pr 12 = wa — @b = 0. Right-multiplication

of C with Q2,12 ([%,0]) leads to

1—i
1 I 7 0
N T / . V2 ) D
C_CQZLQ([!OD_C[@ BT | <[ e ]
V2 V2 0 0 1x2

Since the entries in the lower 1 x 2-sub-block ofC' are already equal to zero, the remaining complex
Givens rotations are Q323([0,0]) = Qs,1,3([0,0]) = Is. Finally the parameter values correspond-

ing to the diagonal matriz Da(pp) = diag(e?¥P:1 ei¥D2) = diag(l—\;g, *\1/;) are pp1 = 3 and
¥p2 =

The parameter vector for this matriz is therefore @ = [, R, )’ = [[0,0,0,0], [Z,0] , [3F
with ¢ = C;*(C).
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Components of the Parameter Vector

Based on the results of the preceding sections we can now describe the parameter vectors for
the general case. The dimensions of the parameter vectors of the respective blocks of the system
matrices (A, B, C) depend on the multi-index I', consisting of the state space unit root structure g,
the structure indices p and the Kronecker indices «, for the stable subsystem. A parameterization
of the set of all systems in canonical form with given multi-index T" for the MFI(1) case therefore
combines the following components:

° OB,f = [ /B,f,l’ ceey IB,f,l]/ € (—)B,f = Rdvi, with:

k k k k k
[bl,p,f_H, bl.’p,f+2, N b27p§+1, .. ’bd’f,s]/ for wy, € {0, 7},
OB,f,k = [R(bllc7p7f+1)7l.(b]1€7p7f+1)7 R(bllc’plf+2)v cee 7I(b]1€,s)ﬂ R(bg’p’2€+1)7 cee 7I(b§/1€75)]/

for 0 < wy < m,

for k = 1,...,1, with p? denoting the j-th entry of the structure indices p corresponding
to By. The vectors 0p ¢ contain the real and imaginary parts of free entries in By not
restricted by the p.u.t. structures.

/
— 19’ / / — R9B». | pE K
e Op, = Bypds s B,p,l] € ©p, = R™7: The vectors Op 5 1, := bl,p’f’ .. "bd’fm:,f] con-
tain the entries in By restricted by the p.u.t. structures to be positive reals.

e Ocp = [9/0,15,17 ceny 0,07E7l]/ € O¢,p C R¥.2: The parameters for the matrices Cy, as discussed
in Lemma 1 and Lemma 2.

e 0,c0O,,C R%: The parameters for the stable subsystem in echelon canonical form for
Kronecker indices .

Example 7 Consider an MFI(1) process with Qs = ((0,2),(%,2)), p = [1,3,1,2,1,2]', ne = 0,
and system matrices

A = diag(1,1,4,i,—i,—i),
1 -1 2
0 0 2 0 L | 1z 1—i 1+i 1+

B — 1 144 1-—4 c—| = ‘f Vi —iei | 120 —iw

- 0 2 i ’ - V2 2 2 2 2 2 ’
: ‘ -~ 3]0 0 0 0
1 1—¢ 1414 vz o2
0 2 —1
in canonical form. For this example it holds that 6y = [[—1,2],(1,1,1,-1,0,1]]', Op, =

11,2],[1,2]] and

oor = [[[F5] 5] fooon 5 (23]

with parameter values corresponding to the C-blocks collected in Oc g considered in Examples 5
and 6.

1.3.2 The Parameterization in the I(2) Case

The canonical form provided above for the general case has the following form for I(2) processes
with unit root structure Qs = ((0,d1, d3)):

oy 1oy 0 0 By 1
_ 0 Idl 0 0 . 3172’1 B B G B
A= 0 0 Idéfd% 0 ’ B= 8172,2 ’ C= [ Cl,l 01,2 C1,2 Ceo ] )
0 0 0 Ao B
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where 0 < d} < dj <'s, Bia1 and By are put., Cf) € O s CFy € Os,a1-ars (cf)et, =
0a1 xdy» (CE)Cf, = 0g1 st (CE)Cfy =0 (di—dlyxar and (A.,B.,C ) is in echelon canonical
form with Kronecker indices «,. All matrices are real valued.

The parameterizations of the p.u.t. matrices Bi 21 and B are as discussed above. The
entries of By,; are unrestricted and thus included in the parameter vector 8, ¢ containing also the
free entries in By 21 and By 2. The subsystem (A, B.,Ce) is parameterized using the echelon
canonical form.

The parameterization of Cf’; € O,,a1 proceeds as in the MFI(1) case, using Cgl(Cfl). The
parameterization of Cfg has to take the restriction of orthogonality of sz to Cfl into account,
thus the set to be parameterized is given by

1
Os,d;—d} (Cfl) = {Cl, € R )|(CE ) C1 2= Odlx(cl1 db)s (C1 2) Cl 2= Idl dl} (1.13)
The parameterization of this set again uses real Givens rotations. For C € O, 414 (Cf)) it follows

that Rz (6)C = [0/ i x (d%_d%),é’]’ for a matrix C such that C'C = I g1 with R1(01) corresponding

to C1,1- The matrix C is parameterized as discussed in Lemma 1.

Corollary 1 (Properties of the parameterization of O, 41_ 2 (Cfl)) Define for d} < di <

s a mapping @ — Co.ai—ar (6; CE)) from OF [0, 27r)(d1 di)(s—d) x [0, 27r)(d1 d)(d—di=1)/2 _,

Os,défd% (61,1) by

0,d} =

~ 0 1 1 1
.CE — / d}x(dy—d7)
Co,aqi-ar(0;Cr1) = Rr(0r) [ 100(25) ! }7
where 01, denotes the parameter values corresponding to [07,0%]) = Cgl(Cfl) as defined in

Lemma 1. The following properties hold:
(i) Ogq3—ar (CF)) is closed and bounded.
(ii) The mapping Co,ar—at (é, Cfl) is infinitely often differentiable.
For d} < s, it holds
(iii) For every Cfy € Oga1—at (CE)) there exists a vector 6= [élL, 0~IR]’ € 63d§*d% such that

Od3 x (a3 —dt)

_ 7 _
Rp(61) 0 Ao RRr(Or)
(s—d})x(d3—d})

Cly = Co,ay—a1 (0;CF1) = RL(6L)
The algorithm discussed above Lemma 1 defines the inverse mapping C’O di—di

(iv) The inverse mapping Co - dl( ;CE)) — the parameterization of O a1—ar (CE)) - is infinitely
often differentiable on the pre-image of the interior of @gd%_d%. This is an open and dense
subset of Oy g1 _a1 (CE).

For d} = s, it holds that

(v) O s_ar (CE)) is a disconnected space with two disjoint non-empty closed subsets:

O::sfd% (CIE,l) =

g1
{652 € RSX(S d1)|(c1b?1)/052 = Od}x(s—d})a (652)/652 = Is—diadet([cflvclbjz]) = 1}7

O;s—d% (ClEJ) =
a
{652 € R d1)|(cfl)/052 = 0g1 x(s—d); (CE2)/C1E,2 = Is,d%,det([Cfl,sz]) =

~1).
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(vi) For every O:s_d% (CE)) there exists a vector 6 e @gdkd% such that
sz = CO,sfd% (95051) = RR(HR)'

Steps 1-4 of the algorithm discussed above Lemma 1 define the inverse mapping C-* (- Cfl) :

O,s—d}
O::sfd% (CIEyl) - @Hg,s—d% .
(vii) Define v = [m,..., 7| € RG—d)(=di=1/2 " Then q parameterization of O s—ar (Cfl) is
given by
-1 E .oE ; + E
T AN i (i i DA
sS§—ay ’ ’ —(’U + CO,s—d% (Cl’QIS_d%;CLl)) ch S Os,s—d% (Cl,l>

The parameterization is infinitely often differentiable with infinitely often differentiable in-
verse on an open and dense subset of O, s.

The proof of Corollary 1 uses the same arguments as the proof of Lemma 1 and is therefore
omitted. It remains to provide a parameterization for CEZ restricted to be orthogonal to both Cfl
and CEQ. Thus, the set to be parametrized is given by

1
Os,G(CflaclE,Q) = {sz € RSXdl\(Cfl)/CEQ = 041 xat> (CEQ)/Clg,Q = O(défd%)xd%}

The parameterization of O, ¢(Cf';,Cf%,) is straightforward: Left multiplication of Cf2 with Ry, (0L)
as defined in Lemma 1 and of the lower (s —d}) x d}- block with Rz (01) as defined in Corollary 1
transforms the upper d3 x di-block to zero and collects the free parameters in the lower (s—d3) x di-
block. Clearly this is a bijective and infinitely often differentiable mapping on Osyg(Cfl, sz) and
thus a useful parameterization, since the matrix sz is only multiplied with two constant invertible
matrices. The entries of the matrix product are then collected in a parameter vector as shown in
Corollary 2.

Corollary 2 (Properties of the parameterization of O ¢ (Cfl, sz)) Define for given ma-
trices C{’) € O,ar and Chy e Os,a1—a? (Cf1) a mapping X — Co.a(A;CF1,Cl%y) from R (s—d3) _y
Os,G(thsz) by

[ 041 a1 ]
O@y—ax1 ++ O@y-apx
o / A\ At
Co,c(ACr1,Cra) = Rp(6r) RL(éL)/ Adl 41 Agqt )
L Adi(s—di-1)+1 0 Adi(s—a)
where @, denotes the parameter values corresponding to [07,0%] = Cal(Cfl) as defined in

Lemma 1 and 0, denotes the parameter values corresponding to [élL,élR]’ = Caldlfdl (CE,; CE))
s%2 1 ? ’

as defined in Corollary 1. The set O, q(CE,,Cl) is closed and both Co,q as well as C’5}G(~) - the
parameterization of OS,G(Cfl,sz) - are infinitely often differentiable.

Components of the Parameter Vector

In the I(2) case, the multi-index I' contains the state space unit root structure Qg = ((0,d?, d3)),
1 1
the structure indices p € NglerQ, encoding the p.u.t. structures of By 21 and Bj 22, and the
Kronecker indices a, for the stable subsystem. The parameterization of the set of all systems in

canonical form with given multi-index I' for the I(2) case uses the following components:
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e Opys :=0ps1 € Opy = R45.7: The vector 0,51 contains the free entries in B; not
restricted by the p.u.t. structure, collected in the same order as for the matrices By in the
MFI(1) case.

!

e 0p, :=0p,1 € Op, = RiB”’: The vector 0p ;1 = |b N

1
d'—dj +1,p! 7t Pdp

1
1_41 1
d dh1+1 dy

contains the entries in B; restricted by the p.u.t. structures to be positive reals.

° Ocp:=[00p11.00p1. €Oce CRYE: The parameters for the matrices Cf; as in the
MFI(1) case and Cf’; as discussed in Corollary 1.

¢ 0cc<€Ocg= Réc.6: The parameters for the matrix Clcfz as discussed in Corollary 2.

e 0, c0O,,C R%: The parameters for the stable subsystem in echelon canonical form for
Kronecker indices .

Example 8 Consider an I(2) process with Qs = ((0,1,2)), p = [0,1,1), ne = 0 and system

matrices
110 -1 2 -2 0| -1]
A:[010], lel -1 31, c=| 2| 5%
0 0 1 2 0 1 \}5 % %
In this case, Op 51 = [—1,2,-2,—-1,3,0,1), 05,1 = [1,2]". It follows from
e ™ g ,
R3 12 T R313 (§> Ciy= [1 0 07,
T T 17 T - 1
Rs 12 ( 1 >R3,173 (5) Cfg = [ 0 % 7% } and Raq2 (4) % 1 — [ 0 } 7
T ™ ¢ 1 0
R31.2 (4> R313 (5) Cry [0 1 1] and Rgi2 () [ ) } = [ /2 } 7

N}

that Oc.p = [0c p11,00.812] = [[5. 5] [%H/ and Oc.c = [V2].

1.3.3 The Parameterization in the General Case

Inspecting the canonical form shows that all relevant building blocks are already present in the
MFI(1) and the I(2) cases and can be combined to deal with the general case: The entries in B,, are
either unrestricted or follow restrictions according to given structure indices p, and the parameter
space is chosen accordingly, as discussed for the MFI(1) and I(2) cases. The restrictions on the
matrices C, and its blocks C, require more sophisticated parameterizations of parts of unitary or
orthonormal matrices as well as of orthogonal complements. These are dealt with in Lemmas 1
and 2 and Corollaries 1 and 2 above. The extension of Corollaries 1 and 2 to complex matrices
and to matrices which are orthogonal to a larger number of blocks of Cy, is straightforward.

The following theorem characterizes the properties of parameterizations for sets Mr of transfer
functions with (general) multi-index I and describes the relations between sets of transfer functions
and the corresponding sets Ar of triples (A, B,C) of system matrices in canonical form, defined
below. Discussing the continuity and differentiability of mappings on sets of transfer functions
and on sets of matrix triples also requires the definition of a topology on both sets.

Definition 8 (i) The set of transfer functions of order n, M, is endowed with the pointwise
topology Ty : First, identify transfer functions with their impulse response sequences. Then,
a sequence of transfer functions k;(z) = Iy + Z;’il K; ;27 converges in Tp to ko(z) = I +

Z;x;l ijozj if and only if for every j € N it holds that K ; 2% K.
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(i) The set of all triples (A,B,C) in canonical form corresponding to transfer functions with
multi-index T is called Ar. The set Ar is endowed with the topology corresponding to the
distance d((Al, B, Cl), (AQ, Bs, 02)) = ||A1 — AQHFT + HBl — BQHFT + ||Cl — CQ”FT.

Note that in the definition of the pointwise topology convergence does not need to be uniform
in j and moreover, the power series coefficients do not need to converge to zero for j — oo and
hence the concept can also be used for unstable systems.

Theorem 2 The set M, can be partitioned into pieces Mr, where I' := {Qg,p, s}, i. €.,

M, = U My,
I'={Qs,p,te }|nu(s)+ne(ce)=n

where n, (Qg) = Zizl Z?il d;?ék, with 8, = 1 for wy € {0,7} and & = 2 for 0 < wi, < 7 is
the state dimension of the unstable subsystem (A, By, Cy) with state space unit root structure Qg
and ne(ae) = Y0, Qe is the state dimension of the stable subsystem with Kronecker indices
e = (Qo1,.--,0.s), ;i € Np.

For every multi-index T' there exists a parameter space Or C RUY) for some integer d(T"), endowed
with the Fuclidean norm, and a function ¢r : Apr — Orp, such that for every (A,B,C) € Ar the
parameter vector 0 := ¢r(A, B,C) € Or is composed of:

o The parameter vector Oy = [0 ;,1,...,0p ;] € Opy = R, collecting the (real and
imaginary parts of ) non-restricted entries in Bi,k = 1,...,1 as described in the MFI(1)

case.
e The parameter vector Op, = [e/B,p,l,...,O/val’l]/ € Op,p = le_B‘p, collecting the entries in
B,k = 1,...,1, restricted by the p.u.t. forms to be positive reals in a similar fashion as

described for By in the I(2) case.

o The parameter vector

BC,E = [HIC,E,h -~-a0/C,E,l]I € ®C,E C RdC’Ea BC,E,k = [alc,E,km cee »elc,E,k,hk}/
collecting the parameters 8¢ g 1 ; for all blocks C];EJ, k=1,...;land j=1,...,hg, obtained
using Givens rotations (see Lemmas 1 and 2 and Corollary 1 and its extension to complex
matrices).

e The parameter vector
/ / / d / / !
Occ=[0cG10cc)) €Occ =R Occr=1[0ccr2-0cackh

collecting the parameters Oc g k,; (real and imaginary parts for complex roots) for C,g’:j,
k=1,....,0 and j =2,..., hg, subject to the orthogonality restrictions (see Corollary 2 and
its extension to complex matrices).

o The parameter vector 8, € O, C R collecting the free entries in echelon canonical form
with Kronecker indices oq.

(i) The mapping Yr : Mr — Ar that attaches a triple (A, B,C) in canonical form to a transfer
function in Mrp is continuous. It is the inverse (restricted to Mr) of the Tpi-continuous function
7: (A B,C) s k(z) = I+ 20(I, — zA) "1 B.

(ii) Every parameter vector 6 = [0 ;0 ,,00 5,0c.6,0,] € Or C Op s x Op, X O p X
Oc,c X O, corresponds to a triple (A(0),B(0),C(0)) € Ar and a transfer function k(z) =
7(A(0),B(0),C(0)) € Mr. The mapping ¢r* : 6 — (A(0),B(0),C(0)) is continuous on Or.

(iii) For every multi-index I" the set of points in Ar, where the mapping ¢r is continuous, is open
and dense in Ar.

As mentioned in Section 1.2, the parameterization of ® is straightforward. The s x m entries
of ® are collected in a parameter vector d. Thus, there is a one-to-one correspondence between
state space realizations (A, B,C, ®) € Ar x R®*™ and parameter vectors 7 = [0',d’]' € O x R*™.
The same holds true for parameters used for the symmetric, positive definite innovation matrix
3 € R%*# obtained, e. g., from a lower triangular Cholesky factor of X.
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1.4 The Topological Structure

The parameterization of M,, in Theorem 2 partitions M,, into subsets Mr for a selection of multi-
indices I'. To every multi-index I' there exists a corresponding associated parameter set Or.
Thus, in practical applications, maximizing the pseudo likelihood requires choosing the multi-
index I'. Maximizing the pseudo likelihood over the set Mr effectively amounts to including also
all elements in the closure of Mr, because of continuity of the parameterization. It is thus necessary
to characterize the closures of the sets Mr.

Moreover, maximizing the pseudo likelihood function over all possible multi-indices is time-
consuming and not desirable. Fortunately, the results discussed below show that there exists a
generic multi-index I'y such that M, C Mr, . This generic choice corresponds to the set of all
stable systems of order n corresponding to the generic neighborhood of the echelon canonical form.
This multi-index therefore is a natural starting point for estimation.

However, in particular for hypotheses testing, it will be necessary to maximize the pseudo
likelihood over sets of transfer functions of order n with specific state space unit root structure
Qg, denoted as M (Qg,ne) below, where no denotes the dimension of the stable part of the state.
We show below that also in this case there exists a generic multi-index I'y(2g,m4) such that
M(Qs, TL.) C MI‘Q(QS,”.).

The main tool to obtain these results is investigating the properties of the mappings ¢r, that
map transfer functions in Mt to triples (A, B,C) € Ar, as well as the analyzing the closures
of the sets Ar. The relation between parameter vectors § € Or and triples of system matrices
(A, B,C) € Ar is easier to understand than the relation between Ar and My, due to the results
of Theorem 2. Consequently, this section focuses on the relations between Ar and Mt — and their
closures — for different multi-indices T'.

To define the closures we embed the sets Ar of matrices in canonical form with multi-indices I
corresponding to transfer functions of order n into the space A,, of all conformable complex matrix
triples (A4, B, C) with A € C"*", where additionally A|;,q.(A) < 1. Since the elements of A,, are
matrix triples, this set is isomorphic to a subset of the finite dimensional space (C"2+2"5, equipped
with the Euclidean topology. Note that A, also contains non-minimal state space realizations,
corresponding to transfer functions of lower order.

Remark 16 In principle the set A, also contains state space realizations of transfer functions
k(z) =1+ Ejoil K27 with complex valued coefficients K. Since the subset of A, of state space
systems realizing transfer functions with real valued K is closed in A,,, realizations corresponding
to transfer functions with coefficients with non-zero imaginary part are irrelevant for the analysis
of the closures of the sets Ar.

After investigating the closure of Ar in A,,, denoted by Ar, we consider the set of corresponding
transfer functions 7(Ar). Since we effectively maximize the pseudo likelihood over Ar, we have
to understand for which multi-indices T' the set 7(Ag) is a subset of m(Ar). Moreover, we find a
covering of m(Ar) C |J;cz Mr,. This restricts the set of multi-indices I' that may occur as possible
multi-indices of the limit of a sequence in w(Ar) and thus the set of transfer functions that can
be obtained by maximization of the pseudo likelihood.

The sets My, are embedded into the vector space M of all causal transfer functions k(z) =
I + Z;’;l K;z7. The vector space M is isomorphic to the infinite dimensional space I enR3™?
equipped with the pointwise topology. Since, as mentioned above, maximization of the pseudo
likelihood function over M effectively includes Mr, it is important to determine for any given
multi-index T', the multi-indices T for which the set M is a subset of Mr. Note that M is not
necessarily equal to 7(Ar). The continuity of 7, as shown in Theorem 2 (i), implies the following
inclusions:

Mr = 7(Ar) C n(Ar) C Mr.

In general all these inclusions are strict. For a discussion in case of stable transfer functions see
Hannan and Deistler (1988, Theorem 2.5.3).
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We first define a partial ordering on the set of multi-indices I'. Subsequently we examine the
closures Ar in A, and finally we examine the closures M in M.

Definition 9 (i) For two state space unit root structures g and Qg with corresponding ma-
trices A, € C™*™ qnd A, € C™* in canonical form, it holds that Qg < Qg if and only
if there exists a permutation matrix S such that

A, Jﬂ

o
SAS = [0 7

Moreover, Qs < Qg holds if additionally Qs # Qg.

(i) For two state space unit root structures Qg and Qs and dimensions of the stable subsystems
Nne,Ne € Ny we define

(Qs,70) < (QUs,ne) if and only if Qg < Qg, Mg < N
Strict inequality holds, if at least one of the two inequalities above holds strictly.

(iii) For two pairs (Qg,p) and (Qg,p) with corresponding matrices A, € C"«*" and A, €
C™e*Mu 4n canonical form, it holds that (s,p) < (Qs,p) if and only if there exists a per-
mutation matrix S such that

p2]’

where p1 € Ng' and p restricts at least as many entries as p1, i. e., p; > (p1); holds for all

i=1,...,7,. Moreover, (QS, D) < (Qs,p) holds if additionally (QS, p) # (Qs,p).

S.AUS/ _ |:~/4u J12:|

0 Js

(v) Let ce = (Qta1,--.,Qes), e € Ng and e = (Ge,1;---,00,s5); e € Ng. Then e < e if
and only if Ge; < ey, @ = 1,...,5. Moreover, &e < cve holds, if at least one inequality is

strict, compare Hannan and Deistler (1988, Section 2.5).
Finally define

D= (Qs,p,d@0) <T = (Qs,p,00) if and only if (Qs,5) < (Ls,p) and ée < aa.
Strict inequality holds, if at least one of the inequalities above holds strictly.

This partial ordering is convenient for the characterization of the closure of Ar.

1.4.1 The Closure of Ar in A,

Note that the block-structure of A implies that every system in Ar can be separated in two
subsystems (Ay, By,Cy) and (As, Be,Ce). Define Aqg , = Aqgp.q3) as the set of all state space
realizations in canonical form corresponding to state space unit root structure 2, structure indices
p and ne = 0. Analogously define A, := A((} (},a.) as the set of all state space realizations in

canonical form with Qg = {} and Kronecker indices . Examining Aq, , and A,, separately
simplifies the analysis.

The Closure of Aqg )

The canonical form imposes a lot of structure, i.e., restrictions on the matrices A, B and C.

By definition Aqg, = Aés p X ASS » X Ags p and the closures of the three matrices can be

hsp and A§ s, are very easy to investigate. The structure of A is fully

determined by (2g and consequently A $5.p Consists of a single matrix A which immediately implies

A — AA
that Ay, = AG, -

analyzed separately. AZ

The matrix C, compare Theorem 1 is composed of blocks CF that are
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sub-blocks of unitary (or orthonormal) matrices and blocks CS that have to fulfill (recursive)
orthogonality constraints. The corresponding sets have been shown to be closed in Lemmas 1 and

2 and Corollaries 1 and 2. Thus, AG = Af .

It remains to discuss ASSJ). The structure indices p defining the p.u.t. structures of the
matrices By restrict some entries to be positive. Combining all the parameters - unrestricted
with complex values parameterized by real and imaginary part and the positive entries - into a
parameter vector leads to an open sub-set of R™ for some m. For convergent sequences of systems
with fixed 2g and p, limits of entries restricted to be positive may be zero. When this happens,
two cases have to be distinguished. First, all p.u.t. sub-matrices still have full row rank. In this
case the limiting system, (Ao, By, Cp) say, is still minimal and can be transformed to a system in
canonical form (Ao, 5’0750) with fewer unrestricted entries in 5’0.

Second, if at least one of the row ranks of the p.u.t. blocks decreases in the limit, the limiting
system is no longer minimal. Consequently, (Qs, p) < (Qs,p) in the limit.

To illustrate this point consider again Example 4 with equation (1.12) rewritten as

Tet11 = Te1 + T2+ Biage, Tig12 = Teo + Bioig,  Tip1,3 = T3 + B e,

If 81)2’1 = [0, b1’271}2] 7’5 0 and 8172}2 = [bl)g’g’l, b1’2’2)2] 75 0, b1,2,271 > 0, it holds that {yt}tEZ is an
I(2) process with state space unit root structure Qg = ((0,1,2)).

Now consider a sequence of systems with all parameters except for by 21,2 constant and by 21,2 — 0.
The limiting system is then given by

E G E
Yt = 6171%&,1 + Clvzxt,Q + C1721't73 + €4,
Ti41,1 1 1 0] [z bi11 bi,1,2
Tt+41,2 = 0 1 0 Zt,2 =+ 0 0 Et, 1,1 =212 =7T1,3 = 0.
Ti41,3 0 0 1] lzes cBi221 bi222

In the limiting system x; 2 = 0 is redundant and {y;}+cz is an I(1) process rather than an I(2)
process. Dropping ¢ o leads to a state space realisation of the limiting system {y; }:cz given by

E E ~ ~ 2
Yy = 01711}71 + 617213,5,3 + & = Cl‘t + &4, Ty € R s

1 0 b b . ~
|:0 1:| |:xt’1:| + |: Lt 1,12 :| Et = Tt + BEt, 1,1 = 1'173 =0.

Tt,3 cBi221 bi22:2

In case B has full rank, the above system is minimal. Since b1 221 > 0, the matrix B needs to
be transformed into p.u.t. format. By definition all systems in the sequence, with b1 212 # 0,
have structure indices p = [0,2,1]" as discussed in Example 1.12. The limiting system - in case of
full rank of B - has indices p = [1,2]’. To relate to Definition 9 choose the permutation matrix

1 0 0
S=1]10 0 1 | toarrive at
0 1 O

1 0 1 L 0 (p1)1
SA?LSI = 0 10 = |: 02 j12 :| ) Sp: 1 = (p1)2 .
0 0 1 2 2 P2

This shows that (p); > (p1)i, ¢ = 1,2 and thus the limiting system has a smaller multi-index T
than the systems of the sequence. In case B has reduced rank equal to one a further reduction in
the system order to n = 1 along similar lines as discussed is possible, again leading to a limiting
system with smaller multi-index T'.

The discussion shows that the closure of Ags)p is related to lower order systems in the sense
of Definition 9. The precise statement is given in Theorem 3 after a discussion of the closure of
the stable subsystems.
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The Closure of A,,

Consider a convergent sequence of systems {(A;, B;,C;)}jen in A,, and denote the limiting system
by (Ao, Bo, Co). Clearly, Ajmax|(Ao) < 1 holds true for the limit Ay of the sequence {A;} en with
Amax|(A;) < 1 for all j. Therefore, two cases have to be discussed for the limit:

® If A\jmax|(Ao) < 1, the potentially non-minimal limiting system (Ao, By, Co) corresponds to a
minimal state space realization with Kronecker indices smaller or equal to «,, cf. (Hannan
and Deistler, 1988, Theorem 2.5.3).

o If A\jmax|(Ao) = 1, the limiting matrix Ay is similar to a block matrix A= diag(jg,fl.),
where all eigenvalues of .J, have unit modulus and Almax| (fl.) <1.

The first case is well understood, compare Hannan and Deistler (1988, Chapter 2), since the limit
in this case corresponds to a stable transfer function. In the second case the limiting system can
be separated into two subsystems (jg, B, C’u) and ([1., B, C’.), according to the block diagonal
structure of A. The state space unit root structure of the limiting system (Ao, By, Cp) depends on
the multiplicities of the eigenvalues of the matrix J and is greater (in the sense of Definition 9)
than the empty state space unit root structure. At the same time the Kronecker indices of the
subsystem (A,, B,, C,) are smaller than ay,, compare again Hannan and Deistler (1988, Chapter 2).
Since the Kronecker indices impose restrictions on some entries of the matrices .A; and thus also
on Ay, the block J, and consequently also the limiting state space unit root structure might be
subject to further restrictions.

The Conformable Index Set and the Closure of Ar

The previous subsection shows that the closure of Ar does not only contain systems corresponding
to transfer functions with multi-index smaller or equal to I', but also systems that are related in
a different way that is formalized below.

Definition 10 (Conformable index set) Given a multi-inder I' = (Qs,p, as), the set of con-
formable multi-indices IC(T') contains all multi-indices T = (Qg, P, (e ), where:

e The pair (QS, D) with corresponding matriz A, in canonical form extends (Qs,p) with cor-
responding matriz A, in canonical form, i.e., there exists a permutation matriz S such
that

Toar Au 9 ~_|P
S ALS —[0 7, and Sp= 5ol

o (e < (N.
® Ny + Ne = Ny + Ne-

Note that the definition implies I' € K(T"). The importance of the set K(T') is clarified in the
following theorem:

Theorem 3 Transfer functions corresponding to state space realizations with multi—indewlﬁ‘
are contained in the set m(Ar). The set w(Ar) is contained in the union of all sets My for '
with T' conformable to T, i. e.,

UM cr@rc | U M

r<r ek (r) r<r

<T
<T

Theorem 3 provides a characterization of the transfer functions corresponding to systems in
the closure of Ar. The conformable set I(T') plays a key role here, since it characterizes the set
of all minimal systems that can be obtained as limits of convergent sequences from within the set
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Ar. Conformable indices extend the matrix 4, corresponding to the unit root structure by the
block Jo.

The second inclusion in Theorem 3 is potentially strict, depending on the Kronecker indices
ae in I'. Equality holds, e. g., in the following case:

Corollary 3 For every multi-index I' with ne = 0 the set of conformable indices consists only of
I, which implies 7(Ar) = Up<p Mf.

1.4.2 The Closure of Mr

It remains to investigate the closure of M in M. Hannan and Deistler (1988, Theorem 2.6.5 (ii)
and Remark 3, p. 73) show that for any order n, there exist Kronecker indices aq 4 = e 4(1)
corresponding to the generic neighborhood M,, , for transfer functions of order n such that

M,, = U M,, C M,,,,

Qo|ne(e)=n

where M,, = m(A,,). Here M, , denotes the set of all transfer functions of order n with state
space realizations (A, B,C) satisfying Ajmax(4) < 1. Every transfer function in M, , can be
approximated by a sequence of transfer functions in M,, .

It can be easily seen that a generic neighborhood also exists for systems with state space unit
root structure Qg and without stable subsystem: Set the structure indices p to have a minimal
number of elements restricted in p.u.t. sub-blocks of By, i.e., for any block By j, ; € C™*mei >,
or By h,,j € R™"3%% in case of a real unit root, set the corresponding structure indices to p =
[1,...,n%pn, ;]. Any p.u.t. matrix can be approximated by a matrix in this generic neighborhood
with some positive entries restricted by the p.u.t. structure tending to zero. Combining these
results with Theorem 3 implies the existence of a generic neighborhood for the canonical form
considered in this paper:

Theorem 4 Let M (S2s,7n4) be the set of all transfer functions k(z) € M, (g)+n, with state space
ungt root structure Qg. For every Qg and ne, there exists a multi-index T'y := T'3(Qg,ne) such
that

M(Qs,ne) C Mr,. (1.14)
Moreover, it holds that M (Qs,ne) C Ma, ,(n) for every Qs and ne satisfying n,(Q2s) +ne < n.

Theorem 4 is the basis for choosing a generic multi-index I' for maximizing the pseudo likelihood
function. For every (g and n, there exists a generic piece that — in its closure — contains all
transfer functions of order n, (2s) +ne and state space unit root structure 2g: The set of transfer
functions corresponding to the multi-index with the largest possible structure indices p in the sense
of Definition 9 (iii) and generic Kronecker indices for the stable subsystem. Choosing these sets
and their corresponding parameter spaces as model sets is therefore the most convenient choice
for numerical maximization, if only Qg and ne are known.

If, e.g., only an upper bound for the system order n is known and the goal is only to obtain
consistent estimators, using . 4(n) is a feasible choice, since all transfer functions in the closure of
the set M,, ,(n) can be approximated arbitrarily well, regardless of their potential state space unit
root structure Qg, n,(2s) < n. For testing hypotheses, however, it is important to understand
the topological relations between sets corresponding to different multi-indices I'. In the following
we focus on the multi-indices I'y(Qg, 1) for arbitrary Qg and n,.

The closure of M (g, ns) contains also transfer functions that have a different state space unit
root structure than Qg. Considering convergent sequences of state space realizations (A4;, B;, C;) jen
of transfer functions in M (Qg,ne ), the state space unit root structure of

(Ao, By, Cyp) = jliglo(Aj,BpCj)

may differ in three ways:
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e For sequences (A;, B;,C;)jen in canonical form rows of B, ; can tend to zero, which reduces
the state space unit root structure as discussed in Section 1.4.1.

e Stable eigenvalues of A; may converge to the unit circle, thereby extending the unit root
structure.

e Off-diagonal entries of the sub-block A, ; of A; = TjAjT;l may be converging to zeros in
the sub-block A, ¢ of the limit Ay = TOAOT(;1 in canonical form, resulting in a different
attainable state space unit root structure. Here T; € C™*™ for all j € N are regular matrices
transforming A; to canonical form and Ty € C**" transforms Ay accordingly.

The first change of g described above results in a transfer function with smaller state space
unit root structure according to Definition 9 (ii). The implications of the other two cases are
summarized in the following definition:

Definition 11 (Attainable unit root structures) For given ne and s the set A(Sds,ne) of
attainable unit root structures contains all pairs (g, Ne ), where Qg with corresponding matriz A,
in canonical form extends Qg with corresponding matriz A, in canonical form, i.e., there exists
a permutation matriz S such that

S ./ZluS/ — |:Au J12:| ,

0 J

where A, can be obtained by replacing off-diagonal entries in Ay, by zeros and where iy := ne —d;
with dy the dimension of Jo € C%7>ds,

Remark 17 [t is a direct consequence of the definition of A(Sds,ne) that (Qs,70) € A(Qs,70)
implies A(Qlg,Ne) C A(Qs, M)

Theorem 5 (i) Mr is T, -open in Mr.
(i1) For every generic multi-index I'y corresponding to Qg and ne it holds that

W(TFQ) - U U Mf‘

rek(r,) I<T

C U U M(Qg,7e) = My,
(Qs7ﬁ.)EA(QS7TL.) (Qs,fl.)g(ﬂs,’ﬁ.)

Theorem 5 has important consequences for statistical analysis, e.g., PML estimation, since —
as stated several times already — maximizing the pseudo likelihood function over Or effectively
amounts to calculating the supremum over the larger set Mr. Depending on the choice of T' the
following asymptotic behavior may occur:

e If T is chosen correctly and the estimator of the transfer function is consistent, openness of
Mr in its closure implies that the probability of the estimator being an interior point of Mt
tends to one asymptotically. Since the mapping attaching the parameters to the transfer
function is continuous on an open and dense set, consistency in terms of transfer functions
therefore implies generic consistency of the parameter estimators.

e If the multi-index is incorrectly chosen to equal I, estimator consistency is still possible if the
true multi-index I'y < T, as in this case M, C M. This is in some sense not too surprising
and something that is also well-known in the simpler VAR framework where consistency of
OLS can be established when the true autoregressive order is smaller than the order chosen
for estimation. Analogous to the lag number in the VAR case, thus, a necessary condition
for consistency is to choose the system order larger or equal to the true system order.

Finally, note that Theorem 5 also implies the following result relevant for the determination
of the unit root structure, further discussed in Sections 1.5.1 and 1.5.2:

Corollary 4 For every pair (Qs,7e) € A(Qs,ne) it holds that
M(Qg,76) C M(Qg, ).
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1.5 Testing Commonly Used Hypotheses in the MFI(1) and
I(2) Cases

This section discusses a large number of hypotheses, respectively restrictions, on cointegrating
spaces, adjustment coefficients and deterministic components often tested in the empirical liter-
ature. Similarly to the VECM framework, as discussed for the I(2) case in Section 1.2, testing
hypotheses on the cointegrating spaces or adjustment coefficients may necessitate different repa-
rameterizations.

1.5.1 The MFI(1) Case

The two by far most widely used cases of MFI(1) processes are I(1) processes and seasonally (co-)
integrated processes for quarterly data with state space unit root structure ((0, d}), (7/2,d?), (7, d3)).

In general, assuming for notational simplicity w; = 0 and w; = =, it holds that for ¢ > 0 and
Tlu = 0
1
Yy = Z Crrei R + Cot o + Pdy + &4
k=1
-1 _
= Cuwia+ Y (Cotek + CiTur) + Q) | + Cotr o + ds + &4
k=2
-1 t—1 t—1
= CB Zst JE2Y R CBLY (Z) e | +CB Y (1) ey
j=1 k=2 j=1 j=1
t—1
+Ce Z Ai_llg.&'t,j =+ C.At._ll‘l’. + &d; + &
j=1
-1 t—1
= B Zst 5 #2307 (RCBY) cos(wr(j — 1)) + T(CuBy) sin(wi(j — 1) )2
k=2 j=1
t—1 i—1
HCBY (1) e+ Co Y AT Bagr_j + CoAL w0 + Rdy + &4
j=1 j=1

The above equation provides an additive decomposition of {y; }+cz into stochastic trends and cycles,
the deterministic and stationary components. The stochastic cycles at frequency 0 < wy < 7 are,
of course, given by the combination of sine and cosine terms. For the MFI(1) case this can also be
directly from considering the real valued canonical form discussed in Remark 4, with the matrices
Agr for k=2,...,1—1, given by Ay r = Id;f ® (;0;((5:; Ci;r(lfu“;’;)> in this case.

The ranks of Cy By, are equal to the integers d¥ in Qg = ((w1,d}),. .., (w;,d})). The number of
stochastic trends is equal to d}, the number of stochastic cycles at frequency wy, is equal to 2d¥
for k=2,...,1 — 1 and equal to d} if k = [, as discussed in Section 1.3.

Moreover, in the MFI(1) case, d¥ is linked to the complex cointegrating rank 7y, at frequency
wy, defined in (Johansen, 1991) and (Johansen and Schaumburg, 1999) in the VECM case as the
rank of the matrix Il := —a(z;). For VARMA processes with arbitrary integration orders the
complex cointegrating rank ry, at frequency wy, is r := rank(—k~1(23)), where k(z) is the transfer
function, with rp, = s—d¥ in the MFI(1) case. Thus, in the MFI(1) case, determination of the state
space unit root structure corresponds to determination of the cointegrating ranks in the VECM
case.

In the VECM setting, the matrix IIj is usually factorized into II; = ay3;,, as presented for the
I(1) case in Section 1.2. For wy = {0, 7} the column space of () gives the cointegrating space of
the process at frequency wy. For 0 < wy < 7 the relation between the column space of 5 and the
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space of CIVs and PCIVs at the corresponding frequency is more involved. The columns of Sy
are orthogonal to the columns of Cy, the sub-block of C from a state space realization (A, B,C) in
canonical form corresponding to the VAR process. Analogously, the column space of the matrix
ag, containing the so-called adjustment coefficients, is orthogonal to the row space of the sub-block
Bk of B.

Both integers d¥ and 7} are related to the dimensions of the static and dynamic cointegrating
spaces in the MFI(1) case: For wy € {0,7}, the cointegrating rank r, = s — d} coincides with
the dimension of the static cointegrating space at frequency wy. Furthermore, the dimension of
the static cointegrating space at frequency 0 < w;, < 7 is bounded from above by r, = s — d¥f,
since it is spanned by at most s — d¥ vectors 3 € R* orthogonal to the complex valued matrix
Ck. The dimension of the dynamic cointegrating space at 0 < wy, < 7 is equal to 2ry = 2(s — d¥).
Identifying again 3(z) = By + S1z with the vector [8), 81, a basis of the dynamic cointegrating
space at 0 < wy, < 7 is then given by the column space of the product

[0 2] Lot e [0 2],

with the columns of 3, € Cs*(s=d) spanning the orthogonal complement of the column space of Cy,
i.e., By is of full rank and 5;,Cr = (R(Bk)" —1Z(Bk)")Cr = 0. This holds true, since both factors are
of full rank and [y{,~1] satisfies (Zxy) + v1)Ck = 0, which corresponds to the necessary condition
given in Example 2 for the columns of [y, v;]" to be PCIVs. The latter implies (Zx54 + 71)Cx = 0
also for [7,71]’, highlighting again the additional structure of the cointegrating space emanating
from the complex conjugate pairs or eigenvalues (and matrices) as discussed in 2.

In the MFI(1) setting the deterministic component typically includes a constant, seasonal
dummies and a linear trend. As discussed in Remark 6, a sufficiently rich set of deterministic
components allows to absorb non-zero initial values 1 4.

Testing Hypotheses on the State Space Unit Root Structure

Using the generic sets of transfer functions Mr, presented in Theorem 4, we can construct
pseudo likelihood ratio tests for different hypotheses Hy : (Q2s,ne) = (25,0, 7e,0) against cho-
sen alternatives. Note, however, that by the results of Theorem 5 the null hypothesis includes
all pairs (Qg,ne) € A(Qs,0,7e,0) as well as all pairs (Qg,n,) that are smaller than a pair
(QS, fl.) S ~A(QS’O7 n.’o).

As common in the VECM setting, first consider hypotheses at a single frequency wy. For an
MFI(1) process, the hypothesis of a state space unit root structure equal to Qg0 = ((wk,d}))
corresponds to the hypothesis of the cointegrating rank r; at frequency wy being equal to rg =

s — df ;. Maximization of the pseudo likelihood function over the set M (((wr, d5 ), — df )
— with a suitably chosen order n — leads to estimates that may be arbitrary close to transfer
functions with different state space unit root structures 2. These include Qg with additional
unit root frequencies wy, with the integers d¥ restricted only by the order n. Therefore focusing
on a single frequency wy, does not rule out a more complicated true state space unit root structure.
Assume n > s with 6 = 1 for wy, € {0, 7} and & = 2 else. Corollary 4 shows that

M({},n) > M(((wr, 1)), = 0) D -+ D M(((wk,8)),n — 50%)

since, e. g., (((wg,1)),n — o) € A({},n).

Analogously to the procedure of testing for the cointegrating rank r; in the VECM setting,
these inclusions can be employed to test for d¥: Start with the hypothesis of d¥ = s against the
alternative of 0 < d¥ < s and decrease the assumed d¥ consecutively until the test does not reject
the null hypothesis.

Furthermore, one can formulate hypotheses on d¥ jointly at different frequencies wy. Again,
there exist inclusions based on the definition of the set of attainable state space unit root structures
and Corollary 4, which can be used to consecutively test hypotheses on Qg.
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Testing Hypotheses on CIVs and PCIVs

(Johansen, 1995) considers in the I(1) case three types of hypotheses on the cointegrating space
spanned by the columns of 8 that are each motivated by examples from economic research: The
different cases correspond to different types of hypotheses related to restrictions implied by eco-
nomic theory.

(i) Hy: B=Hp, € R®*" H € R**t ¢ € R™*" r <t < s: The cointegrating space is known
to be a subspace of the column space of H (which is of full column rank).

(i) Hy: B=1b,¢],8 € R¥*" b e R¥* p € R¥*"t (0 <t < r: Some cointegrating relations are
known.

(111) H(/)/ : 6 = [ngplw . 7HCCPC]7B € RSXT7HJ € RSthacpj € RthTjarj < tj <s, for j=1...,¢c
such that 25:1 r; = r. Cointegrating relations are known to be in the column spaces of
matrices Hj, (which are of full column rank).

As discussed in Example 1, cointegration at wy = 0 occurs if and only if a vector j3; satisfies
ﬁ;Cl = 0. In other words, the column space of C; is the orthocomplement of the cointegrating
space spanned by the columns of 8 and hypotheses on (8 restrict entries of C;.

The first type of hypothesis, Hy, implies that the column space of C; is equal to the orthocom-
plement of the column space of Hyp. Assume w.lo.g. H € Os4, ¢ € Oy and H| € O; 54,
such that the columns of [Hp, , H, ] form an orthonormal basis for the orthocomplement of the
cointegrating space. Consider now the mapping:

Itfr

rx(t—r

C{(éL,HR) = |:HRL(éL)/ |:0 ):| 5 HJ_:| ~RR(03), (115)
where Ry (01) = Hf;; H;:1 Riit—r+i(Orrii—1)1;) € R and Rp(Or) € RE=)X(=7) a5 in
Lemma 1. From this one can derive a parameterization of the set of matrices C] corresponding
to Hp, analogously to Lemma 1. The difference of the number of free parameters under the null
hypothesis and under the alternative is the difference between the number of free parameters in
0 € [0,2m)"¢=") and O, € [0,27)"*=") implying a reduction of the number of free parameters of
r(s—t) under the null hypothesis. This necessarily coincides with the number of degrees of freedom
of the corresponding test statistic in the VECM setting, cf. Johansen (1995, Theorem 7.2).

The second type of hypothesis, Hj, is also straightforwardly parameterized: In this case a
subspace of the cointegrating space is known and given by the column space of b € R*¥*. Assume
w.l.o.g. b € O,,. The orthocomplement of 8 = [b, | is given by the set of matrices C; satisfying
the restriction b'Cy = 0, i. e., the set O, 4, (b) defined in (1.13). The parameterization of this set has
already been discussed. The reduction of the number of free parameters under the null hypothesis
is t(s — ) which again coincides with the number of degrees of freedom of the corresponding test
statistic in the VECM setting, cf. Johansen (1995, Theorem 7.3).

Finally, the third type of hypothesis ,H{/, is the most difficult to parameterize in our setting.
As an illustrative example consider the case H(/), : B = [Hyip1, Haps], B € R*" Hy € RS¥"1 Hy €
RS¥f2 o) € RIX™ oy € R'2%72 1y < t; < s and r + 72 = r. W.lo.g. choose H, € Oy, such
that its columns span the t,-dimensional intersection of the column spaces of H; and Hs and
choose Hj € Os,fj (Hyp),j = 1,2 such that the columns of Hj and Hy span the column space of Hj.
Define H := [ﬁl,HQ,Hb} € Oy ;, with t =t +1t, +13. Let w.lo.g. H, €0 (ﬁ) and define
pj := min(r;,;, ¢j := max(r;,t;) for j = 1,2 and p, = ¢1 — #1 + g2 — t2. A parameterization of
B" € O, , satisfying the restrictions under the null hypothesis can be derived from the following
mapping:

s,8—t

Ipl 0P1><Z72 0p1><ph
0(g1—r1)xps Oq1—r1)xps O(gi—r1)xps
- 0 I 0
T(9 ,0 = H-Ruy(0y) P2 Xp1 p2 P2 XPp -Rn(0 ,
B (6 R’ﬁ) #(0) O(qz—rz)xzn 0(g2—rs)xps O(qz—rz)pr R( Rﬁ)
Opbxm 0Pb><P2 Ipb

OG—gi—a)xp1 Ol-qi-ag)xps  O-aq1—an)xmy
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where Rr(0r ) € R™*" as in Lemma 1 and

Ru(0n) == Ry ((On,,0n,,0n,)) = R, (0n,)Rut, (0rr,) R, (011,) € R

is a product of Givens rotations corresponding to the entries in the blocks highlighted by bold
font. The three matrices are defined as follows:

P1 fﬂhfh
R, (0m) = [I I Reism 690s O mgomririm1y4s):
i=1 j=1
. D1 ifj<q—n
om (J) = ;7 | -
ty +1ta +pp else,
p2 Z—lh—?“z
Ri,(0m,) = [I I Rewusiom)+iOrmoaira)-1)1s)s
i=1 j=1
N 1+ p2 ifj <q2—r2
om,(J) = q; |
t1 + 12 + Db else,
Pb E*Q1*QQ
RHb(eHb) = H H Rt,P1+p2+i,f1+fz+;Db+j(eHby(E—(Il—qz)(i—l)""j)'
i=1 j=1

Consequently, a parameterization of the orthocomplement of the cointegrating space is based on
the mapping:

Ci(0H,0Rrc) =

0p1><(Q1*7"1) OP1><(¢12*7’2) Oplx(ffqlfqz)
Igy—r, O(Ql—Tl)X(qz—T'z) O(ql—rl)x(f—ql—qg)
i. RH(GH)/ O;D2><((11—T1) 0P2><(f12—7°2) Opzx(f—ql—qg) ’ f{L 'RR(QRC);
O(Q2*T2)><(Q1*7"1) IQ2*T2 O(Qz—r2)><({—41—q2) ,
OPb><(Q1*T1) Opr(QQ*W) Opbx(ffqlfqz)
O(f—lh—qz)x((h—?“l) O(E—Q1—QQ)><(Q2—T2) If—lh—qz

where Ry (0p) € R as above and Rg(Orc) € R(=m)%(=7) a5 in Lemma 1. Note that for all
01, Or p and O c it holds that " (0, 0r,3) Ci(0H,0R,c) = 0rx(s—r). The number of parameters
restricted under HY/ is equal to r1(q1 —71) +72(g2 —72) + (r1 +712)(t—q1 —q2) + (s —7) (s —7+1)/2,
and thus, through ¢; and ¢2, depends on the dimension ¢, of the intersection of the columns spaces
of Hy and Hs. The reduction of the number of free parameters matches the degrees of freedom of
the test statistics in Johansen (1995, Theorem 7.5), if 3 is identified, which is the case if r; < #;
and ry < #s.

Using the mapping 7(-) as a basis for a parameterization allows to introduce another type of
hypotheses of the form:

"

(iv) Hy : 8L =Cy = [Hip1,...,Hepe],B1 € RE*C H; € Og4,,05 € O,y < tj < s, for
j=1,...,csuch that 25:1 r; = s —r. The ortho-complement of the cointegrating space is
contained in the column spaces of the (full rank) matrices Hy.

This type of hypothesis allows, e.g., to test for the presence of cross-unit cointegrating relations
in, e. g., multi-country data sets, cf. Wagner and Hlouskova (2009, Definition 1),.

Hypotheses on the cointegrating space at frequency wy = m can be treated analogously to
hypotheses on the cointegrating space at frequency wy = 0.

Testing hypotheses on cointegrating spaces at frequencies 0 < wy < 7 has to be discussed in
more detail, as one also has to consider the space spanned by PCIVs, compare Example 2. There
are 2(s — d¥) linearly independent PCIVs of the form £(z) = By + f12. Every PCIV corresponds
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to a vector zifBg + 51 € C?® orthogonal to C and consequently hypotheses on the space spanned
by PCIVs can be transformed to hypotheses on the complex column space of Cy € Csxdr,
Consider, e. g., an extension of the first type of hypothesis of the form

Hk,|:70 :)’0] _ [ I Osxs }{(Hpégﬁgﬂzg) (I:{O%)lJF]?l%O)]
O lm M —cos(wk)ls  sin(wg)ls] |—(Ho¢y + Hi¢o) (Hodo — Hidr)

»

o, izl 15 8
| —cos(wp)ls sin(wp)ls| |—H1 Ho| |—¢1 ¢ol’

with Hy, H; € RS¥t ¢, 1 € R r < t < s, which implies that the column space of Cy is equal
to the orthocomplement of the column space of (Hy + iH;)(¢o + i¢1). This general hypothesis
encompasses, e. g., the hypothesis [y, 1]’ = H¢ = [H}, H]]' ¢, with H € R**** Hy, Hy € RS¥! ¢ €
RY%" | by setting ¢ := ¢y := ¢, Hy := Hy and Hy := —(cos(wy)Ho+H,)/sin(wy,). The extension is
tailored to include the pairwise structure of PCIVs and to simplify transformation into hypotheses
on the complex matrix C, used in the parameterization. The parameterization of the set of matrices
corresponding to HE is derived from a mapping of the form given in (1.15), with Rp(61) and
Rp(0r) replaced by QL(@y) = [1i=) [1j—1 Quit—rti(Lri-1)+;) € R and Da(ep)Qr(er)
as in Lemma 2.

Similarly, the three other types of hypotheses on the cointegrating spaces considered above
can be extended to hypotheses on the space of PCIVs in the MFI(1) case. They translate into
hypotheses on complex valued matrices S orthogonal to Ci. To parameterize the set of matrices
restricted according to these null hypotheses, Lemma 2 is used. Thus, the restrictions implied by
the extensions of all four types of hypotheses to hypotheses on the dynamic cointegrating spaces
at frequencies 0 < wy < 7 for MFI(1) processes can be implemented using Givens rotations.

A different case of interest is the hypothesis of at least m linearly independent CIVs b; € R?,
j=1,...,m with 0 <m < s —d}, i.e., an m-dimensional static cointegrating space at frequency
0 < wi < m, which we discuss as another illustrative example to the procedure for the case of
cointegration at complex unit roots.

For the dynamic cointegrating space, this hypothesis implies the existence of 2m linearly in-
dependent PCIVs of the form £1(z) = b; and $2(z) = bz, j =1,...,m. In light of the discussion
above the necessary condition for these two polynomials to be PCIVs is equivalent to b;-Ck =0,
for j = 1,...,m. This restriction is similar to H{) discussed above, except for the fact that the
cointegrating vectors b; are not fully specified. This hypothesis is equivalent to the existence of
an m-dimensional real kernel of Cy. A suitable parameterization is derived from the following

mapping

0,5k
c 0b7‘P = RL Bb |: <y :l ;
(01 2) )] cite)
where 6, € [0,27)™C~™) and Cy(p) := Cul(er, Yp, Pr) € Us—m,ar as in Lemma 2. The dif-
ference in the number of free parameters without restrictions and with restrictions is equal to
m(s —m).
The hypotheses can also be tested jointly for the cointegrating spaces of several unit roots.

Testing Hypotheses on the Adjustment Coefficients

As in the case of hypotheses on the cointegrating spaces S, hypotheses on the adjustment coef-
ficients ay, are typically formulated as hypotheses on the column spaces of a. We only focus on
hypotheses on the real valued «; corresponding to frequency zero. Analogous hypotheses may be
considered for ay at frequencies wy # 0, using the same ideas.

The first type of hypothesis on «; is of the form H, : a; = A, A € R¥¥t ¢p € R™" and
therefore can be rewritten as BiAy = 0. W.lo.g. let A€ Os; and A; € O 5_¢. We deal with
this type of hypothesis as with Hy : § = Hp in the previous section by simply reversing the roles
of C; and B;. We therefore consider the set of feasible matrices B} as a subset in Og s, and use
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the mapping B} (0r,0r) = [ARL(01) [I;—r,0,x(t—r))'s AL]RR(8R) to derive a parameterization,
while Cj is restricted to be a p.u.t. matrix and the set of feasible matrices C] is parameterized
accordingly.

As a second type of hypothesis Juselius (2006, Section 11.9, p. 200) discusses H/, : a1, 1 = H1,
H e R*t ¢p € R~ linked to the absence of permanent effects of shocks H | e; on any of the
variables of the system. Assume w.lo.g. H| € O, ;. Using the parameterization of Os_,(H )
defined in (1.13) for the set of feasible matrices B} and the parameterization of the set of p.u.t.
matrices for the set of feasible matrices C;, implements this restriction.

The restrictions on H,, reduce the number of free parameters by r(s — t) and the restrictions
implied by H!, lead to a reduction by ¢(s — r) free parameters, compared to the unrestricted case,
which matches in both cases the number of degrees of freedom of the corresponding test statistic
in the VECM framework.

Restrictions on the Deterministic Components

Including an unrestricted constant in the VECM equation Agy; = ¢; + ®¢ leads to a linear trend
in the solution process y; = Z;Zl(ej + @) +y1 = Z;Zl £j +y1 + Pot, for t > 1. If one restricts
the constant to &y = a®y, &y € R” in a general VECM equation as given in (1.4), with II = o3’
of rank r, no summation to linear trends in the solution process occurs, while a constant non-
zero mean is still present in the cointegrating relations, i.e., the process {'y; }rez. Analogously
an unrestricted linear trend ®1¢ in the VECM equation leads to a quadratic trend of the form
®,t(t — 1)/2 in the solution process, which is excluded by the restriction &t = a®,t.

In the VECM framework, compare Johansen (1995, Section 5.7, p. 81), five restrictions related
to the coeflicients corresponding to the constant and the linear trend are commonly considered:

1. H(r) : ®dy=®1t+ Py, 1i.e., unrestricted constant and linear trend,
H*(r) : ®d; =a®it+ g, i.e., unrestricted constant, linear trend restricted to
cointegrating relations,
3. Hi(r) : ®dy = P, i.e., unrestricted constant, no linear trend,
4. Hf(r) : ®dy = ad, i.e., constant restricted to cointegrating relations,
no linear trend,
5. Hy(r) : ®d; =0, i.e., no deterministic components present,

with @9, ®; € R and ®, D1, € R” and the following consequences for the solution processes: Un-
der H(r) the solution process contains a quadratic trend in the direction of the common trends, i. e.,
in {# yt}1ez, and a linear trend in the direction of the cointegrating relations, i.e., in {8y }iez.
Under H*(r) the quadratic trend is not present. Hp(r) features a linear trend only in the direc-
tions of the common trends, Hs(r) a constant only in these directions. Under H; (r) the constant
is also present in the directions of the cointegrating relations.

In the state space framework the deterministic components can be added in the output equation
yr = Cxy+Pdy 44, compare (1.9). Consequently, the above considered hypotheses can be imposed
by formulating linear restrictions on ®. These can be directly parameterized by including the
following deterministic components in the five considered cases:

1. H(r) = ®dy=Ci 012 + Byt + B,
2. H*(r) : ®dy=®it+ Dy,

3. Hi(r) : ®dy=C®it+ D,

4. Hi(r) : ®d; = D,

5. HQ(T) . (Ddt == Cl(i(h

where &g, ®; € R® and §y, D1, Dy € R% . The component C; ®g captures the influence of the initial
value Ciz1,; in the output equation.

In the VECM framework for the seasonal MFI(1) case, with II; = af;, of rank ry for 0 <
wg < m, the deterministic component usually includes restricted seasonal dummies of the form
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akfi)kz,tc + ak@k(zk)t, ®), € C™ to avoid summation in the directions of the stochastic trends.
The state space framework allows to straightforwardly include seasonal dummies in the output
equation in the form of @4z} + Py (25)?, P € C*. Again, it is of interest whether these components
are unrestricted or whether they take the form of Cki)kz}; +Ck<i>k(zk)t, P, € (Cdlf, similarly allowing
for a reinterpretation of these components as influence of the initial values z; ; on the output.
Note that Q)kzk + ®p(2k)t is equivalently given by <I>k 1 sin(wgt) + <I>k o cos(wgt) using real
coefficients CIJk 1, @ 2 € R® and the desired restrictions can be implemented accordingly.

1.5.2 The I(2) Case

The state space unit root structure of I(2) processes is of the form Qg = ((0,d}, d3)), where the
integer dj equals the dimension of zf’}, and dj equals the dimension of [(Isz) (zf3)]. Recall
that the solution for ¢ > 0 and z; , = 0 of the system in canonical form in this setting is given by

Yy = Chafy +Coady + CPhaly + Cozye + Ody + £
t—1 k t—1
= Clel,Zl ZZ&FJ' + (6516171 + CSQBLQJ + C1E728172,2) Zet*j
k=1 j=1 j=1
t—1
+Co > AT Begy_j + CoAL w4 + Rdy + 4.
Jj=1

For VAR processes integrated of order two the integers di and d3 of the corresponding state space
unit root structure are linked to the ranks of the matrices II = af’ (denoted as r = 1) and
o T8 = &n (denoted as m = ry) in the VECM setting, as discussed in Section 1.2. It holds that
r = s—ds and m = d} —di. The relation of the state space unit root structure to the cointegration
indices 1, 71,72 Wwas also discussed in Section 1.3.

Again, both the integers di and d} and the ranks r,m, and consequently also the indices
ro,71 and 7y, are closely related to the dimensions of the spaces spanned by CIVs and PCIVs.
In the I(2) case the static cointegrating space of order ((0,2),(0,1)) is the orthocomplement of
the column space of Cfl and thus of dimension s — d}. The dimension of the space spanned by
CIVs of order ((0,2),{}) is equal to s — d} — rc,c, where r. ¢ denotes the rank of C{,, since this
space is the orthocomplement of the column space of [C1 1, CE "9 CE,]. The space spanned by the
PCIVs By + B12z of order ((0,2),{}) is of dimension smaller or equal to 2s — d} — d3, due to the
orthogonality constraint on [8), 5] given in Example 3.

Consider the matrices 3,51 and (2 as defined in Section 1.2. From a state space realization
(A, B,C) in canonical form corresponding to a VAR process it immediately follows that the columns
of B2 span the same space as the columns of the sub-block Cfl. The same relation holds true for
£1 and the sub-block sz. With respect to polynomial cointegration, (Bauer and Wagner, 2012)
show that the rank of ClG2 determines the number of minimum degree polynomial cointegrating
relations, as discussed in Example 3. If CG2 = 0, then there exists no vector v, such that {vy'y; }sez
is integrated and cointegrated with {ﬂQAoyt}tez In this case {8'y: }tez is a stationary process.

The deterministic components included in the I(2) setting are typically a constant and a linear
trend. As in the MFI(1) case, identifiability problems occur, if we consider a non-zero initial state
Zo,u: The solution to the state space equations for t > 0 and x;,, # 0 is given by:

t—1
v = ZCAj_lBat,j + Cfl(xfl + xﬁz(t —-1))+ Cl%x?’z + 61E;2371E:2 + CoAL o + ®dy + &4
j=1

Hence, if ®d; = ®¢ + ®1¢, the output equation contains the terms Cflxﬁl + C’fﬂf2 + CEQIEQ -
CfleQ + @y and (Cflz§2 + ®;)t. Again, this implies non-identifiability, which is resolved by
assuming z; , = 0, compare Remark 6.
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Testing Hypotheses on the State Space Unit Root Structure

To simplify notation we use

M(((Ovd%adé))an_d% _d%) if d% > Oa
M(d%vd%) = M(((O7d%))an_d%) if d% = Oad% >0,
M., itdl = dl =0,

with n > dl + d}. Here M(d},d}) for d} + d} > 0 denotes the closure of the set of transfer
functions of order n that possess a state space unit root structure of either Qg = ((0,d},d3)) or
Qs = ((0,d})) in case of d} = 0, while M(0,0) denotes the closure of the set of all stable transfer
functions of order n.

Considering the relations between the different sets of transfer functions given in Corollary 4
shows that the following relations hold (assuming s > 4; the columns are arranged to include
transfer functions with the same dimension of A,,):

M(0,0) > M(0,1) D> M(1,0)

U
M(0,2) D M(1,1) D> M(2,0)
U U
M(0,3) D M(1,2)
U
M (0,4)

Note that M(d},d3) corresponds to Hy_g1 qi_g1 = Hyr, in (Johansen, 1995). Therefore, the
relationships between the subsets match the ones in Johansen (1995, Table 9.1) and the ones
found by (Jensen, 2013). The latter type of inclusions appear for instance for M (0, 2), containing
transfer functions corresponding to I(1) processes, which is a subset of the set M(1,0) of transfer
functions corresponding to I(2) processes.

The same remarks as in the MFI(1) case also apply in the I(2) case: When testing for Hy :
Qs = ((0,d7 ,d3)), all attainable state space unit root structures A(((0,dj o, d5))) have to be
included in the null hypothesis.

Testing Hypotheses on CIVs and PCIVs

(Johansen, 2006) discusses several types of hypotheses on the cointegrating spaces of different
orders. These deal with properties of 3, joint properties of [3, 1] or the occurrence of non-trivial
polynomial cointegrating relations.

We commence with hypotheses of the form Hy : § = Ky and H|, : = [b, ] just as in the
MFI(1) case at unit root one, since hypotheses on § correspond to hypotheses on its orthocom-
plement spanned by [Cf}, C%] in the VARMA framework:

Hypotheses of the form Hy : f = Ko, K € R, ¢ € R™" imply ¢'K'[C{},C%5] = 0. W.lo.g.
let K € Os; and K| € Og 5_;. As in the parameterization under Hy in the MFI(1) case at unit
root one, compare (1.15), use the mapping

Itf'r

rx(t—r

CEr B O 0n) = K Ru@) " | KL Reton)
to derive a parameterization of the set of feasible matrices [Cfl, CEQ], i.e., a joint parameterization
of both sets of matrices Cf; and Cf’y, where [C{’},C)] € Os sy

Hypotheses of the form Hj : 8 = [b,¢],b € R®*t p € R**""1) ( < ¢ < r are equivalent to
V[CE,,CPy] = 0. Assume wlo.g. b € O,y and parameterize the set of feasible matrices Cf*
using O, g1(b) as defined in (1.13) and the set of feasible matrices CFy using O.q—ar ([by CHl)).
Alternatively, parameterize the set of feasible matrices jointly as elements [C{*},C{%] € O, (D).
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Applications using the VECM framework allow for testing hypotheses on [8,51]. In the
VARMA framework, these correspond to hypotheses on the orthogonal complement of [8, 5],
i.e., Cfl. Implementation of different types of hypotheses on [B, 81] proceeds as for similar hy-
potheses on 3 in the MFI(1) case at unit root one, replacing [Cf’;,Cf,] by CF,.

The hypothesis of no minimum degree polynomial cointegrating relations implies the restriction
Cfg = 0, compare Example 3. Therefore, we can test all hypotheses considered in (Johansen, 2006)
also in our more general setting.

Testing Hypotheses on the Adjustment Coefficients

Hypotheses on « and £ as defined in (1.6) and (1.7) correspond to hypotheses on the spaces
spanned by the rows of B; 21 and Bis2. For VAR processes integrated of order two, the row
space of By 2.1 is equal to the orthogonal complement of the column space of [a, a1 ], while the
row space of By o := [B] 51, B8] 5,]" is equal to the orthogonal complement of the column space
of a. The restrictions corresponding to hypotheses on « and £ can be implemented analogously
to the restrictions corresponding to hypotheses on «; in Section 1.5.1, reversing the roles of the
relevant sub-blocks in B, and C, accordingly.

Restrictions on the Deterministic Components

The 1(2) case is, with respect to the modeling of deterministic components, less well studied
than the MFI(1) case. In most theory papers they are simply left out, with the notable exception
(Rahbek, Kongsted and Jorgensen, 1999), dealing with the inclusion of a constant term in the I(2)-
VECM representation. The main reason for this appears to be the way deterministic components
in the defining vector error correction representation translate into deterministic components in
the corresponding solution process. An unrestricted constant in the VECM for I(2) processes leads
to a linear trend in {3} y: }+cz and a quadratic trend in {S5y: }tez, while an unrestricted linear trend
results in quadratic and cubic trends in the respective directions. Already in the I(1) case discussed
above five different cases — with respect to integration and asymptotic behavior of estimators and
tests — need to be considered separately. An all encompassing discussion of the restrictions on the
coefficients of a constant and a linear trend in the I(2) case requires the specification of even more
cases. As an alternative approach in the VECM framework, deterministic components could be
dealt with by replacing y; with y; — ®d; in the VECM equation. This has recently been considered
in (Johansen and Nielsen, 2018) and is analogous to our approach in the state space framework.

As before, in the MFI(1) or I(1) case, the analysis of (the impact of) deterministic components is
straightforward in the state space framework, which effectively stems from their additive inclusion
in the Granger-type representation, compare (1.9). Choose, e.g., ®d; = &g + P1¢, as in the I(1)
case. In analogy to Section 1.5.1, linear restrictions of deterministic components in relation to the
static and polynomial cointegrating spaces can be embedded in a parameterization. Focusing on
Py, e. g., this is achieved by

¢y = [Cfucfz]%-f'élzd;o-i—cﬂf;o,

where the columns of C~1,2 are a basis for the column space of CEQ, which does not necessarily
have full column rank, and the columns of C; span the orthocomplement of the column space of
[Cfl,CEQ, C~1,2]. The matrix ®; can be decomposed analogously. The corresponding parametriza-
tion then allows to consider different restricted versions of deterministic components and to study
the asymptotic behavior of estimators and tests for these cases.

1.6 Summary and Conclusions
Vector autoregressive moving average (VARMA) processes, which can be cast equivalently in the

state space framework, may be useful for empirical analysis compared to the more restrictive class
of vector autoregressive (VAR) processes for a variety of reasons. These include invariance with
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respect to marginalization and aggregation, parsimony as well as the fact that the log-linearized
solutions to DSGE models are typically VARMA processes rather than VAR processes. To realize
the potential of these advantages necessitates, in our view, to develop cointegration analysis for
VARMA processes to a similar extent as it is developed for VAR processes. The necessary first
steps of this research agenda are to develop a set of structure theoretical results that allow to
subsequently develop statistical inference procedures. (Bauer and Wagner, 2012) provides the
very first step of this agenda by providing a canonical form for unit root processes in the state
space framework, which is shown in that paper to be very convenient for cointegration analysis.

Based on the earlier canonical form paper this paper derives a state space model parameteriza-
tion for VARMA processes with unit roots using the state space framework. The canonical form
and a fortiori the parameterization based upon it are constructed to facilitate the investigation
of the unit root and (static and polynomial) cointegration properties of the considered process.
Furthermore, the paper shows that the framework allows to test a large variety of hypotheses on
cointegrating ranks and spaces, clearly a key aspect for the usefulness of any method to analyze
cointegration. In addition to providing general results, throughout the paper all results are devel-
oped for or discussed in detail for the multiple frequency I(1) and I(2) cases, which cover the vast
majority of applications.

Given the fact that, as shown in Hazewinkel and Kalman (1976), VARMA unit root processes
cannot be continuously parameterized, the set of all unit root processes (as defined in this paper)
is partitioned according to a multi-index I' that includes the state space unit root structure. The
parameterization is shown to be a diffeomorphism on the interior of the considered sets. The topo-
logical relationships between the sets forming the partitioning of all transfer functions considered
are studied in great detail for three reasons: First, pseudo maximum likelihood estimation effec-
tively amounts to maximizing the pseudo likelihood function over the closures of sets of transfer
functions, M in our notation. Second, related to the first item, the relations between subsets
of Mt have to be understood in detail as knowledge concerning these relations is required for
developing (sequential) pseudo likelihood-ratio tests for the numbers of stochastic trends or cy-
cles. Third, of particular importance for the implementation of, e. g., pseudo maximum likelihood
estimators, we discuss the existence of generic pieces. In this respect we derive two results: First,
for correctly specified state space unit root structure and system order of the stable subsystem
— and thus correctly specified system order — we explicitly describe generic indices I'g(Q2g, 1)
such that Mr (qg n,) is open and dense in the set of all transfer functions with state space unit
root structure Qg and system order of the stable subsystem n,. This result forms the basis for
establishing consistent estimators of the transfer functions — and via continuity of the parameter-
ization — of the parameter estimators when the state space unit root structure and system order
are known. Second, in case only an upper bound on the system order is known (or specified), we
show the existence of a generic multi-index Iy,  (n) for which the set of corresponding transfer

functions M, is open and dense in the set M, of all non-explosive transfer functions whose

.9 (m)
order (or McMilglan degree) is bounded by n. This result is the basis for consistent estimation (on
an open and dense subset) when only an upper bound of the system order is known. In turn this
estimator is the starting point for determining (g, utilizing the subset relationships alluded to
above in the second point. For the MFI(1) and I(2) cases we show in detail that similar subset
relations (concerning cointegrating ranks) as in the cointegrated VAR MFI(1) and I(2) cases hold,
which suggests constructing similar sequential test procedures for determining the cointegrating
ranks as in the VAR cointegration literature.

Section 1.5 is devoted to a detailed discussion of testing hypotheses on the cointegrating spaces,
again for both the MFI(1) and the 1(2) case. In this section particular emphasis is put on modeling
deterministic components. The discussion details how all usually formulated and tested hypotheses
concerning (static and polynomial) cointegrating vectors, potentially in combination with (un-
Jrestricted deterministic components, in the VAR framework can also be investigated in the state
space framework.

Altogether, the paper sets the stage to develop pseudo maximum likelihood estimators, inves-
tigate their asymptotic properties (consistency and limiting distributions) and tests based upon
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them for determining cointegrating ranks that allow to perform cointegration analysis for coin-
tegrated VARMA processes. The detailed discussion of the MFI(1) and 1(2) cases benefits the
development of statistical theory dealing with these cases undertaken in a series of companion
papers.
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Chapter 2

Inference on Cointegrating Ranks
and Spaces of Multiple Frequency

I(1) Processes: A State Space
Approach

2.1 Introduction

For empirical macroeconomic research two of the most important toolkits are dynamic stochastic
general equilibrium (DSGE) models and cointegrated vector autoregressive (VAR) models.

The DSGE approach is firmly rooted in economic theory and mathematically consists of solving
dynamic stochastic optimization problems with well-defined objective functions of the different
agents (i.e., individuals, firms, the government, the central bank) as well as resource constraints.
Typically this leads to a state space system and solutions of these systems of equations are in
general vector autoregressive moving average (VARMA) processes, see, e.g., Campbell (1994).
The cointegrated VAR, approach of Johansen on the other hand is a well developed method to
analyze long-run relationships between economic time series, see, e.g., Johansen (1996). In this
context one has to consider the different asymptotic properties of standard estimators, e.g., the
OLS estimator, caused by the presence of stochastic trends. To gain insight on economic informa-
tion one typically investigates the number of stochastic trends present in the data, which is even
more of a challenge if seasonal dependencies in the data come into play.

Hylleberg, Engle, Granger and Yoo (1990) first proposed the analysis of seasonal (co-)integration.
Different papers confirm the presence of seasonal unit roots in common macroeconomic time series,
compare, e.g., Hylleberg, Jorgensen and Sorensen (1993). Although a commonly used approach
when dealing with seasonal data is to perform seasonal adjustment, studies such as Lof and Franses
(2001) suggest that this practice leads to a loss of valuable information, such that for instance the
forecasting performance tends to be inferior to forecasts from seasonal cointegration models. To
accomodate such seasonal cointegration properties, Johansen and Schaumburg (1999) extend the
vector error correction model from I(1) processes to models for seasonal cointegration.

However, the VAR framework is not as flexible as the VARMA setting. Therefore, it is a natural
question whether the procedures already developed for cointegration analysis in VAR models can
be adapted to (pseudo) maximum likelihood estimation in a VARMA model or the — in a certain
sense — equivalent state space framework. Apart from economic interest in handling DSGE models,
one important motive for such a generalization is the fundamentalness of VARMA models. Since
subsets of variables jointly characterized as a VAR process are in general VARMA processes, see,
e.g., Zellner and Palm (1974), a state space framework appears to be the more appropriate choice
in some situations. A further advantage lies in the identification of structural shocks, which cannot
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necessarily be recovered from VAR models, but can be analyzed employing state space models.
Finally the state space framework allows for a factor-like structure and potentially reduces the
number of parameters in particular for processes with moderate or large dimension.

A recent development in the analysis of cointegrated state space systems was the introduction
of the state space error correction model by Ribarits and Hanzon (2014), mimicking the error
correction formulation of VAR processes. Earlier approaches by Liitkepohl and Claessen (1997)
and Poskitt (2003) formulated the error correction model in the VARMA setting.

Bauer and Wagner (2012) examined state space systems involving unit roots, introducing a canon-
ical form which highlights the cointegrating properties of the corresponding solution processes.
Bauer, Matuschek, de Matos Ribeiro and Wagner (2020, Section 2) extend the discussion by an
extensive comparison between VARMA and VAR cointegration models. They propose parameteri-
zations which also include restrictions corresponding to different types of hypotheses and illustrate
subset relations between sets with different so-called state space unit root structure, thus, setting
a basis for applying likelihood ratio-type tests.

In the companion paper de Matos Ribeiro, Bauer, Matuschek and Wagner (2020) the authors
derive the consistency of the pseudo maximum likelihood estimator for state space MFI(1) sys-
tems and provide the asymptotic distribution of the suitably standardized parameters, laying the
ground work for statistical inference.

In this paper we combine these results to develop tests for hypotheses on cointegrating ranks at
the unit roots and linear hypotheses on cointegrating relations by employment of Johansen-style
(pseudo) likelihood ratio tests. It turns out that a suitable extension of the Ribarits and Hanzon
(2014) error correction formulation to the MFI(1) situation can be used to obtain analogous results
for state space processes as the ones presented by Johansen (1996) for I(1) and by Johansen and
Schaumburg (1999) for MFI(1) VAR processes. The underlying idea in this respect is the formu-
lation of the error correction representation which for state space processes takes the same form
as in the VAR framework except for a different inclusion of the stationary regressors: In the VAR
setting lags of (seasonal) differences are used while in the state space framework filtered versions
of the differences take the same role. We link these representations to the pseudo likelihood ratio
tests in the VARMA setting and show that going from VAR to VARMA models the traditional
tools from the Johansen framework are applicable in the investigation. We especially focus on the
treatment of complex unit roots, observing that simulation results indicate advantages over the
standard VAR approach in seasonal data. The treatment of deterministics is stated only briefly
for the sake of completeness.

This paper is structured as follows: In Section 2 the data generating process dealt with in this
paper is investigated. This also includes a discussion of the parameterization used and the struc-
ture of the state space representation for unit root processes. In Section 3 the state space error
correction model by Ribarits and Hanzon (2014) is used to develop tests on the cointegrating rank
and the cointegrating space in the I(1) case. This contains already all the complexity needed
for the MFI(1) case which is dealt with in Section 4. The rank tests are compared to those by
Johansen and Schaumburg (1999) and the CCA subspace tests by Bauer and Buschmeier (2016)
in a small simulation study in Section 5. Section 6 summarizes and concludes this paper. All
proofs are relegated to the appendix.

Notation in the paper is as follows: L denotes the lag operator, i.e., L({z}tez) = {@i-1}iez,
for brevity written as Lxy = x;—1. For a square matrix X we denote the spectral radius (i.e.,
the maximum of the modulus of its eigenvalues) by Ajmax(X). With R(M) we denote the real
part of a complex matrix M € CF*! and with Z(M) its imaginary part. For a m x n matrix X
of full rank, with n < m, X, denotes an m x (m — n) matrix of full rank such that X’X, = 0.
For a matrix or vector X the matrix or vector with complex conjugated entries is denoted by X.
For finite sequences {at}1—1 .. 7, {bt}t=1,. . 1, we define {as,by) :=T! Zthl asb;. Convergence in

distribution is denoted by 4 and convergence in probability by 5.
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2.2 Definitions

2.2.1 Unit Root Processes and Cointegration

Most of the literature regarding integrated processes consider the so-called vector error correction
model (VECM) representation of autoregressive processes, discussed for processes integrated of
order one and two in full detail in the monograph Johansen (1996). Bauer et al. (2020, Section 2)
contains a detailed discussion on the necessity of the VECM for a suitable parameterization of
integrated processes in the VAR framework, again exemplifying the arguments for integrated
processes of order one and two only. The same arguments also hold for seasonally integrated VAR
processes.

In this paper we use the following differencing operators:

AS = 1—LS
2K _
Agp = —=———— (1-2z%;L)
Hj;ék(l z]zk)l;[k ’

where

k-1
SeN, zp:=exp(iwy), wg:= 5 2r  fork=1,...,S.

For notational brevity, we omit the dependence on L in Ag(L) and Ag ,(L). Using this notation,
the error correction representation of a seasonally integrated VAR process of order p is given by

p—S
Agsy; = ZHkASkyt 1+ZF Asyi—j+ & (2.1)
k=1 Jj=1

S p—S
> auBiAsiyi1+ Y TiAsyj +et,
k=1 i=1

where II; € R***, Il e C*** for k=2,...,5, ' e R®** for j =1,...,p— 5 and ay, S € C**"*
of full (column) rank 7y, for k = 1,...,S. As additional assumptions, impose I = Ilg 2 for
all k = 2,...,9, such that the imaginary part of the right hand side of equation (2.1) is zero.!
The integer ri, equal to the rank of I, is called cointegrating rank at frequency wy. Clearly the
VECM can be transformed to a VAR(p) representation of the form

p
Y + Zaiytﬂ' =&t teZ,
j=1

with coeflicients a; € R®*® dependent on I, k=1,...,S and I';, j =1,...,p— §. Conversely it
holds that T, = —a(zy) for k= 1,..., 5, with a(2) = I, + >7_, a;27.

Analogous to Bauer et al. (2020), for given restrictions on some of the ranks 7, namely the ranks
7 of a(e"a’f)7 for 0 < w1 < --» < @ < 7, we formally define different sets of transfer functions

a1(z) by

Vip @) @) = {ae): SRR as a2

S
i) <7 <s, fOI‘j—l

Having established useful notation for the VECM we now proceed to the discussion of integrated
VARMA processes. We refer to a process {y; }+ez as a VARMA process if we have integers p and

11\/IOI‘QOVQI'7 let (Dék)g_(fs — Zf;&k HZAS,l,kzk — Zf;f FjAS,kz']i)(IBk)L be of full rank, where AS,l,k = 2[(1 —
Zpz) "t [Ter, (1 — Zjz) 7Nl — zjz) and Agy = 1,2, (1 — Zjzx). This ensures that {y:}icz is not of higher
integration order, compare again the discussion of integrated process of order one and two in Bauer et al. (2020,
Section 2).
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¢, matrices a; € R**% 7 =1,...,p, b; e R®** j=1,...,q, D € R®*™, a deterministic process
{st}tez, st € R™ and a white noise process {e; }ez, e € R® with E(ese;) = ¥ > 0 such that

D q
ys — Dsy + Zaj(yt_j - DSt_j) =&+ ijft_j, teZ. (2.2)

Jj=1 Jj=1

Note that by this definition VARMA processes are not required to be stationary.

The pair (a(2),b(2)), where a(2) = I, + 3°7_, ajzd and b(z) = Iy + > b;z7 are matrix
polynomials, is called a VARMA system corresponding to the process {ytitez. The function
k(z) := a(2)71b(2) is called the transfer function of the process.

It is well known — see, for instance, Hannan and Deistler (1988, Chapter 1) — that for given matrix
polynomials (a(z),b(z)), (2.2) always has a solution. If det(a(z)) # 0 for |z| < 1 the transfer
function k(z) has a convergent power series expansion in a disk containing the closed unit disk. In
this case (2.2) has a unique stationary and causal solution §; = y; — Ds; = Z]o-io Kje_j where K
are the coefficients from the power series expansion of k(z), compare, e.g., Hannan and Deistler
(1988, pp. 9-11).

Defining the operator A, we ar now ready to introduce multiple frequency I(1), short MFI(1),
processes, compare Bauer and Wagner (2012, Definition 1):

Definition 12 e The difference operator at frequency 0 < w < 7 is defined by

A 1—2cos(w)L + L%, for0<w<m,
7)1 = cos(w)L, forw e {0,7}.

For notational brevity, we again omit the dependence on L in A, (L).

o The s-dimensional process {y: }tez is called MFI(1) process with set of unit root frequencies

Q= {01,..., 0} with0 < @ < Wy < -+ <@ <, if it is a solution of the difference
equation
l
Aq(yr — Dsy) = H Az (yr — Dsy) = v, tELZ, (2.4)
k=1
where {si}iez is a deterministic process, s, = E(s;), sy € R™! and D € R**™, and

{vi}tez is a stationary VARMA process, thus, there exists a pair of left coprime matriz
polynomials (a(z),b(2)), det(a(z)) # 0 for |z| < 1, det(b(z)) # 0 for |z| < 1 such that
{vihtez = a(L)7'0(L){et ez =: c(L){es}iez with c(Z) # 0 for Zp = ex, k =1,...,1, for
a white noise process {e; }iez with E(eie}) =X > 0.

o An MFI(1) process with set of unit root frequencies 2 := {0} is called integrated process of
order one, short I(1) process.

o A stationary VARMA process {y: — Dsi}icz = c(L){et}tez is said to have an empty set of
unit root frequencies Qo = {}.

o An MFI(1) process with set of unit root frequencies Q := {&1,...,w} is called seasonally
integrated, if there exists S € N such that €% =1 for all k =1,...,1. In this case it holds
that € C {wl, R ,ws}.

Remark 18 As in de Matos Ribeiro et al. (2020) the symbol Q in this paper is used for the set
of frequencies and not for the unit root structure. In Bauer and Wagner (2012) for an MFI(1)
process the unit root structure is denoted as ((&1,1), ..., (@, 1)). Since in this paper we only deal
with MFI(1) processes the simpler notation of only listing the unit root frequencies suffices.
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Every VARMA system with det(a(z)) # 0 for all z with |z| < 1 has a unique stationary solution
on Z depending only on the transfer function k(z) and the process {e:}icz — see, e.g., Hannan
and Deistler (1988), who also show that this solution can be represented as a solution of a state
space system

Yt = C’azt + DSt + &¢ (25)
xiy1 = Azy+ Bey,

where A € C"*™, B € C"**, C € C**™ and D € R**™. This result is generalized to MFI(1)
processes and more general unit root processes in Bauer and Wagner (2012, Theorem 1), compare
Proposition 1 below. By Hannan and Deistler (1988, Theorem 1.2.2) the roots of det(a(z)) are
equal to the inverses of the non-zero eigenvalues of A. Consequently the condition det(a(z)) #
0, |z| < 1 is equivalent to Ajmax|(A) < 1. By the same argument the unit roots correspond to
eigenvalues of A with modulus 1. The state space representation of a process {y:;}tcz is not
unique. There are two sources of non-uniqueness: First, there exist representations with different
state dimension n. Second, for given minimal state dimension, the basis of the state space can
still be chosen arbitrarily as the state is not directly observed. Technically, state space realizations
(A,B,C) and (A, B,C) are called observationally equivalent if they describe the same transfer
function k(z) = 7(A, B,C) = I, + Y52, CAJ"'Bz7. We call the state space realization (A, B, C)
controllable if the controllability matrix C = [B, AB, ..., A" ! B] is of full rank, and observable if
the observability matrix O’ = [C", A'C’, ..., (A"~1)'C"] is of full rank. The state space realization
(A, B,C) is called minimal if it is both observable and controllable. If a state space realization
is minimal, there is no observationally equivalent realization with a lower state dimension. The
state dimension of a minimal realization is called the order of the state space system, see, e.g.,
Hannan and Deistler (1988, Chapter 2.3).

The following theorem, compare Bauer and Wagner (2012, Theorem 1), describes the relation
between state space systems and MFI(1) processes.

Proposition 1 Let {y:}icz be an MFI(1) process as given in Definition 12. Then there ex-
ists a solution {y.p}tiez of the homogeneous equation Aqyyn, = 0, t € Z, such that the process
{Ye.ptiez = {yr — ye.n}rez is the particular solution given by

yt,p = Cumt,u + C.Z‘t7. =+ DSt + ¢
t—1 4j—
B N (2.6)
U _ Zj:t Azt_lBuEt,j, t < 1,
o0
tre = Y AT'Baei
j=1

to a minimal state space system (A, B,C) with A = diag(Ay, As), where all eigenvalues of A,
are simple (i.e., their algebraic and geometric multiplicity coincide) and have unit modulus and
Aimaz|(Ae) <1 and B = [By, B,]" and C = [C., C,| are partitioned accordingly.

Conversely, every process {yi.p }ez defined through (2.6) for a minimal state space system (A, B, C)
8atisfying Nmaz|(A) = 1 and Npaq (A — BC) < 1 is an MFI(1) process.

Thus, in this paper we consider multivariate data y;, t = 1,..., T, from a process {y; }+cz fulfilling
the following assumptions:

Assumption 1 (DGP) The seasonally integrated process {y; }+cz with a set of unit root frequen-
cies Q = {1, ..., @}, with Q C {wy,...,ws} for an even integer S, is a solution of a state space
system

ye = Cwxy+ Dsy+¢ey (2.7)
Tr1 = Awxy + Bey,
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where A € C"*" B € C"*%, C € C**" and D € R**™ for a deterministic sequence s; € R™
containing a constant, a linear trend and seasonal dummies.
(State Space System:) The state space system (A, B,C) is minimal and of the following form:

o A= diag(Aic,..., Aic, As) where Ajc = diag(eiailgj,e_i‘bffgj) Jor0 < @; <morAjc=
@i Iz, for ©; € {0,m}. All eigenvalues of Ae are smaller than 1 in modulus.

 B=[Bjc,Bic, B, Bjc = [B;,E/]’,Bj € C%** for z; # +1 and Bjc = B; € R&** else,
where B; for j =1,...,1 are positive upper triangular matrices.

e C=[CicyCic,Cal,Cic = [Cj,C5),C; € C¥¥C for z; # +1 and Cjc = C; € R¥¥% else,
where CiCj = Iz, for j=1,...,1.

oz = [T] ) ¢ Ty The) s Trge = [ Ty | wey € C9 for z; # £1 and x5 € RY else
such that x1; = 0,216 = Z?io AiB.s_j.
o |M\par (A —BC)| <1 (strict minimum-phase assumption,).
(Deterministics:) The deterministic term Ds; is of the form
o Dsy = dy + 52y [df cos(wr(t — 1)) + di sin(wi(t — 1)] +dg(~1)' "+ ds 1t
where S :=S/2+1, di,dg,ds+1 € R, and d},,d, € R®, fork=2,...,5 — 1.
(Noise process:) The noise process {e;}iez fulfills the following assumptions:
o {ci}iez is a strictly stationary martingale difference sequence.
o E(eie}) = E(ere}| Fro1) = 2.
o E(l=]) < oo

Here F;_ is the o-algebra spanned by {¢;};jcz j<t-

Collecting the integers ¢ together with their frequencies the state space unit root structure is
defined as

Qs o= {(@1,61), ..., (@, &)}

The transfer function associated with the state space system is given by k(z) = Z;io Kzl =

I;+2C(I, — zA) 1 B. We are now ready to define the set M ({25, ne) of transfer functions of given
state space unit roots structure Qs as

k(z) = Iy + 2C(I,, — zA)™1B,
M(Qs,ne) =R k(z): AeR™" B,C" € R"™%, asin Proposition 1
with A, corresponding to Qs and A, € R™e*™

Defining n,, (2s) := Zﬁc:l drc with 0 = 1if @ € {0, 7} and §, = 2 if 0 < @ < 7, the order of a
transfer function k(z) € M(Qs,ne) is equal to n = 1y, (Qs) + nNe.

Inserting e, = y; — Cxy — Ds; into the equation of the state z;y1, the system given in (2.5) is
alternatively expressed as

Yt = OJCt + DSt + &
Ti41 = Al‘t + B(yt — DSt) A = A — BC.

Analogously, for the inverse transfer function k=1(z2) = S0 K 27 it holds that K, = I and
K; = —CA’ ' B and, thus, k~'(z) = I, — 2C(I, — zA) "' B. For a transfer function corresponding
to a seasonally integrated process with unit root frequencies Q C {w1,...,ws}, define Iy :=
—k~(e™r) € C***, k =1,...,S and let r, be the rank of IIj, with ¢, := s — . The matrix ITj, is
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of full rank s if wy ¢ Q. If wi, = ©; € Q, the rank of Il is equal to 7, = s — ¢; and, consequently,
there exists a decomposition ITy = a8, with ag, B, € C**"*. The definition of II; dependent on
the inverse transfer function k~!(z) corresponding to a VARMA process is such that it coincides
with the matrices of the VECM in (2.1) in case of VAR processes and it holds that

Vip {(@1,71), ..., (@, 70)}) € M(Qs,na)

with Qs = {(@1,¢1),..., (@, ¢&)} and ne such that é; = s — 7; and n,(Qs) + ne > ps. Moreover,
the column space of i is orthogonal to the column space of the matrix Cy of the canonical form
and the columns space «y is orthogonal to the row space of By, which follows by comparing (2.6)
with the Granger representation of MFI(1) processes, compare Johansen and Schaumburg (1999,
Theorem 3).

The column spaces of C;, and B are closely related to the cointegrating properties of the process

{iheen:

Definition 13 (i) An MFI(1) process {y; }tcz with set Q = {w1,...,w;} of unit root frequencies
is called statically cointegrated at wy, if there exists a vector B € R® such that the set of
unit root frequencies of the process {5'y: }rcz does not contain wy. In this case 5 is called a
cointegrating vector (CIV) at wy.
For an MFI(1) process the cointegrating space at frequency wy, is spanned by all cointegrating
vectors B at wy.

(i) An MFI(1) process {yi }tcz with set Q = {w1,...,w;} is called dynamically cointegrated at wy,
for 0 < wy < 7, if there exist vectors By, 1 € R® such that the set of unit root frequencies of
the process {Byys — Biyt—1}tez does not contain wy. In this case B(L) = By + B1L is called
a polynomial cointegrating vector (PCIV) of degree one at wy,.

For an MFI(1) process the polynomial cointegrating space at frequency wy is spanned by all
polynomial cointegrating vectors B(L) of degree one at wy,.

Combining the equations in Proposition 1 and using the block structure of (A, By, C,) we get

l t—1 t—1
ye=Y Crc | D AL Bresi—j | +Co | D AL Begr_j+ | + CA™ 2y + Ds,. (2.8)
k=1 j=1 j=1

Example 1 and 2 of Bauer et al. (2020) show that for real wy € {0, 7} the cointegrating space at
wy, is spanned by the columns of B which fulfill 5,C, = 0 and for 0 < wy < 7 the cointegrating
space is spanned by the vectors v € R® which fulfill v'C, = 0. Moreover, there is a close relation
between the columns of 3 € C® and the polynomial cointegrating vectors of degree one at wy. It
holds that the space of PCIVs — considered as a subspace of R?*, identifying v(2) = vo + 712 with
the vector [v(, 1] — is spanned by the columns of

I Osxs :| [R(ﬂk) I(/Bk):|
—R(z)Ls  I(zk)ls| [-Z(Bk) R(Br)] "

For this reason the matrices Cx and ) contain all information on the cointegrating spaces.
Bauer et al. (2020) provide a parameterization of the sets M({s,ne). The parameterization
partitions the set into subsets with one ’generic’ subset open and dense in M (€2s, ne). Furthermore,
Bauer et al. (2020) define a parameterization of this open and dense subset of M (2s,ne) by
establishing a real valued parameter space and a bijective mapping attaching parameters to transfer
functions. Furthermore, Bauer et al. (2020) clarify the relations between sets of transfer functions
for different sets M (s, ne).

In the following let ©,, denote the parameter space corresponding to M ({},n) and let ©5* denote
the parameter space corresponding to M ({(w,¢)},n —¢) if w € {0,7} and to M ({(w,c)},n — 2¢)
if 0 < w < m, for a given unit root w.

In this setting de Matos Ribeiro et al. (2020) investigate the asymptotic properties of the pseudo
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maximum likelihood estimator using the Gaussian likelihood function: Let the parameter vector
6 € O correspond to a system (A(6), B(0),C()) and the transfer function k(z,0) = I;+2C(0) (I, —
2A(0))71B(6). Let S, denote a parameter space corresponding to the set of all positive definite
symmetric matrices ¥ € R*** and o € S,. Then the logarithm of the Gaussian likelihood function
under the assumption that x; = 0 is given (up to a constant) as:

T
T 1
£T(07D70') = _5 log |Z(U)| - 5 th(evD)/E_l(U)gt(07D)
t=1

Et(e, D) =Yt — DSt — C(Q)xt(HTD)
2e41(0, D) = A(0)z(0, D) + B(0)(ys — Ds,), z1(0,D) =0, A(0) := A(0) — B(6)C(D).

The estimators maximizing this function are shown to be weakly consistent in de Matos Ribeiro
et al. (2020, Theorem 1):

Proposition 2 (Consistency of PML) Let {y:}iez be a real valued MFI(1) process generated
by a system of the form (2.6) with state space unit root structure Qg and dimension ne of the
stable subsystemn (Ae, Be,Ce). Let (ko(2), Do,05) denote the transfer function and parameters
corresponding to {y: }rez.
Let ¢ : M — © be a parameterization of a set M of transfer functions and let ko(z) € M.
Let (é, D, &) denote the pseudo maximum likelihood estimator, i. e., the maximizer of L7(0,D, o),
over © x R&*(S+1) 5§ Then, (k(z,0), D, 6) is consistent for (ko(2), Do,00) and k(z,0) = I, +
Z;’il Kj(é)zj converges in probability to the true transfer function ko(z) = Is + Z]oil Koz
with rate TY?, i.e. T7||Kj(9) — Kjo|| = 0 in probability for all j € N and all 0 < v < 1/2.
Furthermore,

Tk~ (™7, 0)Cs 0]l = 0,5 =1,...,1

in probability for all 0 < v < 1, where C;, is the respective subblock of the system matriz Co
corresponding to ko(z).

Note that here the pseudo log-likelihood function is defined for z; = 0 whereas the data generating
process assumes that x; o corresponds to the stationary distribution of the stable part of the state.
It can be shown that the difference in the corresponding pseudo log-likelihood functions is negligible
in the sense that the asymptotic distributions of the corresponding estimators coincide, compare
Theorem 2 in (de Matos Ribeiro et al., 2020).

Note that the crucial component of the Gaussian likelihood is &,(0, D) = k=1(L;0)(y; — Ds;)
with the convention that y; — Ds; = 0,¢t < 0. This representation indicates that a power series
representation around the unit roots leads to similar expressions as in the VAR case. The main
insight lies in the fact, that this power series development in the state space case only differs in the
definition of the contribution by (seasonally) differenced terms compared to the VAR situation.
This observation first has been made in the I(1) case by Ribarits and Hanzon (2014) leading
to their state space error correction model (SSECM). The next section, thus, first discusses the
simpler case of I(1) processes, while Section 2.4 focuses on cointegration analysis at complex unit
roots in SSECMs for seasonal cointegrating processes.

2.3 I(1) processes

2.3.1 Error Correction Representation in the State Space Framework

Ribarits and Hanzon (2014) developed a state space error correction model for I(1) processes. At
the heart of their approach lies a Beveridge Nelson decomposition of the inverse transfer function
k~1(z). We note that

E=Y(z) — k= 1(1)z
1—-2

E'2) =k (D)2 +(1—2)
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which for state space systems translates into (for example, by comparing the power series coeffi-
cients)

k*%dzziikyzj:nymﬁiigkﬁB
j=0 j=0
:(g—cuﬁ—érﬂﬂz+a—z)1;+Axg—¢94453@@U3
j=0

=TIz + < 3 f(l_zz> (1—2) =Mz + k™ (2)A(2).
=0

Truncating the power series at power ¢ we obtain for every state space system (A, B, C') that (using
Yo = 0)

t—1 t—1

S K= -Tya+ > K Ay
=0 =0

This builds the cornerstone of the state space error correction model (SSECM): As will be shown
in Theorem 6, for every state space system (4, B, C) the residuals

t—1

et(A,B,C) => K (yi—j — Ds;_;)

§=0
where Ky = I, K = —CA’7'B, j € N have the following representation:
Al(yt - DSf) = H(yt—l — DSt_l) + C’vt + €t(A7 B7 C) (29)

Vi1 = Avg — (I, — AP ABA(y — Dsy), v = a1,
O=-I,+C(,—A)"'B.

If the process {y; }tez fulfills the assumptions stated in Assumption 1 with corresponding system
(Ao, Bo, Cy), then for D = D,

Et(Ao, Bo, Co) = E¢.

Furthermore, let the deterministics be given as Ds; := [dy,d3][1,t]". For a system (4, B, C') assume
_ SXT Ok~ (= _
that —II = k=1(1) := —af’, where o, 8 € R®*" and define ¥ := T() = -C(I, — A)7?B.
The state space error correction model (SSECM) then is given by
Ay = H(ys—1 + di + dat) — Wda + Cvy + €(A, B, C, D), (2.10)
Ut+1 = Avt — (In — A)iléBAlyt, (211)

vi =1+ (I, — A)"'Bdy — (I, — A)"*Bdy + (I, — A) "' Bda,
O=-I,+C(, - A™'B,

where again
ét(Aoa Boa 007 Do) = &t¢.

Note that if A is nilpotent, the solutions of the system correspond to VAR processes as then
A" = 0. Also in this case our approach differs from Johansen’s VECM which considers the pseudo
log-likelihood function conditional on the first k£ — 1 values. Therefore, only T'— k+ 1 equations are
considered in the likelihood analysis in the Johansen framework while the above model considers



CHAPTER 2. INFERENCE ON COINTEGRATING RANKS AND SPACES OF MULTIPLE
56 FREQUENCY I(1) PROCESSES: A STATE SPACE APPROACH

T equations but assumes a zero starting state.

Further, note that there are two ways to include deterministic terms: Either they are modelled
as additive components to the process y;, such that y; is replaced by y; — Ds; in the state space
model as in (2.9), with deterministics present in both the output equation and the modified
state equation. Alternatively, deterministics can be included as regressors in the error correction
formulation, as is done in the Johansen framework. This corresponds to choosing v; independent
of di and ds, since the influence of starting values v, on the output is negligible for large ¢, such
that deterministics are only present in the output equation (2.10). Also note that the presence of
a linear trend term in the solutions process when introducing the deterministics via regressors in
the error correction representation is ascertained by including a restricted linear trend term of the
form apt in the error correction equation.

Note that — apart from the treatment of the starting values — the SSECM takes the same form as
the VECM in the VAR framework: The right hand side essentially features the matrix IT multiplied
by y:—1 plus a stationary process and potentially deterministics as regressors. The main difference
to the Johansen framework lies in the fact that the regressors here depend on parameters that are
also determining the matrix II. The next subsections describes two different approaches to deal
with these interdependencies.

2.3.2 Concentration of the Gaussian Pseudo Log-Likelihood Function

Consider for the moment the simpler case with no deterministic terms present neither in the data
generating process nor in the model, that is D = D, = 0. Then for the I(1) model given in
Assumption 1 the Gaussian pseudo log-likelihood function for x; = 0 is equal to

Lr(0,0)= ——log|§] |—725t o)et(0)

(8) = Avyy ~TO)ys — C(OY(6)
ves1(6) = AO)0,(0) — (I — A©)) " AO)B(O) Arye, v1(6) = 0.

Concentrating out the noise variance parameter ¢ we obtain (up to the constant —7's/2):

Lr(0) =~ log [S2.(0)| = 7 log | (2(0), ().

Note that v;(0) depends on the parameter vector only via the pair (A4, B). The equation used for
estimation equals

Ayy = T1(0)yi—1 + C(0)ve(0) + £:(0).

where I1(0) = —I, + C(I — A)~'B depends on (4, B) and C.

We are interested in the specification of the number of cointegrating relations as well as on inference
on the cointegrating vectors. This information is encoded in the matrix II(#). Our aim is, therefore,
to find an expression of Ly depending on the rank and the kernel of II. Let us first define an
expanded version of the likelihood function for general II € R%*% C' € R**"™ not necessarily
respecting the constraints I = TI(4), C = C(0), as

T
L7 (10,C,0) = ~3 log |[{A1ys — My—1 — Cve(0), Ary: — My — Cu(0))] .

Let 0 denote the pseudo maximum likelihood estimator of 6 over a parameter space ©. Note that
the following relations hold

Lr(0) = Lr(0) < LS (1L, C, 0) < LEE(T1, C, 0).
7(6) = mex Lr () < [I,C] € R TILOOS o) ey T ILEO)

=1, +C(I, — AB)) "' B(d)
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We will show that the solutions to these three problems are related. Solutions to the rightmost
problem with the fewest restrictions will be called unrestricted concentration approach, while
the solutions to the problem in the middle will be termed restricted concentration approach.
Thus, consider the unrestricted concentration approach which maximizes L5” (II, C, 6) for given 6
and subject to rank(Il) = r. Here as usual the matrix C' can be concentrated out using simple
regression techniques leading to a reduced model R ;(6) = ILR; ;(0) + €Y (9), where

Rou(0) == Avyr — (Arye,ve(0)) (v2(6),ve(6)) ™" v (6)
Ri4(0) = yio1 — (ye—1,0:(0)) (0e(0),ve(6)) " v (6).

Next, rewriting II = a8, o, € R**", concentrate out a for given 3, where the maximizer is
given by the corresponding OLS-estimator (Ro;(6), 3 Ry.+(0)) (8'R1.4(6), 8 R1.,(6))". Using the
notation of Johansen (1996), define:

Soo(0) == (Ro,(0), Ro,.(0)) S10(0) = (R1,4(0), Ro,+(0)) = S10(0)’
511(9) = <R1’t(9)7R1}t(9)> 511,0(9) = 511(9) - 510(9)500(9)_1501(9).
Consequently, the unrestricted concentration approach leads to the maximization of the function
exr T ! _ !
LEY(8,6) : = —5 log |So0(6) — So1(0)5(5"511(6)5) '8'S10(0)|
T |8’ S11 0(9)5|>
=——1 S110)| ).
7 os (I s

The solution of this reduced rank regression problem is well known in the I(1) literature.

The alternative restricted concentration approach takes the relation between II, C' and 6 into
account. This approach has been pioneered by Ribarits and Hanzon (2014). Note that o8’ =
—Is + C(I,, — A(9)) "1 B(0) is equivalent to I, = CB(#) — a3’ where B(0) := (I,, — A(6))"1B(9).
This defines a linear restriction between the matrices C' and « for given B(6) and /.

Note that if B(#) does not have full column rank, not all matrices S allow for solutions. This
will be the case for example if n < s. A necessary assumption for # and 8 to be compatible is
for B(B,0) := [B(A)',—f]" to be of full (column) rank. Otherwise, there exists a vector v # 0,
v € R®, such that B(S3,6)y = 0. This in turn implies v = I,y = CB(0)y — af'y = 0, leading to a
contradiction. If B(3, ) is of full rank, B()(8) . is of full rank and a solution C for CB(6)(8)1 =
()L exists (which is not necessarily unique). Setting o = (CB(6) — I,)B(8'8)~", the set of
matrices C' and « for given 6, § fulfilling the restrictions is not empty.

For true 0, and II, = a3, the matrix B(f,, 0, ) needs to be of full column rank for I, = C,B(6,)—
aoB. to hold. Note also that if n > s, the set of parameter vectors 6 such that B(6) and, thus,
B (B,0) for arbitrary 3 has full column rank is generic?. Hence, a pair of estimates 6, 3 will allow
for a solution fulfilling the restrictions with probability one.

In light of the above discussion, the problem to be solved is to maximize

L7 (ap',C,0)

subject to

I, = [ C « ]3(5,9), where B(,6) := { éi(g,) } ,
for given # and 8 € B(r,6) := {f € R"** : B(,0) of full column rank} ¢ R"**. Solving for C
and «a, we arrive at a system of first order equations of the form

[[¢ ] a][WEEQETEON B [ A v 1),

2In the sense that the set of vectors € such that B(6) has full row rank is an open and dense subset of the
parameter set © using the parameterization of de Matos Ribeiro et al. (2020); this follows since the set of matrices
B with full row rank is generic within the set of all matrices in R"** and A is stable due to the assumptions such
that I,, — A is non-singular.
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where A is the Lagrange multiplier matrix and V% (5, 0) := [v:(0)’, (8'y:—1)"]. Next, define the
inverse

Hiy(8,0) Hm(ﬂﬁ)] _ [<sz(5,~9),Vf"’“’(ﬂ,9)> B(B.o)]
Hy(8,0) Hx(B,0)] B(8,0) 0 ’

Existence is due to Lemma 3 in the appendix. Using these definitions Ribarits and Hanzon (2014)
obtain the following residuals after concentrating out C' and « (respecting the linear restriction):

65(670) = Alyt - (<A1yt,‘/t€l’(ﬂ70)> H11(670) - H21(B’0)) ‘/tez(/Baa)7

which yields the following concentrated pseudo log-likelihood function
exr T
L77"(8,0) = — 5 log [(](8,0),/'(8.9))] -

2.3.3 Inference on Cointegrating Spaces

Let 3 := f3 (0) denote a maximizer of the respective pseudo log-likelihood function given 6 such
that

L77(3,0) = max L7Y(8,0).

This maximizer is not unique, as BM , where M € R" " is an invertible but otherwise arbitrary
matrix, also maximizes the pseudo log-likelihood function. Define

Bo = Bo(BeBo)™" B := B(0) := B(O)(BL(0)) "
such that 3. (3 — 8,) = 0. This introduces a normalization of 3, since S(3.5)~* = SM(BLAM)~!

Analogously, for given 0, we define g% := BR(G) as the normalized maximizer of the pseudo
log-likelihood function under the restricted concentration step

L (6.0) =~ og |(=l'(5,6), <1'(3.6)) .

under the condition of B (8,0) being of full column rank. Under appropriate assumptions, made
precise in Theorem 7 below, the estimators 5(8), 3% (6) € R**" are consistent and their asymptotic
distribution is asymptotically mixed Gaussian:

TC] (B0 ) — < / ) /
© FF'du F@avy
TC (570 )
where F' = By W,V = (a’oZ_lao)_lagE_IW, where W is a s—r-dimensional standard Brownian

motion.
We discuss three different options to obtain inference on the cointegrating spaces:

1. (Pseudo-)Likelihood ratio testing in the unrestricted model using a PML estimator 0.
2. (Pseudo-)Likelihood ratio testing in the restricted model using a PML estimator .

3. (Pseudo)-likelihood ratio testing in the state space framework using two PML estimators 0o
and #; over appropriately chosen sets.

Let us discuss the second option in more detail. Considering inference on the cointegrating spaces,
the above convergence result for 4%(6) implies that pseudo likelihood ratio test statistics regarding
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linear hypotheses on the long-run coefficients — e.g., of the type Hy : f = Hy with H € R5*?,
© € R?*(5=9) ¢ < s — are asymptotically x?, i.e., under the null hypothesis it holds that

i 1= 2 (LR (BR (), 05) — L (BH(05).00)) ¥,
where 37 (6¢) denotes the normalized maximizer of L&™(3,0¢) under the restrictions of the null
hypothesis and éfL is the pseudo maximum likelihood estimator over the parameter space OF.
Denote by ©F C ©¢ the set of the parameter vectors in ©F fulfilling the restrictions of the null
hypothesis. Under the null hypothesis, 6" := argmaxgcgn L1 (0) = argmaxgeeaLeTm’R(,BH (9),0) is
also a consistent estimator of the true parameter vector, and it holds that

R(AR(Ghy § Ry AH 4hy ahy) 4
o= 2 (LR (BROR),08) — LB (0),00)) 5 X

Both these variants of the second option imply that the same result holds for the third option, i.e.,
the pseudo likelihood ratio test statistic of the null hypothesis Hy : § € O against the alternative
Hi : 0 € ©¢\ ©". Thus, under the null hypothesis

k=2 (LR (AR5, 65) — L5160, 00
=2 (Lr(0) - Lr(8) 4 X2,
since Ly (3R(05),05) > Ly P (FR(01), 01) and L5P (37 (9),05) < Ly (37 (81), 62) imply
h < TER < 78
To compute LT(QAZ)7 the reparameterizations presented in de Matos Ribeiro et al. (2020, Sec-
tion 5.1.2) for different types of hypotheses on the cointegrating space at frequency zero can be
directly implemented, avoiding computations of the SSECM. The degrees of freedom m are derived
analogously to the results in the VECM model. It follows that each of the three approaches can

be used for inference that is asymptotically equivalent to using the pseudo-likelihood ratio tests
in the sense of jointly accepting or rejecting under the null hypothesis.

2.3.4 Inference on Cointegrating Ranks

The maximum of the pseudo log-likelihood function Ly can alternatively be described explicitly
as a function dependent on r:

max L§Y(aB',0) = —%log <|500(9)| H(1 - )\i(‘g))> ;

ﬁeRSXT,(XeRSXT

where A1(0) > Xa3(0) > --- > As(0) > 0 are the ordered solutions of
[AS11(8) — S10(6)S00(8) ™" So1(8)| = 0.

For the restricted concentration step a closed form solution does not exist in general. In this case
define

ran T
LT k(rv 0) = BérIlBE(%r},(H) 75 IOg |<6£R(67 9)> sf(ﬂ, 0)>| .

The likelihood ratio test statistics for the hypothesis H(r) : rk(II) = r versus H(s) : rtk(II) = s as
functions dependent on @ in the unrestricted and the restricted approach are given below:

~2log QF (H(r)/H(s),0) :== =T ) log(1 = Ai(0)),

1=r+1
—2log QF (H(r)/H(s),0) := L5*"*(s,0) — Ly*"*(r,0).
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Under appropriate assumptions on the choice of 6 (see Theorem 8 below), both rank test statistics
have limiting distributions which can be expressed in terms of an s — r-dimensional standard

Brownian motion W as
1 1 -1 1
. ( [y ([wwa) dej |
0 0 0

Below it is shown that this convergence of the likelihood ratio test holds for a number of different
estimators 6. In particular it holds for the pseudo maximum likelihood estimator Gn obtained by
maximizing the likelihood over the parameter set ©,. Choosing this parameter space does not
impose any restrictions on the rank of k~!(1) or equivalently on the number of eigenvalues at 1
for the matrix A in the state space realisation in the sense that the closure of the corresponding
set of transfer functions contains all transfer functions corresponding to I(1) processes of order at
most n.

Alternatively we can use the pseudo maximum likelihood estimator éff’"’o obtained from maxi-
mizing the pseudo likelihood over ©3~"Y. Note that

Ly (s,0,) = Ly(0,) and Ly (r,05770) = Ly (657"0),
Therefore,
~210g QF(H(r)/H(s),0,7"°) = =2 (L5 (r,6,770) — Ly (s, 05770) )
2 (Lo(8;7) = Lo(6n))
< =2 (L5 (r,0,) = L5 (s,00) ) = ~2log QF(H (1)/H (5), 0n).

IA

Since the left and the right hand side of this chain of inequalities converge to the same limiting
distribution, the pseudo likelihood ratio test statistic

—9 (LT(éi‘T’O) _ LT(én))

has the same asymptotic limit, similarly to the discussion at the end of the previous section.
If we include deterministic variables and use a SSECM the limiting distribution changes in accor-
dance to the findings of Johansen (1996).

2.4 MFI(1) processes

2.4.1 Error Correction Representation in the State Space Framework

In this section the results for the I(1) case are extended to the MFI(1) case. This turns out to be
notationally more complicated. However, the main ideas remain the same as in the I(1) case: First
the SSECM is given which is subsequently used for the pseudo likelihood maximization relating
the PML estimation to the framework of Johansen and Schaumburg (1999).

Thus, consider a seasonally integrated MFI(1) process {y}+cz with its unit root frequencies con-
tained in the set {wy := k—gl27r ck=1,...,8 := 8/2 + 1} for some even integer S and recall
21, := e, Let {y; }s+cz be generated by a minimal state space system according to the assumptions
stated in Assumption 1. Analogously to the I(1) case we obtain an SSECM representation:

Theorem 6 (SSECM-MFI(1)) For every state space system (A, B,C), satisfying det(I, —
A®) £ 0, the residuals

t—1

€t(AaBac) = ZK;(yt—j - DSt_j)

=0
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with K, = I, K; = —CA’7'B, j €N, have the following representation (using G¢ := y — Dsy):

S
Asyr = ZHkXt(k) +Cu +e(A,B,C), XY= Asii
k=1
vip1 = Ave — (I — A%) T AYBAGH, v =,
I = (I + 2,C (I, — 2, A) "' B) .

If the process {y:}iez fulfills the assumptions stated in Assumption 1 with corresponding system
(Ao, By, Cy) then for D = D,

Et(Am B, Oo) = &t

Furthermore, let the deterministics be rewritten as Ds; = [d1,...,ds,ds+1][St,1,-- -, S1,5,t]" where
st =25t and dy := 1/2(d}, +id}) and dgio—y = 1/2(d}, —id) for k = 2,...5 — 1. Choose
a factorization Iy, := —k~(z;) = agB,, where ag, By € C*", and define ¥ = ak;ilz(z) L=
2=
-C(I, — A)%B.
The state space error correction model (SSECM-MFI(1)) is then given by
s s
Agys = Z HkXt(k) +Cv+ G+ Z akC]/CSt,k + ar(st1t + E(A, B, C, D) (2.12)
k=1 k=2
vy = Avy — (I, — A%) A5 BAsy,,
s
v =21 — Y 2k(In — 2 A) "' Bdy, — (I, — A) "> Bdgy1 + (I, — A) ™' Bds,,
k=1

11, = (—Is + ZkC(In - ZkA)ilB) s
where (1 :=1ydy + Vdgy1, aple = Ugdy, fork=2,...,5, a1(s41 = ll1ds4q and
ét(Ao, BO, Co, Do) = E¢.

The theorem is proven in the appendix. The SSECM is a special case for § = 1.

If {y:}+ez is cointegrated at frequency wy this implies that the matrix IIj is of reduced rank ry
such that it is common to write II; = ayf; with two matrices ag, S € C**"+. Note that by
definition of a seasonally integrated process not all frequencies wy for K =0, ..., S need to be unit
root frequencies. For those wy which are not unit root frequencies we have rx = s. The real unit
roots z = £1 correspond to indices 1 and S.

2.4.2 Concentration of the Gaussian Pseudo Log-Likelihood Function

In the following we start with D = D, = 0 to simplify the already complex notation. Consider
the MFI(1) error correction representation

S
Agyr = Y XM + Cuy(6) + 24(6)
k=1

S—1 _
=I5X7Y + 37 2RILX™M) + T3 X + Cup(6) + 24(6)
k=2

Assume that we are interested in the cointegrating relations at frequency wy = kos_ Lom, kg € N

with 1 < kg < S/2+ 1, such that 0 < wy < 7 and €™° is a complex unit root. In order to parallel
the standard notation introduced by Johansen and Schaumburg (1999) we introduce real valued
notation for the complex quantities:
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Definition 14 For a matriz M € CF*! define

(MR = [R(M ) —I(M)}

(M) R(M)

and note that for N € C*™ the mapping also preserves multiplication [MN® = [M]®[N]R.
Furthermore for a vector X € C' we define [ X% = [R(X),Z(X)'].

Using this notation we rewrite R(ITg, X)) as [I,, 0] [T, JR[X*]E. Tt follows that

S—1 -
Asyr =L XY + 371 0P RX MR + T X + Cui(0) +24(6).
k=2

Defining

Zoy = Dsye,  Zrp = 2XIE L, = [1, 0], |*

1 g 2 ko—1 ko+1 S—1
Zoy o= (X, XS PR, (XTI (xR (xR,
H—kg = [Hl,HS,Hg, e 7Hk0—17 Hk0+1, e 71_-[5’71]

and
Vi(0) = [Z5 4,0 (0)],  Copy = [T, C]

the residuals can be written as €,(0) = Zy s — Iy Z1,4 — C_y,Vi(6). In this case the concentrated
pseudo log-likelihood function (up to a constant and assuming x; = 0) is given by

T - T
La(0) = = log | Sr(0)| = —5 log (e4(0), £1(0))]
Expand the pseudo log-likelihood function as in the I(1) case:
T
L7 (I, C_py, 0) = —5 log [(Zot — Mk Z1,e — Cyo Vi(0), Zo,t — Ty, Z1 4 — C—iy V2(0))] .-

Again for the expanded pseudo log-likelihood function we have two possibilities to estimate C. We
can employ an unrestricted concentration approach, which parallels Johansen’s methods. We
regress Zy ¢ and Z; 4 on V;(6) where all involved quantities are real. Thus, we derive the following
residuals:

Ro,4(0) == Zos — (Zo,4, Vi(0)) (Vi(6), Va(8)) " Vi(6)
Riy(0) := Z1y — (Z1,4, Vi(0)) (Ve(0), Vi (0)) " Vi (6).

Assuming Iy, = a8’ with a, 8 € C**" of full rank (omitting the indices for ay,, Bk, ), we continue
to use the notation of Johansen and Schaumburg (1999) and introduce the following matrices:

B:=B* a:=I[f a:=][L,0a.
Consequently, ITj, = &3'. Concentrating out & using the OLS estimator for given 3 we find that

52 (6,6) = — 3 tog Isa(0)| 0V,

18'511(0)8]
where we define the matrices in accordance to the approach of Johansen and Schaumburg (1999):
Soo(0) := (Ro,:(0), Ro,:(9)), S10(0) := (R1,4(0), Ro,(0)) =: S10(0)',

S11(0) := (R1,:(0), R1,4(9)), S11,0(0) := S11(8) — S10(0)Sg0' (6)S01(6).
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Using a restricted concentration approach alternatively, we concentrate out C' under the
restrictions 1T, = (=I5 + 2:C(I,, — 2, A(0)) "' B(0)) for 0 < k < S. Define

B.(0) :== 2z (I — 2 A(0))"'B(),  BY () :=[L,,0][B,0)%,  fork=1,...,8
Eﬂ}k(e) = {§1(9)>E§(9)7§D§(9)7 e 7§D}§fl(6‘)ﬂﬁﬂk{+l(9)7 e 7§%71(9)} )
I® = [I,, 1, [I,0],. .., [I,0] € R®**(5-2),
The problem to be solved is to maximize

L7 (68, C—py, 0) = L7 (68, [T1_k,, C], 0)

subject to

0 Is_o
Ji=[I,0] I¥]=[T.4 C &]G(B.0), whereG(,0): = |BL(0) B*,, (6)
,5’ 0

for given 0 and B € G(r,0) : {B = [B]® : B € C*",G(B,0) of full column rank}. Note that
as in the I(1) case, an additional condition is needed to ensure the existence of solutions, as in
some cases 6 introduces restrictions on the right kernel of the corresponding Il,. Solving for

Cio=[IIg, C a ], wearrive at a quite involved system of first order conditions of the form
ex,R <Vem(ﬁ79)’vem(16,0)> G(ﬂ79) ex
Cko (18’0) A:| |: K G(B,é)/ 0 = I:_<ZO,t7‘/t (ﬁ79)> J} )

where CZ:’R(,B,G) = [ CH (B,0) af(B,0) ] is the maximizer of the likelihood, A is the cor-
responding Lagrange multiplier matrix and V,**(8,0) := [Z3;,v:(0)', (B'Z1+)"). As before, in a
next step we define the blocks of the inverse matrix of interest by

me>m@ﬂ.vwmﬂwmw>wwa
Hy(8,0) Hx(B,0)] G(B.0) 0o |

where existence follows from Lemma 3 of the appendix. Hence, we find matrices C’;:’R(,@, ) equal
to

Ceo P (B8,0) = (Zos, Vi (8,0))H11 (B, 0) — JHa1 (B, 0),

which maximizes the pseudo log-likelihood function under the given restrictions. Using this nota-
tion let the corresponding residuals be defined as

el (B,0) : = Zou — CyT(B,0)VEE(B, ),

The logarithm of the Gaussian pseudo log-likelihood function up to a constant can be written as

T
L5(8,6) = 5 log [(=1'(8,6).('(8.0))]

Solutions to the problem of maximizing with respect to B have been given in Johansen and
Schaumburg (1999) for the VAR setting. Note that in both concentration steps the rank of I,
is considered to be restricted, but possible rank constraints on all other matrices II;, j # ko, are
not retained. It should be noted, however, that for most results below we only use consistency
of (A, B), which also holds for additional rank constraints on II;, j # ko. Thus, inference can be
achieved whether or not the system correctly specifies the unit roots present at other locations.
We will see that asymptotically the estimation of the cointegrating spaces and ranks and the
asymptotic results for the pseudo likelihood ratio tests are not affected by the specification at
other unit roots. The effects of the inclusion of these specifications on the power properties of the
tests are not further investigated.
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2.4.3 Inference on Cointegrating Ranks and Spaces

Note that both the unrestricted and the restricted concentration approach do not lead to a rep-
resentation of the pseudo log-likelihood function as a function of eigenvalues of a certain matrix,
as in the case of real unit roots, since there are further restrictions placed on 3. Let B denote a
maximizer of the respective pseudo log-likelihood function LETI’U(ﬁ, 6). Similarly let B denote a
maximizer of

T
L5R(B8,0) = 5 log| (< (8.6),(8,0))|

in G(r,0). Let Iy, o = auy,0f, , denote the true matrices of the SSECM corresponding to the

data generating process and define B, := [B, o]} and a, = [ak,.o]¥. To construct a unique
maximizer, consider the normalization

B, :=B,(8.8,)"" B:=BB.A)"

such that B(8 — B,) = 0. Similarly, define 3%. Let B, := [By,.o/¥ and C, := [Cry.o|¥. The
asymptotic distribution of TC' (8 —3,) and TC (3" — 3,) is then given by the following theorem.

Theorem 7 Let {y;}icz be a seasonally integrated MFI(1) process generated according to the
assumptions stated in Assumption 1, and assume the true order n is known and D = D, = 0 such
that no deterministic terms are contained neither in the model nor the data generating process. Let
6 be the PML estimator over a suitable parameter space © fulfilling the assumption of Proposition 2.
(I) The estimator 3(0) € R25%2« based on the unconstrained approach and the estimator BR(0) €
R25%27w based on the constrained approach are consistent and their asymptotic distribution is mized

Gaussian:
ren Za J 4 ([rra) [ rav

where F = B,W, V = (.2 a.) 1o, 'W and W = [%(Wl + iW2)]®, where Wy and Wa

are two independent s-dimensional Brownian motions with variance 3.

(IT) Consider the null hypothesis 5 = b, b € C**", against the alternative 5 # b, § € C**". Let

HATCL be the pseudo mazimum likelihood estimator over the parameter space ©5% corresponding to

M({(w,c)},n — 2¢) and let % C ©%“ denote the set of parameter vectors in ©%% fulfilling the

restriction of the null hypothesis. Define éz = argmaggegy Lr(6).

Under the null hypothesis, the asymptotic distribution of the pseudo likelihood ratio test statistic
R.— Lp(0S) — Lp(6b) for the hypothesis 8 = b is X%r( The same holds for the test using

differences in L?’U

(I1I) Consider the null hypothesis of the identifying restrictions By, = (Hit1,...,H.4,.) for B €

C**", against the alternative B # (Hyt1,...,Hpab,), B € C*". Let O C ©¢% denote the

set of parameter vectors in O3 fulfilling the restriction of the null hypothesis. Define éf{ =

argmazgegn L7 (0).

Under the null hypothesis, the asymptotic distribution of the pseudo likelihood ratio test statistic
R .— Lp(0S) — Lp(0F) for the identifying restrictions B = (Hyir, ..., Hyp,) normalized by

Bi =b; + H'¢; is x> with2Y ;_ (s —r —p; — 1) degrees of freedom , where H; is s x p;, provided
v,

s—r)"

0 is identified. The same holds for the test using differences in

A proof is given in the appendix. Again, the three different test statlstlcs 7%, 8 and 7EF pre-
sented in the I(1) case can be considered and the computations of 75 can be implemented by
the reparameterizations discussed in Bauer et al. (2020, Section 5.1.2), with the corresponding
number of degrees of freedom also given for different types of hypotheses. For the asymptotics
of tests on the coefficients Sj at complex valued unit roots the number of degrees of freedom are
slightly different than in the case of real unit roots, due to the different number of parameters for
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complex matrices.

The result shows that the tests for hypotheses on the cointegrating space share the same asymp-
totic distribution with the VECM framework. The proof of Theorem 7 also shows that the test
can be executed frequency by frequency assuming full rank of the matrices I at other frequen-
cies. Clearly, it is possible to include further specifications of the cointegrating ranks at other
frequencies. The effects of these additional specifications on the power properties of the tests are
not known to date. Further investigations are left for future research.

Finally, likelihood ratio-type test statistics for the hypothesis H(r,) : tk(Il,) = 7, versus H(s) :
rk(Il,) = s, w € (0,7) in the SSECM-MFI(1) model using the unrestricted or the restricted
concentration step for appropriate choice of 6 are given below:

T1og 1B S1100BlISH O]
18 511(0)B]|511,0(0)]

~2log QY (H(r,)/H(s).0) :=

~210g QF(H(ru)/H(s),0) i= =T (1og [(=11(B",0), /1 (3", 0) )| ~ log | (e (125, 0), £/ (124,0))] )
Under a suitably chosen 6, the following asymptotic results hold:

Theorem 8 Let {y:}iez be a seasonally integrated MFI(1) process generated according to the
Assumption 1, and assume the true order is known. For w € (0,7) let the true cointegrating rank
at frequency w be r, = s —c. Let 0 be the PML estimator over a suitable parameter space ©
fulfilling the assumption of Proposition 2. Let, further, égw denote the PML estimator over ©%%
and én denote the PML estimator over ©,,.

(1) If no deterministics are present neither in the data generating process nor the model (D =
D, =0), then the limiting distributions under the null hypothesis of the rank test statistics

—2log QU(H(ry)/H(s), ),
—21og QE(H(r.,)/H(s),0),
—2(Ly(05) — Lz (6y))

for the hypothesis H(ry,) : rk(Il,,) = 7, against the alternative H(s) : rk(Il,) = s can be expressed
in terms of two independent s — ry,-dimensional standard Brownian motions W1, Wy as

%tr (/01 (dW)W’ (/01 WW/du) /01 W(dW')> ,

with W = [%(Wl + iWQ)]R.

(II) If the data generating process and the model have deterministic components of the form Ds; =
Zle dse or Ds; = Zle dist k +dss1t, then the limiting distributions of the pseudo likelihood
ratio tests under the null hypothesis can be expressed in terms of two independent s—r,-dimensional
standard Brownian motions Wy, Wy as

1
/ H( dW’)) ,
0

1 1

L, ( [ awyer ([ ema)

2 0 0
with H = (75 (W1 +iW2)', 1)']* and W = [Wy + iWa]*.
A proof is given in the appendix. A slight correction of Johansen and Schaumburg (1999) is
necessary. The two rank test statistics given there for the cases including a constant restricted
or unrestricted to the cointegrating space correspond to the two different variants given in Theo-
rem 8(II). Both lead to the same asymptotic distribution and, therefore, the same critical values.
The two different formulas for the asymptotic distributions given in Johansen and Schaumburg
(1999) are in fact equal such that the distributions coincide, while the tables for the critical val-
ues differ. The critical values given in Johansen and Schaumburg (1999) for the setting of the
unrestricted constant in the VECM equations are wrong and are equal to the ones found for the
restricted constant. Table 2 should be used for the critical values of both variants of determinstics.

-1

-1
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2.5 Simulation Results

In this section we compare the ranktests introduced in the previous section to the ranktests based
on a VAR approximation in the Johansen-Schaumburg vector error correction model, compare
Johansen and Schaumburg (1999), and the ranktests based on the CCA subspace algorithm in-
troduced in Bauer and Buschmeier (2016) in a simulation study.

The data generating processes used are of the form

Y¢ = Q1Yt—1 + Q2Ys—2 + A3Yt-3 + QaYi—4 + ¢ + Aep_4
with

[y 0 _[-04 04—~ [y 0] _[0.6—.1v 04+~
“1_{0 o}’@_{o o "7 o o ™7 | o 1

and

.. 1 0.5
gt ~1iid. N (O, {0.5 1 ) .

In the case A = 0 the processes correspond to those used in Bauer and Buschmeier (2016) and are
similar to the ones used in Cubadda and Omtzigt (2005). For v = 0.2 and A = {0, 0.5, 0.9} samples
of sizes 140,144 ...,300 are generated with initial values set to zero. The first 100 values are
discarded, so that we have sample sizes T' = 40,44, ...,200. For the simulations 10000 replications
are made. All systems have state space unit root structure ((0, 1), (5, 1), (7, 1)).

With the five algorithms described below the cointegrating rank at frequency 7 is determined
by testing the null hypothesis of 2s stochastic cycles, i.e., cointegrating rank zero against the
alternative of fewer than 2s stochastic cycles. In case of rejection the null hypothesis of 2(s — 1)
stochastic cycles is tested against the alternative of fewer stochastic cylces. This procedure is
continued until a null hypothesis is accepted or until there are zero stochastic cycles under the
alternative. The hit rate, i.e., the percentage of correctly specified cointegrating ranks is compared
to 1 — a, where the nominal significance level « is chosen to be 0.05.

JS-VECM: For the Johansen Schaumburg procedure the lag length k is chosen by minimizing
Akaikes information criterion. Since the data generating process computes quarterly data we have
a lower bound of four for the lag length in the VECM such that k = max = {4, ]%Ajc}.

CCA subspace: For CCA we choose f =p = 2k arc. The system order n is chosen by minimizing
a singular value criterion, see Bauer (2001).

LR-, R-, Q-statistics: For the pseudo maximum likelihood (PML) algorithms used for the
restricted (R), the unrestricted (Q) SSECM test and the pseudo likelihood ratio test in the VARMA
setting (LR) the output of the subspace algorithm is used as a starting value to find the maximizer
6,, of the pseudo log-likelihood function over ©,,. The R~ and Q-statistics are then computed using
0, to maximize LY (8,6,) and L5F(8,6,,) with respect to 3 over G(r,6,). To maximize the
likelihood over ©%“ the initial parameter vector 9070 0%« corresponding to én and ,éR(én) is
used as a starting value.

In Figure 2.1 we see the hit rates for the VAR case A = 0. Here and in the next figure we have
excluded the CCA subspace procedure, as its low hit rates for small sample sizes distorts the
diagram, making the differences between the other results indistinguishable. Among all other
listed procedures the hit rate of the Q-statistic based on unrestricted optimization starts with the
lowest hit rate at about 81%. The hit rates of the R-statistic using the restricted SSECM and
the likelihood ratio test are lower than the results for Johansen Schaumburg test procedure for
samples of size smaller than about 80. It is remarkable that the hit rates of the state-space-based
tests for sample sizes larger than 120 are slightly higher than the expected and asymptotically
valid 1 — a = 95% level. The Johansen Schaumburg test on the other hand exhibit a hit rate
lower than the 95% level for all observed sample sizes. Since the Johansen Schaumburg test was
designed for VAR systems it is not surprising that the small sample properties of the Johansen
Schaumburg procedure are better.
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Figure 2.1: Hit rates of the ranktests for the VAR case

The hit rates for A = 0.5 are displayed in Figure 2.2. The effect of the inclusion of an MA-part
on the state-space-based tests is small. The hit rate of the Johansen Schaumburg test however
drops from about 89% in the case A = 0 to 75% for sample size T = 40. Also, the hit rate of
the Johansen Schaumburg test only reaches a hit rate of 85% for sample sizes up to T' = 200,
missing the supposed 95% level by a wide margin. This can be explained by the fact that an MA-
part increases the estimate of the lag length k. This in turn increases the number of parameters
estimated by the Johansen Schaumburg procedure which affects the small sample properties. Again
the state space-based procedures have hit rates higher than 95%. It is notable that the R-statistic
using the restricted concentration step and the true pseudo likelihood ratio test achieve hit rates
of about 89% even for sample size 40 which in the case of quarterly data corresponds to ten years
of observations and the resulting hit rates are basically equal for all observed sample sizes. The
Q-statistic based on the unrestricted SSECM is comparable to the Johansen procedure for T' = 40
and reaches the performance of the other two state-space-based tests for sample sizes of 7' = 90
and higher.

In Figure 2.3 for the case of A = 0.9 we observe results of the same kind. Again the restricted
SSECM test and the pseudo likelihood ratio test have higher hit rates than the unrestricted one
in small samples. This time the effect is observable for samples up to 7" = 100. Again the effects
of the MA-polynomial of the true system on the state-space-based tests is small, the best two still
reaching hit rates of about 88% for sample size T' = 40. The hit rates of the Johansen Schaumburg
test are even lower than in the case A = 0.5. In this figure we have included the hit rates of the
CCA subspace test, which has the lowest hit rate for samples up to about size 120. For sample
sizes lower than T' = 90 the hit rate lies below 20%. For larger samples it has about the same hit
rates as the SSECM tests. Application of the CCA subspace procedure for A =0 or A = 0.5 yield
similar results.
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Figure 2.2: Hit rates of the ranktests for the VARMA case with A = 0.5
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Figure 2.3: Hit rates of the ranktests for the VARMA case with A = 0.9
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2.6 Summary and Conclusion

In this paper the state space error correction representation for I(1) processes by Ribarits and
Hanzon (2014) was extended from the I(1) to the MFI(1) case. This approach was used to derive
pseudo likelihood ratio tests for the cointegrating rank and linear hypotheses on the cointegrating
space. The asymptotic distribution of these tests was derived.

The main message in this respect is that in the state space framework the tools of the Johansen
framework for VAR processes can be used with the only change that the stationary terms in the
error correction representation depends on estimated quantities. This does not change the asymp-
totic inference, though. This implies for example that distributions from the VAR framework can
be directly transferred to the state space framework. The same holds for hypothesis tests.

This opens the possibility of three different tests based on pseudo-likelihood ratios both for cointe-
grating spaces and cointegrating ranks: The unrestricted concentration step is easy to implement
and leads to inference totally analogous to the VECM inference. The restricted concentration
approach is more involved. Finally the results show that these tests are related to the pseudo-
likelihood ratio tests in the state space setting leading to identical asymptotics under the null
hypothesis.

A simulation study shows that these rank tests are able to correctly specify the cointegrating rank
at complex unit roots more often than the tests based on the Johansen Schaumburg procedure and
the CCA subspace algorithm for small samples for VARMA processes. It can be seen, moreover,
that the unrestricted concentration step performs slightly worse than the other two approaches,
while the performance of the other two methods is practically identically in the simulations. The
CCA subspace procedure proofs useful in providing initial estimates, but inference directly in the
CCA setting is not optimal.

Thus, this paper extends the toolbox for investigating MFI(1) processes from the VAR framework
to the VARMA setting.
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Chapter 3

Pseudo Maximum Likelihood
Estimation and Inference for I(2)
Processes: A State Space
Approach

3.1 Introduction

Cointegration analysis for nominal macroeconomic time series seems to indicate that some first
differences of common nominal variables such as inflation rates or money growth are well described
as autoregressive processes integrated of order one, compare, e. g., King, Plosser, Stock and Wat-
son (1991). Thus, the levels of these variables can be adequately described as I(2) processes.

For I(2) processes in a multivariate setting the VECM introduced by Johansen (1992) is the major
workhorse for both the determination of the number of underlying stochastic trends as well as for
inference on the different cointegrating spaces occuring in these models. Consequently, the model
class is restricted to VAR processes, which for a number of reasons may lead to disadvantages,
especially in case of I(2) processes. As discussed in Johansen (1997) there are different ways to
parameterize the model to ensure that conditions on the rank of certain matrices are satisfied,
which is necessary for the model to correspond to an I(2) process. As no explicit solution for the
pseudo maximum likelihood estimator (PMLE) in this restricted setting is available, numerical
algorithms are needed, an example being a switching algorithm introduced by Nielsen and Rahbek
(2007).

A different approach for cointegration analysis is to employ a state space framework, effectively
shifting the model class to VARMA processes. Recently Ribarits and Hanzon (2014) introduced
the state space error correction model for I(1) processes, allowing for yet another parameterization
using the state space framework. Tools to make the state space framework useful for cointegrated
processes were developed by Bauer and Wagner (2012) who introduced a canonical form tailored
to make the structure of the underlying stochastic trends visible. This is done by separating the
state process into components with different integration orders at different unit roots. The au-
thors of this paper then combined the available results, proposing several parameterizations and
characterizing their properties, defining sets with different cointegration structures, and introduc-
ing a semi-order showing that some of these sets are included in the closures of others, compare
(Bauer et al., 2020). After showing consistency of the PMLE for I(1) processes (de Matos Ribeiro
et al., 2020), in this paper we extend the theory to processes integrated of order two.

Our aim is two-fold. First, we highlight the advantages of the state space framework for I(2)
processes. It turns out that all information on the different cointegrating spaces is neatly encoded
in a single matrix C,. The state space error correction model for I(2) processes then links the
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VECM framework and its reduced rank matrices directly to the matrices of the state space sys-
tem. Thus, the interconnected restrictions of the VECM for I(2) processes translate into a state
space system with an already available parameterization. Finally, for given or estimated state x;
and given matrix C, we derive an explicit solution maximizing the pseudo likelihood function of
the regression y, = Czy + €; over the set of matrices C' corresponding to C,. Maximizing the
likelihood over the set of possible C, is then another way to find the PMLE under certain rank
restrictions, and also applicable in a VAR setting.

The second aim of this paper is to establish the stochastic properties of the PMLE, showing
consistency, deriving the asymptotic distribution and proposing a test for linear hypothesis on
the parameters. This lays the groundwork for cointegration analysis for VARMA I(2) processes,
extending the tools available in the VECM also to the state space framework. As a final result
we show that likelihood ratio statistics testing for the cointegration indices introduced by Paruolo
(1996) exhibit the same asymptotic distribution as the corresponding tests in the VECM setting.
The paper is structured as follows. Section 2 contains the necessary definitions of the I(2) processes
and cointegration properties considered in this paper. It also introduces the canonical form of the
state space representation and the state space error correction model for I(2) processes. We dis-
cuss the relations between the different representations, and between the system matrices and the
cointegrating spaces. The next section covers the PMLE over different sets of transfer functions,
starting with the description of their respective parameter spaces, before the discussion of the
consistency result and the asymptotic distribution of the parameter vector. Section 4 illustrates a
way to derive explicit solutions for given matrix C, of cointegrating properties. This is the basis
for the subsequent Theorem dealing with the asymptotic distribution of the rank test statistics
under the null. A short simulation study is discussed in Section 5, showing the advantages of using
the state space approach to determine the cointegration indices, especially for small sample sizes.
Finally, Section 6 summarizes the results. All proofs are relegated to the appendix.

Notation in this paper is as follows: I, denotes the s-dimensional identity matrix, 0, x» the m times
n zero matrix. For a square matrix X we denote the spectral radius (i.e. the maximum of the modu-
lus of its eigenvalues) by Ajmax|(X). We denote the smallest eigenvalue of a symmetric matrix X by
Amin(X). L denotes the backshift operator such that L({yt}+cz) = {¥t—1}tez for a process {y: }iez,
for brevity written as Ly = y:_1. For two matrices A € C"™*" and B € CF*!, A®@ B € C(mk)x(nl)
denotes their Kronecker product. For a set ©, © denotes the closure of the set in its correspond-
ing space. Convergence in distribution is denoted by S convergence in probability by —. For
z € R™ and r € R, B(z,r) denotes the open ball with center z and radius r. For finite sequences
{ae}i=1,.. 7 {bt}i=1,...7, a1 € RF by € R™ for t = 1,...,T, we define (a,b;) := T! ZtT:1 azb;
analogously to Johansen and Nielsen (2018). For these sequences ay|p, denotes the residuals of the
regression of a; on by, i. e., it holds that a¢|p, = ar—{as, bs) (be, bt>_1 b. For functions f : [0,1] — R¥,

9+ 10.1] = B, define f(u)lyq) = F(u) — fi fuau)du ([} glu)g(u)'du) " guw)

3.2 1I(2) Processes in the State Space Framework

This paper deals with the same class of multivariate ARMA processes {y }tez, y: € R®, as discussed
in Bauer and Wagner (2012, p. 1316-1317). As done there, we refer to a stochastic process {y: ez
as an ARMAX process, if there exist a deterministic process {D;}+cz, integers p,q > 1, matrices
Aj e R?*® [ j=1,...,pand B; € R®**® j =1,...,¢ and a white noise process {e;}icz, with
E(ete;) = 2 > 0, such that

p q
a(L)(ys —=De) =ye =D+ ) Aj(ye—j — Dij) = e+ ) Bijery =b(L)er, tE€Z,  (3.1)
=1 =1

Defining the matrix polynomials a(z) := Iy +>_5_; A;27 and b(z) := I;+>27_, Bjz’ where z € C,
the pair (a(z),b(z)) is called an ARMAX system corresponding to the stochastic process {y}icz.
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Defining the difference operator as
A=A(L):=1-1L,
We are now ready to define I(k) processes:
Definition 15 A stochastic process {y: }rez, y: € RS, is an integrated process of order k, if
Ary, —Dy) =w, tel,

where {Di}iez, Dy € R, is deterministic and {v;}iez, vr € R®, is the solution of a vector autore-
gressive moving average (VARMA) system

a(L)v, =b(L)e,, teZ,
fulfilling det(a(z)) # 0 for |z] < 1, det(b(z)) # 0 for all |z| < 1 and b(1) # 0 and where {&t}iez,

et € R® is a white noise process with E(eie}) =3 > 0.

3.2.1 The State Space Representation of I(2) Processes

Bauer and Wagner (2012, Theorem 2) show that every 1(2) process {y:}+cz has a unique state
space representation of the form

Yt = [Cu Co}[xt’u]-l-pt-i—ht#-ﬁt (3.2)
—— | Tt,e
¢
Tt+1,u _ Au 0 Tt u Bu
\_\X_/ T

T1,u _ 0 )
e | T | DX ABae

where A € R"™*" B € R"*5 C € R**", {D;}1ez is deterministic and {h;}ez fulfills A%h, =0
for all t € Z. All eigenvalues of A, are equal to one, Ajmax|(Ae) < 1 and Ajpax(A) < 1 for
A = A — BC. The state space system (A, B, C) is minimal, i.e. there is no alternative state
space representation of {y: }tez with a smaller state dimension and the system matrices fulfill the
following constraints

e The subsystem (A, By, C,) is of the form

I, I, 0
Ay=10 L, 0|, Buo=[B By =[B B, By], Cai=[C C 5],
0 0 I,

where C1,Cq, BY, B5 € R**t and Bj,C3 € R**“2. Moreover By and Bs are positive upper
triangular (p.u.t.) matrices, and (Cg)'Cg = I, 4, and (Cg)'C2 = 0, where Cg := [C1,C3).

e The state space representation of the (stable) subsystem (A, Be, Co) is in echelon canonical
form.

Conversely every process {y: } +cz generated by a the state space system (3.2) satisfying Ajmax|(As) =
L and Appax| (A := A — BC) < 1 is an I(2) process.

Remark 19 This result is analogous to Bauer and Wagner (2012) where the authors introduce
the process {ys.n}rez satisfying A2y;,, = 0 instead of the two components {Di}iez and {hi}iez.
Clearly we can decompose {y; }iez into a stochastic part y, n, —E(ye.n) corresponding to hy in the
above system and a deterministic part E(y.p).
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Remark 20 The above canonical form is associated to a multi-index T', whose properties are
examined in Bauer et al. (2020, Theorem 2). The multi-index contains the state dimension, the
unit root indices ¢y and co, the position of the positive entries in Bg restricted due to the p.u.t.
form and the Kronecker indices (see e.g. Hannan and Deistler (1988, Chapter 2.4) for a precise
definition) of the stable subsystem. It is useful to redefine the state space unit root structure' for
I(2) processes as Qs := (c1, c2), with unit root indices ¢1,ca, ¢1 + c2 < s.

Remark 21 For any I(2) process with arbitrary unit root indices c1,ca, ¢1 + co < s, there also
exists a unique state space representation in echelon canonical form. If no information on ¢y and
co s available, as is common in application, the echelon canonical form is, therefore, useful to get
initial estimates for the system matrices, without imposing restrictions on §s.

The solution for ¢ > 0 and z;, = 0 of the system in canonical form in this setting is given by

yr = Ciwe1 +Coxy o+ Csxr3 + Caye + Dy + hy + &4 (3.3)
t—1 k t—1
= (C1B2 Z Z‘Et*j + (6181 + CoBy + C383> th*j
k=1 j=1 j=1
=1
+Co Y AL Bagi 4+ CoAl w10 + Dy + by + 24,
j=1

which showcases the different integrated components, making the canonical from, therefore, espe-
cially suited for cointegration analysis. We define cointegrating vectors and spaces as follows.

Definition 16 (i) An s-dimensional 1(2) process {y: }iez is called cointegrated of order one, if
there exists a vector B € R®, B # 0, such that {8'y: }+cz is an I(1) process. In this case the
vector B is a cointegrating vector (CIV) of order one.

(i) An s-dimensional 1(2) process {yi}icz is called cointegrated of order two, if there exists a
vector B € R®, B # 0, such that {B'y: }1cz is a stationary process. In this case the vector
is a cointegrating vector (CIV) of order two.

(iii) The span of all CIVs of order k = 1,2 is called (static) cointegrating space of order k =1, 2.

(iv) An s-dimensional I(2) process {y:}icz is called polynomially cointegrated, if there exists a
vector polynomial B(z) = Bo + P12z, Br € R, k =0,1, such that B(L) ({y: }1cz) is stationary
and Bo+ 1 # 0. In this case the vector polynomial 5(2) is a polynomial cointegrating vector
(PCIV).

(v) The span of all PCIVs is called polynomial cointegrating space.

Remark 22 In the I(2) case, setting Dy = hy = x40 = 0 for simplicity, we have

Yt Cize1 + Comy o + C3wy 3 + €4,
Te41,1 =  Te1 + Tro + Biee,
Tir1,2 = %2 + Boey,
Ti41,3 = T3 + Baey
. / " .
Tre = [(@1) (2e3)],  Beg =m0

The vector 5 € R® is a CIV of order one if and only if 'Cy =0 and B'[C2,C3] # 0.
The vector 8 € R® is a CIV of order two if and only if f'[Cr,Ca] =0 and 8 # 0.
The vector polynomial B(z) = Po + b1z, with o, f1 € R® is a PCIV of order two if and only if

I The state space unit root structure as defined in Bauer et al. (2020) for general unit root processes also contains
unit root frequencies. In the context of I(2) processes with only one unit root we omit the frequency in the definition
of Qs to shorten notation.
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If Co = 0 this equation is only fulfilled if already a CIV of order two exists. In this case the first
condition implies B)C1 = 0, 81C1 = 0 and (By + $1)'Cs = 0. Consequently By + (1 is a CIV of
order two and all PCIVs are trivial in the sense that they correspond to CIVs of order two.

If Co # 0 however, PCIVs which are not trivial exist. This is because the only integrated con-
tribution to {Ay:}iez equals {C1Axz 1} ez = {Cixi—12 + C1Biei—1}iez. Thus, in order for co-
integration between { Ay, }iez and {'ys ez to be present, the latter must eliminate the contribu-
tion of {x¢1}iez and {x¢3}tiez but contain some contribution of {x¢2}iez, which is only possible

if Co # 0.

3.2.2 Error Correction Models for I(2) Processes

The transfer function of an ARMA system is k(2) := a(z)~!b(z). It is well known (see e.g. Hannan
and Deistler (1988)) that the transfer function corresponding to a state space system has a power
series expansion k(z) = I, + Z;’il CA’~'Bz9 and thus converges absolutely for z € C with |z| < 1,
assuming Ajmax|(A) < 1. Thus, it has an equivalent representation k(z) = I+ 2C(I, —2zA) "' B on
the complex unit disk. The corresponding inverse transfer function has a power series expansion
k=Y (2) = I, — Y22, CA7"'B27. The poles of the transfer function are the inverses of the non-zero
eigenvalues of A. Thus, the only pole on the closed unit disk for I(2) processes is z = 1. The zeros
of k=1(z) are the poles of k(z) which implies that the matrix Il := —k~(1) = —I,+C(I, — A)~'B
is of reduced rank, such that

M=o witha,geR*merte)
Moreover, defining

U=k (1) 4+ 0.k~ 1(2)] a1
=T -C(I—-A2B=—-1I,—C(I, — A)~2AB,

it holds that o/, I'3, is also of reduced rank co < ¢1 + ¢2, such that
o\ TR = & with & neRETe)xe (3.4)

These matrices together with their rank restrictions also occur in the VECM, compare Johansen
(1997), which is given by

p—2
APy, = ofy1 —TAy g + Z A%y, + & (3.5)

j=1

Based on the matrices IT and T' corresponding to an I1(2) VAR process {y:}:ez, Paruolo (1996)
defines “integration indices”, rq, 71,72 say, as the number of columns of the matrices g € R%*"0,
81 = Bin € R**™ and By := B1n. € R®*™. Clearly, the indices rg, 71,72 are linked to the
ranks of the above matrices II and o/J_I‘ﬁL, asrg = S—c, —co and r;y = ¢ and ro = ¢1. It
holds that {B5y:}iez is an 1(2) process without cointegration and {31y:}tez is an I(1) process
without cointegration. The process {8'y: ez typically is I(1) and cointegrates with {S5Ay: ez
to stationarity. Thus, there is a direct correspondence of these indices to the dimensions of the
different cointegrating spaces — both static and polynomial — and the column spaces of 83 and C;
and of 1 and Cs coincide (compare Remark 22).

Finally let us also briefly consider the Granger type representation for I(2) VAR processes due to
Johansen (1992, compare p. 195), which is of the form

t s t
y=C2» > g +C1Y e;+C*(L)e; + A+ Bt
j=1

s=1j=1
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where the following relations hold

Cy = B2(0h082) Ty, ©:=TH(F'B) Ha'a) ta'T + I, — Zf;f v,
B1C1 = ((&'a) "ol DAL (B151) ™) " Hahan) Tl (I — ©Cs).
Comparing the matrices $;C1 and Co with the corresponding terms in (3.3), we see that the row
spaces of b and By and [ag, as]’ and Bg coincide, the latter due to Bz = C431(8,51)~13;C1 and
oy (Is — ©Cy)a = 0 which implies Bsa = 0.
Analogously to the VECM we introduce a state space error correction model (SSECM) for I(2)
processes:

Theorem 9 (SSECM-I(2)) Ewvery state space state space representation with system matrices
(A, B,C), satisfying det(I, — A) # 0, is equivalently represented by the following system (using
Ut =yt — Dy — hy):
A%y =gy + TAG—1 + Coy + &,
Ury1 = Avg + (I, — A)2A’BA%j, v = a1,
I=—-I,+C(I, - A)'B,
I=-I,-C(I, - A)?AB.

Furthermore, let Dy + hy := —[d, €][1,t]’. The state space error correction model (SSECM-1(2)) is
then given by

APy, =T(y; 1 +d+e(t—1)) +T(Ays_1 +e) + Cuv; + &4 (3.6)
i1 = Avg + (I, — A) T A’ BA?y,
vy =x1 — (I, — A)"'B(d —e) — (I, — A)"*Be,
where 1 = —I,+ C(I, — A)7'B and T = —I, — C(I,, — A)"2AB as before.
Combining the SSECM with (3.3), for an I(2) process {y;}+cz generated by a system (A, B,C), it
holds that &; is equal to

t—1
er =A% — T —TAj 1 — Y AT (I — A) A BA®,
i=1
= —Hclxt,1’1 — Hngt,Lg — (HCQ + FCl)xt,g’z + Uf(A, 87 C),

where v (A, B,C) does not contain integrated components. Since {z1 ez, {@r2} ez and {zs s }ez
are all integrated processes, the first three terms are necessarily zero for the equality to hold, such
that v{(A,B,C) = &. Thus, the following relation hold between the subblocks of C, and the
matrices II and I':

(~L+C(L — AT'B) [¢1 G5 =0
(<L +Cln = A)7'B) Ca o+ (—L = (I = A)72AB) €1 =0,

or, in shorter notation, IICy = 0 and TIC; + I'C; = 0 with IT and T corresponding to (A, B,C).

3.3 Pseudo Maximum Likelihood Estimation

Let (Ao, Bo,Co) refer to the true system of the data generating process {y;}+cz. We assume that
these matrices satisfy the following:

Assumption 2 (Strict minimum phase assumption) For the matrices (Ao, Bo,Co) we have
>\|ma:c| (Ao) <L
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For the estimation we consider two different sets over which we optimize the likelihood, depending
on the available knowledge on the state space unit root structure Qs of {y: }rez.

D

In the first scenario we only assume to know the state dimension n. In this case we consider
the set of transfer functions corresponding to the stationary processes with state dimension
n, which we denote by M,, o. By Bauer et al. (2020, Theorem 5) the true transfer function is
contained in the closure M, o, compare also Remark 21. Let ©,, denote the corresponding
parameter space, using the echelon canonical form with generic Kronecker indices, compare
Hannan and Deistler (1988, Chapter 2.4).

In the second case we assume to know Qs = (¢1,c¢2). Thus, we consider the set M, (¢, c2)
of transfer functions corresponding to the systems (A, B,C) as in (3.2) with

I, 0
A, =10
0

and state dimension n > 2¢; + ca.

Obviously not all entries in (A, B,C) are free parameters. Since a single parameterization of
M, (c1,¢2) does not exist, it is partitioned into a number of parametrizable sets Mr, such
that M, (c1,c2) = Up Mr, where the multi-index IT' encodes information on the structure of
the canonical form as described in Remark 20. There exists a generic multi-index I'y and a
corresponding set My, C My(c1,ca) such that M, (ci,c2) C M]_“g as discussed in detail in
Bauer et al. (2020). Let ©;"“* denote the parameter space corresponding to Mr, .

For given I the parameter space @ C R is equal to Or = O x Og x Op y X Op ; X O,,
such that a parameter vector 6 € Or is composed of

e the parameter vectors g € @ C R°Z collecting parameters for the block columns of
the unitary matrices C; = C1(0g,1) and C3 = C3(0g 2), with 0 = [9}5’1, 0;572]’ moreover
Ok = [0, 1,0 rl, k= 1,2, where 0y 1 contains the parameters characterizing the
column space of C; and Cs respectively.

e the parameter vector g € @g C R collecting parameters for the block columns of
the matrix Co = C2(0g).

e the parameter vector 0p ¢ € ®p s = R/ collecting the non-restricted entries in all
Bka

e the parameter vector 0p, € Op,), = Rj_B " collecting the positive real entries in all By
restricted due to the p.u.t. form,

e the parameter vector , € @, C R° collecting the free entries in the echelon canonical
form of the stable subsystem (A,, B, Co) with Kronecker indices A,.

Concerning {e; }+cz we assume the following.

Assumption 3 The errors {e;}tcz are a strictly stationary martingale difference sequence satis-

fying:

[ ]E(Et|]:t71) =0.

o E(gie}) = E(gge}| Fio1) = E6 > 0.

o E(llee]|*) < oo.

where F;_1 is the o-algebra spanned by {e;}jez j<t.

We need to consider the parametrization of a set of variance matrices of dimension s x s. Here
the parameter vector is o € R*(**1/2 and collects the diagonal and sub-diagonal elements of the
symmetric s x s matrix. Let @y, € R*(+t1)/2 denote the corresponding parameter space.
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The starting values of the state equation are not part of the parameter space. Nevertheless we need
to specify their stochastic properties in order to derive the likelihood function. The assumptions
on their properties depend on the available information on the state space unit root structure
(c1, ¢2) corresponding to {y: }iez-

(I) In case of no further knowledge on {y;}+cz we chose x1 = 0 for all transfer functions in M,, o
(prediction error method of estimation).

(IT) For given true state space unit root structure (ci,c2), set 1, = 0 and x; e such that
E(z16) =0 and Var(z1,e) = Pe(f, 0), such that Pe(6,0) solves

Pu = Au(6) PuAd(0) + Ba(6)S(0)Ba(6).

As a last step let us specify the form of the deterministic process {D;}+cz and the singular pro-
cess {ht}tez. Since in practice only (a part of) one realization of {y;}+cz is available, the con-
tribution of {h;}icz can be accounted for by including non-zero starting values in addition to
d + et, with d,e € R®, among the components of {D;}icz. Therefore, consider hy = 0 and
D: = Di(d, e) := d + et with two parameter vectors d,e. Let (do, e,) be the pair corresponding to
the true deterministic process {Dyo}iez. Let @p = R® X R® denote the corresponding parameter
space.

In order to define the pseudo likelihood function we use Y7 := [ v} ... 94 ] € RTS for de-
noting the stacked observations, Dr(d,e) € RT® is equal to | Di(d,e)’ ... Dr(d,e)’ |, where
Di(d,e) = d + et = [d,e][1,t] =: [d,e]st, denotes the deterministic terms as a function of the

vectors d and e. Note that under our assumptions Ey; = D; and that, moreover, there exists a
matrix S such that s; = Ss;_;. Further let I'r(k(z), o) denote the variance matrix corresponding
to Yr — Dr(d, e) which according to the model is given by

Tr(k(2),0) = Tr(k(2)) (Ir @ () Tr(k(2)) + Or,e Po(0,0)Or.,

Ko 0 ... 0
K, Ky, .

Tr(k(z)) :== ,1 0 ,
: 00
Kr_1 ... Ki K

where K; are the coefficients of the power series expansion of the transfer function k(z) =
Z;io K;z?. The j-th block row of the observability matrix Or, of the stable subsystem con-

sists of Co. AI 7L,
Using this notation we obtain —2/T times the logarithm of the Gaussian pseudo likelihood function
as (up to a constant)

Lr(k(2),0,d,e;Yr) =
% (logdet I'r(k(2),0) + (Yr — Dr(d, €)' Tr(k(2),0) " (Yr — Dr(d,€))) . (3.7
The formulas for the prediction error (PE) approach can be significantly simplified: First, in this
case I'r(k(2),0) = Tr(k(2)) (Ir ® £(0)) Tr(k(z))’ such that
det(Dr(k(2),0)) = det(Tr(k(2)) (Ir ® £(0)) Tr(k(2))") = det(2(0))" .
Second, noting that due to the block triangular structure 77 (k(z2))~ = Tr(k~1(2)), we define

t—1

er(k(z),d,e) := kil(L)(yt —Dy(d,e)) = : Kj(yt—j —Dy—;(d,€)),

J

I
=)

where K ; := —CA’~'B denote the power series coefficients of the inverse transfer function k= (2).
Letting

Tr(k(2)) (Y — Dr(d,e)) = Er(k(2),d,e) = [ e1(k(2),d,e) ... er(k(z),d,e) | € RT®,
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we obtain in this case that —2/T times the logarithm of the Gaussian likelihood function simplifies
to

Lepr(k(2),0,d,e;Yr) = logdet (0) + Ep(k(z),d,e) (It @ £(0)) " Ep(k(z),d, e)/T
— log det £(o) + % ST ey (k(2),d, €)' S(0)ter(k(z) dre)  (3.8)

We obtain the pseudo maximum likelihood estimate and the prediction error estimate respectively
by minimizing (3.7) over the set M x Oy x R® x R*:

(l%(z),&,(;l, é) = arg _ min Ly(k(2),0,d,e;Yr),
(k(z)EMr,0€05,d,e€R?)
(l?:(z),&,ti é') = arg min Lpgr(k(z),0,d,e;Yr).

(k(2)EMp,0,0€0x,d,e€R?)

Then, using the coordinate free consistency proof in the stationary case of Hannan and Deistler
(1988, Section 4.2.), the following result can be shown. Its proof in connection with some useful
lemmata is given in Appendix C.2.2:

Theorem 10 Let {y;:}:cz be an I(2) process generated by a system of the form (3.2) satisfying
Assumption 2 with Qs = (c1,c2), Dy = do + eot and {et}icz fulfilling Assumption 3.
Let ko(2) € My C M, (c1,¢2).
Then the pseudo mazimum likelihood estimator k(z) = I + Z;i1 szj converges in probability to
the true transfer function ko(z) with rate T'/?, i.e. T7||Kj — K || = 0 in probability for all j € N
and all 0 < v < 1/2. Furthermore,

T|[TIC; o] — O,

in probability for all 0 < v < 2, where II := 15*1(1), and
TY|Cs|| = 0, and T7|{ICs0 +1'Cy o] — 0,

in probability for all 0 < v < 1, where I := —k=(1) + %l%_l(z)\zzl. For d and é the following
results hold

o T7||(TI(dy — d) + I'(e0 — €)|| — 0 in probability for all 0 < v < 1/2.
o T7|[[I(eo — &)|| = 0 in probability for all 0 < y < 3/2.
The same holds for all prediction error estimators.

The results of Bauer et al. (2020) imply that the likelihood Lt is a differentiable function of the
parameters. This together with the consistency theorem 10 above implies:

Corollary 5 Let {y;}tez be as in Theorem 10 where ko is in M(cy,co). Further assume that ko
is a point of continuity of the parameterization 8 = ¢(¢(ko)).
Then 0 converges in probability to the true parameter vector 6.

Remark 23 Inspecting the results with respect to the deterministic terms, a number of facts stick
out: First, the parameters corresponding to the linear trend term e -t converge as T—3/% in the
directions orthogonal to the column space of Cg.o, as usual in a regression model with stationary
processes. In the directions of the I(1)-common trends spanned by the columns of Cs.o, however,
convergence is slower and of order T—/2. This corresponds to the difference in the order of
growth between the linear trend term and the stochastic common trends. In the directions of
the I(2)-common trends spanned by the columns of C1,0 not even convergence holds. The same
distinction also holds for the constant term: In the directions orthogonal to the column space of
Cg,o convergence as in the stationary case occurs, in the direction of the common trends, however,
convergence does not occur.
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For the rest of the paper, thus, we use the following notation: Let I, = a3, such that the columns
of Bo are a basis for the orthogonal complement of Cg . Define

!

Ou1:=PBoe  Buoi=1] 0o 0hog | =] (Choe) (BLd) ]
0d = [ at/i,l 0:1,2 ]/7

such that 0 € R™  where ng = s — 2c; — co. By the above construcjion there exists a matriz

P(Cuo) € R*25 such that P(Cyo)[d €]’ = 04. It follows that P(Cuo)d',é"] is a consistent
estimator for 8qo := P(Cy.o)[d,, el]). Moreover, let Dg(04) := [(Bo0d,24); (C3,00d,2¢ + BoBa,1)]-

The derivation of the asymptotic distribution of the consistent part of the pseudo maximum
likelihood estimator follows the usual scheme. It proceeds in two steps and is based on linearization
arguments around the true parameter values (90790;,0). The first step is the derivation of the
asymptotic distribution of the score vector and the second step is to derive convergence of the
suitably normalized Hessian of the log likelihood function. The approach is inspired by Saikkonen
(1995) and the proof of the theorem is given in Appendix C.2.3:

Theorem 11 (Asymptotic Distribution) Let the assumptions of Theorem 10 hold and let the
true parameter vector | 0, d, el ] be an interior point of Or x (R* X R®) over which the pseudo

likelihood function is maximized, with 6 and 64 denoting the PMLE. Assume that the model for
the deterministic terms contains the deterministic terms included in the data generating process.
Split

o=10, 0,7
with 05, == [ 01 p 05 g eng 0, tel and@,:=[0,, 05, 05].

Then the following asymptotic distribution holds for the components of 0:

(4)
\/T(ést - est,o) i) N(07 Vst)v ‘/st = []Eaast(00)/25181?515(00)];11)

where O,e.(0) denotes the derivative of £,(0) with respect to the a-th component of 0.
(B) Let

é* 5:[ é; éfi,2 é:j,l ]/a
where it is understood that only parameters included in the model occur. Let ¢, denote the dimen-
sion of Oy, cqa the dimension of 042, cq1 the dimension of 041 and define ¢y, 1 := c1(s —c1 — ¢2).
Then there exists a scaling matrix

DM* .= diag(T?T,

Cu,19

TICu_Cu,l ) Tl/QICd,z’ T3/2]¢d,1)d7;a'g(M7 ICu*61(5*61)+Cd,2+Cd,1 )7
with non-singular M € Rex(s—c1)xei(s—c1) " sych that the asymptotic distribution of 0, is given by:
DM*(h, —0,.) % H 'v.

Here H denotes the limit of the suitably normalized entries of the Hessian obtained as the limit to
Theb) S OMe(0,)5510Me(8,) and v denotes the limit to T=90) S, ToMe,(0,)' S5 e,
where the normalization factors h(a,b) and g(a,b) depend on the entries a and b. Here 0M denotes
directional derivatives corresponding to the a-th column of diag(M, Icu,cl(s,cl)ﬂd)ﬁch).

(C) For the index a corresponding to an entry in 6, we have

8a5t(00) = _kil(lh90)(8ack)xt,u(00)a xu,t-{—l(eo) = Au,oxu,t(ao) + Bu,oat

and else

Dact(00) = —k (L, 00) (—0aDa(0a,0)5:(0))-
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(D) Let W (u) denote a Brownian motion with variance ¥o. Then H depends on Bg oW (u), while
v depends on Bg oW (u) and o,X7 W (u). These two Brownian motions are independent.
Moreover, diag(T*I., ,,TI., ., ,)diag(M, Icu,cl(s,cl))(éu — Ou,0) is mized Gaussian distributed
with conditional (on Bg oW (u)) variance H™1.

(E) If no constant or linear trend is included in the model, for the first ¢, 1 components oM of

MOy =: [(0MY, (021)'), we obtain T2(0M — 01%) A Hl_,ivly* where
1
Hivap =tr [(ayci)ﬂoagzc?laoﬂé(85\461)Z1,1*] VAR / G1(u)G1(u) du,
0
1
Via = tr[(0YC)BalS X 1], Xiw = / AW (u)G1 (u)’
0

where G1(u) := [ BQ,OW<'U)dU’BE)OW(u).

If a constant but no linear trend is included, we obtain T?(OM — 01%) A Hi*lvu with G1(u) in
Hl_i and vi . replaced by G’l(u)|1 = Gy(u) — fol G1(v)dv.

If both a linear trend and a constant are included, we obtain T%(HM — 01%) A Hf,iVl,* with G1(u)
in Hy ! and v1,. replaced by Gl(u)|l,u =G(u) — fol Gi(v)dv — 12(u — 3) fol(v — 2)G1(v)dv.
Detailed expressions for the asymptotic distribution of the whole parameter vector 8., are given in

Appendiz C.2.3.
(F) The prediction error estimator shows the same asymptotic distribution.

The matrix M e Re1(s—c)xci(s=¢1) depends on the true matrix Cu,o and is, therefore, not available
in application. In the Theorem it is used to separate the ¢, ;-dimensional subspace, corresponding
to components that are estimated with rate T2 (a consequence of the presence of 1(2) components
within the state) from its orthogonal complement, whose corresponding components are estimated
with rate T (linked to the remaining I(1) components within the state). The different orders of
convergence occur within the parameter vector 6 1, since the parameterization given in Bauer
et al. (2020) is constructed without explicit dependence on a true underlying system. This ap-
proach is comparable to the normalization of 8 using the true matrix 8, employed by Johansen
in the I(1)-VECM and similar procedures in the I(2)-VECM. In practice, further specification of
the matrix M is often not necessary, e. g., in the context of Wald-type tests of hypotheses on the
parameters. The following corollary, which is proven in Appendix C.2.3, gives the test statistics
and asymptotic distribution for these tests:

Corollary 6 (Wald-type test) Let the assumptions of Theorem 11 hold.

Let D% = diag(T1/2lcst, D¥*), cg i= co +cB,f+cepyp and co := g +cy +cq. Consider p linearly
independent restrictions collected in Hy : RO = r, with R € RP*¢0 of full row rank p, r € RP and
suppose that there exists a matrix DIT% such that

lim DER(DS)~' = R™®
T—o0
where R € RP* has full rank p. Then it holds that the Wald-type statistic

Wi = (RO — ) (R(Z)'R) " N(RO—r), (2] =T-tr[S7" (0:2(8), 0,2(0) )]

is asymptotically xg distributed under the null hypothesis.

3.4 Tests for the State Space Unit Root Structure

The concentrated log-likelihood function in prediction error representation is up to a constant
equal to the criterion function

L2(0) i= — logdet (ap), o)), wi= [0 0,
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where €,(¢) = yr — C(0)z(p) — di(p) with x441(0) = A(0)z(0) + B(0)y, and dip1(p) =
A(0)di (@) + B(0)(—Dy(64)). We are interested in the specification of the state space unit root
structure. This information is encoded in the matrix C,, II(¢) and I'(6). Assume for the moment
64 = 0 such that d¢(¢) = 0 to shorten notation. First let us define an expanded criterion function

T
LF(C,0) := 5 log det (y; — Cw4(0),y; — Cx4(0)) .

Note that z:(f) depends on the parameter vector § only via the pair A(f) and B(#). For given C,
and PML estimator § over @ define

LS(Cy, 0) = max _ LEE(C, 0)
C e R I1(C, 0)[Cy,Cs) = 0
I1(C,0)Cy + T(C,0)C, = 0

The FOC for the optimal C’C(Cu) fulfilling the above restriction are given by

R <'Ai‘t7 'i't> B1CE B1C2 + Bzcl
[Ce(Cu) A1 Ao | (BiCr) 0 0 = [(yt,41) Cg Ca+0Ci],
(B1C2+ B5C1)' 0 0

where A; and A, are Lagrange multipliers, &, := 2,(0), B, := B,(0) := (I, — A(f))"'B(0) and
B, = B,(0) := (I, — A(A))"2A(0) B(f). Define

B(Cu) = [BlcE 3102 JFBQCl] .

Note that a necessary condition for matrix appearing in the FOC to be invertible is B (Cy) being
of full rank. Thus, define

Ulcy, ca,6) = Cy = [C1,C2,C3],C1,C2 € R°X1 C3 € R¥¥2 ¢
162 T (CE)/CE = Icl+62with Cg = [Cl,CQ} and (CQ)/CE =0 ’
If the system corresponding to 6 is controllable, the residuals corresponding to C, € U(cth,HA)
can be expressed using block matrix inversion:
é;(cu) =Y — CC(Cu)i‘t
= (- 020

n (CtOLSB(Cu) —[CE,Ca + C1]) (B(Cu)’ (&g, 80) " E(@))il B(Cy)' (&4, d0) " &

~ ~ ~ ~ -1
= &+ [(1Cs, 10, +TC1] (B(C.) ()™ BC))  B(C) (as) ™ e,

where C° denotes the OLS estimator, &, := y; — C°*#, denotes the corresponding residuals,
I:=-I,+C°*B; and I' := —I, — C°"B,,.

Remark 24 Note that if (A, B, C) is a state space representation of a VAR process, A is nilpotent.
The system (AY + BYCV,BY,CY), with

4V = [Os-ncs fs(p—l)], BY = {Osw—ws], V=, ... G,

o Osxs Osxs(p—l) s

corresponds to the VAR system y; = Z?Zl Ciyi—j +€t. Thus, for given C, the matriz C'C(Cu)
computed using a state x; defined through xi11 = AV + By, can be immediately translates into
the polynomial a(L) of a VAR(p) process. Maximizing over U(cy,c2,0"), with 0V corresponding
to AV ,BY is then a suitable way to compute the VAR polynomial mazximizing the pseudo likelihood
function for given (c1,c2). This approach might be advantageous as it omits the switching algorithm
used to encompass the rank restrictions within the I(2)-VECM. Moreover, it is also extendable to
processes of higher integration order.
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Let C, denote the maximizer of C%(Cu, 9) with respect to C,, € U(ey, ca, é), normalized such that
the corresponding Cg is positive lower triangular. Thus, it holds that

max  L$(Cu,0) = LS(Cy, 0)
Cu€U(cq,c2,0)

Let &f :=y; — CA'“(CNH)Q% denote the corresponding residuals for given ¢; and co. Then a rank test
statistic can be defined as:

~2l0g Q(H (c1,¢2)/Ha 0) = ~T log det [ (25, 25) (1,20) ™'
The rank test statistics has the following asymptotic distribution under the null hypothesis:

Theorem 12 Let {y;}iez be an I(2) process generated by a system of the form (3.2) satisfying
Assumption 2 and {e;}iez fulfilling Assumption 3. Assume that the true order n is known. Let 6
be the PML estimator over a suitable parameter space ® fulfilling the assumption of Theorem 10.
Let, further, $¢+° denote the PML estimator over ©®;1 x ®p and ¢, denote the PML estimator
over ©®, x Op.

e Let Dy =0. Under Hy = H(cy,¢3), as T — oo, it holds that

—210gQ( (01,02)/H07é> — QOO+QTS7
=2(LL(pg2) = LT(fn) — QX 4+ Q%

o | [ amme ([ mmeya) [ oz},
Qs = tr{/ dB1(u)B1(u </ Bi1(u)Bi(u du) /31 YdB1 (u }

where B = (B}, By)' is an (c1 + ¢2)-dimensional standard Brownian motion on the unit
interval, u € [0,1], By of dimension ¢; and By of dimension ca and

H{u) = ( o g;( )dv ‘Bl(u))

o If D, = d, the asymptotic distributions of —2(L7(¢52) — LX(Pn)) under Hy = H(cq,c2),
as T — 00, is as in (3.9) with H(u) in QY replaced by

fO Bl d’U
H ;(u) := Bgl( )

(3.9)

where

B (u)
o If D, = d+et, the asymptotic distribution of —2(L7 (452 )—LE(Py)) under Hy = H(cy, c2),
as T — 00, is as in (3.9) with H(u) in Q%X replaced by

fO W1 d’U
H.(u) := W (u )

u

Wia

and Q7 replaced by

tr{/ B\ (1) Bra(u (/ Bua(u)Bua(u )du> /Bld JAW 1 (u )},

with W14 = (B, 1)".

In practice the test statistics —2log Q(H (cy, 02)/H.,9) and —2(LA(p5°2) — LT(py)) are nearly

identical. Therefore, we only use Q(H(cy,cz)/H,,0,) and denote it as the SS-LR test in the
following simulation study.
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3.5 Simulation Results

We compare the ranktest introduced in the previous section to the ranktests based on VECMs in
a small simulation study.
The data generating processes used are of the form

Y¢ = Q1Yt—1 + Q2Ys2 + A3Yt-3 + QaYi 4 + ¢ + Aep 4 (3.10)

with

a — 2—2a 0 [-1-a?+4a 0 242 —=2a 0 _[-a® 0
1= 0 03a2* 0 Oaa3* 0 Oaa4* 0 ol°

where a = 0.9, and
. 1 05
g ~iid. N (0, {0.5 1 ]) .

Clearly it holds that y:2 = €2 + Aet_4,2, thus, the second component of y; is stationary. The
first component y; ; is integrated of order two, and it holds that A2(1 +aLl)?yi1 = €11+ A4,
such that a is the other root of the AR-polynomial. For A = 0 the DGP is a VAR process. This
quite simple processes already showcase some major difficulties found in multivariate cointegration
analysis for I(2) processes.

For A = {0, 0.5, 0.9} samples of sizes T = 50 and T' = 100 are generated with initial values set to
zero. The simulation study is based on 10000 replications.

All processes have state space unit root structure Qs = (1, 1). Note that the following relations
hold, compare Bauer et al. (2020),

M,e=M,(0,00 D M,0,1) D M,(1,0) > M,(0,2) > M,(1,1) D> M,(2,0),

for sets of transfer functions of order n > 4. Thus, in application, one would usually start by
testing the hypothesis H(2,0) against H,. If this is rejected, continue with the next larger set, in
this case M,,(1,1), testing H(1,1) against H,, until a hypothesis is not rejected and is, therefore,
a possible choice for the state space unit root structure or, analogously, the ranks of the respective
matrices in the VECM.

We compare the rejection frequencies of three different tests, which have the same asymptotic dis-
tribution. Their large sample performance is, thus, nearly identical and we focus the presentation
of the results on the small sample performance. The different tests statistics are computed as
follows.

VECM-2S: The lag-length p is chosen by maximizing the Akaike Information criterion, with a
lower bound of p = 2 to ensure the possibility of stochastic trends of order two. We first solve
the reduced rank regression problem for an estimate of II = o8’ in the I(1)-VECM. In a second
step, we find the maximizer of the likelihood under the rank restriction oA/J_FB | = & for given
a, B . The likelihood value of the two step approach and the likelihood value corresponding to the
unrestricted OLS estimator in the I(2)-VECM is then used for a likelihood ratio test, as proposed
in Johansen (1997).

VECM-LR: Consider both restrictions II = @8’ and o/, '8 = &1’ and maximize the likelihood
in an 1(2)-VECM with respect to a, 8,&,7n using a switching algorithm. The likelihood ratio test
statistics then compares the likelihood value of this restricted model with the likelihood value
corresponding to the unrestricted OLS estimator. This test statistic and its implementation is due
to Nielsen and Rahbek (2007).

SS-LR: For the pseudo maximum likelihood approach in the state space framework the output
of the subspace algorithm is used as a starting value to find the maximizer 6,, of the pseudo log-
likelihood function over ®,,. For the subspace algorithm we choose f = p = 2k a 1¢ and the system
order n is chosen by minimizing a singular value criterion, see Bauer (2001), with a lower bound
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of n = 4 to ensure the possibilty of two stochastic I(2)-trends. Next, compute the maximizer C.
of L§*(Cy, 0,) with respect to C,, over U(cy, c2,0,,). This is used to compute the test statistic

—2log Q(H (c1, 02)/H07én) = _2(Lw(émén) - L(én))

For the case A =0, i.e., a VAR-DGP, the rejection rates are given in Table 3.1 for the three tests
statistics and sample sizes T' = 50, 100. All test statistics reject the hypothesis H(2,0) in all cases.

Hy \H(Q,O) H(1,1) H(0,2) H(1,0) H(0,1)

VECM-28
T=50 100.0 97.1 96.8 79.4 64.3
T=100 100.0 99.8 100.0 80.3 67.2

VECM-LR
T=50 100.0 96.6 96.8 78.7 64.3
T=100 100.0 99.8 100.0 80.2 67.2

SS-LR
T=50 100.0 99.8 99.6 47.6 38.6
T=100 100.0 99.9 99.9 23.0 22.9

Table 3.1: Rejection rates of Hy based on 10000 replications and a nominal 5% level with the DGP
solving (3.10) with A\ = 0. The tests are not calculated sequentially. The bold hypothesis and its
corresponding frequencies indicate the correct model.

The hypotheses H(1,1) and H(0,2) are rejected in 97% of the cases for the VECM-tests and in
nearly 100% of the cases for the SS-test. Major differences can be seen with regard to the rejection
rates for the true hypotheses H(1,0) and H(0,1). Here both VECM-tests falsely reject the null
in 80% respectively 65% of the cases. The SS-LR rejects in 48% and 39% of the cases for sample
size T'= 50 and in 23% of the cases for sample size T' = 100.

Clearly the SS-LR performs better than the VECM approaches, even though the DGP is a VAR
process. This is the case since the true lag-length of the process is unknown and estimated using
the AIC. The estimated lag-length is too low on average. Using the true lag-length p = 4, the
rejection rates for Hy = H(1,0) are at 7% and 6%, thus, close to the nominal 5%-level, compare
Table 3.2. As a downside, the false hypotheses are rejected in fewer cases for sample size T' = 50.

Hy | H(2,00 H(1,1) H(0,2) H(1,0) H(0,1)

VECM-LR true p
T=50 100.0 75.5 91.4 6.6 9.5
T=100 100.0 99.8 100.0 5.7 8.6

Table 3.2: Rejection rates of Hy based on 10000 replications and a nominal 5% level with the DGP
solving (3.10) with A = 0 for known lag-length p = 4. The tests are not calculated sequentially.
The bold hypothesis and its corresponding frequencies indicate the correct model.

For the case A = 0.9, the rejection rates are given in Table 3.3, again for the three tests statistics
and sample sizes T' = 50,100. Again, all test statistics reject the hypothesis H(2,0) in all cases.
The VECM-tests reject the hypotheses H(1,1) and H (0, 2) in fewer cases than for A = 0, depending
on the sample size and the null, with the best rejection rate being 90%. The SS-LR rejects all
false null hypotheses in nearly 100% of the cases. For the true hypotheses H(1,0) and H(0,1)
both VECM-tests perform better than for A = 0, falsely rejecting the null in around 40% of the
cases for T' = 50 and in around 15% of the cases for T = 100. The SS-LR rejects similarly as
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Hy | H(2,00 H(1,1) H(0,2) H(1,0) H(0,1)
VECM-2S
T=50 99.9 72.7 745  45.4 38.9

T=100 99.9 82.7 90.4 14.6 16.4

VECM-LR
T=50 99.9 65.0 74.5 42.3 38.9
T=100 99.9 79.0 90.4 13.9 16.4

SS-LR
T=50 100.0 99.9 99.9 44.6 38.8
T=100 99.9 99.8 99.9 18.6 19.5

Table 3.3: Rejection rates of Hy based on 10000 replications and a nominal 5% level with the DGP
solving (3.10) with A = 0.9. The tests are not calculated sequentially. The bold hypothesis and its
corresponding frequencies indicate the correct model.

the VECM-tests for sample size T = 50 and is slightly worse (19% of the cases) for sample size
T = 100.

Thus, the VECM approaches exhibit a better performance, falsely rejecting the null hyptheses
in fewer cases, due to a higher estimated lag-length taking account of the MA polynomial in the
VARMA system of the DGP. Nevertheless, the rejection frequencies of false null hypotheses are
also lower. The SS-LR rejects all false null hypotheses in practically all cases.

To compare the performance of both approaches it is, therefore, necessary to look at the resulting
estimated state space unit root structure. The results are given in Table 3.4 for sample sizes
T = 50,100, 150,300 for the VECM and the state space likelihood ratio tests. The VECM-LR

QS ‘ (2,0) (171) (072) (130) (071) (070)
VECM-LR
T=50 0.1 34.8 1.3 23.8 5.9 342
T=100 0.1 20.6 0.8 65.1 2.8 10.6
T=150 0 6.8 0.2 84.2 3.7 5.1
T=300 0 2.3 0 89.7 3.5 4.5
SS-LR
T=50 0 0.1 0.1 54.6 107 34.5
T=100 0 0.3 0 80.6 4.1 15.1
T=150 0 0.5 0 87.4 2.4 9.8
T=300 0 14 0 89.4 2.9 6.2

Table 3.4: Rates of estimated Qs = (c1,c2) based on 10000 replications and a nominal 5% level
with the DGP solving (3.10) with A\ = 0.9. The tests are calculated sequentially. The correct state
space unit root structure is highlighted in bold font.

for T'= 50 leads to an estimated Qs of (1,1) in 35% of the cases, while (0,0) is chosen at nearly
the same rate. Thus, a false state space unit root structure is chosen more often than the correct
structure (1,0), which exhibits a rate of only 24%. For higher sample sizes the most frequent
choice of (s is the correct structure, with higher rates the higher the sample size. Note, however,
that for T'= 100 the structure (1, 1) is still chosen in every fifth case. The SS-LR rejects H(1,1)
in at least 98% of the cases. The most often estimated structure is the correct s, with a rate
of 54% for T = 50, 81% for T' = 100 and around 90% for T' = 300. The false structure with the
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highest rate is (0,0) (35% for T = 50). Note that the rate of correct choices of both approaches
is comparable for T = 300, while the SS-LR performs better in smaller samples, with a larger
margin the smaller the sample size is.

Finally, consider the true order n of the transfer function corresponding to the DGP with A = 0.9,
which is equal to n = 8. Using this order leads to even better estimation of (ls as shown in
Table 3.5. For T' = 150,300 the rate of correct choices is higher than 94%, coming close to the

H, \ H(2,0) H(1,1) H(0,2) H(1,0) H(0,1) H(0,0)
SS-LR true n

T=50 0.1 17.5 0 60.1 6.8 14.9

T=100 0 4.3 0 87.5 2.6 5.5

T=150 0 0.2 0 94.0 2.2 3.7

T=300 0 0 0 94.7 2.0 3.3

Table 3.5: Rates of estimated Qs = (c1,c¢2) based on 10000 replications and a nominal 5% level
with the DGP solving (3.10) with A = 0.9. The tests are calculated sequentially. The correct state
space unit root structure is highlighted in bold font.

desired rate corresponding to the nominal 5% level of the tests. This shows that the performance
of the tests for the state space unit root structure at small and intermediate sample sizes highly
depends on the correct specification of the order for the SS-LR and, similarly, on the lag-length
for the VECM-tests. Nevertheless, at least for the DGPs considered in this simulation study, the
state space approach outperforms the VECM approaches for both VAR~ and VARMA-DGPs, if
both these integer quantities are estimated.

3.6 Summary and Conclusion

This paper shows that transfer functions corresponding to I(2) processes can be consistently es-
timated by maximizing the pseudo maximum likelihood function in the state space framework,
thus, overcoming the limitation to the class of VAR processes in cointegration literature. The
relations between the state space framework and the VECM and its Granger representation are
fully characterized through the state space error correction model for I(2) processes. Consistent
estimates are available even if the state space unit root structure and other relevant integers are
not known. The model allows for a linear trend and a constant, covering the most relevant deter-
ministics used in the literature. The inclusion of further deterministics was not pursued although
it seems possible without major changes in the results.

The parameters determining the different cointegrating spaces are estimated with rate T and T2
in analogy to the results for VAR processes, with their asymptotic distribution being a mixture of
Brownian motions. Inclusion of a constant or a constant and a linear trend in the model and the
DGP leads to demeaning or demeaning and detrending of some of the Brownian motions occurring
in the asymptotic distribution. Hypotheses regarding linear restrictions on these parameters can
be tested using Wald-type statistics, which are asymptotically x?2.

Using likelihood ratio type approaches leads to test statistics for hypotheses on the state space unit
root structure and consequently the cointegration indices. The asymptotic distribution of these
test statistics under the null coincide with the respective distributions seen in VAR literature.
Finally, a simulation study shows good performance of the rank tests statistics for small sample
sizes, outperforming the different tests based on the VECM, even if the DGP is itself a VAR
process. The test performance highly depends on the estimation of the VAR order and state
dimension of the respective models. This indicates that state space modeling has the poten-
tial to improve estimation of cointegrating spaces in situations where a large order is necessary
in the VAR framework while a more parsimonious approximation is available using the VARMA
framework. Another topic for further research might be monitoring of structural changes in cointe-
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grating processes, possibly exploiting the advantages of the state space framework in small samples.
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Appendix A

Appendix to Chapter 1

A.1 Proofs of the Results of Section 1.3

A.1.1 Proof of Lemma 1

(i)

(vi)
(vii)

Let C; be a sequence in Oy 4 converging to Cp for j — oco. By continuity of matrix multipli-
cation
j—o0 Jj—o0 Jj—oo

Thus, Cy € Os 4, which shows that O, 4 is closed. By construction [C'Cl;; = Z;Zl C?,r
Since [C'C);; =1 for all C € Oy 4 and i =1,...,d, the entries of C' are bounded.

By definition C(0) is a product of matrices whose elements are either constant or infinitely
often differentiable functions of the elements of 6.

The algorithm discussed above Lemma 1 maps every C' € Ogq to [I4,0._,.,]'. Since
Ry (0)7r = Ry, ;(0) for all ¢,i,j and 6, C can be obtained by multiplying [I4,0, ;. )’
with the transposed Givens rotations.

As discussed, 6’51(-) is obtained from a repeated application of the algorithm described in
Remark 10. In each step two entries are transformed to polar coordinates. According to
Amann and Escher (2008, Chapter 8, p. 204) the transformation to polar coordinates is
infinitely often differentiable with infinitely often differentiable inverse for 8 > 0 (and hence
r > 0), i.e., on the interior of the interval [0, 7). Thus, 051 is a concatenation of functions
which are infinitely often differentiable on the interior of ©F and is thus infinitely often
differentiable, if 6; > 0 for all components of 8.

Clearly the interior of 6]15 is open and dense in @%. By the definition of continuity the pre-
image of the interior of ©F is open in O; 4. By (iii), there exists a 0 for arbitrary Cy € O; 4
such that Cp(0y) = Cp. Since the interior of @D(% is dense in @Dg there exists a sequence 6,
in the interior of @% such that 8; — 6y. Then Cp(6;) — Cy because of the continuity of
Co. Since Cp(0;) is a sequence in the pre-image of the interior of @%, it follows that the
pre-image of the interior of @% is dense in Os 4.

For any C € Os s it holds that 1 = det(C’C) = det(C)? and det(C) € R, which implies
det(C) € {-1,1}. Since the determinant is a continuous function on quadratic matrices,
both sets O, and O, are disjoint and closed.

The proof proceeds analogously to the proof of (iii).

A function defined on two disjoint subsets is infinitely often differentiable if and only if the
two functions restricted to the subsets are infinitely often differentiable. The same arguments
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as used in (iv) together with the results in (ii) imply that C;' : Of, — 0§ and Cg(ﬂof.
are infinitely often differentiable with infinitely often differentiable inverse on an open subset
of Oj’s. Clearly the multiplication with I, is infinitely often differentiable with infinitely
often differentiable inverse, which implies that Cg()| o-, 1s infinitely often differentiable

with infinitely often differentiable inverse on an open subset of Oy, from which the result

follows.

8,89

A.1.2 Proof of Lemma 2

(i)

Let C; be a sequence in U, 4 converging to Cy for j — co. By continuity of matrix multipli-
cation

j—o0 j—o0 j—o0

2

Thus, Cy € Uy 4, which shows that Uy 4 is closed. By construction [C'Cli; = >77_, [e;
Since [C'C);; =1forall C € Ug 4 and ¢ = 1,...,d, the entries of C' are bounded.

By definition Cy (¢) is a product of matrices whose elements are either constant or infinitely
often differentiable functions of the elements of (.

The algorithm discussed above Lemma 2 maps every C' € Us 4 to [Da(ep),0._ ;.4 with
Dy(pp) = diag(e®r1, ... e™r.a). Since Qq.ii(¢) ' = Qq.i,;(¢) for all ¢,i,j and ¢, C can
be obtained by multiplying [D4(¥p),0,_ ;. 4)" with the transposed Givens rotations.

The algorithms in Remark 12 and above Lemma 2 describe Cf; !in detail. The determi-
nation of an element of ¢; or ¢p uses the transformation of two complex numbers into
polar coordinates in step 2 of Remark 12, which according to Amann and Escher (2008,
Chapter 8, p. 204) is infinitely often differentiable with infinitely often differentiable inverse
except for non-negative reals, which are the complement of an open and dense subset of the
complex plane. Step 3 of Remark 12 uses the formulas ¢, = tan™! (g), which is infinitely
often differentiable for ¢ > 0, and s = @, — ¢, mod 27, which is infinitely often differ-
entiable for ¢, # ¢p, which occurs on an open and dense subset of [0,27) x [0,27). For
the determination of an element of ¢ a complex number of modulus one is transformed
in polar coordinates which is infinitely often differentiable on an open and dense subset of
complex numbers of modulus compare again Amann and Escher (2008, Chapter 8, p. 204).
Thus, C}; ! is a concatenation of functions which are infinitely often differentiable on open
and dense subsets of their domain of definition and is thus infinitely often differentiable on
an open and dense subset of Us 4.

A.1.3 Proof of Theorem 2

(i)

The multi-index I is unique for a transfer function k € M,,, since it only contains information
encoded in the canonical form. Therefore, Mr is well defined. Since conversely for every
transfer function k € M, a multi-index I' can be found, Mt constitutes a partitioning of
M,,. Furthermore, using the canonical form, it is straightforward to see that the mapping
attaching the triple (A,B,C) € Ar in canonical form to a transfer function k € Mp is
homeomorphic (bijective, continuous, with continuous inverse): Bijectivity is a consequence
of the definition of the canonical form. T, continuity of the transfer function as a function
of the matrix triples is obvious from the definition of 7};. Continuity of the inverse can
be shown by constructing the canonical form starting with an overlapping echelon form,
which is continuous according to Hannan and Deistler (1988, Chapter 2), and subsequently
transforming the state basis to reach the canonical form. This involves the calculation of a
Jordan normal form with fixed structure. This is an analytic mapping, cf. Chatelin (1993,
Theorem 4.4.3). Finally, the restrictions on C' and B are imposed. For given multi-index I’
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these transformations are continuous (as discussed above they involve QR decompositions to
obtain unitary block columns for the blocks of C', rotations to p.u.t form with fixed structure
for the blocks of B and transformations to echelon canonical form for the stable part).

(ii) The construction of the triple (LA(@),5(0),C(0)) for given 8 and T is straightforward: A, is
uniquely determined by I'. Since 8p,, contains the entries of B, restricted to be positive and
0, contains the free parameters of By, the mapping 8p , x 8 5 — B, is continuous. The
mapping 8, — (A,, B, Ce) is continuous, cf. Hannan and Deistler (1988, Theorem 2.5.3 (ii)).
The mapping 8¢ g X 8¢, — C, consists of iterated applications of Cp, and Cy (compare
Lemmas 1 and 2) which are differentiable and thus continuous and iterated applications
of the extensions of the mappings Co 4,—q, and Co ¢ (compare Corollaries 1 and 2) to
general unit root structures and to complex matrices. The proof that these functions are
differentiable is analogous to the proofs of Lemma 1 and Lemma 2.

(iii) The definitions of Op s and Op , immediately imply that they depend continuously on B,,.
The parameter vector 8, depends continuously on (A,, B., Ce), cf. (Hannan and Deistler,
1988, Theorem 2.5.3 (ii)). The existence of an open and dense subset of matrices C,, such
that the mapping attaching parameters to the matrices is continuous follows from arguments
contained in the proofs of Lemma 1 and Lemma 2.

A.2 Proofs of the Results of Section 1.4

A.2.1 Proof of Theorem 3

For the first inclusion the proof can be divided into two parts, discussing the stable and the
unstable subsystem separately. The result with regard to the stable subsystem is due to Hannan
and Deistler (1988, Theorem 2.5.3 (iv)). For the unstable subsystem (£2g,5) < (€2s,p) implies the

S1

Sa
Let k be an arbitrary transfer function in My = w(As) with corresponding state space realization
(A,B,C) € Ag. Then, we find matrices B; and C; such that for the state space realization given

byAzs{A J~12}S’,B:S[CB }andC:[é C1 ]S it holds that (A,B,C) € Ar.

existence of a matrix S as described in Definition 9. Partition S = such that Sip =p1 > p.

0 Ja B
Then, (A;,B;,C;) = (A, Sdiag(l,,,j '1,,)S'B,C) € Ar, where n; is the number of rows of S;

for i = 1,2 converges for j — oo to (.A, S [ g ] ,C) € Ar, which is observationally equivalent to

(A, B,C). Consequently, k =7 (A,S [ ﬁ } ,C> € m(Ar).

To show the second inclusion, consider a sequence of systems (A;, B;,C;) € Ar,j € N converging
to (Ao, Bo,Co) € Ar. We need to show ' € UfEK(F){f < T'}, where T is the multi-index
corresponding to (Ag, By, Co).

For the stable system we can separate the subsystem (4;,, B, s, Cjs) remaining stable in the
limit and the part with eigenvalues of A; tending to the unit circle. As discussed in Section 1.4.1,
(A s, Bjs,Cjs) converges to the stable subsystem (Ag o, Bo,e,Co,e) Whose Kronecker indices can
only be smaller than or equal to as, cf. Hannan and Deistler (1988, Theorem 2.5.3).

The remaining subsystem consists of the unstable subsystem of (A;, B;,C;) which converges to
(Ao,u, Bo,u, Co,u) and the second part of the stable subsystem containing all stable eigenvalues of
A; converging to the unit circle. The limiting combined subsystem (Ao, Bo,c, Co,c) is such that
Ay, is block diagonal. If the limiting combined subsystem is minimal and By, has a structure
corresponding to p, this shows that the pair (Qg,p) extends (g, p) in accordance with the defi-
nition of K(T").

Since the limiting subsystem is not necessarily minimal and By, has not necessarily a structure
corresponding to p, eliminating coordinates of the state and adapting the corresponding structure
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indices p may result in a pair (Qg,p) that is smaller than the pair (QS, p) corresponding to an
element of K(I).

A.2.2 Proof of Theorem 4

The multi-index I' contains three components: g, p, ae. For given {1g the selection of the struc-
tures indices pyax introducing the fewest restrictions, such that in its boundary all possible p.u.t.
matrices occur, has been discussed in Section 1.4.2. Choosing this maximal element py.x then
implies that all systems of given state space unit root structure correspond to a multi-index that
is smaller than or equal to (s, Pmax, Be), Where B, is a Kronecker index corresponding to state
space dimension n,. For the Kronecker indices of order n, it is known that there exists one index
e,y such that M,, , is open and dense in M,,. The set Mqg p,... 5, is therefore contained in
Mag puax,a.., Which implies (1.14) with T'y(Qs,7e) := (25, Pmax; Cte,g)-

For the second claim choose an arbitrary state space realization (A, B,C) in canonical form
such that 7(A, B,C) € M(Qg,n,) for arbitrary Qg. Define the sequence (A;, B;,C;)jen by A; =
1-71HA B; = (1 - HB, C; = C. Then Amax|(A4;j) < 1 holds for all j, which implies
m(A;,B;,C)) € M, ., , for every n > n,(€2s) + ne and every j. The continuity of 7 implies
w(A,B,C) = hm]_)(xﬂr(A],BJ,Cj) € Mr, ..

e, q(")

A.2.3 Proof of Theorem 5

(i) Assume that there exists a sequence k; € M converging to a transfer function kg € Mr. For
such a sequence the size of the Jordan blocks for every unit root are identical from some i
onwards since eigenvalues depend continuously on the matrices, cf. Chatelin (1993): Thus,
the stable part of the transfer functions k; must converge to the stable part of the transfer
function kg, since the sum of the algebraic multiplicity of all eigenvalues inside the open
unit disc cannot drop in the limit. Since V,, (the set of all stable transfer functions with
Kronecker index «) is open in V,, according to Hannan and Deistler (1988, Theorem 2.5.3)
this implies that the stable part of k; has Kronecker index a4, from some iy onwards.

For the unstable part of the transfer function note that in Mr for every unit root z; the
rank of (A — z;I,,)" is equal for every r. Thus, the maximum over My cannot be larger due
to lower semi-continuity of the rank. It follows that for k; — ko the ranks of (A — z;1,,)"
for all |z;| = 1 and for all » € Ny are identical to the ranks corresponding to ko from some
point onwards showing that k; has the same state space unit root structure as kg from some
ig onwards. Finally, the p.u.t. structure of sub-blocks of By clearly introduces an open
set being defined via strict inequalities. This shows that k; € Mr from some iy onwards
implying that Mr is open in Mr.

(ii) The first inclusion was shown in Theorem 3. Comparing Definitions 10 and 11 we see
Urerr,) Mr € Uas,naea@sne M (s, 7). By the definition of the partial ordering

(compare Definition 9) Uz, My C Ua, M (g, 7e) holds. Together these two
statements imply the second 1nclu51on

<(Qs,m)

U(fzsﬁ.)GA(Qs,n.) U(Qs,ﬁ.)é(fls,ﬁ.) M(Qs,me) C Mr (o, n,) is a consequence of the fol-
lowing two statements:

(a) If M(Qs,7a) C M(Qg,m0) then Uqy, 5)<(crs.50) M(Qs,70) € M(Qs,n4).

(b) If (Qs,7%e) € A(Qs,7e) then M(Qg,74) C M(Qs, 7).
For (a) note that for an arbitrary transfer function k& € M(Qg, 71s) with (Qg, 71e) < (Qs, 726)

there is a multi-index I" such that & € My By the definition of the partial ordering (compare
Definition 9) we find a multi-index I > F such that My C M (Qs,fie). By Theorem 3 and the

continuity of 7 we have My C 7(Ap) C Mg. Since M(Qs,7s) C M(Qs,ne) by assumption,
k€ My € M(Qs,7e) C M(Qg,n,) which finishes the proof of (a).
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With respect to (b) note that by Definition 11, A(f2s,ne) contains transfer functions with
two types of state space unit root structures. First, A, corresponding to state space unit
root g may be of the form

o (A1)

SA,S = [“4“ J”} .
Second, A, corresponding to state space unit root Qg may be of the form (A.1) where off-
diagonal elements of A, are replaced by zero. To prove (b) we need to show that for both

cases the corresponding transfer function is contained in M (g, ne).

We start by showing that in the second case the transfer function kis contained in M (Qs, 7)),

where (g is the state space unit root structure corresponding to A, in (A.1). For this,
consider the sequence

R B
A]:|:0]1 :|, BJ:|:B21|7CJZ[01 02]

Clearly, every system (A;, B;, C;) corresponds to an I(2) process, while the limit for j — oo
corresponds to an I(1) process. This shows that it is possible in the limit to trade one I(2)
component with two I(1) components leading to more transfer functions in the 7}, closure of
Mr, (0s,n,) than only the ones included in 7(Ar, (qg,n,)), Where the off-diagonal entry in A;
is restricted to equal one and hence the corresponding sequence of systems in the canonical
form diverges to infinity. In a sense these systems correspond to “points at infinity”: For
the example given above we obtain the canonical form

11 B ,
.Aj:|:0 1:|, Bj:l:BQ}j],Cj:[CH jCQ}.

Thus, the corresponding parameter vector for the entries in B; 2 converges to zero and the
ones corresponding to C; o to infinity.

Generalizing this argument shows that every transfer function corresponding to a pair
(Q25,7) in A(f2s,7), where A, can be obtained by replacing off-diagonal entries of A,
with zero, can be reached from within M (Q2g, 7te ).

To prove ke M (Qs,ne) in the first case, where the state space unit root structure is
extended as visible in equation (A.1), consider the sequence:

- 1 1 ~ B ~
AJ:|:0 1_j1:|a BJZ[B;:|7 Oj:[cl 02]’

corresponding to the following system in canonical form (except that the stable subsystem
is not necessarily in echelon canonical form)

~ 1 0 = B, +jB 5 ,
’AJ_|:O 1_j—1:|a B]_|: 1_j522:|’ Cj:[cl 01_02/.7}'

This sequence shows that there exists a sequence of transfer functions corresponding to I(1)
processes with one common trend that converge to a transfer function corresponding to an
1(2) system. Again in the canonical form this cannot happen as there the (1,2) entry of flj
would be restricted to be equal to zero. At the same time note that the dimension of the
stable system is reduced due to one component of the state changing from the stable to the
unit root part.

Now for a unit root structure Qg such that (Qg,7.) € A(Qg, 1), satisfying

Au J12:|

Cwr
SAS = [0 A
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the Jordan blocks corresponding to g are sub-blocks of the ones corresponding to Q.
potentially involving a reordering of coordinates using the permutation matrix S. Taking as
the approximating sequenN(;e of transfer functions .kj € Mr,(sne) — ko € MFg(Qs,ﬁ.) that
have the same structure g but replacing Jo by J%Jg leads to processes with state space
unit root structure 2g.

For the stable part of l~€j we can separate the part containing poles tending to the unit circle
(contained in Jy) and the remaining transfer function k; ., which has Kronecker indices

& < «,. However, the results of Hannan and Deistler (1988, Theorem 2.5.3) then imply that
the limit remains in M, and hence allows for an approximating sequence in M,, .

Both results combined constitute the whole set of attainable state space unit root structures
in Definition 11 and prove (b).

As follows from Corollary 4,

M(QS7n0) = MF9(957"0)'

Thus, (b) implies U 7.)e4(00.n4) M(Qs, 7o) C Mr (05 n,) and (a) adds the second union
showing the subset inclusion.

It remains to show equality for the last set inclusion. Thus, we need to show that for k; €
Mr,(95.ne), kj — ko, it holds that kg € M(Qg, ), where (Qs,74) < (Qs,7e) € A(Qs, 7).
To this end note that the rank of a matrix is a lower semi-continuous function such that for
a sequence of matrices E; with limit Ey, we have

rank( lim F;) =rank(Ep) < lim inf rank(Ej;).
j—o0o Jj—o0

Then, consider a sequence k;(2) € Mrp_ (o, n,),J € N. We can find a converging sequence of
systems (A;, B;, C;) realizing k;(z). Therefore, choosing E; = (A; — z;1,)" we obtain that

t
rank((Ag — ijn)t) < n- Z d?,hkferl’
r=1

since k;(z) € Mr @, n,) implies that the number dﬁhrrﬂ of the generalized eigenvalues
at the unit roots is governed by the entries of the state space unit root structure Q. This
implies that 23:1 dﬁhk_ﬂ_l < 2221 d’&hk_rH for t = 1,2,...,n. Consequently, the limit
has at least as many chains of generalized eigenvalues of each maximal length as dictated by
the state space unit root structure Qg for each unit root of the limiting system.

Rearranging the rows and columns of the Jordan normal form using a permutation matrix S
it is then obvious that either the limiting matrix Ay has additional eigenvalues, where thus

;o A Jis
sus — [4 7]

must hold. Or upper diagonal entries in .4; must be changed from ones to zeros in order to
convert some of the chains to lower order. One example in this respect has been given above:

For A; = (1) l{j the rank of (A; — I2)" is equal to 1 for » = 1 and 0 for » = 2. For the
limit we obtain Ay = I and hence the rank is zero for r = 1,2. The corresponding indices
are d;l =1, d}y2 = 1 for the approximating sequence and d(l)’l =0, d(lm = 2 for the limit re-
spectively. Summing these indices starting from the last one, one obtains d}’z =1< d(1)72 =
and dj; +dj, =2<dy, +dj, =2

Hence the state space unit root structure corresponding to (Ag, By, Cp) must be attainable
according to Definition 11. The number of stable state components must decrease accord-
ingly.

Finally the limiting system (Ao, By, Cp) is potentially not minimal. In this case the pair
(Qs, e ) is reduced to a smaller one, concluding the proof.
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Appendix B

Appendix to Chapter 2

B.1 Proof of Theorem 6

Proof: For every state space system (A, B, C) with corresponding transfer function k(z) = I +
2C(I, — 2A)71 B the inverse transfer function is k=1(z) = I — 2C(I,, — zA)~'B. Consider the
power series

S [e's)
E(2) = As(2)l = > TpAgk(2)z + C(I, — A%) 'A% Y~ A" ' BAg(2)2™,
k=1 m=1

which equals k~!(z) as shown in what follows: for m > S the m-th power series coefficient can be
calculated as

K;L = C([n _AS)_lés(Anl_l _ Anl_s_l)B
= —C(I, — AS)"Y(I, - AS)A™'B= —CA™ 'B=K_,

as required. Thus, k~1(2)

— ) is a polynomial of maximal degree S. Since by construction
Ag;(z) =7Z; and Agr(z;)

k(=
=0for j#kand Ag(z;) =0forall j=1,...,5 we get

kN (z) — k7 (z5) = k1 (z5) + T Ag i (25) % = 0.

Additionally k~1(0) = k~1(0) = I,. Thus, k~'(z) — k=1(z) is a polynomial of degree S that is
zero at S + 1 points. Hence, k~1(z) — k~1(z) = 0 and

t—1 t—1

> Kpli-m = Asf — ZHkASkyt 1+ C(I, — A%) A% Y A" BAGH -

m=0 k=1 m=1
The representation then follows from setting
t—1

vpi= (I, — A%)TAS Y T AT BAGT m,  v1 =11

m=1

The second result follows from §; = &; + Zf;:ll CA™ 1Be,_,, + CA* 1z, and the fact that
KK~ —0,j>0.

m 0 Jj—m

With respect to deterministics note that for s; ; = 7 i=1,..., S we obtain

J

> Kpdisimy =k (z)d;se; — ZK djzim!

m=0

= —Tld;s; + CAt 1(In — 2;A) "' Bz;d;.
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For the linear trend we obtain
t—1 o) [e%s)
Y Kpdsii(t—m) =Y K,dsyi(t—m) = K,ds(t—m)
m=0 m=0 m=t

= —Ilidssit + Vdgy1 + OAtil Z AmithS_;,_l(m — t)

m=t

= —Ihidg 1t + Wdsiy + CA™ (I, — A)*ds1 — CA™ (I, — A) " 'dgy1.

The above terms with factor CA*™! are included in the SSECM through starting value v;. m

B.2 Auxiliary Results for the SSECM

Having introduced the residuals in the SSECM, we have used invertibility of a matrix appearing
in the first order conditions. The necessary conditions are given in the following Lemma.

Lemma 3 Let {y:}iez be an MFI(1) process and let (A(6), B(6),C(0)) be a controllable state
space system such that the process {vi(0)}1ez is defined as in Theorem 6.

(1) Let Br(0) := [ﬁﬂso(ﬁ),ﬁﬂfko (0)] be of full column rank. Then the matriz
(v:(0),v:(0))  Br(0)

Bgr(0) 0
s of full rank.
0 —I(s_2)s
(1) Let VEo(B,0) = [Z, v(0), (B Z14)) and G(B,0) = |By () B%, (0)| with B €
_5/ 0

G(r,0). Then the matriz

{<‘4€$(ﬂ,9)7‘4”(ﬁ79)> G(ﬁﬁ)}
(8,0) 0

is of full rank.

Proof: To simplify notation, omit the dependence on 6 in the following. (I) Consider vectors
n € R, ¢ € R satisfying

(v, v¢) Br
[, ¢'] [ B 0| =0 (B.1)
such that n’ (v, v;) + ¢'Bg = 0,7'Bg = 0. Multiplying (B.1) by [#,{']’ from the right yields
7' (v, vy n+ ¢'Bgn+n'Br¢ = 0. Since 7' Bg = 0, it follows that 7 (v;, v;) n = 0, which holds true

if and only if n’v; =0 for all £ = 1,...,T. Summarizing into a single equation for 7, it holds that
7 [(vs, vt) , Br] = 0. Rewrite the SSECM equations

S
Agje =Y X" = Cvy +24(4, B, C)
k=1
Hk == (*Ie + ZkC(In - ZkA)ilB) = 7]’5 + Cﬁk

using the identity Zle Ag p¥i—1 = Jr—g into

s
g =C (ZBkXt(k) - Ut) + (A, B,C),
k=1
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which implies z; = Zgzo EkXt(k) — v;. Consequently 7[{vt, v¢) , Bg] = 0 implies n’x; = 0, which
is a contradiction to the controllability of the state space system (A4, B,C). It follows that n = 0.
Analogously ¢ = 0, since ¢ # 0 then implies (B = 0, which is a contradiction to the full column
rank assumption on Bgr. Since both vectors are shown to be zero for (B.1) to hold, the matrix is
indeed of full rank.

(IT) The arguments proceed analogously. Here v; is augmented by components of the form (Z ;)
and 3'Z; 4 and B is extended to a matrix Bg accordingly. Again, assuming

[77/,5/] <V;£ew(g)(7ﬁ‘§tfz(/6)> G%ﬁ) =0

for vectors ij/ € RS=2)s+nt7e ¢ c RS% it follows that i (Ve (8), Ve (8)) 71 = 0. Since (Zy.4, Z1.4) >
0 and (Z24, Za) > 0, the vector 7 is then of the form 77 = [0'(572)3,77’7();&]’7 which again implies
n'vy = 0. From here the proof proceeds as in (I). m

Note that the assumption of (A(6), B(6),C(0)) being a controllable state space system is not
a restriction in application, as the parameter space is usually chosen to consist of controllable
systems in order to ensure identification. Moreover, any non-controllable system can be reduced
in such a way that the resulting subsystem will be controllable and lead to the same residuals and
consequently the same likelihood value as the original system.

As a next step let us present a different representation for the residuals in the SSECM, which will
be used to prove consistency and derive the asymptotic distribution of the estimator 3 containing
information on the cointegrating space. For this, let us briefly recall the derivation of the residuals
Ro.+(0), R14(0) as well as £*(3,0) and define another auxiliary times series R¥,(3,0). For the
unrestricted concentration approach the residuals Ry ((6), R1((0) are given by l

Ro4(8) = Zox — {Zo., V(8)) (Va(6), V2(6)) ™ Vi(8),
Raa(0) i= Z1.e = (214, Vi(0)) (VA(0), VA(0)) ™ VA(0),
where V;(0) := [Z5 4, v:(0)']" contains stationary components and stochastic trends and cycles at

frequencies other than the frequency of interest.
For the restricted approach first consider a decomposition of IIy, into two terms:

Hko = [a’Y’ Oé][’y,,@]/ = a’)’f}/ + 06,8/

where o, v € C*(=) and «, f € C**", where v and 3 are of full column rank, where additionally
we assume '3 = 0. Consider now the problem of maximizing

L (Y +aB,Cy,,0) = LF (' + af', [Ty, C],0)

(L, 0] + &y IR*] =[ T, C @& | G(B,0) for given 6 and 3 € G(r,0).
II_,, C « ], we arrive at a system of first order equations of the form

subject to J(d&,) :=
Solving for C¢¥ = [

[ciom@.0.6,) A Pvtem(ﬁ(’f()ﬁ’,‘gf(ﬂ’9>> G(ﬂo’ﬂ=[—<Zo,t—dﬂ'zl,t,m“(ﬁ,e» J(@)].

where A is the Lagrange multiplier matrix and V*(8,0) = [Z5,,v¢(0)',(8'Z1,+)']’. Using the
blocks of the inverse matrix

|:H11(B70) H12(/8’0):| _|:<‘/t€$(/679)7‘/tew(/670)> G(ﬁae)
H21(B,0) Haz(B,0)] G(B,0) 0 ’

we rewrite the first order equations to find C***(3,0,d.) equal to

Cez,R(ﬁ,e,ov[’y) = 7<Z0,t - d’y’Y/Zl,tv ‘/256I(/679)>H11(/679) + J(d’y)H21(/Ba 0);

-1
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which maximizes the pseudo log-likelihood function under the given restrictions up to the choice
of &,. Choosing &, = 0 results in C}.” R3,0) = [ CE,.(B,0) a®(B,0) | := C=F(3,0 O) as
described in Section 2.4. Define the subblocks Hy1 1 corresponding to the block [Iy,0] + &' of
J(é&.) and Haj 2(3,0) corresponding to I® of H21(,8 6), recall the definition of ¢7(3,6) and define

Rﬁt (ﬂa 0)

ef(B,0) := Zo — ((Zoy, VE(B,0)) Hi1(B,0) — J(0)H21(8,0)) Vi< (B, 6),
RY(B.0) == Zyt — ((Z1,4, Vi (B, 0)) H11(B,0) + H211(83,0)) VI (B,6).

This leads to a reduced model of the form
5?(579) = dfy’th(,B,G) + & (B.2)

Further, define Sfi(83,6) := (Rf,(8,6), Rf,(3,0)) and S{1(B,0) = (R, (8,0),f(8,0)) =:
SE(B,0). Setting ¢, = 0 results in an estimator &®(3,0)3" corresponding to Iy, of reduced
rank r. Estimating &, by ordinary least squares leads to an estimated matrix II;, of full rank
with probability one. The relations between the residuals in the state space model and the SSECM
corresponding to estimators of I, with different rank is summarized in the next lemma.

Lemma 4 Let {y:}icz be an MFI(1) process and let (A(0), B(0),C(0)) be a controllable state
space system.

(I) Define CS5(0) = (y;, x4(0)) (z,(0),2,(0)) ™", such that C5 is the OLS estimator in the
regression y; = Cx4(0) +&; and let £7°(0) := y, — Cx4(0) be the corresponding residuals.
Then

e75(0) = ef' (124, 0) = £{(8,0) — SE(B,0)v(v'S{i(B,0)v) '+ R',(B,0)

for arbitrary choice of B € G(r,) and corresponding v = [y|¥, v := (B)L € C*G=7), It
follows that

15 (0)y = &% (Los)y = SE(B,0)v(v' ST (B8, 0))
for TIRZ(0) := —[I,,0] + CS5(0) BE, (0).

(II) For B € G(r,0) and corresponding ~, e£(83,0) is equal to
ef(B.0) = &75(0) + TS (0)y (v Nr(0)7) ™' 7' By, (0) (2:(0), z:(0)) " 24(6),

where Np(0) := Qﬂso(@)’ (24(0), 2(0)) " E,lfo (0). Moreover,

-1
Y'ST1(8,0)y = (+'Nr(0)v) .

Proof: To simplify notation, omit the dependence on 8 in the following.

(I) Due to Theorem 6, the residuals €7 are equal to £/*(I5,), since estimating C for given regressors

x; using ordinary least squares leads to the same residuals as maximizing the likelihood of the

SSECM under the restrictions I, = —I,+C(I,, — 2 A) "B for k = 1,..., S through the restricted

concentration approach (but without restrictions on the rank of Iy, ). It follows that Hfﬂs (0) =

aR(Ias).
The residuals ff(I2;) can also be computed using the reduced model (B.2) such that

el (Ias) = £f(B) — SE(B)y(Y' ST(B)Y) v RT,(B),

for B8 € G(r,0) and corresponding . It follows that Hfos a®(B)8 + SE(B)y('SE(B)y) 1Y
for arbitrary choice of 8 € G(r,0) and corresponding ~, which implies the above identity.
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(IT) Consider y; = Cx + €4, and maximize
—T'log [{y: — Cwy,ys — Cy)|

subject to (—[I;,0] + C’Eﬂ,fo)'y = 0, for given matrix v = [y]%, v € C**(*=") such that E]}fo'y is of
full rank. Note that (—[Is, 0] + C’Qﬂso)'y = 0 if and only if (—[I,,0] + CE]EO) = a3 for a matrix
B = [B]* with 8 € C**" of full rank and 3’y = 0. Moreover, Qﬂ,ﬁo'y being of full rank is equivalent
to B € G(r,0). The optimal C(y) fulfilling the restriction is given by

R -1
(0(7) A) = ((ye,2e) (L, 0]%) (’ffc(té%ti/ B%o"") )

By Lemma 3(I) the inverse of the above matrix exists. Using block matrix inversion, the corre-
sponding residuals are equal to
ye = C(v)x,
= (y— O%) + (C%BF, — 1,01y (v(BEY (wee) ™ Blyy) +/(BE) (w )™
P+ Ty (v (BE (o)™ Biy) A (BE (o)

Due to Theorem 6, these residuals are equal to £(3) for corresponding B € G(r, ), thus, giving
an alternative derivation of the residuals in the restricted concentration approach. Together with
the results in (I) it follows that

-1 _
’7/R5t(16) = (¥'Nry) ’YI(BIEU)/ (T, 2¢) ! Tt,

which implies the last equality. =

B.3 Asymptotic Results in the SSECM

Next, we analyze the asymptotic behavior of the product moments of Rq ;(0),R1 4(6), e2(3,6) and
R{.(B,0). The following Lemma will be fundamental for this section:

Lemma 5 The following convergence results hold for processes satisfying 1k = ZpTex+ Bret+1
with z, = €%, 0 < wi, < 7, and {&t}+ez denoting a white noise process with noise variance ¥ as
in the assumptions stated in Assumption 1.

7 (sl o) S 1B [ WW (B

1

(Reorl® ) S B /

0
(220 k], [220mly) = Op(1)  for k #m,

wiow [}

where W = [%(Wl + iWL)|® and Wy and Wy are two independent s-dimensional Brownian
motions with variance X.

Proof: The first two results are proven by Johansen and Schaumburg, exploiting the notation of
matrices in complex structure, compare Johansen and Schaumburg (1999, proof of Theorem 9).
The last result concerning stochastic boundedness follows from the fact that

(220 1]®, 220m]®) = ([22000.m]%, [2Bmed]®) + 0p(1)
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with @y gm = Zm%¢ k,m + Tk The process [thyk’m}R can then be expressed as the sum of two

processes integrated at a single frequency. The second convergence result applied for both terms
then implies that ([2z¢;]®, [22;,,]®) is bounded in probability. Since the same holds true for
([2¢,1]%, [2Z¢,1m]®) combining both results ensures that ([2z¢ ]}, [224,m]5 ) is also stochastically
bounded. m

Lemma 5 is the key component in the proof of the asymptotic distribution of the pseudo likelihood
ratio tests. Since the proof proceeds analogously for real and complex unit roots we will only focus
on the case of complex unit roots.

Before we proceed to the product moments, let us first discuss the dominant components in the

Ro¢(0),R1.4(0), £{*(8,0) and R{',(B,0).

Lemma 6 Let {y;}tcz be an MFI(1) process solving the SSECM equations as defined in Theorem 6
and let 6 be a PML estimator over © fulfilling the assumptions of Proposition 2. Let 0y := v(0),

Ris:= Riy(0), &f(B) = £['(8,0) and R{,(B) = R{,(8.9).
(1) There exists matrices Mé{T and MHT, bounded in probability, such that the following iden-
tities hold:
N 1 R
Rot = Zos — Méj,T[f(PuZzt)'a (P Zs4)', 03],

. 1 .
Riy =271, — MET[T(PUZM)/, (P*Za4)', 7],

) Sy s(S—
where P** = diag (81, 8, [B3I%, - [Bhy-1]%, [Bhy ] s [B5_, 7) € ROST mxe(5-2),

]]R c R(sS—Zf rk)xs(S—2),

and P" := dzag (717 '7_%'7 [Wé PR [71/9071]R7 [,YI/CO+1]R7 (XX} [7%,1]]]{)

for Br, au € R¥*™ such that I1y, o = B, and v := (Br) 1 € Rs*(s=7%)
(II) Define B, := [Br,]¥. There exists matrices M(f‘T and M{?T bounded in probability, such that
the following identities hold:
. 1, . s N
SR8, = Zo — Mgl 1 (P20, (P 2 4, (B.71)'
1
T
Let By, for j =1,...,r denote the j-th column of By,, define

B—gy = Bys - Bii-1), Biix1ys - -+ B
and let ;) € C**6=1 be orthogonal to By, such that ﬁéj)v(j) = 0. Let B == [BE,

RE(B,) = Z1y — M| — (P " Zay) (P Z2,)' 0, (B4 Z14)"] -

By = B—pl® and Vi) = [V |¥. Then there exists matrices Méj%, bounded in probabil-
ity, such that
1

R , 1 X
B RY (v = By Zie — Ml(f%[T(P"ZM)’, T(’Y/Zu)/, (P Zy)' 0y, (B(—jyZ10)"]

Proof: Define PZ := [(P"),(P*")], P = diag(P%((P%) P%)~'/2 1), such that P'P = I, s,
and Dy = diag(%lssfzf e Ing s ) and let Vi := V;(6). In case of an unrestricted concentration
step it suffices to consider

(Row )PP (0. 0:) PO
= (Ros PV (DrPV PV,

N\ (A (PUZyy, PUZs4) A (PUZ5,, VY
_ T 33 2,t T 2,t) Vit . AU
- <R07t7p‘/t> < <‘/tSt;PuZ2,t> <V;St,‘/;5t> ) = MO,T’
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where V;** := [(P*' Za,)',0}]’. Note that
T (P“Zyy, P Zay) * <PuZQ,t7‘7tSt> d [ICLl 0 } N
<‘7t8taPuZ2,t> <‘7tst,‘7tst> Kon Koo ’

using Lemma 5 and that K is invertible with probability one, since Ky ; is a random matrix
invertible with probability one and K2 is determinstic and invertible. Here we also use that

consistency of A(f) and B(0), which implies (¢, ;) converges to Var(vy(6p)). Consequently, MgT
converges to a random matrices Mé{oo and is, thus, bounded in probability. It follows that

N RN | N
R = Zos — <<Zo,t,m> (V. Vi) P’DT1> Dy PV,
= Zo — MY DrPV;.
An analogous result holds for R; ; using
R A A\ —1
Mp = (Rua Vi) (Vi Vi) P'DT!,

together with the fact that (R ., Vt> is bounded in probability by the third result in Lemma 5.
For the restricted concentration step consider similarly P°* := diag(P, I,,), D$" := diag(Dr, I,),

Vier (B,) == Vet (B, 0) such that

[P“ 0} [U@”(ﬁo),Vtw(ﬂo» G(ﬁo)]_l {(Pw)’w%x)-l o}

0 I G(8,) 0 0 I
[<D%1Pwvtw<ﬁo>,P%Vt“(ﬁo» D?P”G(ﬁo)]l _ {Hn,T Hm] -
(PG(B,)) 0 Horr Hoor| T

Define V7% (8,) := [(P*' Za.,;)', 0%, (B, Z1+)] and note that

{<D%”P6Wt“(ﬁo),P”V}”(ﬁo» D%””P”G(ﬂo)} — G
(P G(B,)) 0
Kia 0 0
41 Kaa Koo diag(P*t, 1,1, )G(B,) | =G,
(P*G(B,))  (diag(P*", I,4-)G(B,)) 0

where Ko1 and Koz are the limits of (V"*(8,), P*Za,) respectively (V%(8,), Vo™ (8,)).
The matrices Gr are invertible with probability one, due to Lemma 3 and the fact that 3, €
G(r,6,) for 6, corresponding to the true system. The matrix K; 1 is invertible with probability
one due to Lemma 5. The same arguments as in the proof of Lemma 3 imply that the matrix

{ Ko diag(P*, IW)G(ﬂO)]
(diag(PSt,In-s-r)G(ﬂo))/ 0

is also invertible with probability one, since otherwise a vector n such that n'Var(z,z;) = 0 would
occur with positive probability, contradicting the fact that the estimated state space system is
minimal with probability one. Since the true system is also minimal, G is invertible with probability
one and Hr is bounded in probability. For ef(3,) it follows that

=(8.) = Zow — ((Zoa V" (Ba) ) Hin(B) = JH (B.) ) V™ (8.)
= Zoa = ((Zo.as PV (B0)) Hir e — Jdiag((P), 1) Harr) DF PV (8,)

l(PuZ27t)/, (Vtex,st(lao))/y7

= Zot — Mé?T[T
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again with
Mgy = <Zo,t, P‘A/tem(/go)> Hirr — Jdiag((P"), I)Har 1

bounded in probability. The results for RI '+(8,) and ,B(J)Rl +(7(;)) follow analogously. m

Lemma 7 Let 0 denote the pseudo mazximum likelihood estimator as in Proposition 2 and let

Sii = 8:;(8), 5 =0,1, 511(8) := S11(8,0) and SE(B) = SE(B,0) =: SE(8)".
(I) Defining oo := [ou,|®, a6 = [Is, 0] and
Sls = <R1,t71:30,t - doﬁgRLt> = Sélv

the following convergence results hold for the unrestricted concentration approach:
1
T1¢ 81100, b Bw/ W ()W (1) du B,
0
~ 4 ! v
Cl,S1e — Bw/ W (u)(dW (u)) [OS] .
0

(II) For the restricted concentration approach it holds that

Crr ' (B,) = —(Zo, VE*(Bo)) Hi1 (Bo, 0) + JHa1(B,, 0).

is a consistent estimator of Ci. Moreover, the following convergence results hold:
A d 1
T-1¢" §11(8.)Co S B.. / W ()W (u)/ du B,
0
. d ! /I
.8t 4 6. [ W) [5].
0

Let B denote an estimate of the cointegrating space with the property that T(B —B,)=0p(1).

(III) For the unrestricted concentration approach it holds that

o= SOlB(B 5116) ﬁ> do
<Et, >£> Y
(B'S11.08) 718 51055, B @l n,

where & := Ro s — BR1 +.

(IV) For the restricted concentration step, it holds that T(C’Z:R(B) - C'sz(ﬁo)) = 0,(1). More-
over,

(eR(B).28B) B S
~H(CLS11(B,)C, — CLS1(B)CL) B 0,
CLSL(B) — ¢ (REL(B).(8.)) B 0.
Proof: (I) The boundedness of So0, ,8 Sho and ﬁ Sy in probability is a consequence of the

dominating stationary components of RO ¢ and 3. Ry .+ since the remaining terms tend to zero, as
discussed in Lemma 6.
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To derive the limiting distribution of T*ICLS'HCW note that neither stationary nor integrated
components at unit root frequencies other than wy, contained in R; ; are dominant, which is clear

from Lemma 6. Thus, the limit of T’lci,.SA'lle coincides with the limit of

T7CL, ([2C0mt kol s [2CTt ko Jy ) Coo

for which Lemma 5 is applied. For the asymptotics of Cfuglg note that
(CLR1 Roy — ool ) = (CLR1 e ) + (CLBs, Cogy (0)Vil00) = CU (D)ViD))  (B.3)

where C_j, (6,) is the coefficient matrix corresponding to the true parameter vector 6y and

Oy = {Zos — 6B, 21,1 VD)) (0. V(D))

is a consistent estimator for C_g,(6,). Here the last term in (B.3) is op(1) as

€y (0:)Vi(8) = €Y Vilh) = ST (0) = K (0)(1 = L9)ys1- + (Cosy () = €Y%, ) V)

Jj=0

where T"(K; (65) — K, (0)) — 0 for v < 0.5 (in fact ||[K; (6s) — Kj_(é)H < pp |0, — 0] for some

] ~
0 < p < 1 uniformly in a small enough neighborhood of 6,) and V;() and (1 — L){y;}+ez are
stationary. Then the result follows by application of Lemma 5.

(II) To see that C’;:’R(,Bo) is consistent, consider first the OLS estimator é,i:’U(,Bo) in the ex-
panded SSECM without taking the restrictions between C and Iy, £k = 1,...,S into account. It

bolds that Ci." (8,) = (Zo.e, Vie™ (Ba)) (Ve (B), Vie (B2) ™" if Svv (Bo) = (Ve (8.), Ve (B.)) s
invertible. Since k(z,0) converges to the true transfer function and the OLS estimator O;:’U(ﬁo)
at the true parameter value 6, is consistent, it holds that also C’Z:U(ﬁo) is consistent. Includ-
ing linear restrictions of the form C,‘ijG(,@O,G) = J, the corresponding restricted least squares

estimator C’zf’R(,Bo) can be written as
Crn(B,) = Ci " (Bo)
N A PN ~\ 1 A A
— (G5 (B)G(B,:8) = 1) (G(8o0) Svv(B,) 7 G (8o 0))  G(Bo,0)' Sy (B,) ™,

if Sy (3,) is invertible. Note that (C’Ef’R(ﬁo)G(Bo,é) —J) = 0p(1). Thus, C’;f’R(,BO) is con-
sistent. Slight adaptations of the arguments show consistency of CA';;”’R(,GO) also in the case of

non-invertible Sy (3,).

The derivation of the limiting distribution of T-1C’,511(8,)C, follows analogously to the re-
stricted approach, noting again that T ([2Ck, ¢ ko v+ [2Cko Tt ,k)w ) is the dominant term due to
Lemma 6(II) and applying Lemma 5. For the last result consider

ER(B,) = et + CLZ(0o) VI (Bo, o) — Cy2 (B ViE“ (8o, 0),

where Cp7 (6p) is the coefficient matrix corresponding to the true parameter vector fy. As in the
unrestricted concentration approach we find

CEZ(0)ViE™ (Bo, 00) — C12 T (B,) ViR (B, 0)
t—2

= 3 (K] (0 K5 0)(1 Loy + (CE2(0) = CE T (84)) Vi (8..6),
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where C’;gj(é) is the coefficient matrix corresponding to 6 and, thus, a consistent estimator for
Cgr(0,). Since {B,Z1,}1en is stationary and 0 is consistent, Cﬁf(é) — C';j’R(ﬁo) = 0,(1) follows,
such that the limits of C&(ﬁft(ﬁ ),2R(8,)) and Ci,(f%ft(ﬁo),eﬁ coincide and Lemma 5 is appli-
cable.

(IIT) For the first result, note that B/SHO = (,@ - ﬁo)’CwCZJSHO + 8.5 and BISH = (B -
B.)C.C. 511 + B.511. Applying the results from (I) for the different parts, it follows that both
matrices are bounded in probability. The convergence of & and (£;,&;) to &, and ¥ follows
from T(3 — B,) = O,(1), the consistency of k(z,) and the consistency of the OLS estima-
tor for the true Rp:(6,) and BLR1(6,). Similarly, the limits of (B’S«H’OB)AB’S«NS&; and
(5g5117050)—1ﬂ;5103&)1 coincide, where the latter converges to &,X~! due to Johansen and
Schaumburg (1999, Lemma 8).

(IV) For the restricted concentration approach note that T(8 — 8,) = O,(1) implies

[(Z0. Vi (8.0)) = (202, ViE#(8,,0)) | = 0p( )

and

"(B.0)) G<B0,9>] {Wm(ﬁo,(gmve;(ﬁo, 0) G(ﬁoo,é)wzop@l)’

Cbn-o-

H {<Vt”(~ 0,V

(8,0)
using G(B,0) = G(B,.0) + O,(T7), B(Z1.,Vi(0)) = BL(Z1.,Vi(B)) + Op(T~1), due to the
stochastic boundedness of (Z; ,, Vi(6)), and

BZ14, 700) B =B (214, 714) Bo + (B — Bo)'CCly (Z1 4y Z14) Bo
3-8.)+

+ B, (Z1 4, Z ) éwcl (B -
=BL{Z14,Z14) Bo + Op(T™H).

(B~ B.,) CuCly (Z14, Z14) CuCL(B — B,)

It follows also that Hi,(3,6) = Hi1(Bs,0)+0,(T~1) and Hz (B, 60) = Ha (B,,0)+O0,(T1). The
definition of CA';:’R(,BO) then implies that T(C’;:’R(,B) — C’Z:’R(,@O)) is bounded in probability.
For ¢[(B) it holds that

E(B) = l(B) - ef(B,) +£8(B,)
= Gy BVER(B,0) + Ci R (BL)VE (B, 0) + £14(B,)

= (CE B + Crr R (B0)) ViR (B.6) + G2 (8,) (Vi (B, 6) — View(B,0) ) + 218,

The only non-zero component in Vf“"(,@o,é) — Vt”(,é,é) is (B — B,)CuZy t, such that the inte-
grated component C,Z; ; is multiplied by (,é —B,) = O,(T~1). Thus, the dominant component in
(eR(B),el(B)) is (e5(B,),1(B,)), which converges to ¥ due to the arguments in (II). The other
convergence results follow similarly. m

B.4 Proof of Theorem 7

We use the notation [O]®, where C is a complex valued matrix, to denote the corresponding real
R(C) -I(C)
() R(C)

For the proof below we define an operator that adjusts a matrix to have complex structure.

valued matrix of the form [ } Such matrices are said to have complex structure.
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Definition 17 We define the following mapping for a general matriz M € R***2;

(M]C = L (M — i LR M- II]R) .

Matrices N € R**20 satisfying N = [N]® have complex structure.

Note that tr (M) = tr ([M]%) and for all N € R2*2™ of complex structure it holds that
[MN]® = [M]®N.

(I) Asymptotic distribution of 3
The proof follows loosely the ideas of Johansen and Schaumburg (1999). Consider first the unre-
stricted concentration approach, then the concentrated pseudo log-likelihood function up to
a constant is given by

Tlo |ﬁl$’11,0/6|

2LET:I:’R(@ é) = 3 = —Tlog |5A'00\

11 ‘
= 7T10g |I — (,@lgll,@)ilﬁlglogo_olg()lﬂ| — Tlog |SO()|,

where ﬁ’é‘ooﬁ and (ﬁ’.SA'OOB)’l are bounded in probability for every 3, since the dominant com-
ponents in Ry are stationary due to Lemma 6. For each 3, furthermore, standard arguments
show that 3’ 510500 5015 converges in distribution for every 8. Now let 3 denote a maximizer of
Lr(3, 9) for given 0 and let I, = Po + P denote the decomposition of the identity into the pro-

jection onto the column space of C,, and the orthocomplement (the space spanned by the columns
of B,). Then

B/gnﬁ = B/PCSHPCB + B/chulﬂa + ,B/PLSIIPCB + BIPLgupL,B,

where P J_§11P ) converges in probability, PJ_S’HPC converges in distribution and PCSHPC /T
converges in distribution to an almost surely non-singular matrix.

It follows that ﬁ/PC — 0 is necessary for the first term to remain bounded. This implies that
the second and third term tend to zero. The first term dominates the second and third term, if
18 PC||2T dominates ||3 Pc|| In such a situation the criterion function is smaller for P, 3 than
for @ which, hence, cannot be a maximizer. This implies that TPcB remains bounded. This
shows that the normalized estimator 3 fulfills T(8 — 3,) = Op(1) as assumed in Lemma 7(IIT).
Next differentiating L7 as a function of 8 we find the first order conditions to be fulfilled by the
estimator B3, compare (33) of Johansen and Schaumburg (1999):

1A N r s C
0=[(8818) 851 — (B'S11.08) 1B 11| (B.4)
~/ A P ~/ A PP S SR VA ~/ A C
= [(8'811.08) 7" ((B'511.08)(B'$1B)'8'S11 - B'S110) |
~/ A ~_1a'a a1 (a4 A mala 15 A C
= [(B'81108)718'$10505" (So1 — 501B(B'518) 1851 )| -
The above is equivalent to
P . C
((8'811.08)7 8 S10850" (0, Fori )] =0 (B.5)
P R C
and implies [(ﬁ/Snyoﬁ)*lﬁ/SwS&l <ét, R17t> Cw] = 0. We first find the weak limit for the above
matrix before it is complexified. From Lemma 7 we have (B/S’H}OB)_IB/S’NSSJ LA a’/ ¥, Since

<5t, Rl,t> =S + (6 —@)B'S11 — @B — B.) i
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we find
(8 Ri) Co = 81— &(B = B.) CuClS11Cu + 0p(1).
Thus, the whole term considered in (B.4) can be written as
N ~ N C
[dgz—l (Sdcw — a8 - ﬂo)’CwC[dSqu) + oP(l)}

and for its weak limit it holds that

1 1 C
{0722‘1 ((IS,O)/ (dW)F’—aoBgo/ FF’duﬂ =0,
0 0

where F = B,W and B, is the weak limit of TC/,(8—3,). Since B’ fol FF'du and fol (dW)F’
have complex structure, the first order conditions then imply

1 1
[dgE“(IS,O)]C/ (dW)F/:[angldo]‘CBgo/ FF'du
0 0

where [@,271(1,,0)]° = 2o, 27" and [3,57140])C = tal = a, with

=[s Y

Bo = (/OlFF’du>_1/01F(dV’),

where V = (o, X o) lal X7 IW.
From Lemma 4 it follows that for the restricted concentration approach the concentrated
pseudo log-likelihood function is given by

This shows

25 R(8,60) = —Tlog |(1(8),27(8))|
= —Tlog ’<gt’ &) + fLy(,Y’NT’)’)*l'y/ﬂ/’

— —Tlog|%| — Tlog |I, + STy (v Npvy) ' A/TT

using orthogonality of &, := e55(f) to &, := x,(f), and the notation II := Hfos(é), 3= (&, &)
and Ny := Eﬂ,fo (0) (&4, 2¢) " Eﬂ,fo (0). Tt holds that v'SE (8)~ is equal to (v Npv)~* for every full
rank matrix v = [7]%, v € C*(5=7) | satisfying 4/3 = 0, with 8 € G(r, 0).

The pseudo log-likelihood function is maximized if the term

~ /)

Ar(v) :=log |I, + STy (v Npy) 'y/'TT

is minimized by 4 corresponding to 3%. Note that by Lemma 6(IT) and Lemma 7(II) || (C,SE.C,,) ||
is in O, (T~1), while ||,6"(j)5’ﬁﬁ(j)|| is bounded for j = 1,...,r, which also translate to analogous
results for N, such that [|C,NzC,| = O,(T~1) and |8, Nz B,]| is bounded in probability. Using
similar arguments, ||TIC,|| = O,(T~1) and I8, || = 0O,(1). Lemma 7(I) implies ||[Ar(Cy)|l is in
O,(T~1) at the true value C,, and, therefore, also at the optimum. From this again follows that
T PoB" must remain bounded, using similar arguments as discussed above for the unrestricted
concentration approach. Thus, the estimator 3% also satisfied T(BR —B,) = Op(1) as assumed
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in Lemma 7(IV).
Further transformation of L5 (3, 6) leads to

g (R(8). (B —Tlog (15T DN
Tlog |(¢(8).¢{(8))| = —Tlog <|Z||7/(NT+MT)7|>

with My = 'S '11. Optimizing the pseudo log-likelihood over 7 leads to the FOC at the
optimum C,, (normalized as 3 using the true C,, i. ., for a maximizer C, define C,, := C,, (CIC) L
with C, := C,(C,C)™ 1)
S o - . o . . 1C
= {(CL(NT + MT)Cw)ilc:u(NT + MT) — (CLNTCw)ilchT}
N o - o . . \7C
— |(CL(N + Ni7)C) ™ (CLNEr — CLNIZCo(CL N2 C) ' Cuir) |
Further, rewrite the second factor using
CZ,MT — CZ,MTCL(éLNTCFHw)iléwNT
~ Al A N ~ Al A ~ o~ ~ ~ _ A~ ~ N R o — N
= CLII ST — CLX S7'TC, (C, BY, (0)' (&4, &)~ BY, (0)C.)~'CLBY (0) (i, 24) " B (0)
—CHS M- O (¢ - C(C.)BE ()

with ?’:z CS5(0) Aand I = C’(éw)ﬁﬂ,fo () — [L,,0]. Multiplying B from the right, and using
n :=I1I83 and & := II3,, the above FOC imply

[(@;WT G (€ - cw)’ﬁoa/ila} T [ (CLWr + 31y, L' a] ’

Note that C{uﬂ/ is equal to (C/,SE(8,)C.,)"'C SE(B,), i.e., the OLS estimator in the reduced
model of the restricted approach and recall the identity (C/, NTC )~1 = ' SE(B)C,,. Therefore,

¢! MyC,,, which is O,(T~2) due to C,II being O,(T~1), is dominated by € NyC,,, which is
0,(T~1). Using also T~'C,SE (B)C., = T~'C.,SE (B)C., + 0,(1), thus,
~ A -~ ~ ~ C
(T71CL8R(BIC.)T(C. — CY Ba/ S
= |- (TSR BT LR (BIC.) ™ (CLtni(8,),61(8:) ) 57|+ 0,(1),

converges to
! 5 C ! C
(/ FF'du) T(C, —C.) By [dgE_ldo] = —/ F(dW/) [Z_ldo] ,
0 0

such that the limit of T(C.,—C..)'8, is — ( f, FF'du) Ji' F(AV"). Finally it holds that TC.,(3—
B,) = —T(C, — C,)'Bo + O, (T~1), which finishes the proof also for the restricted approach.

(IT) Distribution of pseudo likelihood ratio test for § = b:
To shorten notation, define [C’f"k0 (B), éR(@)] = (Zo., Vi¥(B,0))H11(8, 0) + JH21 (83, 0) such that
EF(B) = Zoy — a™(B)B' Z1,s — CF, (B)Vi(0). The test statistic is then equal to

215" (B",0) = 2L57"(b,0) = ~Tlog \<éﬁ<b> £F(b) <55<BR> ER(B™))|
),21(0)) " (31, 2f(B)) + (£(0).8,) + (61, 6))
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where 0, := £8(3%) — E(b), such that

8, = (@"(B)b — a®(B™)(B%)) 21 + (CFy, (b) — CF, (B™))Vi(6)
— (@R(b) — GR(AM)Y 21 — GR(BR)BE — bYCuCl Z1y + (O, (b) — CF (B)VA(D).
Note also that (3% — b) in O,,(T*I) under the null hypothesis implies (&%(b) — &®(8%)) and

(C’R (b) (ﬁR)) in O,(T~1), due to Lemma 7(IV). Note that (CA’f’ (b) — CA’kaO(ﬁR)) in
OP(T 1) can be *bounded even further using

EF(B™) — e (6) = ((Zoa, Ve (B™)) Ha (B) — T Han (B™)) <D?P”>-1[1<Puzz S (VS (B
— ({20 V) Ha(b) = TH21(B)) (D5 P) 7 [ (P 2o (V7 (0) )
= MU (B o (P 20, (V57 (B))Y = MER(B) (P Za0) s (57 (B)) ).

Since (M(fT(BR) - MOI?T(b)) is in O,(T1), for the coefficient of the component (P“Zs ) in & it
holds that

(C,(6) — CT (B™) P [Issozf ] — 0,(T2).

Thus, the dominant component in &; is @**(8%)(8% — b)'C,,C.,Z1 ;. Expanding the likelihood and
extracting the dominant components leads to

2L (BR, ) — 2057 (b, 6)
= Ttr [<ét<b>7ét<b>>*1 (30, 0(B)) + (£4(B), 1) + (31, 60))| + 0p(1)

- [(6(b), 20(0) 7 67(BT) (T(B" ~ bY€) (€L 200,44(0))]
+tr [(eu(b), (b)) ! (2b),CLZ10) (TCL(BT — b)) aP(5)
[ a5 (15" - vyc, ) CBEEED (e, 5 - b)) an(5 |
+ op(1)

Application of the respective convergence results then implies

~ A ~ 1 1 _1 1
2L R (BR6) — 2055 (b, 0) B tr ((dgzldo)/o (AV)F’ </O FF/dU) /OF(dV)’>.

Now notice that conditional upon F' the matrix fol (dV)F' is Gaussian with mean zero and con-

ditional variance (&,X"1a,) ™! ® fol FF'du, such that conditionally on F the statistic is x? with
2r(p — r) degrees of freedom. Consequently, this result also holds marginally.

Under the null hypothesis the above asymptotic result holds for both éf;“ and éﬁ’l as defined in the
Theorem. Finally,

2 (Lt (BR(0h), 60) — LT (b, 65
<2 (L) - Lr(@)) < 2 (L& (B 05),05) - LT (b,05))

implies that 2 (LT(QAZ"") - LT(éZ)) follows the same distribution.

For the unrestricted concentration approach consider the expansion of LeTx’U(ﬁo,é) around its
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minimizer B (where, thus, the first derivative is zero). The second order approximation of
QL;I’U(B,H) - 2L§I’U(b, #) equals the difference between two terms, compare Johansen (1996,
Lemma A.8). The first term is equal to

Ttr ((B'51B)™ (B - B.) (S — 51uB(B'$1B) B '$1)(B - B.))
=Ttr ((B51B) 7 (B~ B.)51(B - B.)) +0p(T)
and the second term reduces to
Ttr ((B'51108)7 (B = B.) (5110 — $11.0B(B S11.08) ™8 S11.0)(B - B.))
=Ttr ((B'5108)7 (B - B.)Sn(B - Bo)) + Op(T 7).

Combining the results and using Johansen and Schaumburg (1999, Lemma 8), which implies that

~/ A

(ﬁ 511,0,8)_1 - (BISHB)_I ﬁ> dgz‘ldo
we find
2L5%(83,0) — 2L (b,0) = Ttr ((54;2_1540)(3 —B.)'S11(8 — 50)) +0,(T71).

From the previous convergence results we find that the limit of the above expression is given by

-1

1 1 1
tr | (LX) / (dV)F’ ( FF’du> F@v)|.
0 0 0
From here the proof proceeds as for the restricted concentration approach.

(II1) Distribution of pseudo likelihood ratio test for linear hypotheses on
The developments for this pseudo likelihood ratio test are similar to the proof of Johansen (1996,
Theorem 13.10.) and, hence, omitted.

B.5 Proof of Theorem 8

(I) No deterministics
The rank test statistic for the unrestricted approach in this case is given by

210g QU(H (ru)/ H(5)|0) = —Tlog 121118 S11.08l
|S11,0]18 S118]

Using the identity
118, C)I1S11.,0/1[8, Cu)'| = 118, Cu) S11,0[8, Cu)'|
= |~/§11,OB|\éL(§11,0 - Sll,OB(BISU,OB)7135'11,0)519|
: |B/311,OB‘|6L311’0Béw|

and a similar one for the matrix 5’11, we find

—21og QF (H(ry)/H(s)|0) = —T log
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For the restricted approach we have

~2log QF(H (r,)/H(5)|6) = =T (log | (£1(B™), e (B™) )| — log | (1 (120). £ (120)])

. SRV N..CR .
= —Tlog | |3 (G ) NrCy] +log |3,
|(CE) (Nt + Mr)CE|

compare the proof of Theorem 7. Using again the identities of Lemma 4 it follows that

Iy, + ST(BMHSISE(BR)((CFY ST (BR)CE)~
|%<é§>'éﬁ,o(ﬁR>?5|
| L (CEYSE(BR)CE|

—2log QR (H(r.,)/H(s)|0) = Tlog

= —Tlog

with S ((B%) := SE(B%) — SE(BR)2~1SE (B%), analogous to the unrestricted approach.
For the unrestricted approach, it follows from Lemma 7

1
T_lcz;gll’f-]éw = T_lé‘i,(gll - Slllé(,é/gu,é)_l,élgll)éw = T_léijguéw + Op(l) —d> / FF'du
0

and the same result holds for Cl/us’n,oééw as well as for (CR)'SE (BR)CE and (éf)’gﬁo(ﬁR)éf.
Thus, the ratio in the above expression tends to 1 for both the restricted and the unrestricted
approach.

Expanding the test statistic of the unrestricted approach leads to

—21ogQ¥(H(rw)/H(s)\é):tr<(T_1 190, 3C)71CL5, BS—O{BSOLBCLU)JFOP(U,

where 8y, 5 := 800 — 5018 (B'$118) "B S10 = (£¢, &) converges to T and
€815+ = CLlS10 = SuB(B'S1B) B S10)

= C, 810 — C,,SuBa’

=, (R =C,81. — CLSu (B~ B + 0p(1).
Similarly, for the restricted concentration approach it holds that
~210g Q(H(ro)/H(5)|6) = tx (( NCRYST(BMEE) T (CRY SIS S (BNE ) +0,(1).
Further,

(CRYSR(B™) = (CRY (Rii(B™), £R(B,)) — (CRY (B (BR).£1(8,) - (B )
= (CBY (R1a(B™). 2 (B.)) = (CBY (R14(B), 6™ (B™) (B = B.) Cull it )+ 0,(1),

where the ¢F(3,) — &} (,BR) is treated as J; in the proof of Theorem 7(II).
Note that C respectively (CR) can be replaced by C/, without changing the limit. From Theorem 7
the random matrices C/ SlO 5 and (CEY SR (BR) converge to

[ o] s o
:/O FAW')(Ins — = oo (@, ) L)) [{)]

= /01 FAW)a((a)S  ar)  ay)'S m ,
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where M is given by

M=a,((@)Sal) (a)S m 1 m S (a)Sa) ay)

such that
(M) = %aJ_((OLJ_)/EaJ_)il(ai_)/zz_lzai_((ai_)/zai_)il(al)/ = %O‘L((O‘L)/EO‘L)*I(O‘L)/-

The asymptotic distribution for both the restricted and the unrestricted approach is then given
by

—21og QY.(H (ry)/H(s)

—2logQ$(H(rw)/H(s)||§; }gtr [(/IFF,du>_l/lF(dW’) M/l(dW)FI]
K/ FF’du> / F(AW') M / (dW)F ]

_ % r [/Ol(dB)B’ (/01 BB’du) /01 B(dB’)] ,
where B = (o, 2oy )~ '/?a/, W .

Note that the proof did not use any of the properties of © and, hence, the same asymptotic distri-
bution holds if the assumptions of Proposition 2 are fulfilled. In general only consistent estimation
of (4, B) is needed.

These arguments show that the rank tests based on the SSECM lead to the well-known distribu-
tions. Finally also the pseudo likelihood ratio rank test is investigated. Recall é;“ and 6, denoting
the maximum of the pseudo log-likelihood function over the set of all systems with cointegrating
rank of r = s — ¢ for unit root frequency wg and the maximum over all stable systems respectively.
Then the following relations hold:

L;IR(BR(én)vén) < LT(é%’w) < L;z’R(IQSvéZ’w) < LT(én)

The first inequality holds since éf;‘” maximizes the pseudo log-likelihood function over all systems
with the specified structure. The second inequality holds because dropping the rank restriction
can only increase the pseudo log-likelihood function. And the last holds due to 6, being the
maximizer over all systems of order n. These inequalities imply

~2log QF(H(r)/H(s).03*) = ~2 (L (05%) — L5 " (12 05))
2 (Lr(05) - Lr(Bn))
< =2 (LF (B (0n),0n) — Lr(0n)) = ~210g QF(H (1)/H(5), 61).

The evaluations above show that the limit of the left hand side and the one of the right hand side
coincide. Thus, the bounds imply that also the pseudo likelihood ratio in the middle converges to
the same limit. Moreover, also the essential term in these expressions is identical such that not
only the limit is the same but in fact under the null hypothesis the difference of the test statistics
converges to zero.

Note, furthermore, that for the test at one unit root the specification at the other unit roots does

IN

A
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not influence the limiting distribution under the null hypothesis.

(IT) Including deterministics

The derivation of the asymptotic distribution of the various rank test statistics proceeds analo-
gously and is, therefore, only briefly sketched here. The necessary adjustments are the inclusion
of the deterministic term. Thus, define

Bp = [Bo]%,  Bp = Bk,
IBD,O = [BD,O]Ra B'Dp = [ﬁ]lgo,o7gl/co7o]/a
28, = [[(XY 50 )' 12

[

t B)
‘/;D(e) = ‘/t(e)v ([st,1]§),7 RRE) ([St,ko—l}§)/7 ([St,ko-i-l]]f)lv ) ([St,g]lgi)/a t]'
From this, Ro t»R1 T S'ﬁ, 5'12 and ﬁD can be derived. Moreover, define
c Biyo] "
or[n] - fi]

with ¢ chosen such that 85 ,Cp = 0.
For the restricted approach define V,>**(8p,0) = [V;P(0)’, (BpZT,)')'. Using the blocks of the
inverse matrix of interest

[Hﬁ(ﬁp,m Hl’é(ﬁp,o)} _ {<V?’”(6D,9>,VZJ’”(ﬂD,e» Gpwp,e)}l
H3(Bp,0) HL(Bp.0) Gp(Bp,0) 0 ’

with Gp(B8p,0) defined accordingly by replacing 8 with Bp. Define the subblocks Hg; 1 corre-
sponding to the block [Iy, 0] + &y of J(&y) and HJ] 4(Bp,0) corresponding to I* of H} (8p,9),
and define

e (Bp,0) i= Zoa — ({Zo., VP (Bp,0)) HE(Bp.0) = JO)HR (Bp,0)) VP (Bp, ),
R (Bp,0) =28, — ({28, VD" (Bp, 6)) HR(Bp,0) + HE 1(8p,0)) V> " (B, 6),
which are then used to define
SB"(8p) == (R (Bp, 0), RY;"(Bp.0) )
ST (Bp) = (RY (B, 0),7 (8. 0) )

for given 6. For these the following lemma holds.

Lemma 8 Let {y;}icz be a seasonally integrated MFI(1) process generated according to the as-
sumptions stated in Assumption 1, and assume the true order n is known. Let 0 be the PML
estimator over a suitable parameter space © fulfilling the requirements of Proposition 2. The
following convergence results hold:

1chﬁcD

1C/ (/6D o)
C’ S d / Is

Sm(ﬁpo) }% BD/O H () (dW (u)) M

where H = [%((Wl +iWs), 1)|® and Wy and Wy are two independent s-dimensional Brownian

4 BD/ H(u)H (u) du Bp
CD

motions with variance 3.

From here the derivation follows closely the arguments presented in the proof of the case without
deterministic terms, with the dominant component in Cj, RT; equal to [((2Cky,0%t,k,)’, 2T 2ce s} 1. )'I%.
The asymptotic results of Theorem 8(II) are then a consequence of applying Lemma 8 on the dom-
inant components of the expansion of the pseudo likelihood ratio test statistics.
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Appendix C

Appendix to Chapter 3

C.1 SSECM

Proof of Theorem 9: Consider a state space system (A, B, C), with A\jmax|(A) < 1, Ajmax| (4) <
land Iy — A= I, — (A — BC) invertible. The corresponding transfer function is equal to k(z) =
Is+2C(1,—2A)~! B, while the inverse transfer function is given by k=1(2) = I;—2C(I,—2A) "' B.
Consider the power series

k' (2) = A%(2)[, — Tz = TA(2)z — C(I, — A)2A> Y~ A" 'BA*(2)2™,

m=1
with Il = —I, +C(I, — A)"'Band I' = —I, — C(I,, — A)"2AB, which equals k~1(2) as shown in
what follows: for m > 2 the m-th power series coefficient can be calculated as

f(;l = _C([n —A)_QAQ(Am_l _ QAm_l_l +Am_2_1)B
=—C(I, - A)*(I, - A?A™"'B=-CA"'B=K,

as required. For m = 0, 1,2 it holds that

Ky =1,

Ky =-2I,+1,—C(I,—A) ™ 'B+1,+C(I, - A)2AB - C(I, — A)"2A’B
= -CB,

Ky =1I,—I,—C(I, — A)72AB + 2C(I,, — A)"2A?’B - C(I, — A)"2A°B
= —CAB.

Thus, for t >0 and yg =y_1 =0
t—1 t—1
> Kpfiom = AL =1 —TAj_y — C(I, — A)2A> Y~ A" ' BA*j_,
m=0 m=1

The representation then follows from setting

t—1
v = (I, — A)2A* Y AT BARG vy =10

m=1

With respect to deterministics note that for the constant we obtain

t—1 e’}
Y Kpd=kT'(1)d— > K,d
m=0 m=t

= -Md+CA" (I, — A)"'Bd.
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For the linear trend we obtain

X_:ane(t —m) = Z K e(t—m)— Z K, e(t—m)
m=0 m=0 m=t

= —Tet + (T —T)e + CA™! Z A" "'Be(m —t)
m=t

—Tle(t —1) —Te+ CA"™ (I, — A)"2Be — CA" (I, — A)"!Be.

The above terms with factor CA'™! are included in the SSECM through the starting value v;. m

C.2 PML Estimator

C.2.1 Preliminaries

The proof of consistency of the PML estimator for I(2) processes reiterates the arguments in the
analogous proof in the MFI(1) case given in de Matos Ribeiro et al. (2020). To make the proof
more readable we recount it almost literally, as focusing the discussion only on the differences of
the proves would necessitate the reader to have both articles at hand.

The main ideas follow a similar line of thought as illustrated in the example given in Saikkonen
(1995, Section 5). The key property in Saikkonen’s work is the continuous convergence of certain
quantities, which has also been developed in Saikkonen (1993). Instead of Saikkonen’s Condition
3.1. (compare Saikkonen (1993, p. 160)) we will use the following uniform equicontinuity condition,
that is later shown to hold for the required quantities:

Condition 1 (USE - Uniform Stochastic Equicontinuity) A sequence X,,(0), 0 € © is said
to fulfill Condition USE, if for every sequence 0, — 6 and every € > 0,6 > 0 and n > 0 there
exists an integer n(e,1,0) such that P{sup,c (g, o) | Xn(t) — X0 (0n)[| > €} <nd for n > n(e,n,d).

This condition ensures that the convergence is uniformly in the parameter space. For a compact
space one obtains the following consequence, compare de Matos Ribeiro et al. (2020, Lemma 2):

Lemma 9 Assume that X;(0), 0 € © fulfills Condition USE, where © is compact. Further
assume that for each fized § € O the sequence X;(0) — 0 in probability for j — oo. Then
Supgece X;(0) — 0 in probability for j — oco.

For the readers convenience we list the relevant convergence results from Lemma 1 of Sims et al.

(1990).

Lemma 10 Let {;}1en be a martingale difference sequence satisfying E(ei|Fi—1) = 0, E(eie}) =

E(eiel| Fio1) = 2o > 0 and E(||e¢||*) < co. Further let W (u) denote the weak limit of T—/2 ZP:{] Et,

where [Tu] denotes the integer part of Tu, such that W (u) is a Brownian motion with variance
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Yo. Then
(i) (Zisiene) 4 W)W (wy
(i1 T (S e i) 4/ W)W () du

(iii) <2 sj,st> LA /01

() T (T i e i 1ej> =

[ |
) (S S e S Y ) i/ol OUW(v)dv /OuW(v)dv> du
(vi) TV2(1,¢,) i/ol 1AW (1)

(vii) T4/ <1, Sisier) 4 / W () du
(viii) - 3/2<1 DD Do 153> &/01( Ou W(v)dv)/du
(iz) T-12(t,e,) 4| wdW (w)

(x) T <t7z§;i aj> 4 [ W ) du

(xi) T-5/2 <t pOpD Doh j> 4 01u< Ou W(v)dv)ldu

In the expressions for the pseudo likelihood function, terms that can be represented as filtered
versions of the observations y; show up, where the filters depend upon the parameter values.
Thus, it is necessary to understand the convergence properties of estimated sample covariances
of expressions of the form ¢(L,0)x; = Zt Ner 7(0)xi—j, where g(z,0) = 3272, G;(0)27 denotes
a family of stable transfer functions parametrlzed by the parameter Vector 9 and x; is either
integrated of order one, i.e. z; = 22;11 e; or of order two, i.e. x4 = Z . The notation
here somewhat hides the fact that the summation is only performed for t > O or equivalently
x; =0, t <0 is assumed. We will use this notation throughout the appendix. A family of transfer
functions g(z,0), 60 € O is called uniformly stable, if there exist constants C' < 00,0 < p < 1, such
that supgeg ||G;(0)|| < Cp?, i.e. the decay in the transfer function coefficients is exponential and
uniform in the parameter set. For quantities of this form in the following lemma the asymptotic
behavior is clarified and for each of the considered expressions Condition USE is established.
The lemma parallels Theorem 4.2 in Saikkonen (1993, page 167) in which he establishes his
Condition 3.1.

Lemma 11 Let g(2;0) = 372, G;(0)27, k(2;,0) = 372, K;(0)27,0 € © be two uniformly stable
families of rational transfer functions, of finite McMillan degrees less or equal to n, where it
is always assumed that the transfer functions are of the correct dimensions. Let {e;}icz be a
martingale difference sequence fulfilling the assumptions of Lemma 10 with non-singular innovation
variance Y.

The following asymptotic results hold for each fired 6 € ©.

(i) {g(L;0)es, k(L;0)e) — ZT. 0 Gr(0)E. K. (0) in probability.
(9(L; 0)1, k(L; O)er) —
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(ii) (g(L;0) Y12} &, k(L; 0)er)
0) (Jy W ()dW (u)') k(130)' = g(1;0)Sok(030)' + Jim Eg(L; 0)ze-1 (k(L;0)ze)
where g(z;0) = g(1;60) + (1 — 2)§(2;0), k(2; 0) = k(1;0) + (1 — 2)k(2; 6).
(iii) THg(L; 0) 42} 25, k(L5 0) it 5) - 9(1:6) ( fy W)W (w)'du) k(1;6).
(i) {g(L;0)1, k(L;0)1) — g(1;0)k(1;6)".
(v) T=2(g(L;0) 22 ), k(L; 0)1)—g(1;0) (fo )ku;o)'.

(vi) T~ g(Ls O)t, k(L; O)1) — 39(150)k(1:0)'.
T=2(g(L; 0)t, k(= 0)t) — 39(1;0)k(1;0)"

(vid) T=3/2(g(L: 0)t, k(L;0) 't &) 5 g(150) (fo uW ( )du) k(1;6).
(vidi) T=Y2(g(L: 0)t, k(L; 0)es) % g(1;6) (fo wdW ( ))m;o).
(ir) T~ (g(L:0) Yh S5 e ML 0)e0) % g(156) (fo (Jy W (0)dv)aW (u)') k(1;6).
(2) T~2(g(L;0) Sizh K42 2, (L3 0) Dt &) (fo (Jy W (0)dv)W (u)'du) k(1 6).
(wi) T=3(g(L;0) X3y Spot €55 (L 0) S0y S5t o)
(fo (W (v)do) ([ W(v)dv)’du) k(1:6).
(aii) T=3/2(g(L:0) 535 5o &5, k(L)L) 5 9(1:6) (f (' W (v)dv)du) b(1:6)
T5/2(g(L:0) Yy ) 5, k(L:0)t) 5 g(1:0) (Jy (' W (0)dv)udu) k(10).

All sequences in items (i) to (zii) fulfill condition USE.

Proof: For (i)-(viii) compare de Matos Ribeiro et al. (2020, Lemma 4). The proof rests upon the
results established in Lemma 10.

Decompose g(z;6) = g(1;0) + (1 — 2)g(z; 0), where the assumed uniform stability of g(z; ) implies
that also g(z;0) = 372, G;(0)27 is a uniformly stable family of transfer functions. Using the
decomposition we obtain:

g(L;0) Yy Yt e :zi‘ém)z
9(1;0) 31 i_ s]+g< ><z e =AY )
9(1;0) Zk:l 165 +3(L; )Z &j

for t € N. Then item (ix) follows from

<ZZ ﬂZJ 1655 (L'9)€t>
TN T s M1 0)2) + T (0T 0 &5 ML; 0)(1 = L)ey).
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The first term converges to fol W (u)dW (u)" k(1;0)" according to Lemma 10. The second term is
equal to

T
- QZ[Z j= 153( (L;0)er) E j= 1 J( (L;0)es—1)
t=1 - N
=172 Y [ SISt e - S S ] ((Li0)=) + op(1)
e
—T2 Z E(L;0)e:) + op(1),

where the op(1) term is due to T2 Z Zk_l i(k(L;0)er)’. This term converges to zero due

to (ii). Combining this with pre-multiplication of 22—211 k ! 1 €5 with g(1;0) then delivers the
result. Item (x) and (xi) can be shown using the same approach The proof of (xii) follows from

g(L;0)1 = 3170 G(0)1 = Y120 G5(0) = g(1;0) + o(1),

where the o(1) term is of order O(p'), and

g(L;0)t =S4 G500t = §) = (Zi20 G(0)) t = 4G4 (0)
=9(1;0)t — g"(1;0) - (Z?it GJ(O)) t 42220 0G5(0),

where g*(2) = Z;’;l jG;(0)z2 1. The difference of g(L; 0)t and g(1;0)t—g*(1;0) is of order O(tp").
The result then follows from Lemma 10.

The fulfillment of Condition USE for the sequences considered in (ix) to (xii) is left to be shown,
but proceeds as for the other terms. The difference for two parameter vectors (remembering that
Condition USE is concerned with the behavior for 6,, — 6) can be decomposed in two parts: One
part depends only upon the parameter vectors but not on &;, for which convergence to zero follows
immediately due to continuity of the parametrization. The other part can be bounded by the esti-
mation error from estimating sample covariances. Consider, e.g., g(1; ) <ZZ_:11 ;:11 gj,e0)k(1;0),
which is the product of three terms. Of these three terms, two are deterministic and depend con-
tinuously on the parameter vector, the third term is stochastic and independent of the parameter
vector. This finishes the proof of the Lemma. m

Lemma 12 Let the 1(2) process {y: }icz be generated as in Theorem 10. Define the pseudo like-
lihood function and the prediction error criterion function

Lper(0,0,d,e;Yr) = Lpgr(k(z;0),0,d,e;Yr),

where k(z;0) = w(A(0),B(0),C(0)). Assume that the pseudo likelihood function Lp is mazimized
for given multi-index T' over the parameters § € Or, o € Oy, (d,e) € Op, where all sets are
compact such that infsecoy, Amin(X) > 0, sUDpeor Ajmad (A(0)) < 1 and sup(q .)co, (4] + [el]) <
00.

Then

sup |Lr(0,0,d,e;Yr) — Lppr(0,0,d,e;Y7)| = O(Téfl)
0€®r,(d,e)€EOp,c€EOy

for every e > 0. The same holds for the difference in the first and second derivatives.

The proof proceeds as in the MFI(1) case, compare de Matos Ribeiro et al. (2020, Lemma 5).
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C.2.2 Proof of Consistency
Consider a state space system given by:
ye = C1xy1 + Cowy o + Caxy 3 + Coy 0 + €1 + Dy,
Tit11 = X1 + T2+ Biey, x11 =0,
Tiq1,2 = xe 2 + Bagy, w12 =0,
Ti41,3 = x¢ 3+ Bsey, w13 =0,
Tt41,0 = ont,o + Bo«xt,oa T1,e = Z;io A‘ZBtslfja

Let P, := C1C} and P, := I; — P, denote the projection onto the column space of C; and its
ortho-complement respectively. Then with D; = Ds;, with D := [d, e] and s; = [1,¢]’, we find that

Yo —Dr i = (PLA + P11 )(y: — Dy)
=C1Az1 + PiICeAxy o + P1Ag; + Cowy o + C3xy 3 + P11Coy o + Pr 16y
=Ci(x4—1,2 + Bier—1 — C1Cext—1,0 — Cler—1) + Coy o + C3xy 3 + Coty e + &4

is the sum of a stationary process with a deterministic part
Dr = (PIA+ P, )Ds; = Ds; — PyDs;_1 = Ds; — P,DS 's; = (D — PLDS™ ") s; =: Ds;.

1

This follows since s; = Ssy—1 for S := [ 0 1

} by construction of the vector s; of deterministics.

Hence, it can be written as
yt = ]%(L)E,'f + DSt,
where the solutions processes to the stationary transfer function k(z) have the representation

Yt — Dsy = Cydigq + Comvy g + Camy 3 + CoZye + €4,

Fiiia 0 1 0 —CC ] T iy Bi—c!
Tgr12 | |0 10 0 Tea | B -
Tt+41,3 o 0 0 I 0 T3 Bg ¢
Title 000 A Tte B

The transfer function k(z) corresponds to process integrated of order one. The zeros are the
eigenvalues of

01 0 —CiCs B, —C

0710 0 B, 3

00 I 0 - BS [Cl C2 CS Co]_A_BC7
0 0 0 A, B

where (A, B,C) denotes the original system in canonical form. Hence, invertibility of k(z) implies
invertibility of k(z). Note that we can further rewrite g; — Ds; as

Jr — Dsy = Ci(—Baeir—1 + Biei—1 — C1Cei—1,6 — Cie1—1) + (C1 + C2) w12 4+ Caxr 3 + CoZt 0 + 1,

where the common I(1)-trends enter the process ¢; — Ds; through the matrix [C; + Cz,Cs]. Thus,
let Py := [Cl +C2,Cg] ([Cl + CQ,Cg]/[Cl + Cg,Cg])_l [Cl +CQ,C3]/ and Py, = I, — P,. It follows that

Ut = (PLA+ Py )y = (PoA + P2L)I;(L)€t +(PA + PlL)Dst = ];:(L)st + Dst-

The transfer function k(2) is stable and D := (D — P,DS™') = D — (P + P,)DS~! + PP, DS 2.
The zeros of k(z) are the eigenvalues of

0 —CiCe Bi—-C 1.5 4 I.— B¢, —BiC. My
H SRR - A R
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where (A, B,C) denotes the system corresponding to k(z) and the I(1) process §; — Ds; in canonical
form. Hence, invertibility of k(z) implies invertibility of l;:(z)

Therefore, the Gaussian likelihood function for Y7 := [y, ..., y%]’ can be calculated using Yz :=
V1, Y5, Us, -, ), which — being a linear invertible transformation of Yr — is also Gaussian dis-
tributed. Note that y; = Cex1,6+1+Ds; and yo = 25:1 CiBje1+Co.e+c2+ Dsy for 1, = 0.
Then —2/T times the Gaussian likelihood function for Y7 equals:

Lr(k, D, %) = % (log |Tr(k, 2)| + (Yr — (Ir ® D)Dy)'Tr(k,£) "' (Yr — (Ir ® D)Dr)’)
= % (log Tz (k, )|+ (Yr — (Ir @ D)D) Tp(k, 2) " (Yp — (Ir ® D)DT)’) 7

where the dependence of the covariance matrix I'; on the transfer function k& or k respectively
and the noise variance ¥ is emphasized, while the influence of the variance of the initial state
diag(0, P (6, 0)) is neglected. Except for the inclusion of y;,ys this is identical to the criterion
function used in Hannan and Deistler (1988, Section 4.2).

The domain of the transfer function % here is defined analogously to the sets © in Hannan and
Deistler (1988, p. 110ff.): Let © C M,, o X P x P12 x D x ¥ equal the product of the set
of marginally stable (having no poles within the closed unit disc) and minimum-phase (no zeros
within the closed unit disc) transfer functions of order smaller or equal to n with the sets P°* and
Pertex (space of projector matrices in R*** with rank equal to ¢; respectively ¢; + o), the set D
(the vectorization of all s x 2 real matrices) and the set X (the set of all s X s symmetric positive
definite matrices). This set is endowed with the product topology of the pointwise topology for
M,, o, with the gap metric for projector matrices and with the Euclidean topology for the two
sets of matrices. Then © denotes the corresponding closure, © C © contains only stable transfer
functions and ©* C © in addition strictly minimum-phase transfer functions without zeros on the
unit circle.

Note that for k(z) as in the theorem it follows that k(z) € M, e (see above). Furthermore, given
P, and P, there is a 1-1 mapping between the k£ and k:

k(z) = (P2A 4 Po) )(PLA + Py )k(2) = k(2) = (PLA + PlJ_)_l(PQA + PQJ_)_lic(Z).

As seen above, under the assumption of stable invertibility of the true transfer function k(z) it
follows that k(z) is stably invertible. It further follows that the parameters for the transfer func-
tion k can be partitioned into a set that parameterizes the column space of C; and [C; + C3,Cs],
relating to P, = Clci and ~P2 = [Cl + CQ,C3]<[61 + 62,03]/[61 + 02,03])_1[01 + 62703}/, and the
remaining ones relating to k. This conforms with the parameterization suggested in Bauer et al.
(2020), which also considers the parameters corresponding to C, and the ones corresponding to
Ce, A, and B separately.

The proof of Theorem 10 is based on slightly adapting (and punctually slightly extending) the ar-
guments of Hannan and Deistler (1988, Section 4.2., p. 110 ff) (called HD henceforth). Therefore,
we also use the notation of HD referring to the quintuple (k, P, Py, D, %) as 6 in this section. As
in HD, Section 4.2. our proof is coordinate independent using only the transfer functions and not
the particular form of their realizations.

The pseudo maximum likelihood estimate 6 is obtained by minimizing Lr(0) = ET(I;, P, Py, D, ¥) =
Lr(k,D,X) over ©.

Now follow the proof of Theorem 4.2.1. of HD. As on p. 112 we define u(t,0) = § —Ds;,t=3,..,T,
where u(l, 0) =1 —Dsl, U(?, 0) = Y2 — (Pl +P2)y1 —[)82 and UT(Q) = {u(t, 9)},5:17.“77“. Note that
here u(1,0) and u(2,6) deviates from the 'regular’ definition ¢ — Dsy = u(l, )— (P14 Po)yo +
PyPiy_1 and s — Dsy = u(2,60) + Py Pyyo. Using this, we define

Lp(0) = T~ log [T (0)] + T~ ur (0) T (6) " ur (6),

where the dependence on 0 = (k, Py, Py, D,¥) is stressed. Here I'p(6) = ~f‘ (k,%). Note that
0

Lr(0) depends on k only via k and, thus, can be seen as a function of § = (INC,Pl,PQ,bj]).
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Consequently maximizing Ly over § € O is equivalent to maximizing the corresponding function

Lr(0) = Lr(0) = T log |[Tr(0)| + T~ ur(0) T () Lur(6)

where 6 = (k, D, ) maps onto § = (k, D, %) = A(6) over the corresponding set 6 =A(0) Co.
Then, using the arguments of HD on p. 112, it follows that LT is finite on © (as k is stable there).
This follows since all entries are bounded and the matrix T'7(6) is non-singular. Consider T'7(f)
in more depth: It is defined as the variance of

(P14 P2)yo — PaPry—

—PyPryo
ur () = Y1,7(0) + 0
0
D (6 Viyi2) Cov(y1,2,Ys,r(0))
= F 0 = ~ 2 ) ) ,
) { Cov(Ys 1(0),y1.2) ()

where Y; 7(0) = [§:(0)— Dst]i—i,... 7. Here y1 2 = [(Cow1,04+1—Ds1), (Cutio,u+Car2,0+e2—Ds2)"]'.
This implies, using the block matrix inversion, that

0
[ 0 Ip_o(0)! } (C.1)
[ 1C£Z(Y3T(9) Yi2) V(@) [ I, —Cou(ya, Var(0)Tr—a(6)~" |,

) Cov(yl 2, Y3 7(0)Tr_2(0)"'Cov(Ysr(A)),y12). Now, for stable 6 it

where V() := Vin

follows that V(60
It follows that

ur(0)Tr(0) tur(0)/T > us.r(0) Tr—2(0) tus.r(9)/T,

where ugz.7 (6 ) {u(6 )}tzg’m’T = fng(é) is used in order to be closer to the notation in HD. Note
that the right hand side term has exactly the same form as the second term of the log-likelihood
dealt with in Chapter 4 of HD. Further, note that the difference between these two terms equals

y1,2,w(é) (é) yl,2,7‘l’(é)/T7

where this equation defines yl’g’ﬂ(é).
It follows that the criterion function to be considered equals

Ly(0) > log |Tp(0)| 4 us.0(0) Tr_o(0) tus.r(0)/T = log [T7(0)| + Qr(6).

In the following, we will use the arguments of HD to deal with these two terms.

The log det term

In this subsection the asymptotic behavior of log |T'7(8)| is investigated. This term is relatively
easy to deal with, since it is not influenced by the data or by D. Using the definitions above, we
obtain

I 0

{ I, —Cov(y1,2,Ysr(0)Tr_2(0)"" } ) {
—Tr_9(0) ' Cov(Ya7(0),y12) I

0 I Ir(

-| e iy |
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Therefore, the determinant is the product of |V, ()| and [T'r_o(6)]. From Vi (8) < V(y1.2) we see
that

1 | 1
TlogdetFT(ﬂ) = Tlog\V O)] + = log\FT 2(0)] < T10g|FT72( )|+ — log\v(yl 2)|-

The behavior of T_110g|1"T 2(0)] follows as in HD, Lemma 4.2.2., p. 116: T~ Hog |Tp—o(0 )| >
log |X| and lim7 o T~ log [T7_2(6 )| = log|E| for § € ©. For 6, — 6y € © — O, such that ko

contains a pole on the unit circle, where 0; € ©, we have log |T'p_(0 )| = 00 a8 Ajpag|(Pe) —+ 00.

For 6 € © we have ~
0 < Vz(0) <V(y12) < oo,

such that limz . T~ " log IT7(0)| = log 2.
For 0; — 6y € © — © we have V;(0;) > Apnin(X)ls, which hence must also hold in the limit.

Consequently in this case 7! log |f‘T(9j)\ — 00. Thus, we obtain the same asymptotic behavior
as in HD.

The quadratic term Qr

The second component of the criterion function is the term

)" tur(6)

Qr(0) =T ur(0)Tr (0
Ve (0) 'y1,2,2(0) + T uger (0)Cr—2(6) ' ug.r(6)

=T" leﬂ(é)
Z T U3 T(é)

using the block matrix inversion. HD define the function Q(6) as the limit of Q7 (on ©*). Here

Q) = 5= [ wl(BSE) ! oSk )
HD add terms related to exogenous inputs potentially including deterministic terms. We will,
however, deal differently with them here.

The next step in HD is crucial for avoiding problems with non-invertible transfer functions in o.
In order to avoid problems with the term involving (kEk )~ due to zeros of k on the unit circle,
in Q(6) for k(z) = N(z)/c(z), HD introduce a regularization term such that

(w3 0) = 2m[c(e™) AN ()N ()" 4+ nI} ' < 2xfe(e™) P{N(e)DN (%)} = [ (),
vn > 0,

as a replacement for (kXk*)~! in the definition of T'p(6). As the covariances are functions of the
spectrum for stationary processes HD state that the covarlance matrix I'r(0) can be written as
T (fy) where fu = kXk*. Moreover they show that for ¢, " > f, it holds that T'r(¢; ") > T'r(fu)
and thus T'r (¢, ")~ < Tp(fu)”", see HD, (4.2.18) on p. 119.

Then HD con51der the regularlzed version
Qr.n(0) == usr(0) Tr_2(¢, ) M user (0)/T < Qr(0) := usr(6) Tr—2(0) uger (6)/T.

Lemma 4.2.3. of HD shows that (i) Qr(f) — Q(6),0 € ©* and (ii) Qr.,(0) — Q,(0) uniformly
in O¢ cyes N © where c1, co denote constants bounding the eigenvalues of 0 < ¢115 < 3 < ¢ol for
0 € Oc,cyc; and c3 bounds the entries of certain matrix polynomials (see HD, p. 118) corresponding
to the transfer functions. These restrictions are sufficient to make O, ,., & compact set.

The intersection with ©, wherein all transfer functions are stable, is not necessary for the argument.
The only place, where stability enters the proof, is in the strict lower bound of P, ; in the first
display on p. 121. However, as O, ¢,c, potentially also contains transfer functions with unit roots,
the arguments also need to extend to the case where P, ;(w) = 0 for some w.
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-1

a0 ) on O e such

The regularization leads to a uniform lower bound of the eigenvalues of I'p(¢
that the inverse can be uniformly bounded.

With respect to the pointwise convergence of QT(G) in our setting we use the arguments of HD.
For easier notation in the following we relabel the sample size by replacing T — 2 with T, start
indexing at ¢ = 3 and using 6 in place of 6 for the remainder of this proof.

The proof of Lemma 4.2.3. proceeds by bounding the spectrum (l~c21~f"‘)*1 below and above by
spectra, P say, corresponding to autoregressive processes with lag length M. This is possible for
f € ©*, which contains only stable and invertible transfer functions. Now for these autoregressive

processes one finds matrices C' such that (see HD, p. 119, bottom display)

r,y 0 .. 0
—1 :
Lp(P~H)~t=C" 0 Xp C.
0
0 0 3!

Here C' is a lower triangular matrix, whose first M block rows are identical with the identity
matrix while the remaining ones contain the autoregressive coefficients C;:

Iy
Cy Cr-a Cy 0
C =
0
L 0 CM CM,1 CO |
It follows that
T M M
wr(0) Tr(P~Y) " up(0) = un (0) Ty uns (0)/T+T Y (Y Ciu(t—35,0))Sp (O Ciu(t—j,0)).
t=M+1 j=0 J=0

The first term clearly tends to zero as T — oo since M is fixed, whereas the second can be
rewritten as

T
tr <2P1[0M70M1,...,00] 770 > U (0)Usae(0)
t=M+1

[CM7CMly-~-7CO]/> .

Therefore, we need to investigate U as(#) in more depth: Here

u(t,0) =i — Dsy = ys — (PL+ Pa)ys—1 + PaPrys—» — Dsy
= (Do — D)sy + Coxy — (Py + Po)Comy—1 + PoaPiCottyo + 1 — (P + P3)er_q + PoPies_s
= (Do — D)s; +er — (P + Pa)e—1 + PaPrey—s
+ Co((Ao)?Ti—2 + AoBoci—2 + Bogt—1) — (Py + P2)Co(Asti—2 4 Bogt—2) + PaPiCoxs_s
= (Do — D)sy + &+ (CoBo — (Py + P3))ey—1 + (CoAoBo — (Py 4 P3)CoBBo + Py Py )es_o
+ (Co (-AO)2 — (P14 P2)CoAo + PoPiCo)xi—o
= (0) + vr,e(6) + veu(0).
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where

w(0) == (DO — D)St
Ve o(0) =1+ (CoBBo — (P1 + P2))et—1 + (CoAoBo — (P1 + P2)ColBo + PoPr)ey—o
+ (C.,O(A.,o)z — (P14 P2)Ce0Ae 0 + P2plco,o)xt—2,o
Vi (0) = (Is — (P1 + P2) + PoP1)Cyoi—24 + (2Is — Py — P2)C1 oi—2.2
=Po 1 P11Cyott_o4+ (Pay + P11)C1o%t—22
=[Po1P1iCio PoiPriCoo+ (Por +Pii)Cio PoiPiiCso| iy i=Priou

Thus, for every § € © the process u;(0) contains three components: a deterministic part ¢ (0)
dominated by (D, — D), a stationary component (denoted with v; 4 (f) above) and the term vy, (6)
which is integrated of order two if P> Py C1 o # 0, integrated of order one if P P11 Ci o =0 and
Py P 1Coo+ (Pay +P11)Cio#0o0r Py P C3,0 # 0 and zero else. Therefore,

u(t — M, 0) Vi (0) +ve—rre(0) + Pre_pr—o4
u(t— M +1,0) Cr—m+1(0) + vi—nr41,0(0) + Pry_pr—10
ULM(Q) = . = .
u(t, 0) 0i(0) +vi,e(0) + Pry_o.
or-m(0) Ve (0) P
©i—n+1(0) Vi—mt1,0(0) + P(Te—p—1 — Te—n—2)
= : + : + : Tt—M—2.u
: : P
et (0) Vio(0) + P(zt—2 — T4 pr-2)
P
=D (0) + Vi (0)+ | ¢ |22
P
= Vim(0) + D(0; M)s; + Puzi—pr—2.u-
Define 2y := [sé,x;_M_zﬁu]’. In the following, let the superscript .” denote the residuals of a

regression onto z; py with the corresponding fitted values denoted as .* such that
Uivi(0) = U (0)" + U p(0)* = Vi (0)™ + Uy, (0)*
since Dy a(0)" = 0,27 5, 1, = 0. It follows that
(Ura(0), Urna (0)) = (Venr ()7, Viar (0)™) + (Uear (0)7, U aa (0)7) = (Ve (0)™, Ve (0)7) -
Furthermore, for fixed M we have
Ve (0), Vem (0)™) = (Ve,m (0), Ve,m (0)) + op(1) (C.2)

as regressing out integrated processes, the constant, seasonal terms and a linear trend from sta-
tionary processes leads to negligible terms. If no deterministics are present, the negligible term is
also o(1).

It is now easy to verify that for D = D, and P = 0 the term QT(H) converges to Q(6), since the
second moments (V; ar(0), Vi, am(6)) converge in this case and Uy a(0) = Vi a(0) holds then.

In the general case, we obtain

Qr(0) > QT(Q) > tr (E;l[CM,CM,l, ey Col (Ue am(0), Ug 01 (0)) [Car, Crr—1,4 ...,Co]/)
> tr (S5 Cn, Cri—1, e Co) (Vi (0)™, Vi (0)™) [Car, Car -1, .., Co)')
= tr (S5 [Conr, Cri—1, o0, Col [(Ve,aa (0), Vear (8)) + 0p(1)] [Car, Cas—1, .., Col') -
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Jointly we obtain that for fixed § € ©* for the term Qr(6) it holds that
lim inf Qr(0) > Q(H).
T—ro00

For 0, = A(6,) the additional terms due to D — Dy and P are zero and, hence, Qr(,) — ) s.
Replacing Q7 () with the corresponding Qr,,(f) and noting that Qr(0) > Qr(0) > Qr.,() for
all > 0,60 € ©, we obtain uniformly in 6 € O, ,., (a compact space) that

lim inf_inf (Qr(6) = Q,(0)) > 0
This follows since by taking the liminf all non-negative terms can be neglected. It is simple to
verify that the convergence in (C.2) is uniform in the parameter set as vy 4(6) only depends on
the parameter vector via P; and P, which varies in a compact set. The remaining arguments
are as in HD, p. 119-121. In particular we only have to investigate a finite number of spectra P
with a corresponding finite number of lag lengths M, since the set O, c,c, is compact. Then the
convergence results are standard.
This implies that for each n > 0 the function Q7 () stays uniformly in O, ,., above @, (#) and,
hence, also above sup, o Q@ (0).

Restriction to a compact set O, ,c,

A central step in HD on p. 121 is to show that the PML estimator is inside Oc,¢,¢, a.s. for T
large enough. That is, the eigenvalues of 3 are bounded from below and above and the coefficients
of the polynomial R(z) = adj(b(z))a(z) = Z;ZO R;z7 (where k(z) = a=1(2)b(z)) can be bounded

such that .
S IR <es
=0

To show this, first note that
limsup L7 (A) < logdet X + 5 a.s.

as Lr(0,) — logdet X; + s a.s. This holds true as the log det term converges to logdet X, and
for the Q7 term we have shown Qr(f,) — Q(f,) = s. The fact that Vi(6,) > 0 then shows
L1(6y) — logdet X, + s.

This implies log |f]| < log|¥s| + s a.s. for T large enough. Next, we use the arguments on the
bottom of p. 121 and (4.2.25) of HD to infer

AT () A <2 (Ir_, ®%),0 € ©

for some constant 0 < v < oo, where A denotes the matrix A defined in line 2 of p. 122 of HD.
As in HD, it follows that

Qr(0) = ur(0)Tr(0) 'ur(0)/T
T

770> Ui (0)Urr(0)

t=r+1

Ztr Eil[Rr,Rr_l,...,Ro} [RT7RT—17"'7RO]/ ,772'

Using the arguments above, it follows that the smallest eigenvalue of

T
T1 Z Utr Utr( Tl ZV;&T WT())]
t=r+1 t=r+1

can be bounded from below a.s. for T large enough by a constant ¢, as it is related to (V;(0)™, V;(6)™)
whose main component is

Ve e(0) =1+ (CoBBo — (P1 + P2))et—1 + (CoAoBo — (P1 + P2)ColBo + PoPr)ey—o
+ (Co,o(qu,o)2 - (Pl + PQ)Co,vo,o + PQ-Plco,o)xt—Q,o;
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where z;_,_o,, and s; are regressed out. Noting that Ry = I, it follows that
ur(0)Tr(0) 'ur(0)/T > tr [E7 Ry, Roei, oo, L)[Rey Ro—, oo, L) ] oy 2 > (27 ey 2

Consequently, (letting the eigenvalues of ¥ be denoted as Aj(fl))

. G|
tr(X71) = — < (logdet X, + 5)7?/c < 00
(=7 ;/\j@) (log "2/
is bounded a.s. for large enough 7. This implies that the smallest eigenvalue of 3 is bounded
from below. Consequently, also the largest eigenvalue of 3 is bounded since log \XAJ| <log|¥s| + s
a.s. for T large enough.

Furthermore, also the third restriction of O, c,¢, is valid a.s. for large enough T as the lower
bound on the eigenvalues of 3 implies

T T

up(0)'Tp(0) tup(0)/T > tr |51 RiR, || ey 2 >tr ZRJR; ey ? /ey,

=0 =0

Therefore, it follows that for large enough T a.s. Or € Ocyeocs-

We obtain that for large enough T a.s. Or € Ocicpcs N é, as the criterion function is infinite for
transfer functions k with unit roots, since in this case Aj;,42((Pe(0;)) — 0o for 8; — 0 € © — ©.

Putting the pieces together

Using the uniform convergence of Qr,(8) to Q,(0) on O, spc,, We have (using Lemma 4.2.1. of
HD for the last equation)

lim inf Lp(fr) >lim inf (log|Sr|+ Qr(6r)) > suplim inf (log|Sr|+ Qr.,(0r)) aus.
T—o0 T—o00 n>0 T—o00

> inf (log |Z] + sup QW(Q)) =log |X.] + s.
n>0

- 96@c10203

Then as in HD, p. 125, for every sequence Or — 60 (choosing a subsequence if necessary) it holds
that .
lim inf Lp(6,) > limTinf Ly (07) > log|Ze| + s.
— 00

T—o0

Then Ly (6r) — L(0) = L(0,) = log |So| 4 s follows. Recall that 6 is of the form (k, Py, Py, D, %).
This shows that ¥ = ¥, and k = k. is the unique limit, since L(#) depends on 6 only via
Y and k but not on P,P; or D. Convergence of P;, P, and D can be shown as in Lemma 4 of
de Matos Ribeiro et al. (2020). An analogous approach proving the results presented in Theorem 10
will be discussed in subsection C.2.2. Note that from the above results Ly (67) — L(6,) and, hence,
for large enough T it holds that Ly (A7) < ¢ a.s. for a constant ¢ < log |So| + s+ € for every € > 0.

The prediction error criterion function
For the prediction error criterion function

LpEyT(k(Z), Z, d, €] YT) = IOg |Z| + uT(H)TTypE(@)*luT(G)/T
it follows that

I, 0 .. 0 I, 0 .. 0
~ K, I K I
Lrpe(0) = '1 (Ir ® %) '1
: . .0 : . 0
Kr1 ... Ky I Kr1 ... Ky I
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Consequently, |T'r p(8)| = |%|T in this case such that T~ log |T'7(8)| = log|%| holds. Note that
this does not depend on the poles of k and, hence, the first part of the criterion function does not
diverge to infinity at the stability boundary of ©.

Following the proof above, note that the log det term in this case is simpler such that we can
directly obtain the result log |T'r pg(6)|/T — log |2

For the second part Qr(f) of the criterion function note that

FTypE(k,O') < FT(k,O') = FT’pE(k,O')71 > FT(k,O')il.

Therefore, it follows that the second term of the criterion function can be bounded from below by
the arguments given above. This immediately implies that the prediction error estimator lies in
O¢,cqcs for large enough 7. The result then follows from

LPE,T(kO(Z)7 0o, do, €0} YT) — IOg |Eo| + s,

see Lemma 9 for a proof.

Super-consistency for certain parts of the parameter vector
Let II(k) := —k~1(1) and T'(k) := -k~ (1) + %k‘l(zﬂz:l for a transfer function k(z). Defining
k through k=1(2) = k(2)(1 — 2)? — II(k)z — (k) z(1 — z), we find the representation
eo(k,d,e) = k(L)A*(y, —d — et) — TL(k) (ys—1 — d — e(t — 1))
ST A —d— et~ 1))
= —I(k)C1omi—11 — 1(k)Cs,001—1,3 — (IL(k)Cz,0 + T(k)Cr0)Ti—2,2
—TH(k)(ds — d) — T(E)(eo — ) — TI(k)(eo — e)(t — 1) + vi(k, dr ),

where

’Ut(ka da 6) = ];(L)AZ[Cu,oxt,u + Co,oxt,o + 5t] - H(k)[CQ,OBQ,oat—l + Cc,oxt,o + at]
- F(k)[CLoBl,oEtfl + C2,OBQ7057§71 + 03,083,051&71 + A(Co,oxt,o + Et)]
-3 K, (d—-e(t—m)).

m=t —m

By the strict minimum-phase assumption k£~*(z) and, thus, also /;(z) are uniformly stable and since
€1, Tre are (asymptotically) stationary by definition, it follows that v (k,d,e) is asymptotically
stationary. The proof for the super-consistency results listed in Theorem 10 now proceeds as in
Lemma 4 of de Matos Ribeiro et al. (2020). For this define w; := [2}_; 1,7} 50,7 3,1, — 1]
and
U= V(k,de): = [Uy(k) Wa(d,e)]
U, (k) : = [II(k)Cr,0 IL(k)Cao +D(K)Cro II(K)Cs o]
Va(d,e) : = [(TI(k)(do — d) + T(k)(eo —€) TI(k)(eo —e)]

and let ¥ := \I!(l%, d, é). The consistency proof implies
<5t(/2:, d, é),&'t(ff,(j, é)> = <’Ut(];‘, d, é) — TV, Ut(ff,cz, é) — \i/wt> <ec.

Consider D% = diag(T~3/21.,, T7/?1,, y.,,1,T~") such that D% (w;,w;) D converges to a pos-
itive definite matrix with probability one. The above implies

(B, ) — (g, vn(kd,0)) (vn(kd, ), vy(hd, ) (vilk.d o), ) <.

from which (Uwy, Uw,) < ¢ follows since vy (k, d, é) is asymptotically stationary such that in a re-
gression of w; on vy (k, d, €) the variance of the fitted values tends to zero. Therefore, (Vw;, Ww;) <
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D)~ = Op(1).

¢ implies || ¥(
quently, ||{vs(

> (vlh.d.2), vk, d.2)

D)1 Assume [(vu(F,d, ), w,) (D)) =
k,d,é), Vw)|| = op(|[{(¥wy, Ywy)||), which implies

Op(”‘i’(D%)*lH) and, conse-

for large T'. This is a contradiction to the optimality of the PML estimator, since in this case the
choice ¥ = 0 would lead to a higher likelihood value. Thus, (Vwy, Pw) = O,({v(k, d, é), Twy)),

which implies for the different components

<vt(fc7 d,é), H(/%)C1,o$t71,1>

(v, d, @), (T(R)Ca,o + T(k)C1,0)21-2,2)

). 1(k)(do — d) + T(R)(eo — ©))

<Ut(/;,d, &), 11(k) (e — &) (t — 1)>

Alternatively, it holds that

Udiag(T?1,,, T1., e, TV? T3¢ =

= Op(<H(]%)Cl,o$t71,1, H(]%)Cl’oxtfl’1>)
= T7|11(k)C, ol = Op( ) for v < 2,

>

-0 (<< (k)Ca,0 + D(R)C 0022, TH(k)Cayo1 2.2
Op({ (I(k)Ca,0 + D (R)C1,0)21-22, T(R)Cr 02,2
:'T”H( (k)Ca.0 + T (k)C10)l| = 0,(1) for v < 1,

= Op(<H( )Cs.0Tt—1,3, (k)C3,o$t—1,3>)
= T7||T(k)Cs.0| = 0p(1) for v <1,

:o,,<<n(fe><d —d) + T (k) (eo — ), 11(h)(do — d))
(< )(do — d) +T(R)(eo — &), T(R)(eo — €)))
;sT”HH( )(do — d) + T(k)(eo — &)]| = 0p(1)
for v < 1/2,

= 0p((T1(k)(eo = &)(t = 1), TH(R)(eo —
= 77|11k (o

&)t -1)))
—é)|| = 0p(1) for v < 3/2.

op(1)

for every € > 0, proving the results given in Theorem 10.

C.2.3 Derivation of the Asymptotic Distribution

Let us repeat at this point, that a specific

parameterization is necessary in order to derive the

asymptotic distribution, whereas the consistency proof has been independent of the chosen pa-
rameterization. Furthermore, for the applicability of linearization techniques, we assume that the
parameters are introduced in such a way that the true parameter vector is defined as

900 = [ 9’:1,,0

/ ’ / 1
od,l,o 0d,2,o asto}

where 6, o collects the parameter vector corresponding to C, = [C1,C2,C3] by the relations

C1(0p1) =Ry (01.0) [

C3(0p,2;C1(0p,1)) : = Ri,0(61,0)

C2(06;Cr(0E)) : = Ri,0(01,)

 Fanltan) |

I,

0(s—cl)><c1

} Ry r(61,r),

OC] X c2

I,
Ry 2(012) [ )

0(3—01—02)><02

} Ry r(02,R),

0(;1 Xcy

0(12 Xcy

] Ry r(01,R),
AOc)
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where Ry 1(01,1), R2.1(02,1) € R®*® and Ry r(61,r) € R*1, Ry r(02,r) € R*“ are orthonor-
mal matrices and products of Givens rotations and A(6g) € R¥~¢1 =% For more details on the
parameterization see Bauer et al. (2020). Note that we slightly adapted the factorization of Cy
presented there by additionally multiplying Ri r(61 r) from the right, in order to simplify some
calculations.

By 04,10 and 04,2, denote the parameters for the deterministic terms (if it is included). Further,

. / / / / / ’
HSt,O T [ 1,R,0 02,R,o B,f,0 B,p,o 90,0 ]
R / / / /
0u70 C T [ 1,L,0 92,L,o G,o ]
R / / / /
9*,0 C T [ ou,o 6d,1,o 0d,2,o ]

Then in the theorem it is assumed that ¢, is an interior point of the parameter set. This requires
that the multi-index T is specified correctly.

Let the corresponding parameter estimator minimizing the scaled negative pseudo likelihood func-
tion Lt be denoted as ¢. Lemma 12 shows that the difference between the minima of Ly and
the prediction error function Lpg 1 is negligible for the asymptotic distribution. Thus, we use
the prediction error form which is easier to investigate. Furthermore, we concentrate out the
parameters for 3 such that the criterion function equals

Lppr(p;Yr) = logdet (e:(0),e:(0))

where
t—1

el(p) =y — D(p)se — ) K;(0)(yi—j — D(p)si—j)-
j=1

In the following, we omit the subscript '"PE’ for notational convenience.
Here K ;(p) denotes the impulse response corresponding to the inverse transfer function k=1(2).

Note that [|K;(po)|l < purcpl) for some 0 < py < 1 due to the strict minimum-phase assumption
for the data generating system.
Due to the consistency result it follows that for 7" large enough, the probability that the estimate
¢ is contained in ©, (an open neighborhood of ¢,) tends to 1, where the exponential decrease of
the impulse response sequence holds uniformly in ©k..
Thus, a necessary condition for a minimum is a zero first derivative and we obtain from the mean
value theorem

OLr(p;Yr) = 0 = 0Lr(po; Y1) + 0° L (P75 Y1) [P — 0],

where @p denotes an intermediate point between ¢ and ..
Define the scaling matrices

Dr:=diag(T "I, Ie,—c,,, T"? I, ,, 7721, , T, ),
Dé“w = DTMv M = diag(M’ ICu*CI(57cl)+cd,2+cd,1+cst)7
DY . =TD;'M.

The matrix M € Re1(s—c)xei(s=c1) geparates components with different orders of convergence
within the parameter vector 6;,r. Let C; € R***7“17¢ denote a non-singular matrix whose
columns are orthogonal to the column space of [C1,C3]. In order for all ¢;(s — ¢1) components of
61 1, to be estimated with rate 72, T'V||[CAg,Cl}’CLO]|| — 0 would need to hold in probability for
all 0 < v < 2. By the results of Theorem 10 this is only the case if co = 0, i.e., if there are no
I(1)-common trends other than Csox¢ 2. Consequently, the presence of I(1)-common components
C3 ot 3 reduces the convergence rate in some components of 6; r.

The derivation of the asymptotic distribution given in Theorem 11 proceeds in three steps:

1. Show that DMLy (po; Y1) converges in distribution.

2. Show that DM 2Ly (pr; Yo)(DM)~! converges in distribution to a random matrix Z.



129

3. Show that P{Z > 0} = 1.

Let us start with the first item, i.e., with establishing the asymptotic properties of the score vector.
Denote with 9; f(¢.) the partial derivative of a function f with respect to the i-th component of the
parameter vector ¢, evaluated at the point ¢ = ¢,. With subscript i = st we denote the subvector
of 9;f(po) for all i, such that the component 8; is contained in 5. With subscript « we denote
differentiation with respect to the entries in 6,,, with subscript d, 2d we denote differentiation with
respect to the entries in 04 24, with d, 2e differentiation with respect to the entries in 6, 2. and with
d, 1 differentiation with respect to the entries in 64;. Furthermore, we use the notation 9; rr f(¢)
for differentiation with respect to the i-th component of ¢ which corresponds to the matrix H.
Here and also below the matrices (A, B,C) correspond to the canonical representation of a system
described by the parameter vector 8. We omit the dependency on the parameter 6 for simplicity
of notation.

Lemma 13 Define k(z,0) through k=(z;0) = k(z,0)(1 — 2)2 —11(0)z — ['(0)2(1 — 2) with TI(6) :=
“1(1;0) and T'(0) :== —k~1(1;0) + %kil(z; 0)|2=1. The derivatives of €,(p) with respect to the
different parameters in 04 evaluated at @, are given by

o 0;a.et(p) =dkia,(L,0)xse(0), where dk; a,(z,0) = —Cz(I — 2zA)~! [Oéj((;t;)} ,

o 0; pec(p) = dk; g, (L, 0)e: (), where dk; g(z,0) = —C2(I — 2A)~19;B,

o dic.et(p) =k~ (L;0)(=0;C)r,0(0).

0.1y () = dkir, 5 (L, 0)€c () i

= —H(G)BLRLRCQBgst,l — F(G)@ile,RCuBuet,g — /ﬂ(L, 9)(1 — L)28i,RLRCufEt,u(9)-
8i,R2,R€t(§0) = dki,Rz,R(La QZEt(QO)

= —F(G)@i,Rz’chBgat,g — k(L, 9)(1 — L)%LRZ,RCU%M(H).

All the above processes are asymptotically stationary.
The derivatives of () with respect to parameters in 0, are given by

® 9ir, ei(p) = k7 (L;0)(=0i,r, ,Cu)r,u(6).
® 0ir, .6t(9) = k™1 (L:0)(=0i Ry, Cu)we,u(0).-
o dineilp) =k H(L;0)(=0i,nCu)xe,u(0).
Finally the derivatives of e¢(p) with respect to parameters in 04 are given by
o 0;.pei(p) =k~ (L;0)(=9;,pDa(0a))s:(0).

Proof: The results follow from taking the derivative of the inverse transfer function. As an
example let us analyze derivation with respect to a parameter corresponding to the matrix C,.
The partial derivatives are:

Oiei(p) = —(0iCu)zru(0) — C(Iixi(0))
Oiti1(0) = A0z (0) — B(0:Cy) e ().

These components of the score are filtered versions of z; ;(6). A possibly non-minimal representa-
tion of the filter is given by dk;(z,0) = —0;Cy, + 2C(I — 2A) ' BO;C., = k~1(2;0)(—0;Cy). It holds
that

0i.ry nCu = [C1R] (0i,r, n R1,R) C2R) g (0i,r, nR1,R) 0],

Oi.ry nCu=[0 0 C3Ry  (9ir, nR2R)],

Oi,ry . Cu= (Oir, L R1L) R [C1 C2 Cs],

Oi,Ry . Cu=1[0 0 ip,, Csl,

Mcu =[0 9;.C2 0],
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again omitting the dependencies on the different components of 0z 1, 6g 2 and 6 for ease of
notation. Decomposing

k7 (2;0) = k(z,0)(1 — 2)% —I(0)z — T(0)2(1 — 2),

the derivatives with respect to different components of C,, can be further analyzed. It follows that
the derivatives with respect to 6; r can be further simplified:

91731
k™ (2:0)(— 05,5y 1 Cumeu(0)) = — (IL(O)C2 + T(0)C1) RY g (03,Ry o R1,R) Te—1,2()
—11(0)0;,r, zCoBacs—1 —T'(0)(0s,r, nC1B1 + Oi R, zCoB2)er o
— k(L;0)(1 — L)20i, g, 1Cutt,u(0)

where the first term is equal to zero.
92 R:

k™ (230) (=05 ry 1 Cue,u(0)) = —T(0)0;, ry nCaBsci—a — k(L; 0)(1 — L)20; ry nCuru(0).

Note that both dk; g, ,(z,0) and dk; g, ,(z,0) are stable transfer functions.

If the derivative is taken with respect to 61,1, 021 or Og the terms I10; g, ,C1, 110; g, ,C3 and
I10;,AC2 do not vanish, such that 0; r, ,€¢(¢) and 0; g, ,€¢(¢) contain integrated components of
order one or two.

Derivatives with respect to the other parameters are derived analogously. m

In the following lemma the asymptotic behavior of the score is summarized. In this lemma and the
rest of the document the dependence of the prediction error criterion function on Y7 is omitted
for notational simplicity.

Lemma 14 Let the assumptions of Theorem 11 hold. Then the following statements hold true:
e For the derivative with respect to O,
TY204L1(¢e) 5 N (0, Vi),
where Vg denotes the asymptotic variance matriz.

o Let I, := II(0,) and T's := I'(0,) and the scaling factor Dy, i, such that Dr,; = 1 if
I1,(9;C1) = 0 and Dr ;= 1/T else. Then

2t —E_lﬂo&»c X if Doy 1,
Drowi (0uLr(00)); 4 r[ ° 1 1] Zf Toui 7
2tr [_Eo az\IluXu] Z.f DT,u,'L’ = 1,

where
iV, = [II,0;C1  (IL0;,Co +To0iC1) 1.0iCs], X, :=[X1, X5, X5,

with 0;Cj := 04,iCj.0, j = 1,2,3, and the limits

X1 = fy (o BaoW (v)dv) dW (u),

Xo:= [y BooW(uw)dW (u)/, Xz := [; Bs oW (u)dW (u),
where W is the weak limit of T~1/2 3T ¢,

e For 042 one obtains with respect to 0424 = Bod
T1/28d72d£T(<po) i> —2042)251W(1) =!V4,2,d,

and for derivatives with respect to 042, = Céﬁoe

TV204 5. L1 (00) % —2(ToCs.0) S5 W (1) =: Vaz.e.
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e For 041 = Ble it holds that
T=V2041Lr(p0) % —201 57U (1) =: v,

where o, := ,[Ca.0C1 o] and U(1) := fol udW (u).
o All convergence results hold jointly.

PROOF: In order to establish the asymptotic properties of the score, the partial derivatives of
L1(p) are required. These can be derived from the system equations:

0iLr(00) = i (log det (e4(o), 20(0))) = trl{ee(0), €0(100)) " 2(Bige(0), €0(120))]
= tr[S52(0iee(9o), e¢(90))] + 0p (1)

Let us start with the coordinates of 05y = [ 01 p Oy r 05, 0%, 0. ]/. For every com-
ponent of 6y Lemma 13 above establishes asymptotic stationarity. Asymptotic normality for
TY2(9;(p0), €1 (o)) then follows from well established theory for stationary processes, see, e.g.,
Hannan and Deistler (1988, Lemma 4.3.4 ff). It is straightforward to show that the results hold
jointly in all coordinates of 0.

The representation in Lemma 13 allows for the application of Lemma 10 and Lemma 11 to obtain

DT,u,iau,i['T(SOO) = DT,u,itr[Egl2<k_1(L; 00)(_au,icu,o)xt,u(ao)a 5t>] + OP(]-)
= Dy itr[S7 2110 0;Crae—11 + (ILe0;Ca + To0iC1)me—2.0 + Io0;Ca—1,3, £¢)]

+op(1)
= DT,u,itr[E;12<8i\:[luxt72,ua 5t>} + OP(]-)
d 2tr [—E;lﬂoﬁichﬂ s if DT,u,i 7& 1
2tr [-35 1 (Io0;Ca + T60;C1) X2 + o0;C3 X 3)]  if D = 1.

The next step is to derive the asymptotic distribution of the score components corresponding to
64. With respect to components of 8.d it holds that

Duzalr () = =20 S (k= 1(Li0)B.) S5 e + 0p(T12),
Note that
k(L3 00)Bo = (00030)Bo — CoAL(I — A) ™ Bofo,
where the second component exhibits exponential decay. Therefore, it follows that
T'204 24Lr(po) = —al, X1 2T 2 Y &y + op(T71/?)
4l W ().
For the derivatives with respect to C3 .e and Ble it holds that
Oa2eLr(po) = =217V 3/, (K1 (L5 05)Cs 1) S5 ey + 0p(T71/2),
Ban (o) = —2T7 T (k™1 (L3 6)Bot)'S5 21 + 0p(T1/2).
Using
BN (L 0t = 32520 K (¢ = ) = (X520 )t = X K yj = Tot + o + 0p(p),
we get for the derivatives with respect to Sle
T=Y2041 L7 (p0) = =208 7320ty 4 0p(T1/2)
4 20l 2'U(1),
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where we have used Lemma 10 (xi) for the convergence of the first summand. In the directions of
C3 . the first term vanishes because 1I; .C3 o = 0. Consequently, we get

TY20.Lr(po) = —2(ToCs.0)' S T~ Y2 S0 & + 0p(T71/?)
& 9(TeCs.0) S W ().

This concludes the proof of the lemma. O

After having established the (asymptotic) properties of the score vector, the next step is the
analysis of the asymptotic behavior of the Hessian. As in Lemma 14 in the discussion we have
to distinguish with respect to which parameter components 6,, 0., 642 and 64, differentiation
takes place. In addition to the previous lemma, we also have to consider the cross terms, where
differentiation takes place, e.g., once with respect to an entry in #,, and once with respect to an
entry in 0.

Lemma 15 Under the conditions of Theorem 11 one obtains DT82£T(¢T)D7?1 i Z for each
sequence T — Po.

In case that no deterministic terms are included in the true data generating process and the model
(i.e., D =D, =0), Z = diag(Z., Zst) is block diagonal. It holds that Zs; > 0 is a constant matriz
and Z a random matriz, for which P{Z, > 0} =1 holds.

If the deterministic terms are included in the model, the following asymptotic distribution is ob-
tained: Here again ¢ =1[ 0, 0, 0,, 0y ]. Then

Zu Y'ui,2d Yli,2e qu 1 0

i . 70 Yuzd Zizd Yagoe Y2/d,1 0
D’JA"/[82LT(SOT)(D7M)71 — |: 0* 7 :| = Yu726 }/2(1,26 Zd72e }/2/6,1 0
°t Yui1 Yoq1 Yoen Zga1 O

0 0 0 0 Zu

For typical indices i,j (not the same for all the expressions below) the respective entries are of the
form:

2tr [(8] 18M\I/u 1Z1 1] Zf Z,_] S Cu,1
2tr (0} W 18M\1/u 1Z4], if i < CutyJ > Cunt
[Zuliy = M “1gM 1 y -
2tr [(3J 0V, Z ] if i > cu1,J < cut
2tr (0} W 18M\1/ AR ifi,5 > cu
where (')J]-V[\I/u = Z‘;l M;0V,, for an orthogonal matric M € R®*° where the first ¢, 1 =

c1(s — ¢1 — ca) rows of M are such that the matrices BJM\IIUJ = Z?‘zl MOk ¥ou[le,, 0cy x (e14e2)]
are linearly independent, and 8JM\IIU)1 =0 for all j > cy,1, and where Z1 1, Z1 and Z are defined
through

— d - d 2 2 d
T 3 <xt,17mt,1> — Z1,17 T 3/2 <xt,17D1j{‘xt,u> — Z17 <D%xt,u7D%xt,u> — Z7

with D% := diag(T~3/%1.,, T~/?1,, y.,). For the blocks corresponding to deterministic components
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we have
Yuzal,; = —26(TC1o)' 5510} 0, Y,
Yusel,; = —2€i(ToCs0)'5510}10,Y s,
Yunl,;, = —2€ai 20100, Y,
Zog = 22057 ..
Zoe = 2(T6C3,0)' 25 T6Cs.0,
Z1 = %agzglao,
YVige = ab¥ ' ToCsp,
Yiea = ab¥;tao,
Yoe2a = 2(ToC30)'S5 o,

where Yy is the limit of (D%x¢.,1) and Y1 is the limit of T=1 (D% ,,,t).
It follows that Z, — Y, Zp'Yp with Yp = [ Y, 5q Yo Yi, ] and

! !
Zagd  Yaqze Yaan

P lA
Zp:=| Yadze Zdige Yaen
Yoa1 Y1 Zan

has the same structure as Z,,, where in the expression 251/2(9{”\Ilu has to be replaced by
MWy 25 = | Pyags 55 (100 Co +To0MCL) Panpsg, S5 /2T00MC1) 22 IL,0MC

where Py-1/2, 1= 20_1/2040(agzglao)flagEglm and Py, = I — Ps-1/2, and Zy1, Zy and
Z have to be replaced by

Zil = fol(fou BQW(’U)dU)h(fOu BoW (v)dv)' du,
Z4 = [1(f) BoW (v)dv)|1 Flydu  Fg = [(BaW (w)]1)', (BoW (w)), (BsW (u)]1)'],
Z% = [} FyFdu

if there is no linear trend term in the model. If a linear trend is present in the model, Z1,:, Z;
and Z have to be replaced by

e 1/ ru u
Z1 = [ (Jo BaW (0)dv)|1,u( [ BoW (v)dv)'du,
Z{ = [y (Jy BoW (0)do) 1o Flgedu Fae := [(BaW (u)|10)'s (BaW (u)]1)', (BsW (w)1,)7's
Z% = [ Fg.Flydu.
Further, Zs; > 0 and P{Z, > 0} — 1 respectively P{Z, — Y}, Z5'Yp > 0} — 1.

PROOF: In the proof, first, convergence of the various parts is shown and in a final step the
non-singularity of Z, is established. First, note that:

0 Lr(pr) = 0; (tr[<5t,5t>_1 2<8jgt7§t>])
= —tr |:<§t7§t>71 (<ai§t,§t> + <§t,a7;§t>) <§t7§t>71 2 <8j§t,§t>}
+tr [<a,a>‘1 2 <(a§j5t),gt>} + tr [(e},e}rl 2((0;), (8,@))]

= —tr [2" ((0i8¢, &) + (81, 0i1)) 512 (084, &)
+tr [8512((07,60),60)] + tr [E512((0581), (8:80))] + op(1), (C.3)
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for every sequence ¢ — ., using the short notation & := &;(pr),0;& = Bist(@T),aszt =
97 jet(@r). This follows from the USE condition, see Lemma 9 in combination with (e (o), (o)) —
According to the partitioning of ¢ in five sub-vectors in total 10 matrix blocks have to be dealt
with (taking into account symmetry of the Hessian). The blocks are partitioned according to how
often differentiation takes place with respect to a component of 8,,, 04,2, 04,1 and 0.

The multiplication of the Hessian with Dy and D has the following effect: For each derivative
with respect to an entry in 64 ; an additional scaling factor T~ is introduced and for each deriva-
tive with respect to an entry in 6, an additional scaling factor of 7-1/2 or T—3/2 is introduced,
which results in the proper scaling factor for each of the terms to obtain convergence in distribu-
tion.

In the above expression (C.3) the variable e;(pr) appears, in the first and second term to be
precise. This variable has to be evaluated at the point ¢p7. Due to the assumptions @1 converges
to po. Hence, applying a mean value expansion again e;(¢r) = e + 0e+(P) (@1 — o), for suitable
intermediate value @, it follows that both mentioned terms converge to 0. Look for example at
the second term with essential term

dim(y)

(07 e¢(@r)) ee(@r)) = (07 jer(@r)), 0) + Z (07 e¢(@1)), 018e(2)) (BT — Pr0)-

=1

Lemmas 10 and 11 show that for this term for all possible combinations of differentiation (including
the necessary normalization if differentiation occurs with respect to an entry of 6,, or 641) the first
term of the above equation converges to 0. Due to the established condition USE this convergence
is uniformly in a compact neighborhood of ¢,. Analogous considerations deliver convergence of
the second term to 0 as well. Here the terms (97 e+())die¢(p)" converge to random variables,
post-multiplying with (@, — ¢1,0) then delivers the result. Similar considerations also apply to
the first term of equation (C.3). Hence, we obtain:

02 ;Lo (pr) =tr [S5'2((0iec(@r)), (9je¢(@1)))] + 0p (T~ Ne/2Nui=NeL ), (C.4)

where N, counts the number of times differentiation takes place with respect to an element of
0., Ny,1 counts the number of times differentiation takes place with respect to an element oM
as defined in Theorem 11 and Ng; counts the number of times differentiation takes place with
respect to an element of ;1. Recall the definition of Dr:

T_1/2ch,1 7

Dé\’/[ = DTM M = diag(Ma Icu_cil,,1+cd,2+cd,1+cst)
DM . = TD;ll\;[,

TY?],

Cd,27

Dy : = diag(T 71,

Cu,1)

1,

Coy—Cu,19

T1/2ICst)

where the matrix M € R *° separates the I(1) and I(2) components. It follows that
D7M82£T(@T;YT)(DZM)’1 = T71DT (M 82ET(¢T§ YT) M’) DT.

Note that left and right multiplication of the Hessian by M and Mt corresponds to a change
from the partial derivatives with respect to ¢ to a basis of certain directional derivatives, for which
we use the notation 0 in the following. Note, however, that only the partial derivatives with
respect to 6, are affected by the change of the basis. Starting from equation (C.4) we now analyze
the asymptotic behavior of the derivatives.

i~ 0,5 ~ O If differentiation takes place twice with respect to an entry of 8, then all quantities
in the above equation are asymptotically stationary, see also the previous lemma. In this case
convergence to a constant matrix follows using uniform convergence in a compact neighborhood
of v,.

i~ Os,7 ~ 0,: If differentiation takes place once with respect to an entry of f5 and once with
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respect to an entry of 6,, convergence of (DM 92Ly(pr; Yr)(DM)=1);; — 0 follows. In this case
define

oM = [0, oM,
MW, = [(faoayed,zd CTo[Cs, 50}'3}1[%26,9@1]') —®M0,,

oMY ; = BT M0 it <
J ' 8j\I/ lfj > Cy,1

such that the dominant component in (DM 2Ly (@r; Y )(DM)~1); ; is equal to
T_l(DT)i’i(DT)j’th' [Z;l2<8i€t(<po), 8;\/1\I/wt>] .

The process 0;e¢(po) is asymptotically stationary, while, e. g., for directional derivatives j < ¢, 1
the process 8JM\IJwt contains 1(2) components. In this case T=!(Dr);;(Dr);; = T2, such that
T—2tr [S512(084(¢0), @Mlllwtﬂ — 0 according to Lemma 11.

i~ 0., ~ 0,: Finally, examine the cases of differentiating twice with respect to an entry in 6.
The dominant component in (D3 9% Ly (@r; Yr)(DM)~1), ; is equal to

Tﬁl(DT)iﬂ'([)T)j’th‘ [E;Q(@Mllfwt, 6;\4\1/100] .

Consider again the directional derivatives i,j < ¢, corresponding to I(2) processes. Since
T~Y(Dr)ii(Dr)j; = T3, Lemma 10 implies

T=2tr [S512(0) Wy, 0 Wwy)] — 2tr (0¥, 1) S 0N W, 1 Z1 1] .

The other terms follow similarly by application of Lemma 10.

It remains to analyze the non-singularity properties of Z. In the case D, = D = 0 the block-
diagonality of the asymptotic Hessian implies that it is sufficient to treat the blocks Z, and Z
separately. If deterministic terms are present it is sufficient to investigate Zg, Zp and Z, —
YLHZ,' Y.

Consider the block Z; corresponding to 8, first: This block converges in fact to a constant matrix,
i.e., asymptotic non-singularity is shown, if the limiting matrix is non-singular. For the part of 0
corresponding to the parameters for ke(z) this follows again from standard theory for stationary
processes. Since the parameters of the stable and the unstable part of the transfer function are
independent of each other, we can consider the unstable part alone.

Thus, only the derivatives corresponding to 0¢ r, 0p,f and 0p , have to be analyzed. The proof is
indirect: If the sub-block of Z,; corresponding to 0c g, 0p,f and 0p, were singular, there would
exist a vector x =[ 1 ... z, ] such that

v v v /
0= Z T2 st1[S5 TR e (00)Orer(00)'] = tr Z;l]EZxT&at(goo) (Z xsasat(goo)> ]
s=1

r,s=1 r=1

denoting the components of 0,; corresponding to ¢ r, 0p,f and 0p , with 1,. .., v for some integer
v. This implies that

D weer(e) = —kg (L)Y 2,:0:k(2; 0)e,

is equal to zero and, thus, that the filters for generating the score are linearly dependent. The
coefficients of the unstable part of the transfer function are of the form K, = jCiB2 + C1B1 +
CoB3 + C3B3. Thus, linear dependence of the derivatives with respect to g implies

Zxr&n[cl [BQ,Bl],CgBQ,Cng] =0 (05)
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since both the I(2) and (1) components need to vanish separately, and Cx, k = 1,2,3, span
different spaces such that no linear dependance between matrices 0,.C By, for different & occur. In
the following we show that (C.5) implies z, = 0.

We start with the derivatives with respect to 02 r and 0, = [0p, p, 0%, ;] and consider the product
C3B3 or Ry gpB3. We show the independence by induction over cp. In the case c; = 1, there are
s parameters in 6 p and p,, and all parameters correspond to the entries of B3 while Ry gp =1,
see Bauer et al. (2020, Section 3.1) for details. The coefficients z, of a linear combination of the
derivatives must be zero, in order for the sum to be zero, showing that the derivatives are linearly
independent.

Suppose the linear independence has been shown for co = ¢g. To show the statement for co = g+1,
write

co—1lco—1 co—1 co—1co—1
Ra r(02,r) H H Rey iitj(Oiim1)/245) H Rey1,145(05) H H Rey it (Bii=1)/245);
i=1 j=1 i=2 j=1

where R, i iy;(0ii—1)/2+;) is a real Givens rotation, see Bauer et al. (2020, Definition 6). Note
that this corresponds to the form of Rg in Bauer et al. (2020, Lemma 1) up to a reordering, which
simplifies the proof. Clearly, the entries in the first column of Ry rBs with non-zero entries only
depend on the parameters 6, ...,0.,—1 and the first non-zero entry in the first row of Bs. Since
the first columns of the derivatives with respect to these parameters are orthogonal to each other,
the coefficients of these derivatives in (C.5) must be zero. Since the matrix H;:l R, 1144(05) is
of full rank, the derivatives of

C2—1 C2—1 Cg—i
1T Beonaei05) TT 11 ResviviiBici=1y/2+5)Bs
j=1 i=2 j=1

with respect to the other parameters are independent if and only if the derivatives of

co—1co—1

0
R ’L i— B C: C ’L B
H H eaiiit iti=n/243) { 0 L ' IIZ) Reo—1,i-1,i45-1(0ii—1)/2+5) ’

=2 j=1

are linearly independent. Then consider the second column of this matrix. The derivative with
respect to by is null outside the first row, while the derivative with respect to any other parameter
is zero in the first row. Thus, the coefficient of the derivative with respect to b15 must be zero.
By an analogous argument the coefficients corresponding to bi3,...,b1s are zero. To show that
the coefficients of the derivatives in the linear combination with respect to the other parameters
are zero it is sufficient to consider the lower right (cz — 1) x (s — 1) block. This follows from the
induction hypothesis, which finishes the proof.

An analogous argument for the product Cq[By, Bs] respectively Ry g[B1, Bz] shows the linear inde-
pendence of derivatives with respect to 61 g, 0p, and 6p . Combining both, the linear indepen-
dence of all derivatives with respect to 04 follows.

Next consider the block Z, corresponding to 6,. It has been shown above that if differentiation
takes place twice with respect to an entry in 6, the essential term in equation (C.3) is

(D7M82£T(¢T, YT)(DQM)il)iJ = Tﬁl(DT)i,i(DT)jJ‘tI‘ [Eg12<8j’w\1/u$t,u, 8§V[\I’u1't7u>j| + Op(l)
tr [8]{‘4@;2;128?4@UD%<@7W xt7u>D%] +op(1),

where GJM@ = [8;-”\1/%1&”(61“2)} for j < ¢,1 and 8]M\il = GJM\I/ for j > ¢,,1. Recall that
DY = diag(T~3/I,,,T~'/?I,, 1 .,). This can be further rewritten as

b¥82£T(¢7T;YT)(D¥)_1 = @lT(I)T + Op(l)7
=[ b1, .. e, | b= vec (2;1/23].”1@(T*1D%<xt,u,xt,u>D%)*1/2) .
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Note that Z, is invertible if and only if the limit of ®/.®7 is invertible, which holds if and only
if ®7 is of full column rank, at least asymptotically. Since T~'D¥(x; y, ¢ ,) D% is invertible in
probability and converges to the random matrix Z, which is also invertible in probability, it is

enough to show that v; := vec (6JM \i') are linearly independent, due to the identity

65 = (D 20,00 D)2 0 5012 veo(isy).

Note first that 1;, j < cy,1, is orthogonal to 1, j > cy,1, thus, separating the proof of linear
independence into two parts.
For j =1,...,¢cy,1 the linear independence follows from the fact that the derivatives of the product
(€C1,0)1(C1,0)", R1,1,(61,1) with respect to 61,1, are ¢1(s — ¢1) linearly independent matrices. Thus,
there exists a orthogonal matrix M € R *¢ of linear combinations, transforming the set of deriva-
tives into two different sets, such that the set ZC“ M; (Bo55)0kC1, j < ¢y is a basis for the
set of all matrices N € Rsxcl satisfying [Cio,C30)'N = 0, and the set of > ;" | M; (C30C%o)kCr,
cu1 < j < ey is a basis for the set of all matrices N € R¥** satisfying [C10, 8o]'N = 0. Multipli-
cation with II, from the left then proves the linear independence of the vectors v, j < ¢y 1.
Forj =1,...,cy1, consider the submatrix [ II,0MCy 4+ T'oOMCy  I1,0MC5 |. Chose [0MCa, OMCs]
[0:C2, 0;C5] for the derivatives with respect to O and 6o ;. Thus, for derivatives with respect to
0¢ the above submatrix is equal to [ II,0;C2 0 ], while for derivatives with respect to 03 1, the
submatrix is equal to [ 0 II,9;C3 ]. Since the columns of 9;Cy are in the column space of
by construction, it follows that the matrices [ II,0;C2 0 ] form a basis for the set of all ma-
trices [N, Osxe,], N € R* gatisfying [C10,C30)' N = 0. Similarly, the matrices [ 0 II,0;C3 ]
form a basis for the set of all matrices [Osxc,, N], N € R*2 satisfying [C10,C30]'N = 0. This is
due to the properties of the parameterization based on Givens rotation, ensuring by construction
that (8005)0;Cs are linearly independent, since the columns of 9;C3 are orthogonal to C; . and
cannot lie in the span of C3,. Note that these two sets of linearly independent matrices can be
now used to reduce the set of [ Il,O}MCy + To0MC1 M,0MCs ] into [ (ap o/, [To0MC1 0 ], by
regressing out the matrices corresponding to derivatives with respect to 6 and 63 . Thus, as
the last step, consider the set of matices [ (aL,oa’L,OFoajMCl 0] for c,1 < j < s(s—e1) cor-
responding to derivatives with respect to 01, 1. Using o/, I'c = {on) = &Cj and the fact that
vy Mk (C30Che)OCa, ey < j < ¢y is a basis for the set of all matrices N € R**“* satisfying
[C16,8.)'N = 0, it follows that the reduced vectors are linearly independent, which implies that

the set of vectors v; := vec (8JM l~IJ>, cu,1 < J < ¢, are jointly linearly independent.

In consequence, @ is of full column rank, such that ®7.® is invertible.
Finally, let us consider Z, — YbZBlYD. Fort=1,....,.T,i=1,...,¢c, define

Tuyit = —E;l/zaz-M\Il;D%xtyu(@o) Tut = Tuit --- Tucet |-
We see that
dia’g(Tillcu,l’Icu_cu,l)M 8 LT(@ )M ldlag( 2ICu,1’T71]Cu_Cu,1)

T
ZutTut+0P )_>Zu7

with M, := diag(M, I., _c,(s—c,)). Analogously, define for t =1,...,T

T

Todt 1= Y2y g, 5‘d 2d LT (P Z ToaTed,t + 0p(1) = Zag
t=1
T

Toe,t ‘= 7T71/22];1/2F00170 8d Qe‘CT QDT ZTQe tT2e,t T+ Op(l) — Loe
t=1

T
Tit = —T73/2251/2Ozot 28d 1LT ZT{ﬂﬂj ++op 1) — 71
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and analogous expressions for the sample covariances between the deterministic terms.

Let us first deal with the case where no linear trend is present. To show the invertibility of Z,, —
Y/DZBlYD, we first investigate the invertibility of the corresponding sample covariance matrices
and later take the limit of these quantities. We find

T T
/ /
E tTu t— E t7'2d t E Tod,T2d,t E T2d,t Tuk,t
t=1 t=1

—Y], -zt —Yp
T T
’ —1/2 /v—1 1 rw—1/2
- E Tu,tTut — § (aozo Cl{o) aoEO E Tu,t
t=1 t=1
T T T T
/ / /
= § Tu,tPZl/%vLTu,t + § Tu,tPZ—l/"’aTui - § Tu,t Pg-1/24 § Tu,t |
t=1 t=1 t=1 t=1
—1/2

where Py—1/2, is the projection on the column space of ¥, /"o, and Pgi/2,, is the projection
on its orthogonal complement. Note that for Ps-1/2,7,+ the regression on 7y4; corresponds to
regressing out the constant. Thus, defining
— _ i
Ta = (1 —T1) @y (Te3 — T3)']
where 7; = T~! Zle x5 for 7 =1,2,3, and using
MWy ox 1= | Pyoryay B0 V2 (I10MCy + To0MCy) Pz, X0 /°To0MCy) S0 /2TL,0MCs

it follows that Z, — YéZBlYD is given by

20 [(OM W, ) S5 10M W, 1 24 1] : if 4,5 < cus
2tr (aM\Ifu 22) _1/ 6M\I/u 1Zd:| ifi < Cu,lyj > Cy,1
(2. —YpZp'Yp|, . = ! 12 J (C.6)
g 2r | (DM W, )25 2OM W, 22(Zl)’] . ifi>cun,d < Cut
21 | (DM Wy 05) OM W, 552 } if4,§ > cur

where Z fl, Z% and Z? occur as the respective limits of

T (241 — T1,T41) 4 Zl 1 T3 — T, 4,4) 4 Z§, T ' (xia,xia) 4z

This matrix is positive with probability one, which follows from the same arguments used for Z,.
The case with the linear trend can be dealt analogously. Note that the additional regression on
the constant vector 7o ; leads to a correction for a constant for the whole vector 7,. Adding 71 +
as another additional regressor then leads to a linear detrending of Py-1/2,7y . It follows that
z 115 Z¢ and Z? in the above expression needs to be replaced by Zii)el, Z{¢ and Z%, which are
the limits of

— _ ’ — _ ’ d
T3 @y — &1 — 1t — 1), 201) 5 299, T 2 (e — 71 — d1(t — 1), 20.00) > 25,
_ d
T ! <mt,de; xt,de> — Zdev
where

- (Etll(””t,j - fj)t) (ZtT:l(t - 5)2)71, =7"! ZT:L

=1
Tpge = (T2 — T2 — £1(t = 1)) (w2 —T2) (w43 — Ty — d1(t — 2?))/}/ .
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Thus, the inclusion of deterministics corresponds to replacing some of the Brownian motions by a
demeaned and detrended Brownian motion. Again it follows that this matrix is positive definite
with probability one. This implies the invertibility of the Hessian and finishes the proof. [

Combining the results of the previous two lemmata, the asymptotic distributions of T(é* —60,0)
and \/T(ést — 0st,0) follow immediately.

In any case VT (0y — 0410 4 N(0,Z;,'VZ;'). Therefore (A) and (B) holds.

(C) has been shown in Lemma 11, while (D) is contained in the results of Lemma 13 and Lemma 15.
With respect to (E) note that if no deterministic terms are included in the estimation it follows,
that the sub-block of éu has a limiting distribution of the form Zlv,, where v, is a random
vector whose entries are given by

tr[Zo’lay\I/qu] lf] < Cu,1
(Vu)j = —1/2 aMm e .
tI‘[EO 8j \I/ugz[Xg,XgH lfj > Cy1

When a constant is included in the estimation, Z, is replaced by 7, — YbZBlYD, compare (C.6)
in Lemma 15, and v,, is replaced by

(v2) tr[S5 oM v, X1 if j < cus
Vi) = _ 5
T e[ POM W, e X G i G > cun

where X‘li is the limit of 71 (41 — T1,€¢) and equal to

Bao Jy (Jy Ww)dv = [ (f3 W (w)dw)dv) dW (u)
= Bao [y ([ W(v)dv|,) dW (u)',

and Xg is the limit of (x4, &;).

If a linear trend is included Z, is replaced by Z, — Y, Z;'Yp as in (C.6) (where Zp and Yp now
also contain elements corresponding to the linear trend term) and v, is replaced by a random
vector defined as v, with X{ replaced by X ¢ defined as the limit of T~ (z, 1 — Z; — %1 (¢t — 1), &),
which is equal to

Boo Jy (o Ww)dv = [ (3 Wlw)dwydo =12 (w— 1) [ (v = 3) (fy W(w)dw)dv) dW (u)

=By, |} (fO“ W(v)dufm) AW (u)’

and X¢ is replaced by X4° denoting the limit of (¢ e, &;).

To derive the asymptotic distribution of 61/ another block inversion of the Hessian is necessary
to derive the corresponding block of the Hessian. Following the same arguments as in Lemma 15
concerning the block corresponding to the deterministics it follows that Z; ; has to be replaced by
the limit of (@41, %¢ 1]z, 4,2, ) if no deterministics are present, by the limit of (4,1, 2¢1]2, 5.004,1)
if there is a constant but no linear trend and by the limit of (241, %¢1]e,2,0,4,1,) if both a
constant and a linear trend occur. By Lemma 10 the above converge to Zi 1, as presented in (E).
Analogously v, is of the form

vie = 210N U, X,

with X1, being the limit of <xt71
by the limit of (@¢ 1z, .2, 4,1,€¢) if there is a constant but no linear trend and by the limit of
(%4,1]0s 0,20.0,1,¢,€¢) if both a constant and a linear trend occur. Again Lemma 10 provides the
limiting distributions as given in (E).

Finally (F) is immediate from Lemma 12, which concludes the proof of Theorem 11.

weasmig:Et) if N0 deterministics are present. It is replaced
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To prove Corollary 6 let Z = diag(Z,, Zst) and note that

Wgr = (RO —1)(RZ7'R')"* (RO — )

= (DER(DF)™)D3(0 — 0.)) (DFR(DT) (D27 D)(D7) "' R'DF) ™ (DFR(DF) ™) D30 — 6.)
S 20 v (RS (R®Z7H(R®)) TR 27, v,

where we have used D9.(0 — 0,) — [ Z;'V, V., ] and Z % Z because of Lemma 15. Since
Vg is asymptotically normally distributed with variance Zs, and v, conditionally upon Bg oW (u)
is asymptotically normally distributed with variance Z,, the test statistic conditionally upon
Bp,oW (u) is asymptotically x> distributed which implies that the same result holds marginally.

C.3 Convergence Results

Let A, B be chosen by a pseudo maximum likelihood approach. An estimate of the state &; is
then given by ;11 = A%y + By;. Minimizing the likelihood with respect to C' is then equivalent
to a regression in the model.

ye = Oy + &4,

which is the starting point in the derivation of the asymptotic distribution of the rank test statistic.
Let us introduce the following notation:

e Let &; denote the residuals of the (unrestricted) regression of y; on ;.

o Let £ denote the residuals from the restricted regression and let (fl, B, ¢ ) be the correspond-
ing estimated system transformed into the canonical form for systems corresponding to I(2)
processes.

e The restricted regression introduces a partitioning of the state z; into estimated stochastic
trends and estimated stationary components. Let &, denote the state space components
corresponding to the stochastic trends, #; . := [%} 1,2 3]" the I(2) component and the I(1)
component that does not sum up to an I(2) trend. Let &, := &2 denote the state space
components corresponding to the I(1) components of the states which sum up to the I(2)
component of the state, and 2, o the components corresponding to the stationary part of the
state.

o Let &) = B (BepBy) /2 = [B), B (BeB),)~'/? be such that &/ IT = BpIl = 0, where
Il := -1+ C( — A)~'B, and & the orthogonal complement of &, in R® with 3 such
that T = af’. Let 4, := By(BaBy) /2 be the such that 4, TC;, = Bol'C; = 0, where
[:=—I+C(—A)2AB, and let 4, with 4’4 = I.,, be a matrix whose column space is the
orthogonal complement in the space spanned by the columns of & .

The next Lemma then introduces three necessary conditions for the residuals £ to correspond to
a maximizer of the restricted regression.

Lemma 16 The following equalities hold:
(Z) <é§7 i’t,o>
(“) o <é§>é§>71 <é§7§7t,u>

(iii) A (65,60 (85, @1 g) =0

The above imply

~ N ~ PN ~ N —1 . N AC A N ~ —1 ~
88 =&+t (88 Bela, ) (Brelan s Btelte, ) Ttelen, T AL (B5 Eeg) (Brigr Beg) " Fog
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Proof: Let C be the estimator of the restricted regression and let (/l, B, é) be the corresponding
system in canonical form. We will argue that if either (i) or (ii) or (iii) does not hold, then we can
find a matrix C (not necessarily in canonical form), satisfying the restrictions, such that

det <yt — C’ﬁt, Yr — C‘:Ict> > det <yt — C’it,yt — C’:%t> ,

which is a contradiction to C' being the estimator of the restricted regression.

(i)

Consider the model &f = C(;)ds,e + &f such that the regression is performed only on the
regressors in &o. If (£5,2;4) # 0, we clearly have det (£¢,£5) > det(£¢,£¢) for the OLS
residuals €¢ of the above restricted regression or equivalently

det< Cxt,yt é;%t> > det< Cmt,yt C’fvt>

with €' = C+ [OSXM C’(i)] , where C'(i) denotes the OLS estimator from the above regression.

What i§ left is to show ghat C fulfills the desired restriction. Using A= A +BC = A+
B [0 C’(i)] we see that A is of the form

Ay *
0 x|’
where * indicates entries which are not further specified. Thus, there exists a regular matrix
M such that A = M [f(l)“ 2] M1, which implies that C' indeed fulfills the rank restrictions.

This contradicts the assumption of ¢ being the estimator of the restricted regression.
For the restricted optimization we have to minimize det (€7, £7). We note that
det (€5,€9) = det N (€7,£7) N’ = det (N&S, N&Y)

for any matrix N with det N = 1. Choose N = [a&, @], such that det N = 1 holds. Then
the likelihood splits into two components.

det (&7, €7)
= det (&) €7, &/ &F) det (&' (7, €7) & — &/ (€7, &) G (&, (&7, €7) o) 1L (&7, €7) &)
=det (&' &7,/ &7) det (&' 4, & EJ_7t> ,
where &/ ; 1= &/ — &' (8¢,85) ay (&) (£5,€5) &1 )~ 1d’ €. These decompositions also play

arole in the VECM setting, compare Johansen (1996, Lemma 10.1) for different (asymptotic)
relations between these empirical variances. Note that

—1
cra=a(@ e a) @ (g

since the residuals of the regression of £f on & &7 are equal to the projection of &7 on
A (€5, 65T ECL TE (85, 85) TN (€5, #4.0) # 0, we can find a matrix C’(ii) # 0 by regression in the
model &'é} ; = CiyT,u + &'€1 ¢ such that det (&'é1 4, &'é1 1) > det<dléj_’t, d’aﬂ_ﬁ, where
é 1+ denotes the OLS residuals in the auxiliary model. Thus,

det< —Céy, e — @£t>>det< — G2y — C:at>

with C' := C + [aCiiy, Osx (n—2e1—e)] a0nd Clazy 1= & (€5, 4,0) (T4, #¢,u) " being the OLS
estimator. Note that

& (~I1+CI - A)7'B) = & T+ & aCupn(I — A1B=0
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(iii)

such that rank(IT) < s — ¢; — ¢ holds. Moreover,

(I +C(I — A)2AB)Cr = 4. 1Cx + 4 aCiy(I — A) "2 ABCr = 0

such that rank(é EféE) < ¢z holds. Thus, C also fulfills the restrictions contradicting the
assumption of an optimal choice of C.

Here we proceed similarly to (ii). To minimize det (£f,£¢) focus on det (&'é) 4, &'é, ;) as
defined in (ii). Decompose & into [, % ]. Then the determinant splits into two components.

det (661 4, &'21 4) = det (7,610,761 ¢) det <&’é~‘i’t, ﬁ/’éiyt> ,
Al A N A~ A ~ ~ A A~ —1 Ay .
where /&7 ;=481 =4 L L) YL (VL (B é1a) 71) ™ A1LELs Again
~g 2 st jac 2e\—1 4~ -1 ac ac ac
€1t :'V(’Y (€7,€5) '7) Y <€t75t> o
since the residuals of the regression of £, ; on &’Léit are equal to the projection of £ on

(g5, e6) Tl e, Tf (£, 89) T (g5, Zt,) # 0, we can find a matrix C'(ii,-) # 0 by regression in the

model §'¢9 ; = Cliin@1,g +4'E] , such that det(y'e9 ,4'¢7 ;) > det(’ﬁl’écit,'?’gi’t>, where

écﬁ_’t denotes the OLS residuals in the auxiliary model. Thus,
det < Cl’t, Yt — CAl/ZEt> > det < Cl’t, Yt — éi’t>

with € := C + [Osxey s YCluii)s Osx (n—2ep)] and Clypy == 4’ <€Ai,t7i"t,g> (#1,9,%1,4) " being the
OLS estimator. Using A = A + BC we see that A is of the form

I, » 0 0
0 I, 0 0
0 « I 0]
0 = 0 A,

where * indicates entries which are not further specified. It follows that the geometric
multiplicity of the eigenvalues of A is greater or equal to c¢; + ca. Moreover, A can be
transformed into canonical form A = M~'AM with M being a block diagonal matrix of the
form diag(My, Mo, M3, M,). This ensures that the column space of Cpis a subspace of the
column space of the subblock C; of C = CM. Note that

AU(=T+C(I - A2 AB)Cr = 4/ ICk + 'AY/L;YO(iii)(I ~A)72ABCE =0

such that rcmk([;’ EféE) < ¢3 holds. Thus, C also fulfills the restrictions contradicting the
assumption of an optimal choice of C.

Next, let us discuss some properties of Z;, which we summarize in the following Lemma

Lemma 17 Let {y:}tcz be an I(2) process generated by a system of the form (3.2) and {et}iez
fulfilling Assumption 8. Assume the true order n is known. Let 6 be a PML estimator of 6 over
a suitable parameter space © fulfilling the assumption of Theorem 10 and define 2¢ := :%tg(é) =
AS(0) + BE(O)y,, and ,(0) = yt CE(0)2f, where A%(0), BE(0) and CE(H) are assumed to be
in echelon canonical form. Let xf = Af + BEy; denote the true state corresponding to the true
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matrices A‘f and BE in echelon canonical form. Then there exists a sequence of matrices G with
Gt — G such that the following results hold:

(i) D%<<G:vf,fo> - <GT£f,GT:%f>)D§ -0,
(ii) D§<GT@5 ,Grif >D§ 5 Zpws with P{Zyy > 0} — 1
(iii) <5t(é), Grif > Dz -0,
where D& = diag(T—3/?1.,, T~?1,, y¢,, I,..).

Proof: Define g(z,0) := Z;‘;O(ZAg (6))? 1B () and decompose g(z;0) = g(1;0)+(1—2)g(z;0) =
g(1;0)+ (1—2)g(1;0) + (1 —2)2§(2; §), where stability of §(z;0) and §(z;#) holds if g(z; 6) is stable.
Let us first analyze the different components of
9(L: )ye = g(1:0)ye + §(1;0) Aye + §(=:6) A%y,
= g(1;0)C10me1 + §(1;0)Cr0 Azt + g(150)Coor2 + g(1;0)C3 021 3
G(1;0)A(Coora + Cs0203) + 9(1;0)Caore + §(1;0) ACe or.0 + §(2;0) Ay,
Since g(z;0) — g(z;0,) uniformly due to the consistency of the PML estimator § and g(z;0,) is

stable, it follows that g(1;0)Cq o1 is the only component integrated of order two. Let G1(6) :=
9(1;0,)Cy o € R™*°1. Then by Lemma 11

“H(L;0)Cr 011, g(L; 0)Cr 001) =G (00) 211G (6s)
and analogously for (g(L;05)C1,0x1,1,9(L; 05)C1,0x¢,1) such that
T=(g(L; 0)ye, 9(L: )ye) — T2 (g(L; 00)ye, 9(Ls 6o )ye) — 0.

Similarly, define G2(0) := Pg 1.1 (g(1;
with Pg 11 = I, — G1(0)(G1(0)'G1(0)

_1<[G2(A) 3(0))'9(L; )yr, [G2(0), Gs(0))'g(L; 0)yr)
“H{[G2(6), G3(00)) g(L; 00)yt, [G2(05), Gs(6)) g(L; 0o )ye) — 0.

10)Cr0 + g(1:0)Ca) and Pg11G3(0) = Pg119(1;0)Cs0,
)~ 1G1( ). Then again due to Lemma 11

Similarly for the stationary part, define G, (6) orthogonal to the column space of [G1(6), G2 (0), G3(0)].
Then

TG L(0) 9(L; O)ye, G 1 (0)'9(L: 0)ye)
G L(0) 9(L; 00 )y, GL(0:) g(L; 00 )ys) — 0,
and similarly for the different cross terms. It follows that
Df(G(0)'af, G(0)'af) D — D3 (G(0Y &£, G(8)'3f ) Df — 0.

which proves (i) for Gr = G(0) := [G1(6), G2(0), G3(6), GL ().

Further, note that multiplication by G(6,)" leads to a change of basis of the state vector in the
echelon canonical form to a state corresponding to the canonical form for systems of I(2) processes
asin (3.2), i.e

G(0o)2f = [(Graen), (Game ), (Gsaes), (Gemra)'],

where the non-singular matrices Gy € Rerxer Gy € R2%2 and G4 € R > still occur. This is due
to the fact that the above basis change does not ensure the correct basis of the subspaces spanned
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by the new state components G1(6,)'zf, Ga(6,)'zf, G3(0,)'zf and G (0,)'x§. Consequently,

G(0,) is invertible, implying also asymptotic invertibility for G(6). It follows that

VA 0

D% <GT.’)AL'2S, GT‘%‘E> D% — diag(é’l, GQ, ég, é4)71 |:0 7

| (ding(G. G, G, G
where Z is the limit of D¥ (xy., %) D%, for which P{Z > 0} — 1 holds, and Z,
E(zte2t4) > 0, proving (ii).

For (iii) note that

oLle

T~ (k™ (L; 0)k(L; 0 )er, g(L; 0)Cr 0 1)
=T e+ vi(0) — & — Wy (B)wiu, g(L; 0)Cr 0 1)
=T Hey, g(L;0)C101) + 0p(1) = X1 G1(6,),
where

Ut(e) L= ];(L, 0)A2[Cu,ol't,u + Co,oxt,o + 51&] - H(e)[CZoBQ,of‘:t*l + Co,omt,o + 52&]
—T(0)[C1,0B1,06t—1 + C2,0B206t—1 + C3,0B3.061—1 + A(Ce.0Tt,0 + €¢1)]

= k’U(L, (9)€t
\I’u(e) L= [H(Q)CLO H(G)CQ,O + F(G)CLO H(Q)C&O}
W+ = [37271,1@272,273327173]/

and where T~ (v(0) —e¢, g(1;0)Cy
to consistency of kV(z;0) — k“(

Ty ((k“(L 0)—1.)er,9(1;0)C10ms 1) tends to zero due
)
to the super-consistency results for ¥

I, and T~ (W, (0)wy i, g(1;0)C1 oxs1) tends to zero due
) compare Theorem 10. Thus,
0)k

1)
u(0
T332 (k=Y (L; 0)k(L; 0,)er, g(1;0)Cy op1) — 0.

An analogous result holds for the terms integrated of order one, while for the stationary terms in
&, convergence to zero holds since G (0)#; and &, are uncorrelated. Thus, (iii) follows. m
Some general results for different estimators of C' in this model are summarized in the next lemma.

Lemma 18 Let {y;}iez be an I(2) process generated by a system of the form (3.2) and {e;}iez
fulfilling Assumption 3. Let &; = xj (0) be defined as in Lemma 17. Let C be the limit of
C(é) 2 C. Then the following consistency results hold.

(i) The OLS-estimator CoLs .= (ye, Te) (T4, £t>_1 from the regression y; = C&y+ey s a consistent
estimator for C.

(ii) Let C, be a (normalized) mazimizer of the function L%(Cy,0) over U(cy, ¢z, 0), thus, satis-
fying

max  L$(Cy,0) = LS(Cy,0).
cuEU(Cl,CQ,Q)

The corresponding estimator C = C'(éu) is consistent for C.
(iii) Furthermore,
TY|[I17Cy o|| — 0,
in probability for all 0 < ~ < 2, where I := —I, — CA'OLS(IS — A)’lé, and
TY|%Cy || = 0, and T7|I%Cs o 4+ 14Cy 0| — 0,

in probability for all 0 <~y <1, where rows .= —J, + C'OLS( — /Al) 2AB. The same holds
true using 11 := —I, — C(I, —A) 'Band T := I, + C(I, — A)~2AB.
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Proof: (i) The proof follows the arguments of the proof of Theorem A1l of Johansen (1997). First,
note that the OLS-estimator maximizes the normalized concentrated likelihood function

[(ye — Ciiy,ye — Ciy)|
C)= 7 Nz
fr(C) |(ys — C(0)Zs,y: — C(0)2y)|

which can be further rewritten into
Fr(C) = [£(0)]7H[Mee + (C = C(0) = My Mze) Mia(C = C(0) — M} Myz),
where
(6) = <yt — CO)dy,ys — C’(é)it> , Mg = <yt — %%y y, — C’OLSi:t> ,
Mgz = (8¢, 8¢), Mze = <i't7yt - C(é)it>-

Choosing a scaling matrix Dy := DZG(0) with G(f) — G as in Lemma 17 it follows that
Dy M3 DYy = D5G' My GDF 4 0p(1), with My, := (x4, ;). Moreover, D3.G'M,,GDr converges
to a positive definite limit, compare Lemma 17 (ii).

Further, note that £(6) — ¥ due to Theorem 10. By Lemma 17 (iii) it holds that
M;.Dp(Dr Mz D) ™' DrMae = 0p(1),

which also implies Mgé = Z(é) — MééD%(DTijD%)leTM@g — 2.

Using |[A+2'Bx| > |A|(1+ % |z|?), which holds for symmetric and positive definite matrices
A and B and a vector x of matching dimensions, we get a lower bound of

S | M| (1 Ajmin| (DT Mz Dr)
h |E(é)| )\\mam\(Mé”)
Now, for any n > 0 and any § > 0, there exists a constant a, an integer Ty and a set A, with
P(A,) > 1 —mn, such that for 7" < Ty and an outcome in A, we have Apin|(DrMzz:Dr) > a,

>\|maw‘(Még) < C, |(DTM5¢QDT)71DTM@§ < 5/2, |Mgé‘/|2(é)| > 1- 1_7_%/28/16, which implies that

F2(0) (D' (C — C(@)] - |<DTMMDT>1DTM%|>2) ,

ad?
> -
fr(C) > 1+ Sc

holds for all C such that |D;'(C — C(6))| > 6. Hence,
P(|D7!(C — C ()] > §) > P(4,) > 1 -7

for T > Tp, such that D3 (COs — c) 2 o.
(ii) Since 6 is consistent, it follows that Cu,o is in U(ey, c2, é) with probability one. The estimator
C, = CA’(CW)) can then be computed using the explicit formula:
~ ~ N . ~ A ~ -1 .
C(Cuo) = CO = [11Cp0, MICa 0+ 1C1 o] (B(Cuo) (#0520) " B(Cu))  BlCuo) (s ™"

Note that

. _ -1 -1 -
(B(Cuo) (@ts20) ™ B(Cu))  BCuo) i1,20) ™"+ B(Cuso) = Facy s
A -1 .

(B(Cu,o)/ <3A3t; ‘%t>71 B(Cu,o)> E(Cu,o)/ <-’i't7 -'f;t>71 . <-’1A7t7 -'f;t> B(Cu,o)J_ = 0(261+62)X(n7201+62)?

where the columns of [B(Cu,o), (T4, Zt) B(Cu,oh} form a basis of R™ with probability one. Thus,

(B(cu,o)/<get,:et>—13(cu7o)) B(Cu.o) (#,2;)"" is bounded while [[ICg.o,1ICs o + I'Cy ] con-

verges to zero, which implies consistency of Cy := C (Cuo)-
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Existence and consistency of the estimator C follows from the arguments given in (i), using C,
instead of C(A) and C instead of C°%. It follows that the corresponding estimator for C, in
canonical form is consistent for C, o, as well as its normalized C, for (f’u,o.

(iii) The super-consistency results hold using the same arguments as in subsection C.2.2. m

As a last auxiliary step, we summarize the asymptotic behavior of different quantities in the
following lemma:

Lemma 19 Let &5 denote the residuals from the restricted regression and let DS := diag(T~'1.,,I.,)
It holds that

(i) % (@t dtg) = Jy Wilu)Wi(u)du,
(ii) LD (&40, %40) D§ — [o F(u)F(u)du,
(i) F (19, 30,0) DG = [y Wi(w)F(u)du,
(iv) D5 (e

(v) (21,9, Boo5) = [y Wi(u)dWy(u)',

togs Brelin, ) D§ — [ G(u)G(u) du,

(vi) D§{ieels, , Brocs) = [y Glu)dW (u),

up to multiplication by regular matrices. Here W1 = BgyoEé/zB and Wo = 83,023)/23 with an
s-dimensional standard Brownian motion B on the unit interval, u € [0,1]. Furthermore,

F(u) := ( fouuw;;((;’))dv ) G(u) == ( fOuWW//;((;)))d” ‘Wﬂu)) .

Proof: Recall that (/l, B‘, é) denotes the system corresponding to C from the restricted regression
and @ transformed into canonical form and let (As, Bo,Co) denote the true system in canonical
form. To prove (i) decompose Z;_1 4 into:
11,9 = ClCr1au1,4
=CiCrowi-1,4+ Cl(Ay — Crowi1,4) — C(Ay, — Crobio1,4)
= C{Crott—1,9 + Cigo(L)er — C1g(L) (0 — Wywy )
= C1Crott-1,9 + C| (go(L)er — G(L)01) + CLG(L) ¥ ywy

where

90(2) L= (1 - Z) + Cl,OBLoZ + C27OBQ7OZ + C3,OBS,OZ + Co,o ZA'Z:}(:[ - Z)ZjBo7o

J=1

§(2) 1= (1= 2) +C1B12 4 CoBaz + CsBsz + Cs Z.,lefl(l —2)2'B,

j=1

are stable transfer functions,
0= C(L — A2 AY . AT BAR ()2 A%Cy ot + Cooitr e + 2]
j=1

- ﬂ[CZ,oBZoEtfl + Co,oxt,o + Et]
—T[CroBroct—1+ CooBaoer 1+ C3.0B306t1 + A(Ca oo + )]
= ]%U(L)&g
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is stationary and
\i/u L= [IAICLO ﬁCQ,o + fCl,o ﬁC&o} .

The dominant component is CA{CLOxt,Lg, which is integrated of order one, while é{go (L)ey and
§(L)0y are stationary. Note that there is another non-stationary component of the form §(L)W,w; .
It holds that (e, \i/uwt,,) and %(wt,l,g, \i/uwt,u> as well as (\i/uwt,u, \i/uwt,u) are in o,(1), which
holds also if we replace \ifuwm by the filtered series g(L; 0)\iluwt7u. Similarly, all terms (-, ) con-
taining the stationary component tend to zero, due to the convergence of the transfer function
9(2)k¥(2) = go(z). Thus, noting also that C|Cy,, converges to I, it follows that

1, . 1
T Ttg, Brg) = T
1

T <éicl,0xt’gaéicl,oxtﬁg> + op(1)
1
= —(T4,g, 1 9) + 0p(1) = / W1 (u)W 1 (u) du.
0

N

Similarly, decompose Z; . into
- 51 51 51 31 ac 51 A 4
Tte = CECE,oxt,e + CEC2,oxt,g + CE(yt - CE,oxt,e - C2,oxt,g) - CEEt - CECoxt,n

where we have used that CA};@Q’O = 0. Since IICy = dB’CE tends to zero as T~ !, the same holds
for C};Cy, ensuring that all terms (-,-) containing CjCox; 4 vanish. The dominating term in Z; .
is, therefore, equal to CrCrxy . directly implying (ii) and (iii), while (iv) follows by application of
(1)-(iii).

To show (v) we first consider
(1,9 — C1C11,g, Baf) = (C1(9(L,00) — g(L, )" (250))ers1 + Wy, Bogf).

Since §(2)kY(2) = go(2) due to convergence of the PML estimator together with Lemma 18 and
the super-consistency of ¥,, — 0, this term is in 0,(1) and it follows that

(1,9, B2)) = (CCre,g, Bagf) + 0p(1)
= (21,9, B27) + 0p(1)
= (21,9, Baioge) + (g, Ba(6 — €0)) + 0p(1).
What is left to show is that the last term is indeed also o,(1). For this note that Ba(&f — &)

may contain integrated components of different integration orders. The term BolICi oxy 11 is
integrated of order two. However, this component vanishes since BoIl = 0. For the other integrated
components in By (&5 — &;) we find BolIC3 o153 = 0 and Bo(1ICa o + I'C1 o) Axy_11 = O,(T71),
the latter due to Bgf‘CLo = Bgf(éEéjE + I, — éEéjE)Cl = Bgf‘([s — éEé};)CLO = 0,(T7?), using
that 5/C1.o = O,(T~2). Thus,

1
(1.9 BagS) = (21,9, Baoet) + (r.g: Ba(vr — e0)) + 0p(1) = / W (w)dW 1 (u).
0

To prove (vi) note that the stationary component in & ¢|z, , according to the above decomposition
is equal to Cp;(ho(L) — h(L)k?(L))er, with ho(2) := I, + Cao 350 Ale' 29 Bs s and h(z) = I, +
C. Z;’;l A7 29B,. This term as well as the term égﬁ(L)ﬁluwtu can be treated as in the case of
the corresponding components of £, 4. Thus, consider
Die“@t,e B9 BEé§> = D%<(éjECE,oxt,e =+ CAjECZ,oxt,g”xt,ngEéﬂ =+ Op(l)
= D (@tcle,. o, BEET) +0p(1)

= D%<xt76|zt,g’ BE,05t> + D%<xt76|zt,g7BE(é§ —&)) + Op(l)
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The convergence of the last term follows by considering the different integrated components. It
follows that D%(sctyeut,g,Z’S’Eﬂclyomt,l,ﬁ and D3 (2t ela,_y ,» BEﬁcg,oxm) are equal to zero by the
arguments given in (v). Using (i) and (ii) one can also replace the regression on &; 4, by a regression
on the true state component x; 4. It, therefore, holds that

D%<xt,e|rt7g7BEfcl,oxt72,1> = D%<xt,e|mt,g7BE’f‘Clmtfzg) + Op(]-)
= D%<xt’e7BAEf‘Clxt7219|xt,g> + 0p(1) = 0p(1).

All in all
R N 1
D <xt| BE,055> = (@tele, ,, Bred) + <xt7e|ﬁ,g,BE(vt - et)> +op(1) = / G(w)dW (u),
0

which finishes the proof also for (vi). =

C.4 Proof of Theorem 12

Proof: The logarithm of the likelihood ratio is given by

—2log Q(H(c1,¢3)/ Hy, 0) = —Tlog det((£5,£5) (2,,6,) ")
= Tlogdet((;,,) (£5,65) ")
= Tlog det [((éi,éf) + (& — €1, € — é1)) (éf,éf)fl}
= Tlogdet [, + (& — &, — 20) (¢5,60) "]

Since the second term tends to zero, a Taylor expansion of the likelihood leads to the following
representation

“2log Q(H(c1,¢2)/He,0) = T - tr ((éf 2,60 2,) (éi,éin) +o0,(1).

Lemma 16 (i) implies that the difference £ — &, is given by (€5, &4 ) <it’u\@tv.,zﬁt,u|@t7_>fl Ptoult o

where &4 4|z, , are the residual of the regression of #;, on #;.. Consequently, we can transform
~c A ac N c _c\—1
T tr (<5t — &1, & — &) (ef,€7) )
-7 ac 4 S A -1, ac\ /ac ac\—1
- -tr <Etaxt,u> <xt,u it,.7xt,u|it,.> <xt,u>€t> <5t75t>

=T tr ({8, ) (B B~ (B 250 (65,80) ™) + (1)

since (£¢,£¢) and (£¢,;) converge to the true X, and the terms in (& |z, ., Zt,u]2,., ) are dominated
by (Z¢,u, &1u). Consequently,

T tr ({6 ) (Fra o) (Fr025) (65.5) )
=T tr ((65,60) 2 (65, Bua) (Bt Bra) ™ (@000 €6) (65, 80) )

ac ac\—1/2 /rc & - A -1/ ~c\ /ac ac\—1/2
=T tr <<€§,5§> / <5§7xt,e|;ﬁt,g> <xt,e|5¢t,97$t,e|§ct,g> <xt,€|it,g76§> <€§’5§> / )

T tr (65,200 72 (85 ) (g )~ (B0525) (E5,25)77%)

=T tr(Ml) +T- tr(Mg).
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1/25 20y~ 1/2

Define 04 1= &' (éf,éf)lﬂ and vg 1= (050}) "/ ?04, such that vav), = I.. Then wg := &' (&7, &
is orthogonal to ¥5. Similarly we set ws = (a1} ) ™1/ 2104, Then

tr (IsMy) = tr (vivaMy) + tr (whwa M) = tr (vaMivs) + tr (waMiwy) .
The second term is zero since

tr (wa Myw}) = tr (e Myw} (0

)

dw
Af fac A . . ~1,. e\ Jre men—1 A p g\
= tr (0465, €0) 7 (&5 Bcleny ) (Belon g Brelsn,) T (Brele, &) (65,607 i (@) ")
and we have & (£¢,8¢)7" (2,2, ) = 0 by Lemma 16 (ii). Thus, tr (ws Mjw}) = 0. Similarly

where @5 = 4/ (£5,2¢)"'/? by Lemma 16 (iii). Defining o5 := 4/, (¢¢,¢)"/?

it follows that

and vg = (0505) Y25,

—2log Q(H (c1,¢2)/Ha) =T - tr (vaMyvg) 4+ T - tr (v Mavh) 4 0,(1)

xt,e|wt,g>_1 <$t,e T

&' & >
~c ol aeN—1 a1 A -1 N
+ T tr (L85 48D ™ (L8 ) (agy Tg) ™ (@000 HLER) ) + 0p(1)

-1 AL
, ><xt,e xt,e|wt,g> <xt,e|zt,g7BE€§>>

+ T -tr (<l§gé§,l§2§§>l <BAQé§7xt,g> <xt,g7xt,g>71 <xt,gaBQé§>) + Op(l)-

et aev—1
=T tr ((alaf,o/lsg (&' 8, w ez, ) (Trelo

A A -1/
=T tr <<BE€A§, BEé§> <BE<§§, Tt.e

Finally, Lemma 19 implies:
T (vaMyvl) +T - tr (UWMgv;) — Q7 + Q%

which proves the result in Theorem 12 (i) for —2log Q(H(cy,¢2)/H,,6).

Next, the pseudo likelihood ratio rank test is investigated. Let éle’C? denote the PML estimator
over 71 and én denote the PML estimator over ®,,. For D; = 0 we have §; = 0, thus,
@ere2 = [fe1¢2 0] and @, = [0,,0]. The following inequalities hold:

LE(Cu(Bn), 0n) < LE(§51°2) < LF(CO™, 0512) < L7(Bn),

where C,(6,) is a (normalized) maximizer of the function L% (Cy,6,) over U(cy, c2,0,). The first
inequality holds since ¢¢>“? maximizes the pseudo log-likelihood function over all systems with the
specified structure. The second inequality holds because dropping the restrictions can only increase
the pseudo log-likelihood function. The last inequality holds due to ¢,, being the maximizer over
all systems of order n. These inequalities imply

~2log Q(H(ex, e2)/ Ha, 052) = =2 (L5(p2) = LiF (€O, 05°2))
< =2(L7(877) = L7(¢n))

< =2 (L§(Cul0n),0n) = L5(2)) = ~2108 Q(H (c1,¢2)/ Ha, ).

The evaluations above show that the limit of the left hand side and the one of the right hand side
coincide. Thus, the bounds imply that also the pseudo likelihood ratio in the middle converges to
the same limit.

In order to derive the asymptotics of the test statistics in (ii) and (iii), note that in the case of a

constant and no linear trend it holds that &’ <f—:t , 5?> <st, > = 0, where &¢ denotes the residual
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in the corresponding restricted model with additional constant term. In the case of a constant and
a linear trend &’ <€fe,éfe> (efe,[1,t]') = 0 and ¥/ <éfe,éfe> (&fe,1) = 0, where /¢ denotes
the residual in the corresponding restricted model with additional constant and linear trend term.
Both results are proven along the same lines as the results in Lemma 16. The derivation of the
asymptotic distribution of the test statistics follows analogously, using the Taylor expansion of the
test statistics, which leads to

~210g Q(H"(c1, ¢2)/ Ha, 0) = ~Tlogdet |(27,&1) (1,2) ]
=T tr (<€t,€t >7 (68,84 cdlan, ) (Ftedlze s B, ed|it,g>71 <ﬁt,ed|it,gaéf>>
+T - tr (<5t,af> (6, 24,0) (B, B1,) " (B, 60 >) + 0,(1),

where ¢ ¢4 := |7}, 1]’ if only a constant is included and to

~210g Q(H"(c1,¢2)/Ha, 6) = ~Tlogdet [ (£1,2{¢) (21,2,) ']
=T - tr (<§ge, ége> ' <ég€7 jt,ee|50tygd> <-’i‘t,ee|i’t,gd7 j"t,66|it,gd>_1 <i.t,€6‘it,gd’ ége>)
Tt (8, 20) T (B uga) (g Bga) " (B0 50)) + 0p(1),

where o ce := [7} .., t]" and x4 gq := [} ;, 1] if a constant and a linear trend are included. The rest
follows as in Lemma 19 and the respective convergence results from Lemma 10. Convergence of the
pseudo likelihood ratio then follows by the same arguments used in the case without deterministics.
]
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