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A quadratic finite element for the relaxed micromorphic model
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In this work we discuss the relaxed micromorphic model and implementation details for a full three-dimensional formulation
entailing a quadratic Lagrangian-Nédélec finite element and appropriate boundary conditions in the discrete setting.

The relaxed micromorphic model is a generalized continuum theory with the capacity to capture more complex kinemat-
ical behaviour than in the classical Cauchy continua. Such behaviour is commonly found in materials with a pronounced
micro-structure such as porous media and metamaterials. The theory introduces the microdistortion field, encompassing nine
additional degrees of freedom for each material point in the continuum, effectively turning each material point into a de-
formable micro-body. The uncommon discrete formulation stems from the employment of the Curl operator in the energy
functional of the relaxed micromorphic model, thus requiring H (curl)-conforming finite elements for well-posedness to be
inherited in the discrete setting. The model further introduces the so called consistent coupling condition, which requires
some technical considerations in order to be upheld correctly.

This work demonstrates the finite element formulation, culminating with a numerical example.

© 2023 The Authors. Proceedings in Applied Mathematics & Mechanics published by Wiley-VCH GmbH.

1 The relaxed micromorphic model

The relaxed micromorphic model [5] is defined by the two-field minimization problem

1
I(u,P) = 3 /Q<(Ce sym(Du — P), sym(Du — P)) + (Cpicro sym P, sym P) + (C. skew(Du — P), skew(Du — P))

+ fimacro L2 ||Cur1PH2dX—/<u, f) + (P, M)dX —min wrt {u, P}, (1)
Q

whereu : Q C R* - R®and P : Q C R3 — R3*3 are the displacement and the microdistortion fields, respectively.
The tensors C, and C,yic;o are standard fourth order elasticity tensors and C. is a positive semi-definite coupling tensor
for infinitesimal rotations. The macroscopic shear modulus is denoted by fimacro and the parameter L. > 0 represents the
characteristic length scale motivated by the geometry of the microstructure. The body forces and micro-moments are given by
f and M, respectively. The differential operators are defined as

curl [PH P12 Pm]
, CurlP = |curl [Po1 P P3|, curlp=V x p. )

u U u
3,1 3,2 3,3 curl [PSI P32 ng]

U1 Ui2 U1,3
Du= [us1 u22 wu23

In this work we consider isotropic materials, such that the material tensors read
(Ce = 2,UJe J+ /\e]]- ®1, (Cmicro = 2Mmicro J+ )\micro]]- ®1, C(: = 2,U’CA3 3)

where J : R3*3 — R3*3 and A : R3*3 s s50(3) are the fourth order identity and anti-symmetry tensors, respectively.
Variations with respect to the displacement and the microdistortion fields {u, P} lead to the bilinear and linear forms
a({ou, 6P}, {u, P}) = / (Cesym(Ddu — 6P), sym(Du — P)) + (Chicro SymoP, sym P)
Q
4 (Cc skew(Déu — 6 P), skew(Du — P)) + pimacro L2 (Curld P, Curl P)dX ,  (4a)

I({ou, 5P}) = /Q (du, £) + (6P, M) dX . (4b)
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Fig. 1: A micro-structured domain in the relaxed micromorphic model with Dirichlet and Neumann boundaries under internal forces and
micro-moments. The Dirichlet boundary of the microdistortion is given by the consistent coupling condition.

By partial integration and splitting of the boundary between Dirichlet and Neumann boundaries, one finds the strong form

— Div[C¢ sym(Du — P) 4+ C;skew(Du — P)] =f in Q, (5a)

—Cesym(Du — P) — C.skew(Du — P) + Cpiicro sym P + pimacro L2 Curl(Curl P) = M in Q, (5b)
u=1u on T, (5¢)

Pxn=Pxn on TL, (5d)

[Cesym(Du — P) 4 C.skew(Du— P)ln=0 on I'yy, (Se)

CurlPx n=0 on TE. (50

where n denotes the outer unit normal vector, such that P x n is the projection to the tangent surface on the boundary. The
terms 1 and P are the prescribed displacement and microdistortion fields on 'Yy and I'L, respectively, see Fig. 1. For the
Dirichlet boundary, the relaxed micromorphic theory introduces the so called consistent coupling condition [2]

Pxn=Duxn on I'D, (6)

where the prescribed displacement u on the boundary automatically prescribes the tangential component of the microdistortion
P on the same boundary, effectively inducing the definitions 'p = I'5, =T% and Ty = I'f, = T'%.

1.1 Lower limit of the characteristic length scale parameter L, — 0

In the relaxed micromorphic model the characteristic length parameter L. controls the influence of the underlying micro-
structure. In the lower limit L. — 0 the continuum is fully homogeneous [1,4] and Eq. (5b) reduces to

—Cesym(Du — P) — C.skew(Du — P) + Cpjicro sSym P = M | @)
which is used to express the microdistortion P algebraically
sym P = (Cq + Criero) *(sym M + C.symDu), skew P = C_ ! skew M + skew Du. 8)
Setting M = 0 corresponds to Cauchy continua where micro-moments do not occur, such that
Ceskew(Du—P) =0, Cesym(Du— P)=Cupicosym P,  symP = (Ce+ Cpicro) ‘CosymDu.  (9)
The latter result in conjunction with Eq. (5a) yields
— Div[Ce sym(Du — P)] = — Div[Cpiero(Ce + Cricro) " Cesym Du] = — Div[Cpacro sym Du] = £, (10)

where the definition Cpacro = Cicro(Ce Jr(Cmim,)*l(Cc relates the meso- and micro-elasticity tensors to the macro-elasticity
tensor of an equivalent Cauchy continuum, which also arises from standard homogenization for large periodic structures [1,4].
As such, for isotropic materials the parameters are directly derived via

_ He Hmicro 2 3N\ _ (2,U/e + 3/\6) (zﬂmicro + 3)\micro) 11
Hmacro = ) Hmacro + macro — 2 2\ 2 2 . ( )
He + Mmicro ( He + 3 e) + ( Mmicro + 3 micro)
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1.2 Upper limit of the characteristic length scale parameter L. — 400

The case L. — +oo can be interpreted as the entire domain being the micro-body itself. However, in practice, the limit is
given by the size of one unit cell. Since the energy functional is being minimized, on contractible domains this implies the
reduction of the microdistortion to a gradient field P — Dv due to the classical identity Curl Dv = 0 Vv € [C*°(Q)]3, thus
assuring finite energies for large characteristic length values. Since only the micro-body is considered, one sets f = 0 to find

—Div[Ce sym(Du — P) + C.skew(Du — P)] =0, (12)
for Eq. (5a). As such, taking the divergence of Eq. (5b) yields
Div(Cpicro symDv) = Div M . (13)

The divergence of the micro-moments Div M can be interpreted as the micro body-forces. Consequently, the limit L, — +oc0
defines an equivalent Cauchy continuum with a finite stiffness Cyyicro, representing the upper limit for the relaxed micromor-
phic model [1,4]. Due to Eq. (12) and the consistent coupling condition Eq. (6) there holds v = u as the solution is unique.

2 Finite element formulations

The construction of quadratic conforming tetrahedral finite elements £2 x N}, € H! x H(curl) with a Lagrangian and
Nédélec basis [6, 8,9] is presented in the following. The elements are mapped from the reference element

T={&n, 0, [E+n+( <1}, (14)
to the physical domain using the barycentric base functions

bi(§m Q) =1=&—n—=C,  baA&n =&, bs(&m ) =n,  bal§n ()=, (15)

x(6,n,)=0-&-n—0)x1 +&x2+nx3+ Xy, J=[x2—x1 x3—%X1 X4—xq], (16)

where x; are the vertex coordinates of each tetrahedron on the physical domain and .J is the corresponding Jacobi matrix. The
complete domain is given by the union of all elements.

2.1 Lagrangian base functions

The Lagrangian basis has the nodal degrees of freedom

zj

where §;; is the Kronecker delta. Employing the quadratic polynomial space PQ(T) one finds the base functions

n(§n,()=2n+&+¢-05)(n+{+C—1), n2(&,n,¢) =2&(£—0.5) ,

n3(&,n,¢) =2n(n—05), na(&n,¢) =2¢(¢C—0.5),

n5(,m,¢) =41 —n—E€-0), ne(§,n,¢) =4n¢,
n7(€n,¢)=4n(l—-n—-€§-0), ns(f% ()=4C(1-n—-¢&-Q),
no(&m,¢) =4€¢, n1o(§;m,¢) =4n¢, (18)

where n; to ny are vertex base functions and ns to nig are edge base functions defined on the edge midpoint, see Fig. 2.

2.2 Nédélec base functions
The linear Nédélec basis of the second type [3, 8, 10] is defined by the following edge degrees of freedom
li;(p) =/ gj(p, T)dp  Vagj € PH(wi), (19)

where p; is the curve of an edge on the reference element and g; is a test function. The corresponding polynomial space is
[P'(T)]3, such that 12 base functions define the basis. Using the degrees of freedom for each edge on the reference element

lij(ﬂ)=/ g (0, §)dp =055, qu(ps) =4—6p;, g2(pi) = 6p; —2,  for p; €[0,1],

i

lij(9) Z/ ¢ (0, ¢)du="0i, qlw)=2V2—3ui, qolp)=3ui— V2, for p €[0,V2], (20

i
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Fig. 2: Vertex and edge nodes on the reference element (a), vertex base function n; (b) and edge base function n7 (c) of the Lagrangian
basis.

Fig. 3: Nédélec \7;-base functions on the reference element.

where ; is the parameter for the corresponding edge, we find the following base functions, depicted in Fig. 3

1-¢§—n—¢ 13 0 -n
Y = 0 ; v = (€], 93 = |£]| , vs=101,

i 0 ] 1€] 10 0

0 (7] [ 0 ¢

O5=|1-&—n—C(|, 6= ||, 97 = 0 ; Js = C]7

L 0 i 17 1-&—n—¢ ¢

[0 [—¢ [0 [0
’199 =10 5 ’1910 = 0 5 1911 = |0 5 1912 = —C (21a)

1€ | 0 K | 0

The base functions are defined on the reference element. In order to preserve their tangential projection on edges in the
physical domain we make use of the covariant Piola transformation [7, 8, 10]

0,ds) = (0, Jdu) = (9, dp) —= 6=J"19. (22)

Further, for the curl we find the contravariant Piola transformation [8, 10]

1
curl, @ =V, x 0 = (J TVe) x (JT9) = Cof(J 1) curlg ¥ = mJ curlg 9. (23)
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Fig. 4: Barycentric mapping of edges from the unit domain to the reference element and onto the physical domain.

2.3 Boundary conditions

The Dirichlet boundary conditions of the displacement are applied using the point-wise evaluation of the Lagrangian func-
tionals Eq. (17). As such, on each edge of the Dirichlet boundary there exists the following parametrization for o € [0, 1]

(IIyu) o 2a—1D(a—1)4+u| 4da(l—a)+u| aa-1),

o o (24a)

ny(a) +u
vy

nm(a) +a

Um

=1 no(a) =

S U2

where the vertices v; and v represent the start and the end of the edge, and the midpoint of the edge is given by v,,.

In order to satisfy the consistent coupling condition, we first build the Lagrangian interpolation of the displacement field on
the Dirichlet boundary and use its gradient to set the boundary condition of the microdistortion. We consider one row of the
displacement and the microdistortion fields at a time. Each edge of the finite element mesh is mapped from the unit domain
by the barycentric coordinates (see Fig. 4)

x(a) = ix1 + Aoxo = (1 — a)x1 + axa, Ela) =& + Xl = (1 —)é; +af,. (25)

Consequently, the chain rule allows to simplify the consistent coupling condition to

d . _
= —Ilu

L (woxog)(a) = (Veu, ) = (Vou, 1), w6 =
I'p

o (26)

I'p

. v s . . L
In the quadratic sequence £2 =3 N}, on each vertex of an edge, the Nédélec base functions produce a tangential projection of
one. As such, the evaluation can be carried out via

) = % (ﬂ . a(2a — 1))

d
_d (- % —1
L da (u . a(2a ))

for each edge s; in I'p. Therefore, the tangential projection of the microdistortion on each edge of I'p reads

= 30 —u

U1

c1 = {c1 04, t) 2a—1)(a—1)+u +4u

V1

do(l—a)+u

Vm

Um V2

2 = (c202, t) 2a—1)(a—1)+u —+3u

V2

do(l—a)+u

Um

)

V2 Um V2

27)

(¢, IIp) | =(t, c101+c202) (28)

Si Si

3 Numerical example

We demonstrate the influence of the characteristic length scale parameter L, by measuring the energy for an artificial material
with

Amacro = 2, Hmacro = 1, Amicro = 10, Mmicro = 95, He = 1, (29)
such that the meso-parameters given by Eq. (11) result in

Ao = 2.5, Lo = 1.25. (30)
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Fig. 5: Mesh with 3072 elements and 39844 degrees of freedom, and displacement field (a). Intensity of the microdistortion for L. = 10?
and L. = 1072 (b), respectively. Energy progression of the relaxed micromorphic model with respect to L. for various discretizations (c).

Further, we employ periodic Dirichlet boundary conditions

[(1 — y?)sin(w[1 — 22])/10] 0
U = 0 , u = [ (1 — 2?)sin(r[l — 22])/10] ,
r==%1 i 0 | y==+1 0
- 0 -
al = 0 : 31)
z=+ _(1 —y?)sin(7[1 — x2])/10_

on the entire boundary T'p = 992 of the cubic domain Q = [—1,1]3.

The displacement and microdistortion fields are depicted in Fig. 5 (a)-(b). In order to compute the upper and lower bound
on the energy we utilize the equivalent Cauchy model formulation with the micro- and macro elasticity parameters. The
progression of the energy in dependence of the characteristic length parameter L. is given in Fig. 5 (e). We clearly observe the
ability of the model to iterate between micro- and macro-reactions using the parameter. Further, we note the mesh dependency
of the formulation, where the energy is clearly overestimated for coarse meshes. As such, we conclude the necessity of fine
meshes for satisfactory approximations.
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